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LINEAR-QUADRATIC TWO-PERSON DIFFERENTIAL GAME:
NASH GAME VERSUS STACKELBERG GAME, LOCAL
INFORMATION VERSUS GLOBAL INFORMATION

XINWEI FENGY*, YING HU? AND JIANHUI HUANG?

Abstract. In this paper, we present a unified framework to study a variety of two-person dynamic
decision problems, including stochastic (zero-sum, non-zero-sum) Nash game, Stackelberg game with
global information. For these games, the solvability of these problems is discussed wvia progressive
formulations respectively: the abstract quadratic functional, Hamiltonian system for open-loop, and
Riccati equation for closed-loop (feedback) representation. Based on the unified framework, time consis-
tency /inconsistency property of related equilibrium is studied. Then we introduce a new type of game,
Stackelberg game with local information. For this, the classical best-response machinery adopted for
global information is no longer workable. As resolution, a repeated game approach is employed to
construct the equilibrium strategies via a backward- and forward-procedure. Moreover, connection of
local information pattern to time-inconsistency is also revealed. Finally, relations among zero-sum Nash
game, zero-sum Stackelberg game with global information and local information are also identified.
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1. INTRODUCTION

Our starting point is the extensively studied two-person dynamic decisions, including such as team for coop-
eration but with asymmetric information structures, or game for non-cooperation with competitive objectives.
For game, it can be further specified as Nash game with synchronous decision, or leader-follower game with asyn-
chronous decisions or moves. On the other hand, the game can be featured as zero-sum or non-zero-sum game
depending on competitiveness of underlying functionals. All above game/team problems arise naturally in vari-
ous fields such as engineering, economy, biology and operational research, etc. Thus, they are all well-motivated
with solid backgrounds in both theoretical and practical aspects.

Among them, one extensively-studied differential decision is the noncooperative Nash games, where two
competitive players aim to minimize their individual costs and search the solution of noncooperative games
known conceptually as Nash equilibrium. A set of strategies taken by the players is a Nash equilibrium, if each
player knows the equilibrium strategies of the other player and no player intends to unilaterally change his/her
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own strategy. In other words, if no player can benefit by changing his/her strategy while the other player keeps
his/her strategy unchanged, then the current set of strategies constitutes a Nash equilibrium. Therefore, finding
the Nash equilibrium of a noncooperative game is not generally equivalent to a single optimization problem, but
is rather a family of coupled optimization problems. Sometimes the objectives of the players could be completely
opposite, for example, in a gambling of two players the gain of one player is the loss of the other one. In this
case the game is reduced to two-person zero-sum game and related Nash equilibrium becomes a saddle point.

This paper focuses on differential game in linear quadratic (LQ) context. Recall LQ differential game with
linear state equation and quadratic functional, has always been one important branch of differential games
and played an essential role in the study of general differential games. For such kind of differential games, the
open-loop and closed-loop solutions can be explicitly formulated and then differently treated. The study of
two-person LQ decision problem has been extensively investigated and there accumulates vast literature around
it with various setups. Here we mention a few more relevant to current work. For stochastic LQ differential
games, Mou and Yong [1] obtained the existence of the open-loop saddle points by means of the Hilbert space
method. Sun and Yong [2] established the characterizations and relationships of open-loop and closed-loop
saddle points for stochastic LQ differential games. Sun and Yong [3] further explored stochastic LQ two-person
nonzero-sum differential games. Applying the method of Riccati equation, Yu [4] obtained the optimal feedback
and control-strategy pair. Please refer to [5, 6] for other works on LQ differential games.

For nonlinear two-person zero-sum differential games, Fleming and Souganidis [7] showed that the lower and
the upper value functions satisfy the dynamic programming principle and are the unique viscosity solutions of
the associated Bellman-Isaacs equations. Then the uniqueness of viscosity solutions together with the Isaacs
condition leads to the existence of the value function for the differential game. Please see [8, 9] and the reference
for more details.

Stackelberg game with global information. In aforementioned literature, the roles of two players can
be reversed and assume a rather symmetric pattern. In fact, there does not admit hierarchy for two players
when making decisions so decisions are synchronous. Stackelberg game, also known as leader-follower game,
can be traced back to the early work by Stackelberg [10]. Actually, it is a strategic game with at least two
non-symmetric hierarchies. One hierarchy is the leader and the other one is the follower. The leader has the
priority to announce a strategy at first and then the follower seeks a strategy to minimize his/her cost functional
with response to the leader’s strategy. Finally the leader improves his/her strategy to minimize his/her own
cost functional with respect to the follower’s response. The optimal strategies of the leader and the follower
form a Stackelberg equilibrium. By global information, we mean the leader will make his commitment over
the whole decision horizon at the beginning thus the follower may anticipate the action of leader with global
foreknowledge. As a result, Stackelberg game can be decomposed into two iterative optimization problems in
standpoints of follower and leader sequentially.

Stackelberg differential game owns fairly practical financial and economical backgrounds and has been exten-
sively studied in last few decades. Basar and Olsder [11], Long [12] studied the deterministic Stackelberg game.
Yong [13] studied an LQ leader-follower differential game in a more general framework with random coefficients,
control variables entering the diffusion and the weight matrices in cost functionals being not necessarily positive
definite. Lin, Jiang and Zhang [14] studied the open-loop LQ Stackelberg game of the mean-field stochastic
systems in finite horizon. Wang and Zhang [15] studied the Stackelberg differential game with one leader and
N followers in discrete-time model and the model under continuous-time framework was studied in Moon and
Basgar [16]. The stochastic Stackelberg differential game with time-delayed information was studied in @ksendal,
Sandal and Ubge [17]. Shi, Wang and Xiong [18] considered a leader-follower stochastic differential game with
asymmetric information. Bensoussan, Chen, Chutani and Sethi [19] studied the feedback equilibrium of a general
infinite-horizon Stackelberg-Nash differential game where the roles of the players are mixed. Han, Rong, Shen
and Zhao [20] investigated a Stackelberg game between a mutual fund manager and an investor. Herndndez-
Herndndez and Ricalde-Guerrero [21] studied discrete zero-sum stochastic games where at each turn one of
the players is randomly selected and will be able to see the decision of the other player before his own action
is chosen. Ni, Liu and Zhang [22] studied the time inconsistency of deterministic linear-quadratic Stackelberg
game and introduced a two-tier game framework. Please see [23-25] for the related applications.
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Stackelberg game with local information. In classical Stackelberg games, the leader will announce
his strategy on the whole time horizon at the initial time, we call this kind of game Stackelberg game with
global information. However in many real problems, the local information pattern, instead of the above global
information pattern will be applied. For example, the product plan of a company depends on the government’s
policy while the government (acts as leader) will announce the policy quarterly in a year. More precisely, let
0=159<8; <8g<--<sy=T be a division of [0, 7], the leader will announce his strategy on S; = [s;_1, 5]
at s;_1,7=1,---, N. Note that for Stackelberg game with local information, the main technique difficulties are
that the best response approach doesn’t work anymore. Instead, we will introduce a new repeated game approach
to finite time horizon Stackelberg game with local information and finally solve the game by backward-forward
procedure.

Repeated game approach. Let us now briefly explain the procedure of finding the equilibrium strategies
for Stackelberg game with local information. For local information pattern, we will attempt to seek locally
optimal strategies, instead of globally optimal strategies. At a conceptual level, the idea is that we will seek
the equilibrium strategies, or optimal strategies on every time intervals. Motivated by the repeated game, we
first study the Stackelberg game backwardly (backward induction). On Sy, the follower will first solve a LQ
problem and the leader then solves a forward backward linear quadratic (FBLQ) problem. Next, after obtaining
the optimal cost and strategy on [sy_1, Sn], the follower and leader then solve a Stackelberg game on Sy_.
By this backward induction, the optimal costs and strategies of the leader and the follower are obtained on
Si,i=1,---,N. Note that on S;, i = 2,--- , N, the initial states x(s;_1) are unknown while the optimal costs
and strategies obtained by the backward induction depend on these unknown initial states. Hence the backward
induction is not enough to completely solve Stackelberg game with local information. However, on &7, the initial
state x(sg) is fixed and the Stackelberg game will be completely solved if the form of the cost functionals on Sy
is specified (which has already been determined by the backward induction). Therefore, applying the form of
cost functional obtained by the backward induction on every time interval, we will finally study the Stackelberg
game on S;, i = 1,--- | N forwardly to find the equilibrium strategies of the leader and follower. More details
are given in the following sections.

In summary, the novelty and contribution of this paper can be sketched as follows: (i) We give a unified
framework to fit stochastic Nash game, Stackelberg game with global- and local-information in both zero-sum
and non zero-sum cases. The time consistency/inconsistency of the equilibrium is also addressed in these six
decision patterns in total. (ii) A new type of Stackelberg game with local information is introduced and a
repeated game approach combined with backward-forward procedure are applied to construct the equilibrium
strategies. (iii) The state feedback representations of equilibrium strategies with local information are derived
via a sequence of stochastic Riccati equations. The wellposedness of such Riccati equations is well established
in some nontrivial case under mild conditions.

The rest of the paper is organized as follows. In Section 2, we establish a unified two-person differential
decision setup. In Section 3, we solve stochastic (zero-sum, non zero-sum) Nash game and Stackelberg game
with global information by the quadratic functional representation, Hamiltonian system representation and
Riccati equation representation, respectively. Based on the solvability results, the time-consistency /inconsistency
of (NG), (NGy), (SG) and (SGy) is also obtained. We introduce the concept of Stackelberg duration index
and study Stackelberg game with local information wia repeated game approach combined with backward-
forward procedure in Section 4. A special but nontrivial case is also studied where the wellposedness of the
involved stochastic Riccati equations is obtained. We obtain the relationship among (NGy), (SGo) and (SLg) in
Section 5.

2. TWO-PERSON DIFFERENTIAL DECISION PROBLEMS

2.1. Preliminaries

Let (Q,F,F,P) be a complete filtered probability space on which a standard one-dimensional Brownian
motion W = {W(t),0 <t < oo} is defined, where F = {F;};>0 is the natural filtration of W (-) augmented
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by all the P-null sets in F. The following notations will be used throughout the paper. Let R™ denote the
n-dimensional Euclidean space with standard Euclidean norm | - | and standard Euclidean inner product (-, -).
The transpose of a vector (or matrix) z is denoted by 2 T. Tr(A) denotes the trace of a square matrix A. Let
R™ ™ he the Hilbert space consisting of all (n x m)-matrices with the inner product (4, B) = Tr(ABT) and the
norm ||A|| £ (A, A)z. Denote the set of symmetric n x n matrices with real elements by S and n x n identity
matrices by I,. If M € S™ is positive (semi-)definite, we write M > (>) 0. If there exists a constant § > 0 such
that M > 61, we write M > 0.

Consider a finite decision horizon [0, T for a fixed T' > 0. The set of H-valued continuous functions is denoted
by C([0,T]; H). If N(-) € C([0,T]; S™) and N (¢) > (>) 0 for every ¢ € [0,T], we say that N(-) is positive (semi-)
definite, which is denoted by N(-) > (>) 0. For any ¢ € [0,7) and Euclidean space H, introduce the following
spaces

L% (Q;H) = {¢ : Q — H|¢ is Fy-measurable, E[¢|* < oo},
LF (Q;H) = {£ : @ — H|{ is Fy-measurable, esssup,,cq|{(w)| < oo},
2 oy — o . . ’ 2
Li(t, T; H) = {¢ D[, T x Q — H’qﬁ is F-progressively measurable, E/ |p(s)|7ds < oo}7
t
Ly (t, T;H) = {¢: [t,T] x @ — H]¢ is F-progressively measurable, esssup,¢, 71€sssup,eql|o(s)| < oo},
LA(Q; CO([t, T; H)) = {¢ D6, T) x 2 — H‘qﬁ is F-adapted, continuous, E[ sup |<Z>(s)|2} < oo}.

s€[t,T]

If the processes are deterministic, the corresponding spaces are denoted by L?(Q;H), L>°(; H), L?(¢, T; H) and
Lo (¢, T;H), respectively.

2.2. A unified two-person decision setup

Consider the following unified setup with two-person decision problem. The state is given by controlled linear
stochastic differential equation (SDE) on a finite time horizon [¢, T':

(mg):[A@m@)+3ﬂgu@y+3ﬂ@m@}u+[0@n@)+pg@u@y+pﬂ@v@)mww;
z(t) = £ € R,

(2.1)

where A(+), B1(+), B2(+), C(-), D1(-), D2(+) are deterministic functions on [t, T'] of proper dimensions. Now, define
the following two-person admissible decision sets as:

T
U(t,T)) = {u D [t, T x Q@ — R™u(-) is F-progressively measurable, IE/ lu(s)|?ds < oo},
¢

VWjDé&:hﬂxQ%Rm

T
v(+) is F-progressively measurable, E/ lu(s)|?ds < oo}.
t

To measure the performance of decisions u(-) and v(-), we introduce the following cost functionals:

J(t (), o) 2B / [(@i()2(s),2(5)) + (R (s)us), uls)) + (Rya(s)o(s), v(s))|ds

+ (Gra(T), 2(T)) },
(2.2)

K(t.u().00) 2 B{ [ [(@a9)2().2(9) + (R (5)u(s).0(s) + (Rrca(s)o(s).v(s) s

+ (Gaw(T),2(T)) }.
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We give the following assumptions on the coefficients:

(Hl) A(),C() € Loo(taT; Rnxn)vBl(')aDl(') € Loo(taT; Rnxml)aBQ(')7D2(') € Loo(th;RnXWm)'
(H2) Q1(-),Q2(-) € L>(t,T;S™), Ry1(-), Rx,1(-) € L>®(t, T;S™), Ry2(-), R 2(-) € L>(t,T;S™?),
G1,Go € S™.

For any u(-) € U([t,T]) and v(-) € V([t,T)), it is well known that under (H1) the state (2.1) admits a unique
strong solution, and under (H2) the cost functionals are well-defined. To simplify the presentations, in the
following we will suppress the time variables (s) and (-). Given state (2.1) and cost functionals (2.2), we can
formulate various decision problems. The first one is nonzero-sum stochastic differential game (NG) whose
solvability is based on the following Nash equilibrium:

To find (a(-),v(-)) € U([t,T]) x V([t,T]), such that:
); )

717(
)@ & al), o) < It Gul), 0(), K& a(), () < Kt & ul), o),
(NG): where (2,€) € [0,T] x R", (u(-),v(-)) € U([t,T]) x V([t, T]),
subject to J(t, & u(-),v()) + K(t, &u(-), v(-)) # 0.

A special case of (NG) is zero-sum stochastic differential game (NGg) for which the Nash equilibrium becomes
a saddle point (SP):

To find (a(-),v(+)) € U([t, T]) x V([t,T]), such that:
)

(NGO) : (tvgv ( ) ( )) < J(f,g;ﬂ(') ( ) < J(t 67 ()7 ())7
where (t,&) € [0, T] x R, (u(:),v(-)) € U([t, T]) x V([¢, T]).

In above two problems, there is no hierarchy for the players, i.e., the roles of two players are symmetric
when making the decisions. For players with hierarchical decisions (e.g., Player 1 is the follower Ap and Player
2 is the leader Ap), the leader Ap will first announce his/her open-loop dynamic decision on [t,T] at the
initial time ¢ by taking account the best response of follower. Then, two interrelated optimization problems are
sequentially solved by the follower Ag and the leader Ay. More rigorously, we introduce Stackelberg game with
global information (SG) as follows:

To find & : V([t,T]) x R™ — U([t,T]), 0(-) € V([t,T]), such that:

J(t, & afv(),€](),v() < J(& & ul-
K(t,&alv(-), &), 0(:) < K(t,& alv(-), &), v()), (iterative optimization)
[ (

(SG): )
where (¢,£) € [0, T] x R™, (u(-),v(:)) € U([t,T]) x V([t,T)).

), v(+), (best response)
[

(SG) above is denoted as global information because the leader’s strategy v(+) is announced on whole decision
horizon [t,T] at time spot ¢. For the special case J(t,&u(-),v()) + K(t,&u(-),v(-)) = 0, we denote above
Stackelberg game by (SGy).

2.3. Quadratic representation of cost functionals

In order to study the solvability, it is helpful to introduce the following quadratic representations of cost
functionals first. Then the solvability can be formulated by some abstract operators in the quadratic represen-
tations. Noting the superposition property for linear state, we can easily check J, K satisfy the parallelogram
identity J(cuy + Bug, avy + Bua) + J(aui — Bug, avy — Bug) = 202 (u1,v1) + 282J(v1,v2) for a, B € R, thus
they are quadratic functional.
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Proposition 2.1. The cost J(t,&;u,v) admits the following quadratic functional representation:

J(t, & u,v) = = |[(My(u),u) + (Ma(v),v) + (M5(£),£) + 2(Mi2(v), u) + 2(Mi3(£), u) + 2<M23(§)7v>}7 (2.3)

N =

with self-adjoint linear operators My(-) : U([t,T]) — U([t,T]), Ma(-) : V([t,T)) — V([¢,T]), Ms(-) : R" —
R™, and bounded linear operators Mia : V([t,T]) — U([t,T]), Mz : R™ — U([t,T]), Mas : R™ — V([t,T]).
Specifically,

Mi(u) = Ryqu+ Bl y1 + D] 21, My(v) = Ryov+ By ys + Dy 23, M3(€) = ya(t),
Mys(v) = B ys + Dy z3, M13(§) = By y2 + D] 22, Mas(§) = By yo + D, 22,

where (x1(u),y1(u)), (x2(£),y2(£)) and (x3(v),y3(v)) are the solutions of following FBSDEs respectively,

dz, = [Axl + Blu} ds + [le + Dlu} dW(s), x1(t) =0,

(2.4)
dyl = |:— ATyl — C’Tzl — Q11’1:|d8 + ZldW(S), yl(T) = Glml(T)v
dzy = Azads + CxedW (s), x2(t) =€,
dys = {f ATy —CT 2y — Q1$2}d8 + 20dW (s), y2(T) = Grao(T),
das = |:Al‘3 + BQ’U:| ds + [Cx3 + Dov]dW (s), x3(t) =0,
(2.5)

dys = [* ATy —CTzs — Ql%}ds + z3dW (s), y3(T) = Gras(T).

The proof is similar to that of [26], Proposition 6.4.1, and we omit the details here. In parallel, we have the
following representation for K (t,&;u,v).

Proposition 2.2. There exist bounded self-adjoint linear operators Ni(-) : V([t,T]) — V([t,T]), Na(:) :
U(t, 7)) — U([t,T]), N3(-) : R® — R™, bounded linear operators N1z : R™ — U([t,T]), Nig : U([t,T]) —
V([t,T]), Naz : R™ = V([t,T]) such that

K (£ € u,0) = 5 [(N1(0), 0) + (Na(u), ) + (N3(€),€) + 2(Ni2(u),0) + 2(N13(€), v) + 2(Naa(€), w)],  (2:6)

N =

where

Ni(v) = Rx v+ By Y3+ Dy Zs, No(u) = Rxqu+ B Y1 + D Z;, N3(&) = Ya(t),
Nio(u) = By Y1 + DJ Z1, Ni3(€) = By Yo+ Dy Zy, Na3(€) = B| Ya + D{ Zs,

with (x1(u), Y1 (w)), (x2(£),Y2(8)) and (z3(v),Ys(v)) being the solutions of following FBSDEs respectively,

dz, = [Axl + Blu} ds + [C:L‘l + Dlu} dW (s), x1(t) =0,

dy; = [— ATY, —CT 7, — ngl}ds +Z0dW(s),  Yi(T) = Goar(T),
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dze = Azods + CaadW (s), xo(t) =€,
dvs = [— ATYs —CT 7, — Qm}ds 4 ZodW(s),  Ya(T) = Gazs(T),

dzs = |:AI3 + B2'U:| ds + [Cx3 + Dov]dW (s), x3(t) =0,
(2.7)
dv; = [— ATY; —CT 7y — ngg]ds 4 ZsdW(s),  Y3(T) = Goas(T).

In particular, for J(t,&;u(:),v(:)) + K(¢t,&u(-),v(-)) = 0, we have
Q2= —-Q1,Rx1 = —Rj1,Rxo = —Rj2, Gy = —G1.
Therefore,
(Y1,21,Ys,Z5,Y3, Z3) = —(y1, 21, Y2, %2, Y3, 23),
and
Ny = —M3, Ny = =My, N3 = —M3, N1 = — M5, N13 = —Ma3, Nog = —M;3.

3. REsuLTs ON (NG), (NGy), (SG) AND (SGy)
3.1. Solvabilities

(NG), (NGy), (SG) and (SGy) have been studied in many literature, however our discussion on the solvabilities
still have considerable novelties by the following facts. First, although these games have already been studied
separately, there still lacks some systematic and progressive study on their solvability in a unified framework.
Such unified study and related comparison play an important role in various sections of current work, for
example, the time-consistency/inconsistency (Sect. 3.2), Stackelberg game with local information (Sect. 4) and
relations among zero-sum games (NGy), (SGg) and (SLg) (Sect. 5). Second, even for individual studies on these
games, this paper also obtain some new and interesting results with values to be reported, e.g., relations between
the two important Riccati equations (Rem. 3.6) and some more concise and direct results on zero-sum games
(Theorem 3.10 and Proposition 3.11).

3.1.1. Solvability of (NG)

Given the quadratic representations (2.3) and (2.6), we have the following solvability results. Please refer
[2, 3] for some relevant results.

Proposition 3.1. For Problem (NG), there exists a (unique) Nash equilibrium if and only if
Mi(-) >0,  Ni(-) >0,
and there exists a (unique) (4,9) € U([t,T)) x V([t,T]) such that
My (1) + M12(0) + M13(€) = 0, N1(v) + Ni2(a) + N13(§) = 0.

The above quadratic functional representations for the solvability are very abstract. Alternatively, it can
be reduced to a forward-backward stochastic differential equation (FBSDE) representation through a Fréchet
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derivative transform:

M (@) + Mi2(D) + Mi3(€) = Ryat+ By y1 + D{ z1 + By y3 + D] z3 + B yo + Dy 2o,

N1 (5(-)) + Nis(u) + Nos(€) = Rk o0 + By Y+ Dy Zs + By Y1 + Dy Zy + By Yo + Dy Zs.

Note that Tr =T +1‘2+$37 lfWG deﬁney é Y1 +y2+y3, y4 é Zl+22+23, Y é Y1 +Y2+}/3, Z é Zl +Z2+Zg,
following Proposition 3.1, we have the following results.

Proposition 3.2. For Problem (NG), (a(-),o(-)) is an open-loop Nash equilibrium if and only if the following
conditions are satisfied:

T
M, >0 E/ (Ry1u+ By + D] z1,u)ds > 0, Yu € U([t,T)),
(convezity condition:) 0

(3.1)

T

N1 >0 <= E/ <RK,2’U + B;Y;; + D;Z:;,U>d5 >0, Yv € V([t, T]),
0

Ry1(s)a(s) + By (8)§(s) + D] (5)z(s) =0, s€[t,T], P—a.s.

z
(stationary condition:) T oo T -
Ri2(5)0(s) + By (8)Y(s) + Dy (5)Z(s) =0, se[t,T], P—a.s.

where (y1,21), (Y3, Z3) are the solutions of (2.4), (2.7), respectively and (%, 7, %), (Z,Y, Z) satisfy the following
FBSDEs respectively,

di = [A:E + B+ Bga} ds + [Ci" D+ Dgf)] aw(s),

dy = { —ATg-CTz- le—;} ds + zdW (s), (3-2)

Az = [A7 + By + Byo|ds + |C2 + Dy + Dyv| W (s),

ay = [ ATV T Z - sz] ds + ZdW (s), (3.3)

zZ(t) =, Y (T) = Goz(T).

Moreover, in case Ry1(-), Ri2(-) are invertible and R}}() € L™(t, T;S™), R;(}z(-) € L>(t,T;S™2), the Nash
equilibrium becomes

U = —R;Ys T(8)y(s T(s)z(s S — a.s.
{U(S)— R;1(s)[By (s)y(s) + Dy (s)2(s)], se[t,T], P ; (3.4

8(s) = ~Rpy(s)[B3 (5)¥ () + DI () Z(s)], s€[t.T), P—as.,
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and the corresponding optimal functionals become
T — — — —

t

T
K(t,&1,0) = IE{ / (Ri1R;(Bl g+ D] z) — B]Y — DI Z,R; (Bl § + D{ 2))ds + (z(1), Y ( )>}.
t

The Nash equilibrium in (3.4) is of open-loop forms. In the following, we will give the closed-loop rep-
resentation of Nash equilibrium. To do this, plugging (3.4) into (3.2) and (3.3), we have the Hamiltonian

system

dz = [Ai —Bij— D]z - B,y — f)gZ} ds + [C:ﬁ —Dyj—Fz—DJY — ESZ} AW (s),

dg = [ _ATg-CTi— lez] ds + 2dW (s), .

ay = [ ATV "7 - an-;] ds + ZdW (s),

z(t) =¢, y(T) = G1z(T), Y(T) = Gox(T),

where
By = BiR;} B/, By = BoRy',B] , Dy = D1R; B/, Dy = ByRy, Dy 5
Dy = DyRi,D]  Fy = DiR;1DY . '
Define
D7 ).

o) (t oG s (3 Pue(:)e-G 2)
01 =Rj3(s) (B (s) 0)I(s)a(s) = Rj3(s) (Dy (s) 0) (J2n — IID) ™" (IIC + IID, 1),

02 = Riy(s) (0 B (5)) (s)x(s) — R;1(s) (0 Dy (5)) (Izn — D)~ (TIC + IID, 1),

a; = A+ ByIl + By(Iy, — IIDy) H(TIC + TID411), by = C + D111 4 Dy(I, — IIDy) " H(TIC + 1D, I1),
a1 =Q1+0] Rj161 +0) Ryob2, do = Q2+ 0] Rk 101 + 05 R 205.
Then we have the closed-loop representation of Nash equilibrium as follows. Please see the Appendix for the

detailed proof.
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Proposition 3.3. For (NG), suppose that the following equations

11+ ITA + ATTI + IIB, 1T + QI, + IIBy (1, — [TIDy) ™} (IIC + 11D, IT)

+ CT (I, — IIDy)~Y(IIC + IID, II) = 0, (3.7)
I(T) = GI,,
P1+prai +a; p1 + b piby +q1 =0, p1(T) =Gy, (3.8)
and
Pi+pa+alp+b pibi a2 =0,  51(T) =Gy, (3.9)

admit solutions such that I, — 11Dy is invertible, then the Nash equilibrium (3.4) has the following
representation:

u(s)=—R;1( B] 0)0z—R;1( DI 0) (I —IDy) '(IIC 4+ IID,1I)z,
0(s) = —Rga(s)™" (0 By )z —R;1 (0 Dj )(Iz —Dy) ' (IIC + IID;1I)z.

Furthermore, the optimal costs take the following form:
J(@t.&u,0) =E@i#)E,8),  Kt.&uv)=Epi#)EE).

3.1.2. Solvability of (NGyp)

For (NGy) with J(¢,&u(-),v(")) + K(¢,&;u(-),v(-)) = 0, on one hand the solvability can be directly obtained
from that of (NG), on the other hand some new and interesting result will arise due to the specific formulation.
For the open-loop Nash equilibrium, the following result is a direct corollary of Proposition 3.2.

Proposition 3.4. For Problem (NGy), (a(-),0(-)) is an open-loop Nash equilibrium if and only if the following
conditions are satisfied:

T
M, >0 E/ (Ry1u+ By + D] z1,u)ds > 0, Vu € U([t,T)),
0
(3.10)

(convezity condition:) .
My <0< E/ (Rjov + By y3 + Dy 2z3,v)ds <0, Vv € V([t,T)),
0

Rya(s)a(s) + By (s)5(s) + Dy (s)2(s)
y

0, se€[t,T], P—a.us.
Ry2(s)0(s) + By (s)(s) + Dy (s)2(s) = 0

(stationary condition:)
) s € [t,T], P—a.s.

where (y1,21) is the solution of (2.4), (ys,z3) is the solution of (2.5), and (Z,y,Z) is the solution of (3.2).
Moreover, in case Rj1(-), Ry2(-) are invertible and R;i() € Loo(t,T;Sml),Rié(') € L°°(t,T;S™2), the Nash
equilibrium becomes

_ — _R=-Y$) BT (s)i(s T(s)z(s s —a.s.
{u(s) = —R;1(s)[By (s)y(s) + Dy (s)2(s)], se[t,T], P (3.11)

u(s) = —R;é(s)[B;(s)g(s) + D, (s)2(s)], s€[t,T], P—a.s.
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and the corresponding optimal functionals become
J(t,&u,0) = E(@(t),y(1)) = —K(t, & u,0).

However, due to the zero-sum formulation, the closed-loop representation is different from that of (NG) as
the following result shows. First define

ay =A — (By — By)Ily — (D] — Dy)(I + 11y (Fy — D))~ (I1,C — Iy (Dy — DJ)ILL), (3.12)
by =C — (Dy — D))y — (Fy — Ds)(I + 1, (Fy — Ds)) ' (II,C — T, (Dy — DJ)1I),

01 = Ry} (B Ty + D (I + 0 (F, — Dy))"'(IL,C — Iy (Dy — D3 )Iy)),

0, = R;3(B; Ty + DJ (I +101(Fy — Ds)) " (ILC — Ty(Dy — Dy )Iy)),

qr = Q1+ é\lTRJ,lé\l + é\;RJ72§2~ (3.13)

Theorem 3.5. For (NGy), suppose that Riccati equations

I + TG A+ AT — 10 (By — Bo)Ily — I (DY — Do)(I + 113 (Fy — D3)) ™ (IL,C — 11, (Dy — Dy )IL)
+CT(I + 11y (F, — D3)) " (IL,C — Iy (Dy — DJ)IL) + Qq =0,
I, (T) = Gy,

(3.14)
and

Do+ Prag+agpa+bysba+ a1 =0,  pao(T) = Gy, (3.15)

admit solutions such that I + Hl(ﬁg — ﬁg) is invertible, then the Nash equilibrium has the following
representation:

I

)

{Q(S) = —R;1(B/ T + D{ (I + 11, (F; — D3)) " (ILC — I (Dy — D3)IL))

0(s) = —Ry5(By I + Dy (I + 11, (Fy — D3)) ' (ILC — Iy (D, — Dy )IL))z. (310
Furthermore, the optimal costs become
J(t,&a,0) = E(p2(1)¢, €) = —K(t,§;u,0),
where Dy is the solution of (3.15).
Proof. For (NGy), (3.5) reduces to
dz = [Af — Bij— D] z+ By + 1322} ds + [Ci — Dyjj — Fyz + DJ j + D3z|dW (s),
dy = [ —ATj—CTz - Qlaé] ds + zdW (s), (3.17)

y
t)=¢  y(T) =Gx(T).

8l
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Let y = 1I;Z, we have
Z = (I+T,(Fy — Ds))""(I,C — Iy (Dy — DJ )L, ).
Note that if IT; is symmetric, we have
I (I + 0y (Fy — D)™ =4 (I + (Fy — D3)ILy) ™' = (I + Iy (Fy — D3)) "'

Then the Nash equilibrium (3.4) has the following representation:

8l
Il

)

&

(3.18)

Kl
I

Nad
Kl

{ﬂ(s) = —R;1(B{ Iy + D] (I + 1y(Fy — D3))~(I;C — I1y(Dy — Dy )IIy))
W(s) = —R;3(B; Iy + Dj (I + 101 (Fy — Ds)) (I, C' — Iy (Dy — Dy )Iy))

Therefore,
T
J(t,&,0) :E{/t (a ()2(5). 2(s))ds + (G 2(T), 7(T) ).

where
dz = ayzds + byzdW, z(t) =&
Combing this with Riccati equation (3.15), after some routine calculations the optimal functionals become

J(t’ 6’ a, 5) = E<ﬁ2(t)£’ §> = _K(t7 67 a, 1_))'

O

Remark 3.6. In Theorem 3.5, for (NGy), we use two Riccati equations IT; and Py to represent the optimal
strategies and the optimal functionals, respectively. Actually, we can show that the two equations are the same.
First, by (3.18), (3.12) and (3.13), we can rewrite (3.15) as follows

Dy + oA — Pa(Br — Bo)Ily — po(D] — Do)(I + 111 (Fy — D3)) Y (ILC — 1y(Dy — D3 )ILy)

+ APy — I (By — B2)pz — (I,C — T1y(Dy — D))" (I + (Fy — D3)1y) " (D1 — D] )

+(C = (Dy = D))y — (Fy — D3)(I + 111 (Fy — D3))~"(II,C — Iy (D1 — D)) 53

(C — (D1 — DIy — (Fy — D3)(I 4+ 11y (Fy — D3))"Y(I1,C — T (Dy — D)) + Q4

+ (IL By + (ILC — Ty (D1 — DI )IL) (I + (Fy — Ds)IL) "' D1) R} (3.19)
(B{ T + D{ (I + 11y (F; — D3)) " (I,C — I (D; — Dy )IL))

+ (I By + (ILC — Ty (D1 — DI )TL) (I + (Fy — Ds)IL) ™' D1) R}

(B Iy + Dy (I + 11, (Fy — D3)) "' (I1,C — I, (D; — Dy )I1;)) = 0,

P2(T) = Gy.
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Note that

CT(I + 10y (Fy — Dg)) " (ILC — 11y (Dy — DJ)IIy)
= — I, (By — By)Il — (ILC — Iy (Dy — Dy )LL) T (I + (Fy — Ds)I) =" (D1 — D )IL
+(C = (Dy — DIy — (Fy — D3)(I + Iy (Fy — D))~ (I,C — Iy (D1 — D)) I
(C — (Dy — D))y — (Fy — Ds)(I 4 Iy (Fy — D3))~'(I1,C — I (Dy — DJ)ILy))
+ (I By + (ILC — Ty (Dy — Dy )Iy) " (I + (Fy — D3)ITy) "' D1) Ry}
(B{ I + D{ (I + 11y (F; — D3))"Y(I1,C — I, (Dy — D )IL))
+ (I By + (ILC — Ty (D1 — DI )TIy) (I + (Fy — Ds)I) "' D1) R}
(BJ 11y + D) (I + 11y (Fy — Dy)) ' (I1I,C — I (D; — DJ)IL)).

Let ® =1II; — pa, by (3.14) and (3.19), we have

&+ ®A+ AT® — ®(By — By)Ily — ®(D] — Dy)(I + Iy (Fy — D3))"(IIL,C — 11y (Dy — DJ)IIy)
—11,(By — By)® — (I,C — Iy (Dy — DJ)IL) T (I + (Fy — D3)ILy) " (Dy — D] )®

+(C — (Dy — DY)y — (Fy — D3)(I + 104 (Fy — Dg)) (I, C — I (Dy — Dy )IL;)) T @

(C — (Dy — DIy — (Fy — Ds)(I 4 11y (Fy — D3))~'(I1,C — T, (D; — DJ)IL)) =0,

®(T) =0.

Therefore, ®(-) =0, i.e.,

IL(-) = p2(), (3.20)

that is, for (NGy), the Riccati equation II; (representing the optimal strategies) and Riccati equation Py
(representing the optimal functionals) are the same.

3.1.3. Solvability of (SG)

First, by the representations (2.3) and (2.6), we establish the solvability of (SG) by the operator representa-
tion. In principle, it is divided into two steps: best response and iterative approach. The proof of Theorem 3.7 is
similar to that of (NG). For the reader’s convenience, we give the details in the Appendix.

Theorem 3.7. Under (H1)-(H2), for Problem (SG), suppose that My > 0 and Ms > 0, then the Stackelberg
equilibrium satisfies

u(v())(-) = My (= Mz (v) — Mis(€)),
0= [Ny + M7y (M ") No My Mg — 2N1o My Mio)o(-) (3.21)
— [M5 (M 1) No My Myg — NigMy ' Myg — Mo (My ') Nig 4 Nis](€).

Note that the representation (3.21) is quite abstract. Therefore, similar to the previous section, we can
establish a FBSDE representation of Stackelberg equilibrium (o(-),a(-)) as follows:
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FIGURE 1. A “6” scheme. The paradigm of a classical leader-follower game can be sketched by a
visualized “6” scheme with three consecutive arrows: by dashed arrow 1, leader Aj, pre-commits
his decision on forward horizon as spanning by the arrow length; by consecutive dashed arrow
2, we mean follower Ar will compute the best response based on arrow 1. These two dashed
arrows formalize a closed cycle while “dash” feature emphasizes related decisions are rather
generic from admissible sets, and not the optimal ones to be really implemented. Last, keep
above decision cycle in mind, Ay, updates his cost functional to be iterative and implement the
optimal decision accordingly. Thus, a solid arrow 3 is depicted. All three consecutive arrows
together are similar to a handwritten number “6” in shape so we may call it a “6” scheme.
Noting it essentially depends on commitment information set by arrow 1.

Theorem 3.8. Under (H1)-(H2), assume My > 0, My > 0, Rj1(-), Rx2(-) are invertible and R;&() €
L (t, T;S™), R;(}z(-) € L>(t,T;S™2), then the Stackelberg equilibrium (3.21) can be formulated as

i=—R;1(B/y+Dz), ©=-Ryg,(B;d+Dy0), (3.22)
where
dz = :Ai — Byj— Fiz2— By — 1529] ds + {C:z' —Dyj—Fz—DJ)¢— 1539] AW (s),
dj=|-ATg—CTz- Q@] ds + zdW (s),
do=|-AT6—CTo—Qrp— Qzaﬁ] dt + 0dw (s), (3.23)
dp = :Agb —Bi¢- D]+ Hg+ ﬁgz} dt + [C@ —FT¢— B0+ Hyz + AJg] dw (s),
() =&  y(T)=Gx(T), o(T)=Gax(T)+Gi1p(T), ¢(t) =0,
with

Fy = BiR; D] ,Hy = BiR; R 1Ry} B] ,Hy = BiR;1 Rk 1 Ry D] Hs = DiR; 1Rk R;1D) . (3.24)

Moreover, the optimal cost functionals of Arp and Ay, become

T
J(t&,v) = B{ /t (Ry2Ryy(BI 6+ D18) — BIy — DI 2 Ry, (B] 6+ DI6))ds + (2(), (1)) |

K(t7 & u, 'D) = E<f(t)v (B(t»
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The above open-loop Stackelberg equilibrium (3.29) is still not satisfying, thus we will establish the Riccati
equation representation in the following. Recall that [13] derived stochastic Riccati equations for the follower
and the leader sequentially, while the state feedback representation of the Stackelberg solution is obtained
simultaneously for the leader and the follower in [27]. Since we take the follower’s Hamiltonian system as the
leader’s controlled state equation, hence similar to [27], the Riccati equations for the follower and the leader are
derived simultaneously. First, set

_(= _(? _ A0
=(5) 2=0) 20 =) -G 3
_(-B, -B B C 0 D —D
b= <§1 ﬁf) P= ( Df ) 0 C>’ F= ( F HY )
_(-Ds -F _[(Q2 @ _ (G2 Gy _(Rj1 O
H N <—F\2 f[;}, ) ’ N <Q1 0 ) ’ g o <G1 0 > ’ Rl o ( 0 R],2> ’ (325)

__(RnBf 0 R; B 0 1
A=— ( 0 LB P— ("0 R,B] (I — PH)~Y(PC + PFP),

A:A+BP+D(1—PH)—1[PC+PIP}, IB%:C+]—'P+H(I—P’H)‘1[PC+P}'P},
_(Q2 O T _(Rrk1 O (G2 O
Q2—<0 0)+A RyA, RQ—( 0 RK,Q)’ g2—(0 O>'

We have the closed-loop representation of the Stackelberg equilibrium as follows. The proof is similar to that
of Proposition 3.3 and is omitted here.

Theorem 3.9. Suppose that the following equations
P+Q+A"P+PA+PBP+C"(I-PH)'PC+C"(I — PH)"'PFP
+ PD(I — PH)"'*PC + PD(I — PH)"'PFP =0,

(3.26)
P(T) =,
det[I — PH] #0
P+PA+ATP+BTPB+Q =0, P(T)=a, (3.27)
and
P+PA+ATP+B'PB+Qy,=0, P(T)=Gs, (3.28)

admit solutions such that I — PH is invertible, then the Stackelberg equilibrium (3.29) of (SG) has the following
representation:

a\ R 1B} 0 R;1Bf 0 .
(@) - [( o resr) U0 RLay (I — PH)"Y(PC + PFP)|x
Furthermore, the optimal costs take the following form:

J(t7€;ﬁ7@> = E<ﬁ1(t)€7£>7 K(t,f;ﬁ,@) = E(E(ﬂff%

where P = D By and P = Pl B are the solutions of (3.27) and (3.28) respectively.
Py P Py P
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3.1.4. Solvability of (SGy)
For the special case (SGg), we have the following more concise result
Theorem 3.10. Under (H1)-(H2), assume G1 > 0,Q1 > 0,Rj;1 > 0,R;52 > 0 and R;{(-) € L>(t,T;S™)
R;é() € L>=(t,T;S™2). For Problem (SGo), the Stackelberg equilibrium (3.21) can be formulated as
u=—R;1(B/g+D{z), ©=-R;y(Byy+D;2), (3.29)
where
az = [Ay‘c —(B) — Ba)j — ( EQ)E} ds + [C:z — (D, — DIy — (Fy— Bg)z} AW (s),
dj = [ —ATg-CTz- Q@} ds + zdW (s), (3.30)
() =& y(T) = Gz(T)
Moreover, the optimal cost functionals of Ap and Ay, become
(t,f;’L_L, 1_)) = E<‘i(t),g(t)> = (tag;ﬂa’lj)'
Proof. From J(t,&u(-),v(+)) + K(t,&u(-),v(-)) =0, we have
By = Bi\R;1B) ,Bs = —ByR33B; Dy = D1R;1 B, Dy = —BoR;,D3 (5.31)
Bg = —DQRiéD;r,F\l = ﬁr,ﬁg = DlR;&DI,ﬁl - _§17ﬁ2 = _ﬁ17ﬁ3 = _ﬁ2~ .
Therefore, (3.23) becomes
dz = {A:g — Bij—Fiz— Bsé— Dy }ds +[C% — Dyjj — Foz — D]  — D38]dW (s),
dg:[—ATg ]ds+zdw
A6 = [-ATG— CT0— 015 + Qrzlds + 6 (s), (3.32)
dp = [Ap = Bi(y + ¢) — F1(z + 0)]ds + [Cp — Di( + ) — Fa(z + 0)]dW (s),
(t)=¢ y(T)=Gix(T), o(T)=-Giz(T)+G1o(T), ¢(t)=0.
— Fy(z+0)|dW (s),
(3.33)

do = |
dy+9) = |
@(t) =0, FT)+¢(T)=Gig(T)
Note that
(~AT(G+ )~ CT(Z+0) — Q16,0) + (Ag — Bi(T+ ¢) — Fi(Z+0),5+ )
+(CP—Di(F+ ) — Fa(2+0),2+0)
=—(Q10, @) — (B1(G+ ¢), 5+ &) — (Fi(z+0),5 + &) — (D1(F+ ), 2+ 0) — (Fa(2+0),2+0)
( ) = (R;1IB] U+ )+ D (2+6)], B (4§ + ¢) + D{ (2 +6))
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Therefore, if G; > 0,01 > 0, Ry1 > 0, it follows from [28], Theorem 3.5 that (3.33) admits a unique solution.
Therefore,

o(s) =g(s) + o(s) = z(s) + 0(s) =0, se€t,T]. (3.34)
Then the results follow from Theorem 3.8. O

Moreover, since @(-) = §(-) + ¢(-) = 2(-) + 0(-) = 0, Hamiltonian system (3.32) is the same as that of (NGy),
i.e., (3.17). Therefore, we have the following result on closed-loop representation.

Proposition 3.11. For (SGy), suppose that equations (3.14) and (3.15) admit solutions such that I +TI;(Fy —
D3) is invertible, then the Stackelberg equilibrium has the following representation:

&

{U(S) = —Ry1 (BT + D] (I + I (F; - Dy)) ™" (ILC — Iy (Dy — Dy )TIy))
W(s) = —R;3(B; Iy + Dj (I + 10y (Fy — Ds)) "' (IL,C — Iy (Dy — Dy )IT,))Z.

Furthermore, the optimal costs become
J(t, & u,0) = E(p2(1)€, §) = —K(t,§;4,0),
where Do is the solution of (3.15).

3.2. Time-consistency/Time-inconsistency
3.2.1. Time-consistency of (NG) and (NGy)

First we give the definition of time-consistency of Nash equilibrium for (NG).

Definition 3.12. An Nash equilibrium (a(-),o(-)) € U([t,T]) x V([t,T]) of (NG) is called time-consistent on
[¢t, T, if

a(5t,8)| gy = UCi 8, B, gy 1 <8 <5< T,
0318y gy = 0058, 285 1,6))| |y gy < 8" S5 ST,
or
u(.)eibrll(f[s,T])J(sjc(s;t,f);u(~)71’)(-)|[s T]) J(s,Z(s;t,6); 0 ‘[ PoL -)’[S,T]), t<s<T,
ooy T (& BE L) oy v0) = K5, 258,580 1y 0Oy y)» £ <5 < T,

where Z(-;¢,£) is the solution of following Hamiltonian system on [t, T],

dz = [Az —Big-Dlz— BV - Dzz} ds + [Cx —Dyj—Fz-DJY - /532] dw (s),
— [ AT AT _

dy = [ Alg—C'z—-Q x}ds—kde( ), (3.35)

dy = [ ATy "7 ngc} ds + ZdW (s),

z(t)=¢  y(T)=Gx(T),  Y(T)=Ga(T).
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In Section 3.1.1, the open-loop representation of Nash equilibrium of (NG) on [t,T] is denoted by FBSDE
(3.5) or FBSDE (3.35). Therefore the time-consistency of Nash equilibrium is closely related to FBSDE (3.35),
which is the Hamiltonian system of (NG) on [¢t,T] with the initial state £&. For (NG) on [s’, T] with the initial
state Z(s';t,£), the corresponding Hamiltonian system on [s', T] should be

47 = [AE —Bij-DJZ—ByY - BZZ} ds + [CE ~Diy-Fr-D]Y - 1332] AW (s),

dj = [ _ATj-CTz- Qlﬂ ds + 2dW (s),

(3.36)
dy = [ ATY T Z- Qﬁ} ds + ZdW (s),
(s =z(sst,8),  YT)=GiaT), Y(T)=Gei(T).
Therefore, if
T(sit,€) = T(s; 8, 2(s's1,€)), t<s' <s<T, (3.37)

it follows from Definition 3.12 that the Nash equilibrium of (NG) is time-consistent. Then, if for any ¢ € [0, T,
FBSDE (3.35) admits a unique solution, we have

Y(s;t,€) = (s;8",2(s's1,6)), t <" < s <T,

where ¢ = 7,7,2,Y,Z, i.e., the condition (3.37) holds. Therefore, the Nash equilibrium of (NG) is time-
consistent on [¢t,T] if for any ¢ € [0,7] FBSDE (3.35) is uniquely solvable, or in other words, the family of
FBSDEs (3.35) is uniquely solvable. Consequently, the saddle point of (NGy) is also time-consistent.

3.2.2. Time-inconsistency of (SG) and (SGy)

Definition 3.13. An Stackelberg equilibrium (a(-),o(-)) € U([t,T]) x V([t,T]) of (SG) on [t,T] is called time-
consistent on [t, T, if

IS

(i8] g = (8", 2(51,6,0))[ | gy < 8" <5< T,
(';t,f){[s T = ’l_}(~;5/,i‘($l;t,§70))|[s ) t<s <s<T,

Sl

or

u(-)ell/rll(ﬁs,T]) J(s,a’s(s;t,g,());u(~),17(-)|[s’T]) = J(s,a’:(s;t,g,O);a(-)’[s’T],17(-)’[8’71]), t<s<T,

v(.)egl(fisﬂ)K(s,a’c(s;t,§,0);a(-)}[s’T],v(-)) = K(s,i(s;t,f,0);11(-)|[57T],17(~)‘[8’T]), t<s<T,
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where Z(+;¢,£,0) is the solution of following Hamiltonian system on [t, T,

dz = [Ai’ — §1Zj — ﬁlf — ﬁgé — .529_:| ds + |:C£E — ﬁlgj — F\Qf — ﬁ;—gg — ﬁ39_:| dW(S),

dg = { —Alg—CcTz- Qlf} ds + zdW (s),
46 = [—ATé—CTé—ngZ?-i-Qlfc}ds-i-édW(s), (3.38)
dg = [Agb —Bi(j+¢) - Fi(z+ 9)} ds + {C@ —Di(+¢) — Fa(z+ 9_)}dW(8)a

z(t:t,€,0)=¢,  @(t:t,£,0) =0,

Here (t,£,0) in Z(+;t,£,0) means that the initial conditions of the forward parts (Z, ) at the initial time ¢
are (£,0), i.e., (t;t,£,0) =&, @(;1,£,0) = 0. The time-consistency means that the globally optimal strategy
on [t,T] is still locally optimal on any remaining (or, future) time interval [s',T] for ¢t < s’ < T. Therefore, in
order to study the time-consistency or -inconsistency, we need to consider a new (SG) on updated horizon [s’, T
with the new initial pair (s, Z(s’;¢,£,0)) and check that whether such (new) optimal state Z(-) coincides with
the original optimal state Z(-;¢,£,0) on [s',T]. For (SG) on [s',T] with the initial state Z(s';t,£,0), applying
the techniques in Section 3.1.3 and similar to Theorem 3.8, we obtain the corresponding Hamiltonian system
on [¢',T) as follows

4z = :As? —Bij— P17 — Boo — 1325} ds + [05 —Dij- i - D] g 1335} aw (s),
dj=[-ATg-cTz- Q@} ds + 2dW (s),

Wb=[-ATg-CTo-Q:5+ Q@] ds + 0dW (s),

a3 = :A(ﬁ —B§+0) - R+ 5)} ds + [ca —Di(T+¢) - B+ 5)} aw (s), (3.39)

8

(s's8",2(s';4,€,0),0) = 2(s'5¢,£,0), @(s'58",2(s'¢,£,0),0) =0,
y(T (s’;t,f,()),()) = G1Z(T; s',i(s’;t,f,O),O),
(T

(b( ;S 7£(S/;t7£70)70) = _Gli(Ta S/7j(8l;ta§70)a0) + Gl&(Ta S/,i‘(s';t,f,O),O).

8l

’
’87
’

By Definition 3.13, in order that the Stackelberg equilibrium of (SG) is time-consistent on [t, T, we only need
to check that for any s’ € (¢, T, whether the following condition holds:

T(s;t,£,0) = 2(s;8",7(s';t,£,0),0), s <s<T,

where Z(s; 8", Z(s';t,&,0),0) is the solution of (3.39) and Z(s;t,&,0) is the solution of (3.38) on [s’, T, that is

dz = _Ajf — gly — 1312 — qu{) — ﬁ2§:| ds + |:Ci‘ — ﬁlg — ﬁgg — ﬁ;q{) — ﬁ3§:| dW(S),
dj=|-ATg—CTz— Q@} ds + 2dW (s),

d¢ = _fAng_SfCTélegZJrQlf}der@_dW(s), (3.40)
dp = [Ap = Bi(g+ ) - Fi(z+0)]ds + [Cp — Di(5+ ) — Fa(+0)|aW (s),

T(s'5t,6,0) = 2(s';,£,0),  @(s'5,£,0) = @(s5t,£,0),

g(T;t,f, 0) = Glg_j(T;tafa O)’ &(Tataga 0) = 7Glj(T; t7£70) + G1§5(T;t,£, 0)
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In other words, the time-consistency/inconsistency of (SG) is connected to the relationship between (different)
FBSDEs (3.39) and (3.40), but irrelevant to the semigroup property of FBSDE (3.38). Of course, ¢(+;¢,£,0)
will evolve on [t,T] so in general, ¢(s';t,£,0) # 0 for s’ € (¢,T]. Therefore,

T(s;t,£,0) # 2(s;8",7(s'51,£,0),0), s <s<T.

Therefore, following Definition 3.13, we get that open-loop Stackelberg equilibrium of (SG) is time-inconsistent.

Remark 3.14. A key distinction between problem (NG) and (SG) is for their associated Hamiltonian systems.
For (SG), a new process @ must be introduced in its Hamiltonian system for which the initial condition is
always reset to be @(t) = 0 once we vary decision horizon to be [t,T] when considering time-consistency or
-inconsistency. Of course, ¢ will evolve on [t,T], so in general @(s) # 0 for s € (¢, 7).

By contrast, such @ will vanish in Hamiltonian system of (NG) no matter how we vary the decision horizons.
Such distinction between (NG) and (SG) is mainly due to their different decision natures. Essentially, (NG) is
simultaneous in that two players are facing the same state, a controlled forward SDE, at the same time even
they may apply different controls, whereas (SG) is sequential as the leader will face a state being a controlled
forward-backward SDE once the follower solves his/her own control problem with a forward SDE state still. In
other words, in (NG), leader and follower are with different states because of the sequential decision nature.
Hence (NG) and (SG) have very different properties when studying their time-consistency or -inconsistency.

However, for (SGg), assume G7 > 0,Q1 > 0,R;1 > 0,R;2 > 0 and R;}() € L™®(t, T;S™), R;;() S
Lo°(t, T;S™2), it follows from (3.34) that @(s) = 0, therefore following Definition 3.13 and Remark 3.14 we
know that the Stackelberg equilibrium of (SGy) is still time-consistent.

4. STACKELBERG GAME WITH LOCAL INFORMATION

4.1. Stackelberg game with local information

First, Stackelberg game with global information can be represented by the following Figure 2.

In many real problems, at the initial time the leader may not announce his strategy on the whole time
interval. Hence we introduce Stackelberg game with local information by the following Figure 3.

Finally, we will introduce mixed information pattern which includes global- and local-information, see
Figure 4.

Definition 4.1. A Stackelberg duration partition index on [0,7] is defined to be S = {S;}}¥,, where for
i=1,--- N, 8 = [s;,5) with 0=t <ty =8, <5 =ty <lp =8, <5 <--- <ty <by=sy <sy=T,
T: = [t;,t:] and Ufil S, = 10,77 \Ufil Ti. N is called Stackelberg announce frequency. On each S;, the leader
will announce his committed strategy v(-)|s, at the moment s,. A Stackelberg duration partition index on [¢, T
can be defined similarly.

Incase N = 1,s; = 0 and 5; = T, Stackelberg game with duration index {S;}¥, reduces to global information
case (SG) in Section 3.1.3. For N > 1 and S = [0, 7], Stackelberg game with duration index {S;}; reduces
to Stackelberg game with local information (SL). For simplicity, for (SL) we use s; instead of s;. In this case

0,7)=UL, Si = UL, [si-1, s1]-

4.2. A repeated game principle

For (SL), at the initial time the leader will not announce his strategy on the whole time interval, hence
instead of finding optimal strategies for leader and follower on the whole time horizon, we would like to find
some kind of locally optimal strategies or equilibrium strategies. Similar to Yong [29], we introduce the following
definition in spirit of backward recursion.
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/\‘.

0 T

FIGURE 2. Global information: the whole decision horizon [0,T] is covered by a single arrow
(aka arrow (I) depicted in Fig. 1). It means that leader will announce, at initial time, his decision
commitment on whole horizon in global manner. As such, the “6” scheme can be readily applied
to current classical case.

1
$1 51 = 89 So = S3 SN—-1 =Sy SN

F1GURE 3. Local information: the whole horizon is still covered but jointly by a variety of
disjoint arrows, instead single one. These arrows are of distinct left-starting and right-ending
points. A sequence of non-overlap sub-intervals thereby arise and leader releases his commit-
ment merely within each sub-interval locally. Therefore, at any time, follower can only access
forthcoming decision of leader in pertinent sub-interval lacking global information. Thus, unlike
arrow (2) in Figure 1, follower cannot decide his best response only upon such local prior knowl-
edge. As such, classical “6” scheme fails to work.

FIGURE 4. Mixed information: there exist multiple arrows along which the leader pre-commits
his forthcoming decisions. However, their union only covers a subset of whole horizon [0, T]
and no commitment made on remaining part. In fact, on dashed sub-intervals, both the leader
and the follower have no prior knowledge in either commitment or best response, so they must
play a Nash type strategy within these sub-intervals. As a result, some (Stackelberg and Nash)
mixed decision is induced on whole horizon in coupling.

Definition 4.2. For any ¢ = 1,--- N, £ € R® and any (u;(-),v:(*)) € U([si=1,s:]) X V([si-1,84]), {@i :
V([si—1,8:])) X R" = U([si—1,5:]), 0i(-) € V([si_1,si])}, is a Stackelberg equilibrium of (SL) if

J(8i—1,& @ (i, &) B @1 (Vig1, 2V (53)) © - B an (O, 2V (sn=1)), Vi B Vi1 B -+ D Uy)
<J(8i-1,&5 U © Qi1 (Vig1, 2 (8)) D+ D an(On, 24" (SN -1)),0i © Vip1 © -+ © UN),
K(si-1,& @i(03,§) © i1 (Vig1, 27" (7)) @ - & an(On, 2" (sN-1)), 0 B Vig1 S -+ O UN)
<K(si—1,&0;(v5,) ® Qi1 Vi1, 2% (5)) @ -+ @ an (O, 2%V (sn—1)), V3 B Vig1 -+ B OUN),
where %Y is the solution of (2.1) on [s;—1, sn] with respect to
(@ (05, &) @ a1 (Dig1, 2%V (85)) D - - @ an (U, 2%V (sN)), v; D Viy1 - D UN),

x%v is the solution of (2.1) on [s;-1, sy]| with respect to

(w; B Qi1 (Vig1, 2% (S541) B -+ B an(On, 7 (SN)), ; B Vig1--- B TUN)
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and %% is the solution of (2.1) on [s;_1, sy] with respect to
(O_zi('l_}i7 f) ) O_li+1(’l_)i+1, ZL'&"’T“(SZ')) D---D 66]\[(1_11\[, 1'&"’@(81\])), Vi D Vig1--- D 'l_}N).

From the above definition, it is easy to see that a Stackelberg equilibrium of (SL) is locally optimal on &;,
i=1,---,N.

Proposition 4.3. If (SL) admits a Stackelberg equilibrium (a;(-),v:(-))N4 on [0,T], then (a;(-),v:(-)) is a
Stackelberg equilibrium of (SG)|s,. In summary,

(repeated game principle): (SL)jo,r1 = (SG)sy @ (SG)sy_, @ --- @ (8G)s, .

where (SG)|s; is a Stackelberg game with global information on S; with the following cost functionals

Toimns w500 = B [ [(Qu(6)as).5) + (Raa (5)uls),uls)) + (Roa(s)o(s), ()]s

5i—1

+ (Gl @) },

and

Risivo(oi)ut)00) =B [ [(Qalsn(6),2(6) + (Ruca(s)us)u(s)) + (Racals)ols),v(s))]

i—

+ <G27il‘(8i), J)(Sl)> }

Note that G ; and G2 ; are some unspecified terms which will be determined by the backward procedure in
the following section.

4.3. Backward procedure
4.3.1. (SL)|sy

Let us start with (SL) on Sy. To this end, consider the following state equation and cost functionals

{dx(s) - [A(s)x(s) + Bi(s)u(s) + 32(5)1}(3)} ds + [C(s)x(s) + Dy (s)u(s) + Dg(s)v(s)} AW (s), W

z(sn-1) =&En—1,

and

How-1,én-siu),o0) =B 7 [(@u(e)a(s).a(s) + (Rus(s)u(s). u(s) + (Ryals)o(s), ofs)]ds

SN-—1

+ (Gr(sn). al(sn)) }.

Rl = B{ [ [(Qa()0(),0()) + (R (u(s),u(s) + (Rica(s)o(s). o(s))as

SN-—1

+ (Gar(sn), a(sn)) }-

In (4.1), (sy—1,&n—1) is the initial time and initial state (also called initial pair) on Sy which will be taken as
the terminal time and terminal state (also called terminal pair) on Sy—1. On Sy, (SL) (or (SL)|s, ) is a standard
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Stackelberg game. Therefore, similar to (SG) (e.g., Thm. 3.8), we have the open-loop Stackelberg equilibrium

on SN
iy =—R;1(Bly+Dz), on=—Rg\y(B;y¢n+Ds0n), (4.2)
for (SL)s, through the following Hamilton system:
dz = |:A33 — Ely — ﬁlz - §2¢N — ﬁQHN:| ds + |:Cl‘ — ﬁly — F\QZ — ﬁ;(ﬁ]\[ — B;)FHN dW(S),
dy = [ —ATy—CTz— le] ds + zdW (s),
don = [ = Aoy = CTOx = Qupw — Qo] dt + Oy aW (s),
d(pN = |:—§I¢N — BIQN —|—Ag0N +ﬁ1y+ﬁ221|dt+ |:—F\1T(bN — ﬁQTHN +C<,ON +ﬁ32+ﬁ;y dVV(S)7
z(sn-1) =&n-1, Y(sn) =Grz(sn), on(sn) = Gaz(sn) +Gion(sn), en(sn-1) =0,
(4.3)

where {n_1 € L%_—SAF1 (R™) and the coefficients are defined in (3.31). In order to give the formulation of optimal

state, we need to study the feedback form of open-loop strategy. Set

x ON On EN-1
X = Y frd Z frd _1 = N

() r=(5): 2= (%) o= ():

A0 -B, -B Dy —F C 0
A (0 A>’ (—Bl H1T>’ (—DlT H2>’ <0 C)’

_ ~-D] -Dy _ D3y —F (@2 @ _(Gy Gy

f—<_ﬁ; ﬁ;)’ ”—<_ﬁ2 ) 2 o o) 97 e o)

Therefore, (4.3) takes the following form:

ax :[AX +BY+DZ]ds+ [CX+fY+HZ}dW,
dy = — [QX +ATY + cTZ} ds + ZdW,
X(sy-1) =Cn-1, Y(sn)=GX(sn).

Introduce the following Riccati equation

PN 40+ ATPWN) 4 pMN) A4 pNIBPIN) 4 ¢T(1 — PN~ pN¢
+CT(I — PN~ pMN) g pN) 4 pNIp(1 — pN)3)=1 pNe

+ PMD(1 — PN~ pN) FpIN) — g,

PN (sy) =G,

det[I — PMNH] £ 0,

we have

Y =PMX,  Z=(- PNy [P(N)C + PN FpM)] x.

(4.4)

(4.5)

(4.7)
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Therefore, the Stackelberg equilibrium takes the following “closed-loop” representation:

_ 1 pT —1pT
<UN> _ {(RJ,lBl 0 >P(N) " (RJ,lBl 0 > (I_P(N)H)A(P(N)C+P(N)]_-P(N))}X

UN 0 Ry,By 0 Ry,By
SANX.
(4.8)
o RJ,]_(S) 0
Let Ry(s) = ( 0 Ryals))’ then
J(snN-1,€N-1;UN,VN) = E{/ (Q1,n(5)X(5), X(s))ds + (G1 X(T), X(T)>}a
SN
where
0 Gi 0
Q1N = <%1 0> +ANRIAN, Gin = < 01 O) .
Plugging (4.7) into (4.5), we have
dX = Ay Xdt + By XdW, X(SN_1) =(N-1, (4.9)
where,
Ay = A+ BPWN) 4 D(I — PMgy)~! [P(N)C + P<N>fP<N>} ,
By = C+ FPMN) 4 H(T — PN )~ [P(N)C n P<N>fP<N)] .
Finally, introduce the following equation,
SN Sy T BN T BN BN
P+ PMAN+ALPN) 4 BLPMBy + Qv =0, PWN(sy)=Gin, (4.10)

we have the optimal functional for Ag as follows:

J(sN—1,{N-1;Tlsy,V]sy) = E<ﬁ1(N)(3N—1)§N—1a€N—1>a
S(N) BN
where P(N) — Pl( ) PZ( ) Similarly, the optimal functional for A; is as follows:
~—\p ﬁiN) . Y p L :
K(sn—1,éN—-1;Tlsy,V]sy) = E<ﬁ1(N)(5N71)€N71a§N71>7

_ BN)  BN)
where P() = }jl 62 is the solution of the following Riccati equation
PN PiN )

“(N) ~ = D
P 4+ PMaL + A}P(N) —|—IB§;P(N)BN + Qo n =0, P(N)(SN) =Go N, (4.11)
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with

_(Q2 0 T _ [(Rk(s) 0 (G2 0O
QM_(O 0>+ANR2AN’ RQ‘( 0 Ria(s))’ Gan=\90 o)

Since (SL)|s, is a standard Stackelberg game, the open-loop strategies (4.2) or the corresponding state
feedback representations (4.8) obviously satisfy Definition 4.2 for i = N.

4.3.2. (SL)|sx_,

Next, we consider the Stackelberg game on Sy_1, i.e., consider the following state equation and cost
functionals

da(s) = [A(s)x(s) + By (s)u(s) + BQ(SW(S)} ds + [C(s)z(s) + Dy (s)uls) + DQ(S)U(S)} AW (s),

(4.12)
r(sn—2) = En—2,

and

J(sn—2,En-2;u("),v(-)) :E{ /SN*I [<Q1(s)x(s),x(s)> + (Rya(s)u(s), u(s)) + <RJ,2(s)u(s),u(s)>}ds

SN-—2

(P (s )a(sv) 2l(sn-1)) |

K(sn-a.éx-aiu(),00) =E{ [ T [(@a()e(s). (5)) + (R (s)u(s). u(s)) + (R als)o(s). ofs)]ds

SN-—2

+ (P (sn-1)a(sn-1),(sn-1) |-
(4.13)

Remark 4.4. (SL)|s, is a standard Stackelberg game and we have obtained the optimal strategies for leader
and follower on [sy_1,sn]| based on the initial condition (sy_1,{n—1), therefore we should expect that the
state (4.12) (and equilibrium strategies) on Sy coincides with the optimal state (4.9) (and equilibrium strate-
gies) on Sy. Hence the optimal state (4.9) starts from (sy—_1,z(sy—1)), or in other words, the terminal pair
(sn—1,2(sy—1)) on Sy—1 is the initial pair (sy—_1,Z(sy—1)) on Sy. Taking into account of this, the cost
functional of follower on Sy_1 becomes

J(SN_Q,fN—%U(')vU('))

) /SN_l {(Ql(s)x(s),x(s» + (Rya1(s)u(s),u(s)) + <RJ)2(S)'U(S),’U(S)>:|dS

SN-—-2

B [ (@)X (), X(5) + (s (5)u(5),uls)) + (Roa(s)0(s), w(3)) s + E(G X (52). X s)

SN—1

=E /SN,I [<Q1(s)x(s),x(s)> +{(Rya(s)u(s),u(s)) + <RJ,2(5)U(5),U(5)>}d5

SN-—-2

+ E<ﬁ1(\[1)(3N71)1'(3N71),x(sN*1)>7

where z(-) is the solution of (4.12). This is the derivation of cost functionals (4.13).

(SL)|sy_, is still a standard Stackelberg game. Similar to Section 3.1.3, we can get open-loop Stackelberg equi-
librium (ay—1(vn=1) : V[sn—2,sn-1] X R" = U([sn—2,5N-1]),On—-1 € V([sn—2,5n-1])) (see (3.29) for FBSDE
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representation). Now we will verify that the open-loop strategy (an_1(vn—1),0n—1) satisfies Definition 4.2 for
i = N — 1. For the follower, for any vy_1 € V([sny—2,sn-1]) and (un,7n) defined in (4.8),

J(sn—2,&n—2;un—1(vN-1) @ Uun(TN),UN-1 P TN)

SN_1 - -
ZE{/ [(leuN_l’vN_l,xuN_l’vN_1> + (Ryiun—1(vn-1),un—1(vN-1)) + (Rj20N—-1,VNn—1) |dS

SN—2

SN - _
+/ [(Qlf/uN*l’vN’l,$UN*1’vN*1> + (Ry1un(Un), un(ON)) + (Ry20N,UN) |ds

5N—17 ) (4.14)
(G (7)o (7)) |

SN—1 - -
:E{/ [(leuN_l’vN_l,l“uN_l’vN_l> + (Ryiun—1(vn-1),un—1(vN=1)) + (Rj20N—-1,VNn—1) |dS

SN—2

+ <ﬁ1(N)(5N_1)$ﬁN—1g'UN—1 (SN—l); xﬂN—h'UN—l (SN—1)>}7
where

da¥N-1UN-1 — [AxﬁN’l’vN’l + Bl(’U,Nfl(’UNfl) (&) ﬁN(@N)) + BQ(UN,1 D ’DN)} ds
n [cxﬂwfwfl 4 Dy (n—1(vn—1) B an(On)) + Dalvy_1 & @N)} AW (s),
ZUNTLUNSL (g o) =EN_a.

Moreover, for any un_1 € U([sn—2,Sn-1]),

J(sn—2,én—2;un—1 B Uun(TN),UN-1 D TN)

SN—1
:]E{ / |:<Q1x'U«N—17’UN—1,xUN—l,'UN—1> + <RJ,1UN_1,UN_1> + <RJ72’UN_17’UN_1>:|dS

SN -2

SN
+/ {<Q1IUN71’UN71,IuN*l’UN71> + <RJ711_LN('L_)N),'ITLN(1_)N)> =+ <RJ,217N,5N>:|dS
SN—1 (4.15)
(Gt N (D), (1) |

SN-1
— {/ |:<Q1x’U,N—1,’UN—1,xUN—l,'UN—1> + <RJ71UN—17UN—1> =+ <RJ72'UN_1,UN_1>:|dS

SN -2

+ <ﬁ1(N)($N_1)xUN—1”UN—1 (SN—l)a xuthval(sN_l»}’
where

dgN-1VN-1 :[AxuN’l’vN’l + Bl(uN,1 D aN(5N>) + BQ(’UN,1 D EN)} ds
+ oo g Dy @ i (on)) + Da(on-1 @ o) | AW (s),
xUN—lﬂJN—l(

SN—2) =§N -2

Note that @y_1(-) is the equilibrium strategy of follower in Stackelberg game (SL)|s, _,. Recalling (4.14) and
(4.15), from the definition of (SG), we have

J(sn—2,&n—2;un—1(vN_1) BUN(TN), UN-1 B ON) < J(SN—2,E{N—2;uNn—1 B UN(TN),UN_1 B UN).
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For leader, we have

K(sn—2,énv—2;un—1(vn-1) ® Uun(UN),VUN_1 D TUN)

SN—1 - -
ZE{ / [(QQQU"N_l’UN_l737"]\’_1’””‘1) + (Rx1an—1(vn-1),an—1(vn=1)) + (RK,2UN_1,VNn—1) |dS

SN -2

SN _ _
+/ [(QquN”’UN*%l”uNfl’vN71> + (Rx1an(On), an(ON)) + (RK,20n, TN) |ds

SN—1

T (Gaa™ N (D), 2t (1) |

SN—1 B B
:]E{/ |:<Q2xuN—l(’UN—l)1’UN—1’xUN—l,'UN—1> + <RK,117:N—1(UN—1)7ﬂN—l(UN_l» + <RK,2'UN—1,UN_1>:|dS

SN -2

+ <ﬁ1(N)(SN_1)CEaN71’UN71(SN_l),IﬂN*l’val(SN_l»},

and
K(sy—2,én—2;un—1(On-1) ® un(UN),UN-1 D UN)
SN—1 _ _ _ _
:]E{/ {(Qzﬂfw*l’v””,$uN*1’UN*1> + (Rx1un—1(0n-1),un—1(0n-1)) + <RK,217N71,17N71>}d3
SN —
SN ’ _ _ _ _
+/ |:<Q2x'U,N—17'UN—1,.,L.'lLN—lﬂ)N_1> + <RK7112N(17N),’1]N(17N)> + <RK,2T}N,17N>}dS
SN—1
+ <G2xﬂN—1ﬂ7N—l(T)’ xﬂN—ly'DN—l (T)>}
SN—1 _ _ _ _
:]E{/ {(szw“’w*l,!EuN*I’”N*W + (R atn—1(0n-1), un—1(0n-1)) + <RK,2@N71,5N71>}d3
SN -2
ﬁ(N) UN—-1,UN—1 UN—-1,UN—1
+ (P (sn—1) (sn-1), (sv-1)) >
where

dgtn-1oN-1 = [Axa”*l’m’*l + Bi(an-1(0n-1) ® un(On)) + Ba(On -1 @ T)N)} ds
+ {CmﬁN*h’jN*I + Dy (tiy_1(On_1) ®un(0n)) + D2(Oy_1 ® @N)] dW (s),

x"]N—ly'DN—l (SN—Q) :EN—Q-

Therefore, by the definition of ox_; (see (3.21) or (SG)),

K(sn—2,én—2;un—1(On_1) ® un(UN),TN-1 DUN) < K(sSn_2,En—2;Un—1(vn_1) ® Un(TN), UN_1 B TN).

Therefore, (an—1(-),Un—1) satisfies Definition 4.2 for : = N — 1.
Finally, we will obtain the state feedback representations of equilibrium strategy (an_1(vn—1),9n—1) On

N pvV-1)  pIN-D\ pA-1) N1
[sn_2,5n_1]. To this end, let PN pIN=-1) — }31(1\,_1) ]32(N_1) , PIN=1) = ]51<N_1) ]52(N_1) be the
3 4 3 4
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solutions of

PWN=D L Q4 ATPWN-1 4 p(N=1) g pWN=-DppWN=1) 4 cT (1 — pN=Dy)=1 pN-1)¢
+CT(I — PNy~ pN=D pp(N=1) 1 p(N=Dp(1 - p(N=1gy)~1pc

+ PWN=UD([ — pN=Ng)=t pWN=1) pp(N=1) —

(N-1) (P (sno1) PV (swoa)
P (sn-1) = S(N) )
Pl (SN_1) 0

det[I — PN=V3] # 0,

~(N-1)

P + PN VAN G+ AL PNTY 4 BL  PNTUBY 5 4+ Q1 =0,
N pN)
pN-1 (o y_ (P (sn-1) 0
(SN 1) 0 0 ’
and
~(N=1) N S ~
P + PVDAN + AL PV 4B PYV-DBy_ | + Q) y_q =0,
~ B(N)
p-1) (g (P (sn-1) 0
(SN 1) O 0 9
where

Ayt = A+ BPND (1 - pN-D3) 7L PN 4 PN FPND]

By_y = C+ FPNY 4 31 — pV-Dpy)~! {P(N*I)C + P<N*1>fP(N*1>] ,

0 0
Qin_1= (%1 0) + AN RiAN_1,Qo N1 = (%2 O) +AN_RoAn_1,

and the other coefficients are defined in (4.4). Similar to Section 4.3.1, we have
(“N—l) —An_1 X,
UN-1
7 - . _ g pIN-D)
(sn-2,En—2;Ulsy_1, Vlsy_,) = E(P(sn-2)8n-2,En-2),

K(sn—0,6n—-23Tsy_1»Olsy_1) = E(PN D (sn_2)én—2,En—2),
where

_ Rj1Bf 0 -1y, (BBl 0 (N=1)a\—1; p(N—1) (N=1) = p(N—1)
AN_l_—[< e R G Sty (I—-PW-D3)~Y(pN-Dc 4 pN-D rp )]

Continuing the above procedure, we can obtain the equilibrium strategies on each &;, i =1,--- , N.
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Gy 0
—_ Par=
Tn Pn N ( 0 o)
p(N)  p(N) 5(N)
N P P P 0
Tyt Pn_1|=—>|Qn-1 PNo1= 2 on1=
(N) }SAEN) 0 0
: l
n
v
s(N-1)  s(N-1) = (N=1)
N P P. P 0
Tn-o~ PN—2|=—>|2N-2 Proa=| o QN,2=< ! )
PN pN 0 o
: J’
n
v
pIN—=2  p(N—2 S(N—2)
N2 P P, B o
Tn_3— - Pn_z|=——>|9N_3 Pnoa=| 2 onsg=| !
AS(N—Z) AAEN—Z) o o
.
n
v

5(3) B(» B
| 0, gzz(Pl O)plz( ! 2 )

ORI

P |=—=>| & 91:<Is1(2) 0)

0 0

T -

- E-

N > 1, solid arrow, local information, shifting,

N =1, dotted arrow, global information, no-shifting.
Stackelberg game with local information can be decomposed into a sequence of sub-games
defined on each individual sub-intervals. These sub-games are solved sequentially in backward-
procedure from top layer back to bottom one. For sub-game in each layer, a key component

FIGURE 5. Backward-procedure (Ap ):

is the control weight in cost (see Qn_1,---,Q1), that should be transmitted via a shifting
operator from Riccati-type optimality representation in its next upper layer (e.g., the blue
arrows).

4.3.8. Backward induction
The framework of backward procedure can be described by the Figure 5.

Remark 4.5. For the concise of pictures, we only give the procedure for Ar and omit the time variables in
above backward and forward procedures. Note that at sy_1, the weight matrix should be

El(z)(sN—l) ég(ji)(SN—l) <]31(N)(5N_1) O).
P (sv1) P (sv) 0 0

The weight matrices at time sy_o, - , s are similar.
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Remark 4.6. On Sy, we have constructed the closed-loop representation of equilibrium strategies and the

representation (e.g., (4.8)) on Sy depends on the “state” X(s) = (;(2)) snN-—1 < s < sn. Note that z(s)
N

is the real state which can be observed. However, ¢x(s) is the adjoint equation which is a virtual state which

cannot be observed. Therefore, (4.8) is not actually a closed-loop representation. In other words, the backward

procedure is not enough to solve Stackelberg game with local information. In the following, we will apply the

forward procedure to fully solve Stackelberg game with local information.

4.4. Forward procedure

In Section 4.3, we use the backward procedure to find equilibrium strategies on S;, i = N, --- , 1. Note that
the strategies on S; depend on z(s;—1) which is undetermined when considering the Stackelberg game on S,
1 =2,---,n, and is known only for 7 = 1. Therefore, based on the computations in Section 4.3, in this section
we will finally solve the Stackelberg game forwardly, see Figure 6.

B N 5V BN
LetP<N>,13<N>:<P1 P >7P(N):<P P

~ 22 b 2 be the solutions of Ricatti equations (4.6), (4.10
P?EN) P4(N) P?EN) PAEN)> q (4.6), ( )

o 56 B
and (4.11) on [sy_1,sn] respectively. For i = 1,2,---,N — 1, on [s;_1,5;], let P&, PO = <€1 i >,

(B0 B
PO = (Pil(l) 132@)) be the solutions of
P P

PO+ Q0+ ATPD 4 PO A+ POBPH T (1 — PO POC 4T (I — POH) PO FPD
+ POD(I — PONH)~LPC + POD(I — PONH) PO FPW =,

P(i)(si) =G,

det[T — POH] #£ 0,

(4.16)

~

PO 4+ POA, + ATPD L BT POB, + 0y, =0,  PY(s;) =Gy,

PO 4 POA; + ATPO Bl POB, + @y, =0,  PO(s;) = Gay,
where

Ay = A+ BPY DI — PO3)~! [POC 4 POFPO],
Bi = C+ FPU + H(I — POH)™ [PUC + POFPO],

A= 7{ (RJ,131 0 >P(i) " <R,J,1Bl 0 > (I — PO~ (PO)C +P(i)]:p(i))}’

0 R, By 0 Ry, By
]31(i+1)(5i) ﬁl(i-H)(Si) Q1 0 - ﬁ(z‘ﬂ)(&) 0
P = (i ) [ AR Aia i = L ‘ ’
g (Pl(hLl)(Si) O Ql, 0 0 + i 1 gl, 0 0

Q2 O\ aTha o (PEP(s) 0
QQ,z—(O 0 +Ai R2A'La g2,z— 0 0 .
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Tno1x Ena EN-1 = 2fsv)
4
\
TN—or N\ En—2 En—a = Hsy—)
4t
=
Ty—3= \ e EN-3 En—s = Hsy—a)
N
4
1 4+
N
T — \ &2 L =1(%)
N
4
\
T+ N\ & & =z)
4+

To

S | &=z

N > 1, solid arrow, local information, shifting,

FIGURE 6. Fi d- dure:
OTATATproceaure: A v — 1, dotted arrow, global information, no-shifting.

Unlike standard control problem, for Stackelberg game, its closed-loop representation must
be constructed upon an augmented forward state pair including an auxiliary ¢;(e.g., (4.3)).
Such auxiliary component is a “virtual” state and differs essentially from the “real physical”
one z;(e.g., (4.3)). Especially, it cannot be simultaneously observed/measured in real world.
Instead, it must be computed off-line with x; using its joint evolution dynamics that further
depends on the initial state condition (i.e., (4.3)) in each sub-interval. All such initial conditions
are undetermined during back-procedure. After backward-procedure, all control weights in each
sub-game have been set, and we may proceed a forward-procedure (from bottom to top layer)
to determine such initial conditions (actually, they are terminal conditions in previous layer)
and noting the most initial one at t = 0 is already given as priori.

Let Zo(sp) = £. On S;, the costs of Ap and Aj, are

Ji(si—1,Z(si-1);uls,,vs,)

ZE{ / ) [(Ql(s)x<s),x(s)> + (Ry1(s)u(s), u(s)) + (Rya(s)v(s), v(s)>}ds +(PI (s)(s0), x(si»}’

Si—

Ki(si—1,Z(si-1);uls,,v|s,)

—5{ | " [(Qu$)(). () + (R ($)u(s). u(s)) + (R a(s)(s). (s ds + (PO (s)a(s0) 2(s0)) ).
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where

[ )+ Bi(s)u(s) + Bg(s)v(s)]ds n [C(s)x(s) + By (s)u(s) + Bz(s)v(s)}dW(s), i1 <5< si,

-T(Sz 1) = 1(51 1)-

Similar to Section 4.3, we have

s\ _ [ (RiiBf 0 @ . (R71BY 0 A o S
<”|5i>_ K o mpr)T T\ o mpp )U TP (PECEPEIPE)IX
(4.17)

T(si-1,2(si-1); s, (), 0ls, () = E(P{ (s;-1)%(si-1), Z(si-1)),
K(si-1,%(si-1);als, (1), 0, () = BB (8i-1)2(si-1), Z(56-1)),

where X; = (Z; ;)" satisfies
AX = A Xdt + B, XAW,  X(si-1) = (2(si_1),0),
with
A; = A+BPD DI — PO3) =[P 4 P<i>fp<i>], B; = C+ FPW 4 H(I — PO3)~! [P@)c + P Fpl)

Combing the above procedures, the solvability of (SL) is as follows.
Theorem 4.7. For (SL), the equilibrium strategies of Ap and Ar on [0,T)] are

s (), se8;,i=1,---,N. (4.18)

Note that the equilibrium strategies (4.18) (or (4.17)) involves the equations P(), P® and PO for i =
1,---, N. The general solvability of such Riccati equations are quite challenging and remains widely open and
we will present the solvability for some special but nontrivial case.

Remark 4.8. For (SG), in order to apply best response and iterative optimization, the leader must know the
follower’s cost functional while the follower does not need to know that of the leader, that is, the information
of the leader and follower are not symmetric. However, for (SL), by (4.18) (or (4.17)) with P®), P(®) and P(),
the follower must also know the cost functional of the leader, otherwise the framework of (SL) is infeasible.
Moreover, from Section 3.2.2 we know that (SG) is time-inconsistent. For (SL), the equilibrium strategy is still
time-inconsistent. However, the equilibrium strategy is time-consistent at the time spot s;, ¢ = 1,--- , N — 1.
That is, the leader would not benefit by choosing another strategy than the equilibrium strategy he/she chose
at time spot s;, 1 =1,--- ,N — 1.

4.5. Special case: D1 = D3 =0
For the one-dimensional case (n = mj = mq = 1) with D; = Dy =0, (4.5) takes the following form:
=[AX + BY]ds + cxaw,

ay = — {QX +ATY + CTZ} ds + Zdw,
X(sn-1) =Cn-1, Y(sn)=GX(sn),
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Similar to Section 4.4, for i = 1,--- , N and on [s;_1, s;], introduce the following Riccati equations
PO 4 Q4 ATPO 4 PO A4 POBPH L cTPOc =0, PO(s;) =g, (4.19)
=) ) AT (i TG .
P 4+ PO(A+BPDY 4 (A+BPYTPOD 1 cTPOC+Q, =0, PO(s;) =Gy, (4.20)
=) ) AT = T ~
P+ PO(A+BPY) 4 (A+BPYTPD 4 cTPOC+ Qy; =0,  PW(s;) =Gy, (4.21)
where

G.=6G, Gin= (C(T;l 8) , Gon = <%2 8) )

_ [(RnBf 0 @ . (BiiBT 0 @
A== ( o wmher)T U0 mer)TTC

Qi =

s

<(%1 8)+A;R1Az‘, QZ,i—(%Q 8>+A;R2Ai7 t=1---,N;

=(i+1 S(i+1 ~(i ~
Gi(s;) = Ijl(Jr )(Si) Pl(+ )(Sz) Gii—= P1( H)(Si) 0 Go i = Pl( H)(Si) 0 1., N—1
T\ Pl(’b*i’l)(si) 0 ’ X 0 0 ’ N 0 0 ) ’ )

Therefore, the equilibrium strategies of Ap and Ay, on [0,T] are
a(s) = als,(s), o(s) = ls, (s), s€S;,i=1,---,N.
Proposition 4.9. Under (H1) and (H2), suppose Q1,Q2,G1,G2, Rj1, Ry, Rx1, Ria are positive and satisfy

QG _ Ry _ Ry

Q2 Go Rgi Rgso

then (4.19), (4.20) and (4.21) admit a unique solution.

20 1

0 1 ) Define X = WX, Y = Y and

Proof. First consider the case i = N. Let ® = < L0 ), U = (

Z = <I>2, we have
ax = {A)? - E?] ds + CXaw,
dy = — [@)? +ATY + CTZ} ds + Zaw,
X(0) =0, Y(T)=GX(T),
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where
. ByRy, B +2aBiR; 1B Bi1R; B}
—B1R;1B] +2aB1R;1Rk1R; 1B BiR; 1Rk 1R; 1B
5 Q2 -1 G Go -G,
o —2aQs+ Q1 200 ’ T\ —2aG2 +G1 2aGy )’
Suppose
a:&_ﬁ: Rin _ Ry
Q2 G2 Rki1 Rgp’
we have
Ao ByRi,By +2aB1R;1B]  BiR; Bl G-(Q @&\ g_(G -G
B1R;1B] BiR; 1B Ja)’ —@Q1 2aQ;1)’ ~-G1 2aGy )’

are symmetric positive-definite matrices. Therefore,

~(N) ~ ~ PN ~ ~ ~
P+ Q+ATPW) 4 P A+ PNIBPW) L cTPWMe =0,  PM(sy) =g,

admits a unique solution. Therefore, by the relation Y = PN X, Y = 73(N))A(, X = vX, Y = <I>}A’, we have
PWN) = @PWM) W, Therefore, for i = N, (4.19) admits a unique solution. Consequently, for i = N, (4.20) and
(4.21) admit unique solutions. Moreover, by

Qi.nv =aQanN, G1.nv = ala N,

s

we have
PNy = aPM(.).
Hence, ]31(N)(3N_1) = aﬁl(N)(sN_l).
Note that

_ Q1 _ 131(N)(8N71) _Rj1 _ Ry
Q  PM(sy_y) Bri  Rkp

repeating the above process for i = N — 1, we get that (4.19), (4.20) and (4.21) admit unique solutions and

~

PWN=D() = aPW=1(),

Therefore, continuing the process for i = N —2,--- .1, we get that (4.19), (4.20) and (4.21) admit unique
solutions. ]
5. RELATION AMONG (NGy), (SGy) AND (SLy)

5.1. Relation between (NGg) and (SGo)

In this subsection, we will show that for (NGy), the Nash equilibrium can also be solved by solving as
Stackelberg game (SGy), i.e., assuming that player 1 is the follower and player 2 is the leader.
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Theorem 5.1. Let (H1) and (H2) hold. Suppose My > 0 and M; < 0, then the Stackelberg equilibrium
(w(@())(+), () of (SGo) is a saddle point of (NGy).

Proof. By (3.21), we have
a(v())(-) = My (= Miz(v) — Mis(€)).
Therefore,
(v(-), u(v(-))(-); €)
[(Nl(v),w + (No (M (=Mia(v) = Mi3(6))), My (—Mia(v) — Mi3(€))) + (N3(€),€)
2(Ni2(My ' (—Miz(v) — Mi3(€))), v) + 2(N13(€), M (= Miz(v) — Mis(€))) + 2<N23(£)7v>]
1

==3 [<M2(U) — M5 (M) Mia(v), v) + 2(— My (M; 1) Mys(€) + Mas(€),v)

+ (M5 () — Mis(My ') Mus(€),6) |-

K
1
2
+

Then v satisfies

My(0) = Mo My ' Mig() + Mo (€) — My, My Mis(€) = 0,
i.e.,

My(0) + My (=M  Mia(B) — My Miz(€)) + Mas(€) = 0.

By Proposition 3.1, we get that (@,?) is a Nash equilibrium for (NGy).

Similarly, (NGg) can also be solved by assuming that player 2 is the follower and player 1 is the leader.
Next, from Theorem 3.10, the Hamiltonian system of (SGg) reduces to

o,
<
I
L
|
b
4|
<
|
Q
_|
Y]
|
L
—
8l
o,
»
+
ISyl
o,
=
[
o

z(t) =& y(T) = Giz(T).

Therefore, we have the following result for the Hamiltonian system.

Theorem 5.2. Under (H1)-(H2), assume My > 0 and My > 0. Moreover, suppose Rj1(+), R 2(-) are invertible

and R;i() € L (t, T;S™), R;(,lg(-) € L (t,T;S™2), then the Stackelberg equilibrium
u=-R;1(B/y+D]z), v=-R;3(By+D;2),

of Problem (SGy) is a saddle point of (NGy).

Finally, note that the Hamiltonian system (3.32) of (SGy) is the same as that of (NGy), therefore, the Riccati
equation for (SGo) is the same as that of (NGy), i.e., (3.14). Therefore, the Stackelberg equilibrium of (SGg)
and the saddle point of (NGg) have the same representation (see Prop. 3.11 and Thm. 3.5).
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5.2. Relation between (SGp) and (SLg)
For (SLy), on Sy, by Proposition 3.11, we have the Stackelberg equilibrium taking the following

representation:
ilsy = —Ry1 (B + DI (1 + 1Y (B, — D)~ (™ o — ™ (Dy — DII™))z™),
Olsy = —R75(BIMY + DI (1 + 1M (F, — Dy)) (M ¢ — 1™ (D — DI m{™))z™,
where
1™ + ™A+ aTn™ — "B, — By)n{™
—T{"(D] = Do)(I + TV (F, — D))~ (M ¢ = 1™ (D — Dy )mi{™)
+CT(I+ 1Y (Fy — Da)) (V¢ — 1Y (Dy = DHTIM) + Q1 =0,
™1 = G;.
and
dz™) = {Aj(m — Byg™) — D]z 4 Byg™ 4 ﬁgE(N)}dS
+ [Caé(N) — D™ — Fz™ 4 DT ™) 4 1332(N)]dW(s),
dg™ = [ AT _ T Q@W)}ds + ™AW (s),
j(N)(SN—l) = fN—l, zj(N)(SN) = Gli‘(N)(SN)
Furthermore,
_ _ (N) _ _
J(sN-1,EN—1;U|sy,0]sy) = E(Dy "(sn-1)éN-1,{N-1) = —K(sn_1,{N_1;Ulsy, Ulsy ),
where
dps™ = 5V al™ + @) TR + b)) TR+ anyds, (1) = Gh

as") =A— (B, — B)l™ — (D] — Do)(I + 1M (B, — Dy)) (M e - n™ (D, — D3 )mt™),

bS") =C — (D, — D)) — (Fy — Ds)(I + 1™ (F, — Dy)) (™ e — ™ (D, — DI ymi™).

On Sy_1, we have
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where

A0 VD 4 4 AT DB, - By

~1N(D] — Do)(1 + 1NV (Fy — D)@ Vo -~ o VD, - DIHmNY)
+CTI+nV (- D) @Yo - V(D, - DHIN )y 1@, =,

() = 5 (sv ),
and
Az = [Aj(N*” — By — DT zV=D 4 BygN=1) f)gzu\’*l)} ds
+ [C:E(N—” — DygN Y — FpzN-D 4 DI gD 1332“\’—1)} AW (s),

dgN =Y = [ — ATgWN=D — cTz(N=1) Q@W*l)} ds + 2N =Daw (s),

TN (Sy_2) = En_a, g N V(S 1) = ﬁ(zN)(SNfl)f(Nfl)(SNfl)‘

Furthermore,

J(sn—2,éN—21TUlsy_1,0lsy 1) = E<]/7\§N71)(5N72)§N7275N72> = —K(sn—2,{N-2;Ulsy_1>0lsn_1)s

where

(N-1 _ _ _ _ _ _ _
B T O TR im0

PV (Sn—2) = 5 (Sw-a).

agN—l) —A— (él _ §2)H§N—1)
— (D] = Da)(I + 11" V(B — Dy)) Ve =™ V(D — DY),

by =C — (D, — D)"Y
— (Fy = Dy)(I + 1N V(F, — Dy))t @V Ve — N (D, - D ynV Y.

Similar to (3.20), we have

Therefore,

V) =8V, on Sy

Continuing the above process for Sy_o, -+ , 871,

() =55(), on &, i =1, N = 2.
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Nash game Stackelberg game Stackelberg game Relation
with global information with local information
non zero-sum | time-consistent time-inconsistent time-inconsistent on [t,T) NG,SG,SL,
but consistent at si,---, sy | are not equivalent
Zero-sum time-consistent time-consistent time-consistent NGy,5Gg,SLy,
are equivalent

F1GURE 7. Relations among different types of games.

Therefore,

II, :Hgl) @...@HEN)’ 2’52 :]’)él) @...@@N)7
where IT; and p2 are the Riccati equations (3.14) and (3.15) introduced for (SGg) (see Prop. 3.11). Hence we
have the following result.
Theorem 5.3. Suppose (4.6), (4.10), (4.11) and (4.16) admit solutions, then we get that (SGy) and (SLg) are
equivalent.

6. CONCLUSION

In this paper, we give a unified framework to study two-person decision problems, i.e., stochastic (zero-
sum, non zero-sum) Nash game, Stackelberg game with global information and Stackelberg game with local
information. The solvability of above decision problems are established by abstract operator, Hamilton system
and Riccati equations sequentially. Finally the relations among zero-sum Nash game, zero-sum Stackelberg game
with global information and zero-sum Stackelberg game with local information are identified. The conclusions
can be described by the Figure 7.

APPENDIX A.

Proof of Proposition 3.3:

LetY—H;EWithH—(H

1
0, ), we have

Z = (I, — IIDy) "1 (IIC + IID 1),

and TIT satisfies (3.7). Therefore, the Nash equilibrium (3.4) has the following representation:

{ﬁ(s) = —R;1(s) (B{ (s) 0)I(s)z(s) — R;1(s) (D] (s) 0) (I3, — ID5)~"(IIC 4 IID, 1) A

0,x
o(s) = fRI_ClQ(s) (0 Bj (s)) II(s)x(s) — R;i(s) (0 DJ(s)) (In — IIDy) "1 (IIC + IID4I1)z = 6,7.
By Y =11z and Z = (I,, — I[ID,)~}(IIC + IID,I1)Z, we have
dz = a;zds + byzdW, z(t) =¢,
where
a; = A+ ByII + By (I, — IIDy) " H(TIC + IID;11), by = C 4 D111 4 Dy(Iy, — ITDy) " H(TIC + IID; ).

Plugging (A.1) into (2.2), we have
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J(t, & u,0) = E{ /tT<q1(s)x(s),x(s)>ds + (Gra(T), 2(T)) },
where
a1 = Q1 + 0] Rj161 + 0y Ry20s.
Finally, combing with Riccati equations (3.8) and (3.9), we have the optimal functionals as follows:
J(t, & u,v) = E(pr(t)€, €), K(t,§;,0) = E(pr()S, §).

Proof of Theorem 3.7:
For fixed v(-) € V([t,T]), the cost functional of Ap takes the following representation:

1

J(tE0()iu()) = 5{ (M (), u) + 2013 (v) + Mig(€), u) + [(Ma(v), v) + (Ma(€), €) + 2(Maa(€),0)] |-

Note that here (£,v(-)) € R™ x V([t,T]) are both fixed. If M; > 0, then M; ' is well-defined and bounded.

Therefore, the optimal strategy of Ar denoted by @(-) can be viewed as a best response for fixed v(-) and is
given by

a(v(-))() = My (=Mia(v) = Mis(6).
Given u(-) of A, Ar is now facing the following iterative cost functional:
(v(-), a(o(-))(-);€)
{<N1(U)7U> + (No (M (=Mia(v) = Mi3(€))), My (=Mia(v) — Mi3(€))) + (N3(€),€)

2(N1o (M (=M (v) — Mis(€))), v) + 2(N13(€), My M (—Mya(v) — Mis(€))) + 2<N23(§)7U>}

\»—l_i_wM—lN

S (N1 (0) + My (M) Na M Mo (v) = 2Ni2 M My (0),0)

+ 2(My (M 1) No My Mas(€) — Nip Myt Mas(€) — Mip(My 1) Nis(€) + Nus(€), v)
+ (N3(€) + My (My ) No My Mys(€) — 2M75 My N3 (€),€),

where for given operator M, M* is the adjoint operator of M. Therefore, the optimal strategy of Ay satisfies

0 =[Ny + My (M) No M My — 2N1o My Myo) 1 o(+)
— [M7y (M) No My My — Nio My My — Myy (M ')* Nig + Nis) ().
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