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The distinguishable-particle lattice model of glasses in
three dimensions

Bo Li,a Chun-Shing Lee,ba Xin-Yuan Gao,bc Hai-Yao Deng,d∗ and Chi-Hang Lamb‡

The nature of glassy states in realistic finite dimensions is still under fierce debates. Lattice models
can offer valuable insights and facilitate deeper theoretical understanding. Recently, a disordered-
interacting lattice model with distinguishable particles in two dimensions (2D) has been shown to
produce a wide range of dynamical properties of structural glasses, including the slow and heteroge-
neous characteristics of the glassy dynamics, various fragility behaviors of glasses, and so on. These
findings support the usefulness of this model for modeling structural glasses. An important question
is whether such properties still hold in the more realistic three dimensions. In this study, we aim to
extend the distinguishable-particle lattice model (DPLM) to three dimensions (3D) and explore the
corresponding glassy dynamics. Through extensive kinetic Monte Carlo simulations, we found that
the 3D DPLM exhibits many typical glassy behaviors, such as plateaus in the mean square displace-
ment of particles and the self-intermediate scattering function, dynamic heterogeneity, variability of
glass fragilities, and so on, validating the effectiveness of DPLM in a broader realistic setting. The
observed glassy behaviors of 3D DPLM appear similar to its 2D counterpart, in accordance with
recent findings in molecular models of glasses. We further investigate the role of void-induced mo-
tions in dynamical relaxations and discuss its relation to dynamic facilitation. As lattice models tend
to keep the minimal but important modeling elements, they are typically much more amenable to
analysis. Therefore, we envisage that the DPLM will benefit future theoretical developments, such
as the configuration tree theory, towards a more comprehensive understanding of structural glasses.

1 Introduction
After a rapid cooling from the liquid state, many materials can
form glasses, with a drastic increase of viscosity while maintain-
ing their structural disorder1–3. In order to unveil the nature of
the glassy state and the glass transition, it is important to un-
derstand the hallmarks and the origin of the slow dynamics in
glasses. Experimental and molecular dynamics (MD) simulations
are valuable to examine the microscopic dynamics of particles in
a glass4,5. However, it appears challenging to obtain a thorough
picture from microscopic data, mostly due to the complexity and
the lack of structural order in glassy systems. Various theoreti-
cal models to obtain valuable insights and guidance for further
experimental explorations are under intensive studies.
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Thermodynamic theories for describing the slow glassy dynam-
ics are typically coarse-grained, capturing the trapping of the sys-
tems in local minima of the energy landscape, where the energy
barriers hinder the relaxation of particles at low temperatures3.
Dynamic facilitation theories based on the kinetically constrained
models incorporate particle rearrangements, which naturally ex-
plain many properties of glassy dynamics, such as dynamical het-
erogeneity6. Recent advances in MD simulations coupled with
the swap Monte Carlo method can reach experimental glass tran-
sition temperatures; the results point to the import role of dy-
namic facilitation, which are more prominent at low tempera-
tures7.

To bridge the gap between abstract theories and realistic obser-
vations, it would be valuable to develop effective lattice models
which are amenable to analysis. A notable example in statistical
physics is the Ising model for studying magnetism and the cor-
responding phase transitions8. The kinetically constrained mod-
els belong to this category, most of which have a facilitation rule
by model construction. For example, in the Fredrickson and An-
dersen (FA) model, the particle in a local region is allowed to
evolve only when it is facilitated by the presence of mobile re-
gions around it9. Other lattice models for glasses which mimic
hard-sphere systems are also proposed10–13; they typically pos-
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sess geometric frustration that can give rise to glassy behaviors. In
this work, we focus on a lattice model called the distinguishable-
particle lattice model (DPLM)14. In contrast to the abovemen-
tioned models, the DPLM is featured by random interactions that
is quenched in the configuration space, which can naturally model
glassy systems with particles having distinct properties or frustra-
tion states14. One salient feature of the DPLM is that it exhibits
an emergent facilitation behavior14. The DPLM is less coarse-
grained in comparison to typical kinetically constrained models,
as a particle represents an atom or a tightly bounded group of
atoms while, in contrast, a spin state in the FA model represents
the density of a local region. Therefore, the DPLM offers more
flexibility to investigate different glassy phenomena. Like the
DPLM with emergent facilitation, a new lattice model also with
such a property has been proposed recently15.

The two-dimensional (2D) DPLM has been shown to pro-
duce a wide range of dynamic characteristics of glasses, such
as plateaus in the mean square displacement of particles and
the self-intermediate scattering function, violation of the Stokes-
Einstein relation, dynamic heterogeneity and so on. Notably,
it exhibits emergent dynamic facilitation behaviors14. More re-
cently, the 2D DPLM have successfully reproduced even more in-
tricate thermodynamic and kinetic phenomena observed in re-
alistic glassy materials, such as the kinetic fragility and the Ko-
vacs’ paradox16,17. As an interacting lattice gas model, it also
allows close examinations of the effects of void-induced motions,
which has been directly observed in colloidal systems and numer-
ical simulations of hard disks18.

Albeit successful in explaining many dynamical phenomena
of glasses, the DPLM was primarily studied in two-dimensional
lattices14,16,17,19–21, although a related model was simulated in
three-dimensions (3D) as well22. As is known, the spatial di-
mension plays a vital role in many statistical mechanical sys-
tems23. Drastic differences of glassy dynamics between 2D and
3D have been reported24. But follow-up studies argued that the
differences can be accounted for by the Mermin-Wagner long-
wavelength fluctuations, except which there is no fundamental
difference25,26. On the other hand, previous studies have identi-
fied some peculiar mechanical and thermodynamic behaviors of
glasses in 2D27,28. Therefore, there are still a large room to ex-
plore the role of dimensionality in glasses.

We should also emphasize that generalizing lattice models de-
fined in a certain dimension to other dimensions could be highly
non-trivial6,29–31. Hence, it is essential to study and provide clear
evidence that the a lattice model for glasses can be extended
to three dimensions while maintaining key glass-like properties.
Therefore, it is important to extend the DPLM to the unexplored
3D case, which is the main focus of this work. Through exten-
sive kinetic Monte Carlo simulations, we found that the 3D DPLM
is able to capture many interesting glassy phenomena as in the
2D case, which further validates the effectiveness of DPLM. The
results demonstrate a qualitative similarity between the 3D and
2D models. Whether there exists other intricate differences of
glassy behaviors among different dimensions remains to be ex-
plored in the further. Our work lays a solid foundation for such
purposes. It will also be interesting to study its dynamics based

on theoretical approaches, such as mode-coupling theory32 and
the configuration tree theory33,34. One immediate benefit of the
obtained quantitative results here is to fit some key parameters
in the configuration tree theory. Lastly, we remark that the vibra-
tional modes of glasses are not considered in the DPLM, due to
its lattice nature. As a result, some dynamical features, such as
short-time vibrational behaviors, are not directly captured by the
DPLM.

The remaining part of the article is organized as follows. In
Sec. 2, we introduce the DPLM model and the methods for con-
ducting simulations. We then discuss the results in Sec. 3 and
conclude the paper in Sec. 4.

2 Model

The DPLM was first introduced in14, while a simplified set of par-
ticle interactions is proposed in17 which keeps all the interesting
glassy properties. We will therefore adopt the DPLM model of17

in what follows. It is defined by N distinguishable particles living
on lattices. We will focus on 3D simple cubic lattices of sizes L3,
and consider periodic boundary conditions. Each particle i has a
label si ∈ {1,2, ...,N} indicating its identity. Each lattice site can be
occupied by at most one particle; denote the occupation number
on site i as ni ∈ {0,1}. Site i is said to be occupied by a void if
ni = 0.

Consider two nearest neighboring sites i and j on the lattice.
If and only if both sites are occupied by particles (with the corre-
sponding labels si and s j), there will be an interaction energy Vsi,s j

incurred. One crucial feature of the DPLM is that the interaction
energy at the bond between these two sites i and j depends on
the identities si and s j of the particles sitting on these sites. The
total energy of the system is

E(s) = ∑
⟨i, j⟩

Vsi,s j nin j, (1)

where the summation is over all bonds of the lattice.

We further assume that the interaction energy Vkl is a quenched
random variable drawn independently and identically from a cer-
tain distribution g(V ). Note that k, l ∈ {1,2, ...,N} are particle la-
bels, but not site indices. In contrast to the usual spin glass sys-
tems where the interaction energy Ji j of bond ⟨i, j⟩ are quenched
random variables, the interaction energy on the corresponding
bond in DPLM can change over time, as the particle labels si and
s j on sites i and j are dynamical variables. On the other hand,
whenever sitting on adjacent sites, two particles k and l will al-
ways incur the same energy Vkl . Following Ref.17, we consider
that the interaction energies Vkl are drawn from the mixture of
a uniform distribution on the interval [V0,V1] and a Dirac delta,
with the probability density

g(V ) =
G0

V1 −V0
+(1−G0)δ (V −V1), V0 ≤V ≤V1, (2)

where G0 ∈ [0,1] is a thermodynamic parameter which has an in-
fluence on the fragility of the glass system17.

Here, we elaborate more on the interaction energy distribu-
tion. In this work, we consider V0 =−0.5,V1 = 0.5, which set the
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energy scales of the attractive bonds and repulsive bonds. The in-
teraction energy Vkl between particles k and l has a probability G0

to be drawn from a uniform distribution between V0 and V1; the
uniform distribution is chosen only for modeling simplicity. On
the other hand, Vkl has a probability 1−G0 to take that value V1,
which corresponds to a bond excited state. Such a mixture dis-
tribution can be motivated by the two-state model35. The above
uniform-plus-delta distribution of g(V ) allows us to model glasses
of various fragilities due to the interplay between energetics and
entropy of the bonds at low temperatures17; also see Sec. 3.5 for
more details. Other choice of g(V ) is also possible, depending
on the properties of the materials. For instance, a mixture dis-
tribution of two Dirac delta with supports at V0 and V1 has been
considered in Ref.36, which exhibits a fragile-to-strong transition.
It would also be interesting to design suitable interaction energy
distribution to study glasses with repulsion and attraction at dif-
ferent distances37, as well as exploring the fragilities of network-
forming systems38,39. We remark that the randomness of the in-
teraction energy is essential for the producing glassy behaviors in
the DPLM; setting G0 = 0 will creates a simple lattice gas with
uniform interactions.

Interestingly, the equilibrium statistics of the DPLM are exactly
solvable, based on which a direct initialization method to quickly
equilibrate the system has been developed14. At a certain tem-
perature T , each particle on the lattice can hop to an unoccupied
neighboring site with the hopping rate

w =

{
w0 exp[−(E0 +∆E)/(kBT )], ∆E > 0,

w0 exp[−E0/(kBT )], ∆E ≤ 0
(3)

where ∆E is the change in system energy due to the hop, kB is
the Boltzmann constant (set as kB = 1), and w0 and E0 are two
tunable parameters. The prefactor w0 can be considered as the
attempt rate of the proposed transition, while E0 is an offset to
the hopping energy barrier. Without loss of generality, we set
w0 = 106 and E0 = 0 if not specified otherwise. The kinetic Monte
Carlo dynamics defined in Eq. (3) satisfies detailed balance. Note
that when a particle at site i (suppose its label is si = A) hops
to an unoccupied site j, it carries its label to site j. That is, we
have si = A,ni = 1 and n j = 0 before hopping, while ni = 0 and
s j = A,n j = 1 after hopping.

Equivalently, the dynamics of the systems can also be charac-
terized by the movement of voids in the reverse direction of the
particle hopping. Therefore, it is straightforward to observe and
study void-induced particle motions and their collective behaviors
in the DPLM, which have been shown to play an important role in
glass dynamics in both colloidal systems and MD simulations18.
We also reiterate that the DPLM is a lattice model without consid-
ering the vibrational modes of glasses; therefore, the dynamical
phenomena related to vibrations are typically not captured.

3 Results
Here, we simulate the dynamics of the DPLM on a 3D cubic lat-
tice with L = 32 at various temperatures according to the kinetic
Monte Carlo update rule of Eq. (3), starting from the correspond-
ing equilibrium states. We will typically consider the regime of

high particle density, i.e., φ := N/L3 ⪅ 1. For later convenience,
we define the void density as φv = 1−φ . In the regime where both
φv and T are small so that the systems exhibit glassy dynamics, the
rejection-free method proposed in Ref.14 provides efficient nu-
merical simulations. Unless specified otherwise, the results below
are averaged over five independent runs with different disordered
realizations of the couplings {Vkl}.

3.1 Mean Square Displacement and Diffusion Coefficient

We firstly report the behaviors of particle mean square displace-
ment (MSD) defined as MSD(t) = ⟨|rl(t)−r(0)|2⟩ where rl(t) is the
position of particle l at time t and ⟨· · · ⟩ denotes the average over
time and ensemble.

We consider a uniform distribution of the interaction energies
by setting G0 = 1 in Eq. (2). The results of MSD are shown in
Fig. 1(a). At low temperatures, there appears to be a plateau in
the MSD curve, which is a signature of glassy behaviors.

In the large time limit t → ∞, all the slopes of the MSD curves
at different temperatures approach unity, indicating a diffusive
behavior with MSD ∝ t. In the diffusive regime, we measure the
diffusion coefficient defined as

D =
1

2d
lim
t→∞

MSD(t)
t

, (4)

where d = 3 is the spatial dimension considered. In practice, we
determine the diffusive regime by requiring a large enough t such
that MSD(t) > 1 and MSD(t) ∝ tγ with γ > 0.96. The result is
shown in Fig. 1(b). Similar to the 2D cases, the diffusion coeffi-
cients in 3D DPLM also exhibit super-Arrhenius behaviors.

3.2 Self-intermediate Scattering Function

Another important dynamical observable is the self-intermediate
scattering function (SISF), which can be directly compared to ex-
periments from neutron or X-ray scattering. It is defined as

Fs(q, t) = ⟨eiq·(rl(t)−rl(0))⟩, (5)

where q is a wave vector related to the wave length λ as q= 2π/λ .
As we are interested in the length scale of particle hopping, we
choose the wave vector q corresponding to a small wave length
λ = 2.

As shown in Fig. 2(a), the SISF exhibits a two-step decay with
a plateau before decaying to zero at low temperatures, which in-
dicates a slow relaxation dynamic of the DPLM. As the modes of
atomic vibration are not considered in our lattice model, it can-
not be directly compared with relaxations of realistic glasses, but
is analogous to the SISF of inherent structures40.

At large time, the decay of Fs(q, t) can be fitted by the
Kohlrausch-Williams-Watts (KWW) stretched exponential func-
tion Aexp(−(t/τα )

β ), where τα is a relaxation time and β is the
stretching exponent. This can be made transparent when we plot
− log(Fs(q, t)) as a function of t in the log-log scale, as shown in
Fig. 2(b); the linear behaviors of the curves at large time indicate
a good approximation of the KWW function with A ≈ 1.

Various physical quantities can be extracted from the SISF. As
usual, the α-relaxation time τα is defined as the time at which
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Fig. 1 (a) Particle mean square displacement of the DPLM on a 3D cubic
lattice with L = 32 as a function of time in log-log scale, calculated at
various temperatures. Void density φv = 0.01 is considered. Other param-
eters for the simulations are G0 = 1,V0 = −0.5,V1 = 0.5,w0 = 106,E0 = 0.
The results are averaged over five independent runs with different realiza-
tions of the couplings. (b) Diffusion coefficient D of the particles plotted
as a function of the inverse temperature 1/T .

Fs(q, t) drops to 1/e. Observing the large-time characteristics of
SISF in Fig. 2(b), we calculate the stretching exponent β , by find-
ing the slope of log10[− log(Fs(q, t))] against log10(t) around τα .
The behavior of β at different temperatures is shown in Fig. 3(a),
which is close to 1 at high temperatures and decreases when the
temperature is lowered, which is another indication of glassy dy-
namics at lower temperatures. The slight increase of β when T
gets lower than T = 0.2 for the system with L = 32 seems to be a
finite size effect, which is alleviated when a larger system size is
considered.

We also show the behavior of Dτα in Fig. 3(b) when the tem-
perature is varied; it exhibits a violation of the Stokes-Einstein
relation Dτα = constant, as expected for glasses. The Stokes-
Einstein violation has been attributed to dynamic heterogeneity
and the interplay between particle hopping and non-hopping mo-
tions41–44. The DPLM lacks non-hopping motions and this may
explain why the magnitude of violation found here is smaller than
typical ones from MD simulations.
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(b)

Fig. 2 Dynamical evolution of self-intermediate scattering function
Fs(q, t) of the DPLM on a 3D cubic lattice. The wave vector is cho-
sen such that the wave length λ = 2. The system parameters are the
same as those in Fig. 1. (a) Fs(q, t) versus t in the linear-log scale. (b)
− log(Fs(q, t)) versus t in the log-log scale.
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(b)

Fig. 3 (a) Stretching exponent β as a function of the inverse temperature
1/T . The system parameters are the same as those in Fig. 1, except that
two system sizes (L = 32 and L = 40) are considered. (b) The behavior of
the product of diffusion coefficient and the α-relaxation time Dτα , where
D is obtained in Fig. 1(b) and τα is extracted from Fig. 2(a).

3.3 Four-point Correlation function and Dynamic Hetero-
geneity

One intriguing feature of glass-forming systems is the emergence
of dynamic heterogeneity at low temperatures, where some re-
gions in the system relax much slower than others45. This feature
makes glasses drastically different from liquids, even though both
systems have very similar disordered structures.

Here, we examine the spatial and temporal heterogeneity of
particle dynamics in the 3D DPLM numerically, following the pro-
cedures in Ref.14. We first define an “overlap” function

cl(t,0) = eiq·(rl(t)−rl(0)), (6)

which probes the movement of particle l from time 0 to time t
at a length scale 2π/q. A dynamical overlap field can be defined
based on this overlap function as

c(r; t,0) = ∑
l

cl(t,0)δ (r− rl(0)), (7)

which is a measure of overlap (of length scale 2π/q) in a region
near r.

The spatial fluctuations of the particle overlap field are natu-
rally captured by its correlation function

G4(r, t) = ⟨c(r; t,0)c(0; t,0)⟩−⟨c(0; t,0)⟩2. (8)

We then define the corresponding susceptibility as χ4(t) =∫
drG4(r, t), which can be interpreted as the size of the correlated

clusters in the relaxation dynamics46.
The behaviors of the dynamic susceptibility χ4(t) are shown in

Fig. 4, which exhibit a peak for each temperature. When the tem-
perature decreases, the peaked time of χ4(t) increases rapidly,
whose scale is comparable to that of structural relaxation; the
peak height of χ4(t) also increases but only mildly. These be-
haviors indicate that an increasing correlation of the dynamical
clusters is developed when the temperature gets lower and the
dynamics slow down, supporting the existence of dynamic het-
erogeneity in such systems. These phenomena are also commonly
observed in various glassy systems45 as well as in the 2D DPLM.
The increasing peak height of χ4(t) with decreasing temperatures
suggests an increasing correlation length scale. It will be interest-
ing to further examine the growth of this length scale and possi-
ble scaling behaviors with decreasing temperatures and increas-
ing systems sizes in future studies.

3.4 Emergent Facilitation Behaviors
Unlike the kinetically constrained models, the DPLM is not con-
structed with an explicit facilitation rule in the dynamics. In spite
of this, it exhibits emergent dynamic facilitation behaviors, which
become transparent from the motions of voids.

Following Ref.14, we examine how void density φv impacts the
system dynamics by contrasting the diffusion coefficient D against
φv. The results are shown in Fig. 5(a). It exhibits a linear relation
in the log-log scale, especially in the regime of low φv, which
suggests a diffusion coefficient power law relation

D ∼ φ
α
v . (9)
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Fig. 4 Evolution of the dynamic susceptibility χ4 at different temper-
atures. The error bar indicates one standard deviation across the five
disordered realizations. The system parameters are the same as those in
Fig. 1.

We therefore perform a linear fit to the data {(log10 φv, log10 D) |
φv ≤ 0.05} for various temperatures, where the slope corresponds
to the exponent α. The result is shown in Fig. 5(b). At high tem-
peratures, it is observed that α ≃ 1, indicating individual move-
ments of voids47. The scaling exponent α increases as the tem-
perature decreases, indicating that the movements of voids be-
come more and more collective (under longer and longer obser-
vation time). For example, for α ≃ 2, pairs of coupled voids dom-
inate the system movements; as the chance that two voids meet
is of the order φ 2

v , we expect that D ∼ φ 2
v .

To make this picture more explicit, we visualize the particle
movements of a 3D DPLM system in Fig. 6. At a high tempera-
ture T = 0.5 corresponding to an exponent α ≃ 1, it can be seen in
Fig. 6(a) that individual voids can induce sustained particle move-
ments. Conversely, at a low temperature T = 0.22 corresponding
to an exponent α ≃ 2, it can be observed in Fig. 6(c) that the re-
gions exhibiting more particle hopping activities (or equivalently,
more void hopping activities) often consist of groups of nearby
voids, while isolated voids tend to remain trapped in the vicin-
ity of their initial positions. This can be considered as a facilita-
tion behavior, where a void becomes more mobile in the vicinity
of another void. As such mobile groups of voids are heteroge-
neously distributed in space and time, the emergent facilitation
behavior directly contributes to dynamic heterogeneity in glasses.
Fig. 6(d) showcases the heterogeneous particle hopping activities
at a low temperature T = 0.22 for a longer time window, which is
in sharp contrast to those at a high temperature T = 0.5 as shown
in Fig. 6(b).

10-2 10-1
φv

10-2

100

102

104

D

T=0.2

T=0.22

T=0.25

T=0.3

T=0.35

T=0.4

T=0.5

T=1

T=2

(a)

0 1 2 3 4 5
1/T

1.0

1.5

2.0

2.5
α

(b)

Fig. 5 (a) Diffusion coefficient D of the 3D DPLM, as a function of
the void density φv (in the log-log scale) at various temperatures. Other
system parameters are G0 = 1,V0 = −0.5,V1 = 0.5,w0 = 106,E0 = 0. A
linear fit to the data {(log10 φv, log10 D)} for small void densities with
φv ≤ 0.05 is performed to extract the exponent α. (b) Scaling exponent
α versus 1/T .
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!"# T = 0.5, ∆t = 5× 10−6 !$# T = 0.5, ∆t = 2× 10−5

!%# T = 0.22, ∆t = 2× 10−2 !&# T = 0.22, ∆t = 1× 10−1

Fig. 6 Movements of particles in a 3D DPLM with L = 32 and φv = 0.001 within a time window ∆t at temperature T . Other system parameters are
the same as those in Fig. 1. The blue lines indicate the particle trajectories, where particle positions are recorded at the time interval of ∆t/10. The
red circles indicate the initial positions of the void, which are initiators of the particle movements. In both (a) and (c), the SISF Fs(λ = 2) drops to
about 0.97 after time ∆t.
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Fig. 7 Kinetic Angell plot of D−1 against Tg/T for different G0 (rep-
resented by different colors) and different E0 (represented by different
line styles). Here, Tg is defined as the temperature at which the particle
diffusion coefficient D becomes Dr = 10−1.

3.5 Fragility of glasses

The kinetic fragility of glasses describes how rapidly the dynamics
slow down when temperature decreases48–50, which can be indi-
cated by the behaviors of viscosity, particle diffusion coefficient,
and so on. Fragile glasses possess a more drastic dynamic slow-
down, while the opposite holds for strong glasses. Remarkably, it
has been shown in the previous study of 2D DPLM17 that glasses
of different fragilities can be obtained by varying the parameter
G0 defining the distribution of the random interactions in Eq. (2),
as well as the parameter E0 determining a hopping barrier off-
set in Eq. (3). In particular, a small G0 results in more fragile
glasses17. Physically, for the DPLM with a small G0, most particle
bonds have a high interaction energy with V = V1, while a small
number of bonds attain a lower energy with V < V1. As temper-
ature decreases, the system has an increasing probability to be
trapped in states with more low-energy pairings. Such states are
not easy to access as they have a small entropy, but once attained
(at a low enough temperature), they are exceptionally stable, re-
sulting in a dramatic slowdown in the dynamics and correspond-
ing to a high fragility17.

Here, we examine whether a similar phenomenon exists in 3D
DPLM, by plotting D−1 (as a measure of dynamic slowdown)
against T/Tg, where Tg is a glass “transition” temperature defined
at which the particle diffusion coefficient D becomes Dr = 10−1.
The result is shown in Fig. 7, which indicates that the glasses
become more fragile as G0 decreases, in accordance with the ob-
servation in 2D DPLM. We also observe in Fig. 7 that increasing
the kinetic parameter E0 in Eq. (3) creates glassy systems that are
less fragile, similar to the 2D case.

4 Conclusion
In this work, we extended the DPLM to three dimensions and
explored the glassy dynamics of such systems through extensive
kinetic Monte Carlo simulations. At low temperatures, both the

mean square displacement of particles and the self-intermediate
scattering function exhibit a plateau, which are signatures of
glassy behaviors.

Dynamic heterogeneity is observed by considering the dynamic
susceptibility of a certain particle overlap field, which reveals
an increasing length scale of the dynamic correlation when the
temperature decreases. The increasing dynamic heterogeneity at
lower and lower temperatures can be straightforwardly accom-
modated in the picture of dynamic facilitation observed in the
DPLM. Individual voids become increasingly trapped when the
temperature drops; the system dynamics are more and more dom-
inated by pairs of voids, triplets of voids, etc, which are heteroge-
neously distributed in space and time. Interestingly, dynamic fa-
cilitation is an emergent property in the DPLM, which differs from
more coarse-grained models such as the kinetically constrained
models.

We also observed various glass fragilities of the DPLM by tuning
the parameter G0 which defines the distribution of the interaction
energy. All the glassy phenomena possessed by the 3D DPLM that
have been examined in this work display no profound differences
from the 2D counterpart. The qualitative similarity of the elemen-
tary dynamical behaviors of glasses between the 3D DPLM and
the 2D case is in accordance with the recent numerical studies on
molecular models of glasses25,26. In future works, it will be inter-
esting to investigate other potential intricate differences between
2D and 3D glasses and their physical origin through the lens of
DPLM. Equilibrium statistics of the DPLM for both 2D and 3D are
exactly available14. This has enabled us to directly generate 3D
DPLM equilibrium states in the present work. In the future, we
will also study its dynamics based on theoretical approaches, such
as the configuration tree theory33,34.

The DPLM assumes void-induced particle hopping motions.
Voids of sizes comparable to the particles are in general rare in
glasses. However, a generalized form of void called quasivoid
each consisting of neighboring free-volume fragments of a com-
bined size comparable to a particle has been recently observed
in experiments on colloidal glasses18. This supports the void-
induced dynamics assumed in this work.

It appears challenging to directly verify the diffusion coefficient
power law in Eq. (9) with respect to the void density in MD sim-
ulations because one cannot alter the void or quasivoid density
without significantly impacting other system properties. Never-
theless, Eq. (9) as reported in14 has motivated an analogous dif-
fusion coefficient power law in recent MD simulations of a molec-
ular partial-swap system in which only a selected set of particles
called swap-initiator can swap with each other or with the regu-
lar particles in the neighborhood21. Noting that a void-induced
hop of a particle can equivalently be considered as a swap be-
tween a void and a particle, Eq. (9) then suggests a power-law
with respect to the density of swap initiators, which is well ver-
ified in both MD simulations and modified DPLM simulations in
which partial swaps dominate the dynamics. In particular, the
power law exhibited in the MD simulations is based on a system
of polydisperse repulsive spheres which is more realistic than lat-
tice models. The successful prediction of the power law in MD
simulations thus supports the possible physical relevance of the
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