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Abstract

Insect growth regulators (IGRs) have been developed as effective control measures
against harmful insect pests to disrupt their normal development. This study is to
propose a mathematical model to evaluate the cost-effectiveness of IGRs for pest
management. The key features of the model include the temperature-dependent
growth of insects and realistic impulsive IGRs releasing strategies. The impulsive
releases are carefully modeled by counting the number of implements during an
insect’s temperature-dependent development duration, which introduces a surviv-
ing probability determined by a product of terms corresponding to each release.
Dynamical behavior of the model is illustrated through dynamical system anal-
ysis and a threshold-type result is established in terms of the net reproduction
number. Further numerical simulations are performed to quantitatively evaluate
the effectiveness of IGRs to control populations of harmful insect pests. It is inter-
esting to observe that the time-changing environment plays an important role in
determining an optimal pest control scheme with appropriate release frequencies
and time instants.

Keywords: Insect growth regulators; delay differential equation; net reproduction
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1 Introduction

Control measures in the integrated pest management (IPM) program against a specific
pest insect should be efficient against pests, but also have a low toxicity to biologi-
cal control organisms [7]. In this context, insect growth regulators (IGRs), a type of
insecticides, have been developed to inhibit metamorphosis and consequently insect
proliferation. They have some advantages over conventional ones, such as their rela-
tively low toxicity to beneficial insects, and greater specificity for some target insect
species. For example, pyriproxyfen, an insect growth regulator, has been recommended
for vector control by The World Health Organization due to its safety in humans and
effectiveness at extremely low concentrations [28]. They may be applied in drinking-
water sources and containers [28], as well as bednets [26]. IGRs have shown promising
results on controlling pests such as mosquitoes [26], two stored-product pests in wheat
and maize [17], predators [7] and other insect pests [7].

It becomes interesting and important to evaluate IGRs’ effectiveness as poten-
tial integrated pest management (IPM) components through mechanistic models.
There have been extensive studies on the population growth models with integrated
pest management, see, e.g., [6, 12, 16, 24] and references therein. An age-structured
model was formulated to assess the effectiveness of culling as a tool to eradicate
vector-borne diseases, which was further reduced to a system of autonomous delay
differential equations with impulses (in the case where the adult vector is subject to
culling) or a system of nonautonomous delay differential equations where the time-
varying coefficients are determined by the culling times and rates (in the case where
only the immature vector is subject to culling) [13]. By careful formulation on the
age-structured density evolution and individual movement between patches, a spa-
tial model was derived and analyzed to evaluate the effects of impulsive culling of
the immatures and adults in a patchy environment [31]. A two patch model with
adult impulsive culling was analyzed in [25] and a pest control population model with
threshold policy was proposed and studied in [23].

This manuscript will formulate a model by considering the impulsive releases of
IGRs in a population growth model. The growth of insect species is assumed to be
affected by environmental conditions, such as temperature and humidity level. As a
reasonable approximation to the situation that the dominating environmental condi-
tions vary in a periodic pattern, such as seasonal or day-night cycles, the population
growth model includes periodic parameters. Due to the mode of IGRs actions, the
development of an insect in the juvenile stage should be carefully argued when impul-
sive releases of IGRs are considered, which will be presented in Section 2. It turns out
the model takes a novel framework of impulsive differential equations with periodic
delay. To our knowledge, this is the first mathematical model to assess the effectiveness
of IGRs on pest control, in particular, when the pest population is regulated by time-
varying environmental conditions. Theoretical analysis and numerical simulations will
be presented in Sections 3 and 4, respectively.



2 Model formulation with impulsive IGR releases

Considering that the insect growth regulators target directly at the larval stage, the
population is stratified into two different age stages: larval L(t) and adult A(t) stages.
In order to distinguish the effect of IGR on population growth, individuals in each
stage are further divided into three classes: (i) Unregulated class with subscript U; (ii)
Individuals surviving in the IGR-treated environment but can still develop to adults
and reproduce (IGR-treated class with subscript T'), possibly with a reduced capability
in reproduction; and (iii) Individuals subject to strong growth regulation and can
not reproduce (the removed class). Since IGR-removed immatures can not reproduce,
there is no need to consider this removed class in modeling the reproduction cycle.
Considering the fact that the efficacy of IGR is not 100% in regulating the development
of larvae in the treated environment, it is essential to consider the individuals in class
T. On the other hand, it is biologically observed that individuals in different classes T’
and U share different demographic characteristics in fecundity (birth rates), mortality
(death rates) and development (maturation duration) [7, 17]. The model variables are
represented in the flow diagram 1.
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Fig. 1 Flow diagram.

To quantify the population sizes in the IGR-treated class T and IGR-unregulated
class U, we introduce variables p;(t,a) (with i« € {T,U}) to denote the population
density of individuals at age a and time t. Then the population sizes in the larval
stage L(t) and adult stage A(t) can be represented as cumulative individuals with
ages less than, and greater than, some threshold age 7 (the development time for the
cohort that matures at time t), respectively. Considering that the development time
needed for immature individuals is sensitive to the time-varying ambient environment
conditions, we assume the threshold age is dependent on time ¢ and denote it as 7(t).
To incorporate possible effect of IGRs on extending the developmental durations, the



threshold ages 77 (t) and 7/ (¢) for different classes are introduced. In other words, the
development stages are stratified by the time-dependent threshold ages 7;(t), which
measure the maturation time for a larval individual that matures at time ¢ for different
classes (¢ € {T,U}). Hence, we have the following identities for larval (Ly and L)
and adult population sizes (Ay and Ar) of different classes:

7i (t) o)
Li(t):/ pi(t,a)da and Ai(t):/ pi(t,a)da. (1)

0 Ti(t)

We will formulate the mechanistic model for L;(t) and A;(¢) through those for
population densities of p;(t, a).

The density distribution at the boundary a = 0 for treated class can be described
by

pr(t,0) = ¢B(t,yAr(t) + Au(t)),
where B(t,-) is the birth function which depends both on time ¢ and weighted adult
population size of adults. In this boundary condition, two tuning parameters, ¢ and =,
are incoporated. The parameter v € (0, 1] depicts the potential reduction in fecundity
when an individual is exposed to the pesticide. Conversely, the parameter ¢ € (0, 1)
signifies the proportion of newly-laid eggs that are likely to be affected by the pesti-
cide. Analogous arguments induce the density distribution at the boundary a = 0 for
unregulated class
pu(t,0) = (1 — q)B(t,vAr(t) + Ay (t)).

Before presenting the explicit equations that depict the population growth for each
class, we state the following assumptions for our model formulation: (i) We are exam-
ining a closed system where insects neither enter nor exit the habitat; (ii) At the
beginning, mature insects that belong to the treated and untreated classes exist; (iii)
The drug is not vertically transmitted. Instead, it effectively impacts all larvae born
in the environment with a proportion of q.

2.1 Number of IGR releases in the maturation window of
treated individuals

We first describe the dynamics for the density of IGR treated individuals pr (¢, a). We
argue that it is important to quantify the number of IGR releases for larval individuals
over the time window of length 77(¢) during larval development (the time interval
[t — 7r(t),t]). We assume IGR is employed at certain discrete time instants t;, then
the age density of larvae pr(¢,a) subject to IGR-treated environment satisfies

apT(ta a’) + apT(tv a)

ot . = —dr(t)pr(t,a)=) " pipr(ty a)(t=1;), 0 <a<rr(). (2)

j=1

In equation (2), dr(t) is the natural death rate for larvae, ¢ is the Dirac delta function
and §(t — t;) represents the removal of individuals due to IGR-induced disrupted
development at time instants ¢;, pr(t;, a) is the left-hand limit of pr(t,a) as t goes
towards t; from below, p; € [0, 1] is the fraction of individuals that are removed at the



treatment timing ¢;, that is, the survival probability of surviving through IGR release
at the time instant ¢; is 1 — p;. Integrating (2) from t; to t;, we can observe that

pr(tj,a) = (1 —pj)pr(t;,a). (3)

We assume the adult individuals are not affected by the use of IGR, and their natural
per-capita death rate is a time-dependent function pr(t). Thus, we have

dpr  Opr

ﬁ + E = —,uT(t)pT7 a > TT(t).

Differentiating Ap(¢) in (1) and use the above equation, we have

dAr(t)

g = W= @)pr(t, () = pr()Ar(t) = pr(t, o0)

Here, pr(t,00) = 0 is assumed as no individual can live forever. It becomes essential
to find the expression for pr(t,7r(¢)) in (4). To do that, we introduce a new variable
V*(t) = pr(t,t — s) with parameter s. By direct calculations, we have

dve(t)
at

= —d(O)V(t) = > _pipr(ti,t—s)5(t—t;), 0<t—s<7r(t).

j=1

Solving the above system at the period between culls at times t;_; and t;, we obtain

pT(t;,t; — S) = Vs(t;) = exp <—/ ’i dT(E)df) pT(tifl,tifl — S)

ti—1

Setting s = t; — a and dropping the superscript — on ¢; where unnecessary, together
with (3), we have

pr(t; ,a) = exp <— /t dT(f)d§> prti-1,a — (t; —ti—1))

= exp <—/ i dT(ﬁ)d§> (L =pi)pr(t;_y,a— (ti —ti-1)). (5)

ti—1

Replacing ¢ by i — 1 and a by a — (t; — t;—1) in (5), we get
ti—2

pr(t; ,a) = exp (/ i dT(f)df> (1 =pi)(1 = pi—1)pr(t_g,a — (ti — ti—2)).

To accurately account the probability of surviving through all treatments (there
may possible be more than one IGR releases during an individual’s maturation time



interval [t — 77 (%), t]), we introduce two time-dependent indices to measure the number
of treatments during the development interval [t — 7r(t), ] as follows:

k(t)=min{j: t; >t — 70(t)} and k(t) = max{j : t; < t}.

Please note that these two indices are motivated by the study [13]. Larvae develop
during the interval [t — 7r(t),¢] should survive through j-th treatment, with j €
[k(t), k(t)]. The probability of these treated larvae remaining in 7' class through IGR
treatment is a joint probability:

E(t)

IT a—pp).

J=k(t)

Then for a given ¢, we have the expression for pr(¢, 7r(t)) on time interval from t—7r(t)
to t:

pr(t, mr(t))
exp (= [, o dr(€)a) TN (1 = pj)pr(t = 7r(1),0),
k(t)

- <_ /t_w) dT(g)@[g) 1 (- oft—rmr()

J=k(t)

birth rate at time t — 77 (t)

R ——
survival through natural death remaining in T class through IGR

where f(t) = B(t,yAr(t)+ Ay (t)). The above term accounts the density of individuals
at time ¢t and age 7r(t) by considering the birth of individuals at a previous time
instant ¢t — 7p(t) and survival probabilities. It immediately follows from (4) that

dAr(t)
dt

= (L =) = 7o) exp (= [, ) dr(€)AE) T (1 = py)
—pr (1) Az ().

2.2 IGR-unregulated individuals

For unregulated individuals, their age density py (¢, a) satisfies the following equation

dpult,a) apUa(j D _ i, a)pu(t, ), (6)

ot
pu(t,0) = (1 —q)f(t),

with the age-dependent death rates

m(t,a) =dy(t) ifa <7y(t) and m(t,a) = up(t) if a > 1(t).



Taking derivatives of Ay (t), and using (6), we get

dAy(t)

rTEn (1 =7 (t)pu(t, Tu(t) — pu (t)Au(t) — pu(t, o),

where py (t,00) = 0 as no individual can survive forever. By the technique of integra-
tion along characteristics as argued for pr (¢, 7r(t)), we can obtain the expression of
pu(t, 7y (t)) as follows:

put, 1o (1)) = (1 — @) f(t — T (t))e Hmruw WO,

2.3 Model and baseline assumptions

Hence, we arrive at the system:

%Tt(t) = Rr(t) — pr(t)Ar(t),
(7)
dAO’lft ® _ Ry (t) — pu () Au(t),

with following recruitment rates

. k(1)
Rr(t) = (L= mp@)af (¢ = re(®)e oo O I (1op) and
k=k(t)

Ry(t) = (1 - ()1 — ) f(t — () [=rweo @ O%

Here f(t) = B(t,7Ar(t) + Au(t)), and the terms 1 — 7/(t), i € {T, U}, are involved in
the recruitment rates to correct the time-varying development velocity [4, 19]. It can
be ecologically argued that 1 — 7/(¢) > 0 [19].

For the population growth model (7)-(8), we propose the following assumptions:

(H1) The parameters d;(t), ui(t) and 7;(t), ¢ € {T,U}, are w-periodic in time ¢ to reflect
the effect of seasonality. Moreover, they are positive and continuous functions.

(H2) B(-,-) € CY(R x R,Ry) and B(t, A) is w-periodic in time ¢ with the following
properties:

OB .
(i) B(t,0) =0, 94 >0, Vt € R, and sup 4> ep0,0] B(t, A) = B < o0.
(ii) For each t > 0, B(t,-) is strictly subhomogeneous on R, that is, B(t,ad) >
aB(t,A), VA >0 and « € (0,1).

(H3) For the treatment timing sequence {t;}32,, we assume that the initial IGR treatment
is implemented within the first w-period, denoted as t; € [0,w). Moreover, suppose
there are fixed N releases of IGR within each period w, and the removal rate p; and
the timing of deployment ¢; are both periodic, that is, pj4ny = pj and tj4n = t; +w.

Assumptions (H1) and (H3) are natural, which reflect the impact of periodic environ-
mental changes on population dynamics. Moreover, the IGR is released periodically



in terms of concentration and timing. Condition (H2) implies the self-regulation
in the birth rate. If one considers a bounded and increasing birth rate function
B(t,A) = Ag(t, A), then (H2) is satisfied when the density-dependent per-capita birth
rate g(t, A) is a strictly decreasing function of A.

Remark 2.1. Before proceeding to the next section on model analysis, we arque

that the term of overall survival probability for larvae subject to IGR treatments, i.e.,
k(t)

H (1 —pj), is a periodic step function with period w. In fact, denote
J=Kk(t)

E(t)

g(t) = H (1_pj>7 (9)

J=Ek(t)

with k(t) = min{j : t; > t — 7p(t)} and k(t) = max{j : t; < t}. It follows from
assumption (H3) that

k(t+w)=min{j:t; >t+w—71r(t+w)}
=min{j:tjpn >t — 1t +w)}
=min{j : tjon >t —770(t)}
=min{j:t; >t —7r(t)} + N = k(t) + N,

as t; s increasing. Similarly, we have

k(t+w) =max{j: t; <t+w}=max{j:tj;n <t} =max{j:t; <t}+N =k(t)+N.

Therefore,
g(t +w)
E(t+w) k(t)+N k(t) E(t)
= II a-pp= TI -pp= I O=pisn)= ] O =1y
J=k(t+w) J=k()+N J=k(t) J=k(t)
=g(1).

This argument, together with other assumptions on periodic parameters in (HI1-HS3),
imply that the model is a periodic system. This observation will be used in Lemma 3.3
later. Meanwhile, we point out that if the parameter q, which measures the fraction
of larvae treated with IGRs, is w-periodic in time t, that is, ¢ = q(t), all consequent
analytical results still hold.



3 The net reproduction number and population
dynamics
In this section, we first show the population growth model (7)-(8) is well-posed
mathematically. Let 7 = maxeo){7r(t), 7v(t)}. Denote X = C([-7,0],R?), and
X4 = C([-#,0],R%). Then (X, Xy) is an ordered Banach space equipped with the
maximum norm. For any given continuous function u : [~7,¢) — R? with ¢ > 0, define
U € X by
u(0) = u(t +6), Vo € [—7,0]

for any t € [0,¢). We rewrite system (7)-(8) into the following integral form:
up(t,¢) = e~ Jo nr ()4, (0)

+/ e Ji wr(@da g (s)B(s — mr(s), rui (s — 77(s)) 4 uz(s — 7r(s)))ds,
0

us(t, ¢) = e~ Jo 1o ()4 9, ()

+/0 e J2 pul@da e ($)B(s — 1y(s), rur (s — 1u(s)) + ua(s — 1 (s)))ds,

whose solutions are called mild solutions to system (7)-(8), where

. E(t)
Hr(t) = (1 —7h(t))ge” Ji ey A (€) d€ H (1—p;) and
) J=k(t)
HU(t) = (1 — T[/J(t))(l _ q)ef ft—TU(t) dy (€) df.

Then we introduce the following definition.

Definition 3.1. An upper (a lower) solution of system (7)-(8) is a continuous and
bounded function v : [—7,a) — R% with a > 0 satisfying

ni(t) > () e Jorr sy, (0)

+/ e~ Jenr@dar () B(s — 1p(s), rv1(s — 71(s)) + va(s — 77(s)))ds,
0

va(t) > () e Jo mo(9)dsy, (o)

+/0 e~ J: “U(a)d“HU(s)B(s —1u(8),rvi(s — v (s)) + v2(s — Ty (s)))ds

for any t € [0, a).

Since Hp(t) and Hy(t), which are given in (10), are piecewise continuous, we
only focus on the mild solutions. For the completeness, we present the proof of the
comparison principle for solutions of the integral form in the following theorem, which
also shows the non-negative solutions of system (7)-(8) exist globally and are bounded.



It is worth to point out that the comparison principle for the cooperative systems of
delay differential equations could be found in [22, Chapter 5] for the case where system
coefficients are continuous in time ¢.

Theorem 3.1. For any ¢ € X, system (7)-(8) has a unique mild solution u(t,p) =
(Ar(t, @), Au(t, ¢)) with ug = ¢ on [0,00) and uy € X4 for all t > 0. Moreover, Let
w(t) and w(t) be a pair of lower and super solutions of system (7)-(8) on [—7,400),
respectively, with w(0) < w(0),0 € [-7,0]. Then w(t) < w(t) for all t > 0.

Proof. Note that B(t, ¢) is Lipschitz continuous in ¢ on each compact subset of R x X.
It follows from the discussion in [15, Chapter 2, Section 2.6] that for any ¢ € X,
system (7)-(8) has a unique mild solution, denoted by u(t, ¢) on its maximal interval
of existence [0, ;) with ug = ¢, where ¢, < co. Indeed, u(t, ¢) is absolutely continuous
in t, satisfying (7)-(8) almost everywhere on [0,¢cg).

Let m(t) = w(t) — w(t), then by Definition 3.1, we have

mq(t) < /0 e e “T(T)dTHT(s) {B(s —7r(8),r01(8 — 71(8)) + W2 (s — 7r(s)))

— B(s — 1p(s),rwi (s — m7(s)) + wa(s — TT(S)))} ds, t>0,
(11)

ma(t) < /Ot e Jomu AT () [B(s —1u(s),r1(s — T (8)) + Wa(s — T (s)))
— B(s — 1y (s),rwi(s — 1u(s)) + wa(s — TU(S))):| ds, t>0.
By (H2), there exists an L > 0 such that
|B(t,u) — B(t,v)| < Llu—v|, teR, u>0, v>0.

It follows from (11) that

ma(t) < /0 e~ L nr AT L) (r[ml(s — ()4 + [mals — TT(S))]+)ds, t>0,

t
malt) < [ e PN L (5) (sl (s = ()] + lmals = ru(s)) )ds, €20,
° (12
where [a]+ = max{a, 0} for a € R.
Let 7 = min{7p,7y}, where we denote 77 = mingjo.)7r(t) and 7y =
mingepo o] 7v (t). Since t — 7(t), i € {T, U}, is strictly increasing in ¢, it follows that
for any t € [0, 7],

—7 < max{0 — 77(0),0 — 7 (0)}
< max{t — 7r(t),t — v (t)}
< max{7 — 77(7),7 — 7u(7)} < 0.

10



This implies that, for any ¢ € [0, 7], we have
mi(t — 7;(t)) <0,ma(t —7(t)) <0, Vtel|0,7],i € {T,U}

due to the fact that w(8) < w(h), § € [—7,0]. Thus, it follows from (12) that m;(t) <0
for all t € [-7, 7).
Note that for any t € [0, 27], we have

—7 <max{0 — 77(0),0 — 77(0)} < max{t — 7p(t),t — 7(t)}
< max{27 — 7p(27),27 — v (27)}

< max{27 — 7,27 — 7} = 7.
This implies that, for any ¢t € [0, 27], we have
ma(t —7(t)) <0 and ma(t —7:(t)) <0, i € {T,U}

due to the fact that m;(t) < 0,t € [-7,7],4 = 1,2. Hence we can conclude from (12)
that m;(t) < 0 for all t € [—7, 27]. Repeating the same procedure for ¢ € [n7, (n+1)7],
Vn € N, we conclude that m;(t) < 0 for any t > 0, ¢ = 1, 2. The proves the comparison
principle.

Let A= (A, Ay) = (U_;‘;)QB, (1_%8;(;_'1)3 , where B is defined in assumption
(H2), fi; = mingepow) pi(t), i € {T,U}, and 7o = minye(oo {7 (), 77:(¢)}. For any

Kk > 1, we introduce the order interval

[0, kA]x :={Y € X : 0 < (0) < KA,V € [-7,0]}.

Next we claim that [0, A]x is positive invariant for system (7)-(8). Indeed, it is easy
to check that (0,0) is a solution of system (7)-(8). It suffices to check that kA is an
upper solution of system (7)-(8). Note that

t
o Jnr (s, 4 4 / e~ JEne@de fp (O Bs — ap(s), w(rAp + Au))ds,
0

t
e hTt Ap 1+ H/ B(l —q)(1— 7~.6‘)€7[LT(1575)(157 (13)
0

IN

B(l— 1 —7)(1 — e~Frh)
fir

= e Tl Ar 4+ K = kAT,

where the second inequality is due to the fact that B(-, ) is subhomogeneous in u and
bounded above by B. Similarly, we can show that

t
e Jonu()ds 4, —|—/ e ) no(a)de () B(s — 1y (s), k(rAp + Ay))ds < kAy. (14)
0

11



For any given initial value ¢, we can choose £ > 1 to be sufficiently large such that
¢ € [0,5A]x. Then the comparison principle yields that 0 < wu(t,¢) < kA for all
t € [0,¢4), which implies the boundedness of solutions u(t, ¢), and ¢4 = oo, O

Next, we introduce the net reproduction number Ry, and then investigate the
threshold dynamics in terms of Rg. The net reproduction number R, is an ecologi-
cally meaningful index, which measures the average number of offspring that a female
individual can produce during her lifetime when density-dependent regulations are
not considered. The pest free state of system (7)-(8) is (0,0) and the corresponding
linearized system is

IO La(0) (At = 7)) + Au (b~ 72(1) — pr () Ax (1), "
QLU Lo (A — o) + Au(t = 0(0) — () Au ),
with
Lr(t) = (1 = 7h(t))ge” irro (O r(f (A=pnBolt=1r®).0) 0
Lot = (1 70001 g0 U OBy (0,0,
where By(t,0) = 2BEAN ) Define the operators F(t) and V/(t) as follows:
o (8)-(HOCEOE00). o

and

V() = (“TO(” MUO(t)> |

Then we can rewrite the linear system (15)-(16) into

du(t)
dt

= F({t)u; — V(t)u(t), Vi >0.

We observe that F(t) : X — R? is positive in the sense that F(t)X; C R%, and
hence, the condition (H1) in [33] holds. It is easy to see that —V (¢) is cooperative. Let
Z(t,s), t > s, denote the evolution family on R? associated with the following system

12



that is, for each s € R, Z(¢, s) satisfies

dZ(t,s)
dt

=-V()Z(t,s), Vt = s, Z(s,s) =1,

where I is the 2 x 2 identity matrix. Clearly, Z(t, s) can be expressed as

e~ JEpr(6)de 0
2(t,5) = 0 e [ nu(©de |-

Let Q(Z) represent the exponential growth bound of the evolution family {Z(¢, s), ¢ >
s}, which is defined by

Q(Z) :=inf{@: I M >1such that || Z(t+s,s)[|< M, VseR, t >0}

Then we have Q(Z) < —min{jir, fiv} < 0, where fi; = min,e[g,.) pi(t), i € {T,U},
and hence, condition (H2) in [33] holds.

Now we can employ theories developed in [32, 33] to define the net reproduc-
tion number Ry for system (7)-(8). Let C,(R,R?) be the Banach space consisting
of all w-periodic and continuous functions from R to R?, where [[¢|lc,®r2) =
maxge(o,w] |2(0)|r, Vo € Cu,(R,R?). We assume that v € C,(R,R?) and v(t) is the
initial distribution of adult pests at time ¢ € R. For any s > 0, F(t — s)v;_s rep-
resents the density distribution of new born pests at time ¢t — s with ¢ > s. Then
Z(t,t—s)F(t — s)v._s represents the distribution of those pests who were newly repro-
duced at time ¢t — s and still survive in the environment at time ¢ for ¢ > s. Thus, the
integral

/(><> Z(t,t — s)F(t — s)v_sds = /OO Z(t,t —s)F(t — s)v(t — s+ -)ds
0 0

quantifies the distribution of accumulative pest individuals at time ¢ produced by all
those pests introduced at all previous time to ¢t. Motivated by the concept of next
generation operators (see, e.g., [2, 3, 8, 11, 27]), we introduce the next generation
operator G by

[Gv](t) == /000 Z(t,t —s)F(t — s)v(t —s+-)ds, YVt €R, v e C,(R,R?).

Note that although F(t) is a piecewise continuous function of ¢, where F'(t) is defined in
(17), we can still verify that G : C,(R,R?) — C,, (R, R?) through standard arguments.
Further, we define the spectral radius of G as the net reproduction number for system
(7)-(8), that is, Ro = r(G).

Let P; be the solution map of system (15)-(16), that is, Pip = vi(¢), t > 0, where
v(t, ¢) is the unique solution of system (15)-(16) with vy = ¢ € X. By [33, Theorem
2.1], we have the following observation.
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Lemma 3.2. Ro—1 has the same sign as r(P,,) —1, where r(P,,) is the spectral radius
of P,.
To investigate the dynamics of the model system, we introduce a new functional
space. Let
X = C([_%(OLO])RQ) and X—‘r = C([_%(O%OLR?&):
where 7(0) = max{7r(0),7y(0)}. Then (X, X, ) is an ordered Banach space. Please
note that the functional space X is introduced to establish stronger properties of

the solution maps, as presented later in Lemmas 3.4 and 3.5. Given a function w :
[—7(0), 0) — R?, we define w, € X, Vt > 0, by

wi(0) = (w1 (t +0),wa(t +0)), V 6 € [—7(0),0].

Lemma 3.3. For any p = (p1,p2) € X4, system (7)-(8) admits a unique nonnegative
solution w(t,¢) on [0,00) with wy = . Moreover, system (7)-(8) generates an w-
periodic semiflow Q with Qi = wi(-, ), Yt > 0 in the sense that (i) Qo = I, (i)
Qt1w = Q1o Qy, for allt > 0, and (¥i) Qrp is continuous in (t,¢) € [0,00) X X;.
Furthermore, Q. is compact on Xy for each n > 7/w.

Proof. Let 7 = min{7r, 7y}, where we denote 7 = miniejg ) 7r(t) and 7y =
mingepo,o] 7v (t). Since t — 7(t), i € {T,U}, is strictly increasing in ¢, it follows that
for any ¢ € [0, 7],

—7(0) = 0 — max{7r(0), 7v(0)} = max{0 — 7(0),0 — 75 (0)}
< max{t — mr(t),t — 7y (t)}
< max{7 — (7)), T —1v(7)} <O0.

This implies that, for any ¢ € [0,7], we have wi(t — 7;(t), ) = ¢1(t — 7:(¢)) and
wa(t — 7i(t), ) = pa(t — 7(t)), Yt €[0,7], ¢ € {T,U}. Then system (7)-(8) becomes
the following ordinary differential equations for ¢t € [0, 7]:

dAth(t) = Hp(t)B (t — mr(t), yo1(t — 71(t) + oot — 70 (1)) — pr(t) Ap(t),
dA(Iljt(t) = Hy(t)B (t — v (t),yo1(t — v (t)) + pa(t — U (1)) — pu (t)Av(t),

where Hr(t) and Hy (t) are given in (10). Hence, for any given ¢ = (1, ¢2) € X, the
solution (w1 (t, @), ws(t,¢)) of the above linear system exists uniquely for ¢ € [0, 7].
In other words, we have obtained values of z1(0) = w1(0, ¢) and z3(0) = wa(6, ) for
0 € [-7(0),7].

Note that for any t € [T, 27], we have

—7(0) = max{0 — 77(0),0 — 7v(0)} < max{7 — 77(7), T — 7v(7)}
< max{t — 77(t),t — v (t)}
< max{27 — 7p(27), 27 — 1y(27)}
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< max{2F — 7,27 — 7} = 7.

Thus, wi(t — 7(t), ) = 2z1(t — 7(t)) and wa(t — 7:(¢t), ) = 22(t — 7:(¢)), « € {T,U}
are known. Solving the following ordinary differential equation system for t € [7, 27]
with w1 (7) = 21(7) and wa(7) = 22(7):

dA(;Ft(t) = Hp(t)B(t — mr(t),v21(t — 7r(t)) + 22(t — 71 (t))) — pr(t)Ar(t),
dA(;Jt(t) = Hy(t)B (t — 70 (t),v21(t — 10 (1)) + 22(t — T (1)) — po (t) Au(t),

where Hp(t) and Hy(t) are defined in (10), we get the solution (w1 (¢, ), wa(t, ¢))
on the interval [T, 27]. By repeating this procedure for ¢t € [n7,(n + 1)7], V n € N, it
then follows that for any initial values ¢ = (1, p2) € X4, the solution w(t, ¢) exists
uniquely for all ¢ > 0. By Remark 2.1 and standard arguments as in [19, Lemma 3.5],
we can prove that the solution map @y is an w-periodic semiflow.

It remains to show the compactness of @), on X, for each n > 5 Let w(t, ¢) be
the unique solution of system (7)-(8) with wg = ¢ € X;. Since nw > 7, it then follows
that [Qnw®](0) = w(nw + 0, ), 0 € [-7(0), 0] satisfies

nw-+6
wnw+0,0) = O+ [ —pr(s)un(s)ds

nw+90
+/ Hry(s)B (s — 1r(s), ywi(s — 77(s)) + wa(s — 7r(s))) ds,
0

nw-+60 (18)

wz(nw + 6, ¢) = 2(0) + —pu(s)wa(s)ds

nw+90
+ / Hy(5)B (s — 17(5), 11 (s — 7(s)) + wa(s — 7(s))) ds.
0

Let S be a bounded set of X,. For any ¢ € X, it is easily seen from the proof of
Theorem 3.1 that w(s, ¢) is bounded for 0 < s < nw, and hence, @Qp,(S) is bounded.

Next, we prove that the set Q. (S) is equicontinuous whenever nw > 7. Since
B(t,u) < Bfor any (t,u) € RxR,, where B is defined in (H2), and w(s, ¢) is bounded
for 0 < s < nw, then there exists M; > 0, dependent only on S, such that

maxc{pr (Hws (¢, ), pu (Hwa(t, 9)} + max{Hr(t), Hy ()} B < M,

for any 0 <t < nw. It then follows that for any 61,62 € [—7(0),0] with 6; < 6
nw-+60s

|wy (nw + 01, ) — w1 (nw + 02, 9)| < / pr(s)wi(s) + BHT(s)ds < My |6; — 65,
nw+6q
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which also holds true for wy. Now for any € > 0 and ¢ € S, there exists § € (0,¢/M),
such that

|w;(nw + 01, ) — wi(nw + 02, 0)| < M|0; — 02| <€, i =1,2.

provided |01 — 02| < § with 61,02 € [—-7(0),0]. As a consequence, we see that Q. is
compact on Xy for nw > 7. O

Remark 3.1. By the uniqueness of solutions in Theorem 3.1 and Lemma 3.3, we
know that for any v € X1 and p € Xy, if ¥1(0) = v1(0) and ¥2(0) = ¢2(0),
V0 € [—7(0),0], then w(t, ) = u(t,¥), Vt > 0, where w(t,p) and u(t,y) are solutions
of system (7)—(8) with initial data satisfying wo = ¢ and ug = 1, respectively.

Next, we will show that the periodic semiflow @), is eventually strongly monotone
on XJ’_.

Lemma 3.4. For any ¢ = (¢1,p2), ¢ = (¢1,P2) € Xy with ¢ > ¢ in the sense
that ©(0) > ¢(0) for all 0 € [—7(0),0] with 7(0) = max{7rr(0),7y(0)} but ¢ # @,
the solutions w(t) = w(t, ) and W(t) = w(t,p) of system (7)-(8) with initial values
wo = ¢ and Wy = @ satisfy wi(t) — w1(t) > 0 and wa(t) — Wa(t) > 0 for all t > 27.

Thus, Qrp > Qvp, YVt > 37.

Proof. Without loss of generality, we assume 77(0) > 7¢(0), and hence, 7(0) =
max{7r(0), 7y(0)} = 7r(0). By adopting arguments similar to those in Theorem 3.1
and Lemma 3.3, it follows that the comparison principle holds true on X, , that is,
wi(t) — wi(t) > 0 for all t >0, i =1,2.

Next, for any given ¢ := (¢1,p2) € X4, the solution (w1 (t,y), wa(t,¢)) satisfies
the following system of integral equations

wi(t, ) = e Jo 1r()dey (0)

+/ e~ Jinr@da (B (s — 7p(s), ywi (s — 71(s)) + wa(s — 77(s))) ds,
0

. (19)
wa(t, ) = e~ Jo ()45, (0)
t

—I—/ e ) rul@)dapr (9B (s — y(s), ywi (s — 0 (s)) + wa(s — v (s))) ds,
0

for all t > 0, where Hr(t) and Hy (t) are defined in (10). Note that mr(t) = ¢t — 7 (t)
and my (t) =t — 7y(t) are increasing in t € R. It follows that [—77(0),0] C mr ([0, 7])
and [—7y(0), 0] C my ([0, 7]). Without loss of generality, we assume that, @2 — o > 0.
Then there exists an i € [—77(0), 0] such that pa(n) — @2(n) > 0. It follows from the
first equation of system (19) that ws (¢, ¢) — wi(t,@) > 0 for ¢ > 7. Furthermore, if
s > 27, then s — 7y (s) > 27 — 7 = 7. By the second equation of system (19), we have
wa(t, ) — wa(t, @) > 0 for t > 27. It implies that w;(t, ) — w;(t, @) > 0,1 = 1,2.
Therefore, @, is strongly monotone on X, for all ¢ > 37. O

By the arguments similar to those in [19, Lemma 3.7], together with assumption
(H2), we can infer that @, is strongly subhomogeneous.
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Lemma 3.5. For any ¢ > 0 in X and k € (0,1), we have w;(t, kp) > kw;(t,p) for
allt > 0,4 =1,2, and hence, the Poincaré map Q. satisfies Q' (k) > QL (p), where
QU = Qnw, in X for all integers n with nw > 7.

Proof. Let u(t) = w(t, kp) and v(t) = kw(t, ¢), where w(t, ) is the unique solution
of system (7)-(8) with wyg = ¢ > 0 in X. From the proof of Lemma 3.3, we see that
u(t) > 0 and v(t) > 0 for all t > 0. Moreover, we have the following observations for

v(t):
U1 (t) =e fot I‘T(S)dsvl (0)

+/ e~ S “T(a)damHT(s)B(s —17(8),rwi(s — 77(s)) + wa(s — 7r(s)))ds,
0

v2(t) =e f(; MU(s)dsvz(O)

+/ e~ fst“U(a)da/gHU(s)B(s —1u(s),rwi(s — Tv(s)) + wa(s — Tv(s)))ds.
0

By (H2), we further have

vi(t) <e” I nr(s)dsy, ()

+/ e s rr(a)de g (sYB(s — mp(s), 701 (s — 70(s)) + va(s — 7r(s)))ds,
0

va(t) < e~ Jo ru()dsy, (o)

+/ e~ Jonv@da (Y B(s — 1(s), 01 (s — 11(8)) + va(s — 1 (s)))ds.
0

That is, (v1(t),v2(t)) is a lower solution of system (7)-(8) in the integral sense (see
Definition 3.1 with —7 replaced by —7(0) where 7(0) = max{7r(0), 7 (0)}). It is clear
that for all 6 € [—7(0), 0],

u1(6) = ko1 (0) = v1(0) and uz(0) = kP (0) = v2(6).
By the comparison principle, we have

0 <vi(t) <ui(t), Vte[—#(0),+00), i€ {1,2}. (20)

Furthermore, a direct computation leads to

ur(t) — vy (t) > /0 e~ e rrMAT (Y| B(s — 7p(s), rus (s — 71(8)) + ua(s — 77(s)))

— B(s —7r(s),rv1(s — 7r(s)) + va(s — TT<S>))] ds>0, t>0,
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where the second inequality follows from (H2) and w;(t) > wv;(t) for ¢t €
[-7(0), +00),i € {1, 2}.

Similarly, we have ug(t) > wo(t) for ¢ > 0. This completes our claim, that is,
w;(t, k) > kw;(t, @) for all t > 0 and ¢ > 0, 7 € {1,2}.

Thus, QF(kp) = Qnw(kp) > KQnw(p) = kKQL(p) in X for all integers n with
nw > T. O

For any given t > 0, let P; be the solution map of linear system (15)-(16) on X,
that is, Prp = wi(yp), ¥V ¢ € Xy. Fix a sufficiently large ng such that now > 37, then
a similar argument as that in Lemma 3.4 shows that P[}° = P, is strongly positive.
Hence, [19, Lemma 3.8] establishes the following claim:

Lemma 3.6. Two Poincaré maps P, : X — X and P, : X — X have the same
spectral radius, that is, r(P,) = r(P,).

Now we are ready to present the main result of this section.

Theorem 3.7. The following statements are valid:

(i) If Ro < 1, then (0,0) is globally asymptotically stable for system (7)-(8) in Xy.
(i1) If Ro > 1, then system (7)-(8) a unique positive w-periodic solution (A%(t), Af; (1)),
and it is globally asymptotically stable in X4 \ {(0,0)}.

Proof. We choose a sufficiently large integer ng such that now > 37. From Lem-
mas 3.3-3.5, we know that Q; is an now-periodic semiflow, with @), being strongly
monotone and strongly subhomogeneous. Meanwhile, Lemma 3.3 imply that Q. is
compact, and further, is S-contraction by definition (see, e.g., [32, Definition 1.1.2]).
Hence, ensured by [14, Lemma 2.3.4], Qp,. is asymptotically smooth. It follows that
the Frechét derivative of Q.. at 0, denoted by D@y, (0), is compact (see, e.g., [9,
Proposition 8.2]). Note that DQpyw(0)¢ = Prow®, ¢ € X. It yields that DQ,,.(0) is
strongly positive by employing similar arguments to those in the proof of Lemma 3.4.
Applying [32, Theorem 2.3.4] to @, w, We obtain

(i) If 7(DQnyw(0)) <1, then (0,0) is globally asymptotically stable for system (7)-(8)
in X+.

(ii) If 7(DQnyw(0)) > 1, then system (7)-(8) admits a unique positive now-periodic
solution (A% (t), Af;(t)) which is globally asymptotically stable in X \ {(0,0)}.

Further, it follows from Lemmas 3.2 and 3.6, together with the fact that
7(DQnyw(0)) = 7(Ppow) = [r(Pu)]"™, that sign(Ro — 1) = sign(r(DQnew(0)) — 1).

It remains to show that the now-periodic solution (A%.(t), Af;(t)) is also w-periodic.
Indeed, we let ¢* = w§ € X with w*(t) = (A5(t), Af;(t)). Then Qnywp™ = ¢*. Note
that

QL (Quy™) = Qu(QL ¢")=Qu(Qnowe™) = Qu(¥™).
By the uniqueness of the positive fixed point of Q7° = Q. it follows that Q,¢* =
©*, which implies that (A%(t), A};(t)) = u(t, ¢*) is an w-periodic solution of system
(7)-(3). 0
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4 Simulation

In this section, we apply the model (7)-(8) to the species T. granarium to investigate
the impact of IGRs on pest control numerically. The khapra beetle, T. granarium is
one of the most serious insect pest of various stored food worldwide. It not only affects
the quality and quantity of stored products, but also posts threats to public health [1].
Research shows that its growth, including development, birth patterns, maturation
and mortality, is sensitive to temperatures [21]. In the simulations, we assume the
adult and larval death rates, and the maturation duration of unregulated individuals
are temperature-dependent responses, that is, uy (7)), dy(T) and 7y (T) are subject
to temperature variations. Motivated by [20], we further assume the temperature is a
function of time ¢ (in day) in the following form

T(t) = cx + dg X sin <327T x (t — t0)> , (21)

where T'(t) is the temperature in °K on day t, cx is mean annual temperature, dg
is half the annual temperature range, and ty is day-of-the-year when temperature
increases to its annual mean. We show all temperatures in °C for clarity, but we need
to transform the temperatures into °K to get the temperature-dependent coefficients
[20]. Here we set cx = 25°C, dx = 10°C and to = 121 day. Based on the data from
[21], those aforementioned parameters for untreated 7. granarium individuals can be
estimated through the following formulas:

T +219.3\° T —185.8\° ~
T) = 3.106 x 10° (22 2.724 (22220 ) gay?
Ho(T) X eXp( ( 55.9 ))+ eXp( ( 75.96 )) oA

dy(T) = 0.00106672 — 0.07823T + 1.507 day ',
(T = 0.1228T2 — 8.458T + 168.7 day ",

respectively. With expression (21), we can therefore obtain the corresponding seasonal
parameters puy (t), dy(t) and 7y (t), with a period w = 365 days. These periodic param-
eters are shown as curves in Figure 2. Furthermore, Figure 2(d) numerically indicates
that 1 — 7{,;(t) > 0 is valid. We assume the birth function of T. granarium as

a(t)A
B, 4) = b(t)+ A’ (22)

where A denotes the population size of effective T. granarium adults. For illustration,
2t

we take a(t) = 100 <a0 + a; sin <367T5 +a2)>, where ap = 0.71421, a; = 0.2856,

as = 4.2, and b(t) = 2. Clearly, B(t, A) of form (22) satisfies assumption (H2).

In order to control and eradicate infestations of T. granarium, apart from insecti-
cides [5], IGRs can also be applied as grain protectants by increasing adult and larval
mortality, and prolonging the immature developmental stage [1]. For simplicity, we
assume pr(t) = mpu(t), dr(t) = nody(t), and 77 (t) = na1y(t), with n; € (1,1.5),
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Fig. 2 Seasonal parameters for unregulated class (U). The curves in (a), (b) and (c) show the adult
death rate pg, larval death rate dy, development duration 7y in unregulated class in response to
time ¢, respectively. The curve in (d) shows that the condition 1 — 7/, (t) > 0 is satisfied.

i € {1,2,3}, to reflect the direct efficacy of IGRs on T. granarium. As a baseline
setting, we assume 7; = 7, i € {1,2,3}, and the IGR-treatments are considered to
occur at equally spaced times with the same treatment removal rates, that is, the
length of time interval between any two consecutive treatments is denoted by At,
where At = w/N and N stands for the total number in one period w, and the removal
rate p; = p. Therefore, assumption (H3) becomes valid. The releasing times for each
treatment ¢; can be determined by t; =t +(j—1)w/N,j=1,2,3,...and 0 < t; < w.

To observe the long-term behaviour of system (7)-(8), we choose n = 1.2, p = 0.5,
v=0.8, t1 =4, N =12, and initial data as Ar(t) = 20, Ay (t) = 150, for t € [—7,0].
Figure 3 shows solution simulations of Ap(t) and Ay (t) in different values of ¢, where
q denotes the fraction of larvae subject to the treatment of IGRs. When ¢ = 0.22,
the net reproduction number can be numerically computed as Ry = 2.523 > 1. In
this case, both treated and untreated individuals persist in the stored products and
exhibit periodic fluctuations eventually (blue dash curve). When we increase ¢ to the
value of 0.72 by widely employing IGRs, R decreases to Rg = 1.04, and there exists
a sharp decline in both Ay and Ay after their first peaks at around time tp ~ 254
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day and ty =~ 261 day, respectively (red solid curve). When most larvae are treated
with IGRs, for instance, at the level ¢ = 0.86, the solution (Ar(t), Au(t)) goes to zero
with Ry = 0.62 < 1, which indicates the pest population can be controlled and further
eradicated gradually (green dotted curve).
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Unregulated adult individuals Ay
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Fig. 3 Solution simulations in different treated fractions g. The number of treated and unregulated
individuals are plotted against time, respectively. The blue dash, red solid, and green dotted curves
in both (a) and (b) represent the cases ¢ = 0.22,0.72,0.86, respectively.

Next, we explore the relationship between Ry and system parameters to evaluate
the cost-effectiveness of IGRs. Figure 4(a) shows that R is a decreasing function of ¢
on the interval (0, 1). It further indicates that increasing the fraction of larvae treated
with IGRs is effective for pest control, which is consistent with the numerical obser-
vation presented in Figure 3. Recall that parameter 1 denotes the direct consequence
of the use of IGR-treatment on 7. granarium. We see from Figure 4(b) that it could
first decrease Rq very quickly when it varies in the interval (1,1.1). However, the rel-
ative contribution of increasing n on reducing Ry becomes smaller when 7 becomes
larger. To measure the efficacy of IGRs on suppressing the fecundity of treated adults
(7), Figure 4(c) shows that Rq is an increasing function of -, which indicates that
fecundity reduction of adult individuals developing in the IGR-treated environment
may help to control the outbreak risk of T. granarium on stored products. Figure 4(d)
plots the change of R in response to the removal rate. Here, we assume each IGR-
treatment share the same removal rate p; = p for simplicity. Clearly, Ry gets smaller
and drops blow the critical value 1 by increasing the removal rate.

In reality, it is important to propose optimal releasing strategies for pest control.
For a given scenario, for instance, suppose that the resource allocation for the control
is fixed in one period w with the same removal rates p; = p, the challenge lies in how to
propose an optimal releasing frequency N and set the initial date of the first treatment
t; in the pest control scheme. For that purpose, Figure 5 is produced. Figures 5(a)
and (b) show the number of treated individuals Ap(t) and unregulated ones Ay (t)
under three different frequencies: (i) the low frequency case where the treatments are
released approximately 91 days (that is, N = 4 and At ~ 91 days), we have R = 1.25
(blue dash curve); (ii) the medium frequency case where the treatments are released
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Fig. 4 Ro versus system parameters. Other parameters are: (a) n = 1.2, p=0.5, y = 0.8, N = 12,

t1=4; (b) q=0.72,p=05,7v=08 N=12,¢; =4; (c) q=0.72,n =12, p= 0.5, N = 12, t; = 4;
(d) g=0.75,n=12v=08 N =12, ¢t; =4.

monthly (N = 12 and At ~ 30 days), we compute Ry = 1.16 (red solid curve); (iii)
the high frequency case where the treatments are released bi-weekly with N = 26
and At &~ 14 days, we obtain Ry = 1.08 (green dotted curve). Clearly, we see that
increasing the release frequency directly results in smaller net reproduction number
and reduced pest population sizes. For example, by comparing the first peak value
under three different frequencies (AN* = 48.97 > AN12 = 24,59 > AN?6 = 10.91),
there is a notable decline in treated class when the releasing number N gets larger
(Figure 5(a)). Nevertheless, we also notice that the increase in the number of IGR-
treatments does not have a significant impact on the population control of unregulated
class (Figure 5(b)). Figure 5(c) plots the relationship between the number of IGR
releases in one period (N) and the pest outbreak risk (Rp). It illustrates that, in
general, increasing the IGR-implement frequency reduces pest outbreak risk (measured
in Rp). Even though the general tendency of Ry with respect to N goes downward if
the IGR-implement frequency N keeps increasing, the change of R is non-monotone.
On the other hand, we also carry out a simulation to explore the impact of the first
releasing time instant ¢; on Rg, and plot the numerical result in Figure 5(d). Ro
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always stays above the critical value 1, which makes sense that the eradication of T.
granarium is impossible by just changing the first implement time, but meanwhile R
fluctuates in a wave-like pattern as we choose different time instants for the first IGR
treatment. Figure 5(e) numerically evaluates the joint impacts of releasing frequency
N and the first implement time t; on Ry. We observe that when the implement
frequency is low, the choice of ¢; might be very crucial on determining the outbreak
risk Ro. However, as N gets larger, the relative contribution of ¢; becomes smaller.
The observation indicates that when N is small, it becomes an important issue to
carefully select the initial implement date ¢;.

5 Discussion

In this paper, we formulate a stage-structure pest-control model (7)-(8) where impul-
sive IGR-treatments occur within time-varying developmental durations of pest
species. More precisely, we consider the IGR-treated larval pests into two classes:
individuals that can and can not successfully develop into the adult stage. The age-
structured modeling framework is employed with impulsive culling. However, careful
arguments are needed to derive the overall survival probability of larvae subject to
IGR-treatments (expression (9)). Another modeling challenge is posed by the time-
varying parameters, in particular, the time-dependent maturation durations. The
model becomes a periodic system when the ambient environment is assumed to change
periodically. Under mild assumptions on pest growth and IGR efficacy, we define the
net reproduction number R for the model system, and further establish the threshold
dynamics in terms of Rg: when Ry > 1, both treated and unregulated pest individuals
persist and fluctuate periodically, when R < 1, the pest population can be eradicated
in the environment.

Numerical simulations are designed to assess the impact of IGRs on T. granarium
population growth. Model parameters are first estimated through given temperatures,
the long-term behaviors of model solutions are presented under different scenarios, and
the relationship between Ry and selected parameters is quantitatively investigated.
Further simulations are focusing on the impact of various factors in the IGR control
strategy, including the fraction of larvae that has been treated ¢, efficacy of IGRs on
regulating pest growth 7, the first releasing time instant ¢;, and the number of releases
N within one period. All these factors can have great impact on the net reproduction
number Ry, as well as the population size. One interesting insight observed from
simulations is that for the low implement frequency of IGR, an appropriate initial
date of applying the first IGR-treatment should be carefully designed, which is very
sensitive to the periodic model parameters. However, when the implement occurs
frequently enough, the effect of seasonality on determining the initial IGR releasing
date could be ignored.

The mechanistic model in this paper can serve as a starting point to design optimal
control IGR programs. It may also be extended when other control measures, for
example, other insecticides are employed in an integrated pest management program
[18, 29, 30]. Further refinements on the model system may include other factors of
IGR efficacy on regulating pest growth, for example, the individuals produced by
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IGR treated insects may have different life cycles from those produced by unregulated
ones. Other seasonal effects on population growth could also be incorporated [10],
including the diapause period when the environmental conditions become unfavorable
and individual development is suspended. In that case, designing an effective control
releasing scheme, in particular, determining appropriate IGR releasing time instants
would be very sensitive to the duration of diapause period.
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