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Abstract
In short-fiber composites (SFCs), fiber length distribution (FLD) is complicated and has a
considerable impact on the mechanical properties of SFCs. This work proposes a fractal FLD
in SFCs on the basis of the fractal theory, and develops a multi-step mean-field homogenization
(MSMFH) method to accurately and efficiently predict the mechanical properties of SFCs with
fractal FLD. In the developed MSMFH method, SFCs are first decomposed into virtual pseudo-
grains (PGs) according to fiber orientation distribution (FOD), followed the further division of
the PGs into virtual sub-pseudo-grains (SPGs) according to FLD. The Mori–Tanaka or Double-
Inclusion model is adopted to homogenize the mechanical properties of each SPG in the first
step, and the Voigt model is implemented to homogenize the mechanical properties of all the
SPGs and the PGs, respectively, in the sequential steps. Fiber length and orientation averaging
algorithms for the developed MSMFH method are detailed. The developed MSMFH method
and the proposed fractal FLD are validated to accurately predict the mechanical properties
of SFCs by the means of the comparison with the FE method and the available experimental
tests.

Keywords : Fiber Orientation; Fractal Length Distribution; Mechanical Properties; Micro-
Mechanics; Multi-Step Modeling; Short-Fiber Composites.

NOMENCLATURE

(Nomenclature entries should have the units identi-
fied)

d= fiber diameter (μm)
D= fractal dimension
Em = matrix elastic modulus (GPa)
Ef = fiber elastic modulus (GPa)
l= fiber length (μm)
le = mesh size of the RVE ω (μm)

LRVE = length of the RVE ω (μm)
Nf = total number of the divided facets on

the unit orientation sphere
Nt = total number of fibers in the RVE ω

N(γ) = cumulative number of the fibers with
the aspect ratio ≥ γ in the RVE ω

Seq = equal area of the facets on the unit
orientation sphere

x1x2x3 = global cartesian coordinate system
attached the RVE ω

xL1 x
L
2 x

L
3 = local cartesian coordinate system

attached fibers
v1 = fiber volume fraction in two-phase

composites

vm = matrix volume fraction in short-fiber
composites (SFCs)

vf = fiber volume fraction in SFCs
vα = volume fraction of the pseudo-grain (PG)

ωα regarding the RVE ω
vα,β = volume fraction of the sub-pseudo-grain

(SPG) ωα,β regarding the PG ωα
δij = the Kronecker’s symbol
ϕ= fiber Euler orientation angle (◦)
γ= fiber aspect ratio
γ1 = lower bound of fiber aspect ratio
γm = upper bound of fiber aspect ratio
θ= fiber Euler orientation angle (◦)

νm = matrix Poisson’s ratio
νf = fiber Poisson’s ratio
ω= RVE of SFCs
ω0 = matrix in the RVE ω
ω1 = fibers in the RVE ω
ωα= PG in the RVE ω

ωα,β = SPG in the PG ωα
Ω = RVE of two-phase composites

Ω0 = matrix in the RVE Ω
Ω1 = fibers in the RVE Ω

ψ(p) = fiber orientation probability density
function
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κ(γ) = fiber length probability density
function

p = fiber unit orientation vector
uj = unit basis vector of the global

coordinate system
uLi = unit basis vector of the local

coordinate system
μ = micro-field in the RVE ω

〈μ〉ω = volume-averaged micro-field of the
RVE ω

〈μ〉ωα = volume-averaged micro-field of the PG
ωα

〈μ〉Lωα
= volume-averaged micro-field of the PG
ωα in the local coordinate system

〈μ〉ωα,β
= volume-averaged micro-field of the

SPG ωα,β
〈ε〉Ω0 = volume-averaged strain of the matrix

in the RVE Ω
〈ε〉Ω1 = volume-averaged strain of the fibers in

the RVE Ω
〈•〉κ = length-weighted variable over the PG

ωα
〈•〉ψ = orientation-weighted variable over the

RVE ω
Bε = strain concentration tensor
C0 = stiffness of matrix in two-phase

composites (GPa)
C1 = stiffness of fibers in two-phase

composites (GPa)
Hε = strain concentration tensor of the

Eshelbys single inclusion problem
I = the fourth-order symmetric identity

tensor
R = transformation tensor mapping the

global and local coordinate systems
S = the Eshelby’s tensor

〈C〉ω = stiffness of the RVE ω (GPa)
〈C〉ωα = stiffness of the PG ωα (GPa)

〈C〉ωα,β
= stiffness of the SPG ωα,β (GPa)

〈C〉Ω = stiffness of two-phase composites
(GPa)

R = the Euclidean dimension

1. INTRODUCTION

Owing to light-weight, excellent thermo-mechanical
properties and economical fabrication processes,
short-fiber composites (SFCs) have spread their
applications to aerospace, automotive, marine,

automotive, building and construction sectors.1–4

The accurate characterization of the mechanical
properties of SFCs is thus essentially required, and
is beneficial for design of SFCs in turn.

The mechanical properties of SFCs strongly
depend on their micro-structures, including fiber
length distribution (FLD), fiber orientation dis-
tribution (FOD) and interfaces between the con-
stituents (i.e. matrix and fibers), among others,5,6

besides fiber volume fraction and the mechanical
properties of the constituents. Upon to now, there
exist a great number of works concerning the cause
and effect between the mechanical properties of
SFCs and their micro-structures. Most of them
focus on the FOD and interfaces,7–10 while less of
them focus on the FLD.11,12 This work emphasizes
on the effect of the FLD on the mechanical proper-
ties of SFCs.

Regarding characterization of the mechanical
properties of SFCs, the related methods are mainly
categorized into two groups: experimental and mod-
eling methods. The main advantage of the exper-
imental methods is to provide the most reliable
results, while the limitations are labor, cost, and
time inefficient.13,14 The modeling methods over-
come the limitations of the experimental meth-
ods, and are increasingly adopted to predict the
mechanical properties of SFCs, as an alternative or
at least a complement to the experimental meth-
ods. The modeling methods can be further divided
into two sub-groups: numerical and analytical meth-
ods. The former methods are capable of fully con-
sidering complicated micro-structures of SFCs and
providing more accurate predictions and detailed
micro-fields in SFCs. Because of complicated micro-
structures of SFCs, viz. the FOD and FLD, com-
putational costs of the numerical methods, how-
ever, become expensive. The latter methods possess
acceptable prediction accuracy and good computa-
tional efficiency, and are generally not available for
SFCs.

In the modeling methods, fibers in SFCs are
commonly simplified as the cylinders with identi-
cal length and radius, and the Representative Vol-
ume Elements (RVEs) with this type of fibers are
then generated and used to predict the mechanical
properties of SFCs. To predict the elastic proper-
ties of SFCs, Mentges et al.15 proposed an artificial
neural networks model, in which the training and
validating data was generated by developing a two-
step micro-mechanical method comprising of the
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orientation averaging method and the finite element
homogenization (FEH) method with the RVEs con-
taining identical length and diameter of fibers.
Compared with the available experimental results,
the proposed artificial neural networks model was
validated. Babu et al.16 studied capability of the
RVEs containing the fibers with identical length
and radius and with different orientations to pre-
dict the elastic properties of SFCs. The agreement
with the results of the non-RVE methods indi-
cated the effectiveness of the employed RVEs. In
Ref. 17, an RVE model with embedded solid ele-
ments was developed to homogenize the mechan-
ical properties of SFCs, and the fibers with iden-
tical length and radius were included in the RVE
model. Through the comparison with the results
of the Digimat, the RVE model was verified to
yield accurate estimations of the mechanical prop-
erties of SFCs. Though the satisfying predictions
are obtained, this simplification of fiber length
is completely not consistent with that in actual
SFCs.

The investigations have indicated that the FLD
in SFCs is dominantly determined by fabrica-
tion parameters, which contribute to variation of
mechanical shearing and inter-fiber friction, and
thus fiber breakage. Regarding the SFCs produced
by injection molding and extrusion processes, the
Weibull FLD is generally hypothesized.11,12 The
hypothesis, however, is probably inaccurate to
describe the FLD in certain SFCs.18 On the basis of
the fractal theory that random objectives often fol-
low the fractal geometry,19,20 this work proposes a
new fractal FLD in SFCs and develops a multi-step
mean-field homogenization method (MSMFH, one
of the analytical methods) to achieve the accurate
and efficient predictions of the mechanical proper-
ties of SFCs with the fractal FLD.

The following structure of the paper is organized.
Following this introduction, the mean-field homog-
enization (MFH) theory and the related MFH
models for predicting the mechanical properties of
two-phase composites are presented in Sec. 2. In
Sec. 3, the MSMFH method to predict the mechan-
ical properties of SFCs is proposed. Sections 4
and 5 present the fractal FLD and the detailed
fiber length and orientation averaging algorithms.
The developed MSMFH method and the proposed
fractal FLD are validated in Sec. 6. Section 7
concludes.

2. MEAN-FIELD
HOMOGENIZATION OF
TWO-PHASE COMPOSITES

Two-phase composites here consist of matrix, fibers
with same size and orientation and perfect inter-
faces between the constituents. A macroscopical lin-
ear displacement boundary condition is imposed
on the RVE of the composites, and the volume-
averaged strain of the matrix is related to that of
the fibers as

〈ε〉Ω1 = Bε : 〈ε〉Ω0 . (1)

Bε differs for various MFH models.21 The stiffness
of the composites then takes the following expres-
sion for any MFH model defined by Bε:

〈C〉Ω = [(1 − v1)C0 + v1C1 : Bε] :

[(1 − v1)I + v1B
ε]−1, (2)

where I = (δikδjl + δilδjk)/2.
The Voigt model22 presumes the same uniform

strain in the matrix and fibers, i.e. 〈ε〉Ω0 = 〈ε〉Ω1 ,
and thus Bε = I. The stiffness of the composites is
then derived as

〈C〉Ω = (1 − v1)C0 + v1C1. (3)

By contrast, the same uniform stress in the matrix
and fibers are assumed in the Reuss model,23 i.e.
〈ε〉Ω0 = 〈ε〉Ω1 , and thus Bε = C0 : C1

−1. The
stiffness of the composites is then computed by the
following equation:

〈C〉Ω = [(1 − v1)C0
−1 + v1C1

−1]−1. (4)

The Voigt and Reuss models theoretically provide
the upper and lower bounds of the stiffness of the
composites, respectively.

In addition to the Voigt and Reuss models, the
Mori–Tanaka (MT) model24 and Double-Inclusion
(DI) model25 are the commonly used MFH models
and are derived based on the fundamental solution
of the Eshelby’s single inclusion problem,26 in which
the strain concentration tensor is expressed as

Hε(C0,C1) = {I + S : [C0
−1 : C1 − I]}−1.

(5)

S is determined by the matrix Poisson’s ratio and
fiber aspect ratio.

Regarding the MT model, the strain concentra-
tion tensor is identical with that of the Eshelby’s

2240114-4

Fr
ac

ta
ls

 2
02

4.
32

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 H
O

N
G

 K
O

N
G

 P
O

L
Y

T
E

C
H

N
IC

 U
N

IV
E

R
SI

T
Y

 o
n 

06
/1

7/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

November 27, 2023 19:45 0218-348X
2240114

Micro-Mechanics of the Mechanical Properties of Composites with Fractal FLD

single inclusion problem, which implies

Bε = Hε(C0,C1). (6)

The stiffness of the composites is thus determined
by substituting Eq. (6) to Eq. (2).

For the DI model, the following interpolative
strain concentration tensor27 is generally adopted:

Bε = {[1 − ξ(v1)](Bε
lower)

−1 + ξ(v1)(Bε
upper)

−1}−1,

(7)

where Bε
lower is the strain concentration tensor of

the MT model and Bε
upper is the strain concentra-

tion tensor of the reverse MT model27:
Bε

lower = Hε(C0,C1) and

Bε
upper = [Hε(C1,C0)]−1.

(8)

The smooth interpolation function ξ(v1) takes the
quadratic expression of v1:

ξ(v1) =
1
2
v1(1 + v1). (9)

Substituting Eqs. (7)–(9) to Eq. (2), the stiffness of
the composites is finally computed.

3. MULTI-STEP MEAN-FIELD
HOMOGENIZATION OF
SHORT-FIBER COMPOSITES

Here SFCs consist of matrix, a great number
of short (cylindrical) fibers and perfect interfaces
between them. Material properties and diameters
of the fibers are identical, while lengths and orien-
tations of the fibers are different. Consider an RVE
of the SFCs, in which each fiber i is uniquely char-
acterized by its own aspect ratio γ (i.e. l/d) and

unit orientation vector p. In the global (cartesian)
coordinate system attached the RVE, p is defined
by the Euler orientation angles: θ ∈ [0, π] between
p and the axis x1 and φ ∈ [0, 2π] between the pro-
jection of p on the plane x2ox3 and the axis x1, as
illustrated in Fig. 1:

p = [sin θ cosϕ, sin θ sinϕ, cos θ]T . (10)

The FLD and FOD in the RVE, on the other hand,
are characterized by the fiber length and orientation
distribution functions, respectively, which express
that the probability of the fibers with the aspect
ratios between γ and γ+dγ is κ(γ)dγ, and the prob-
ability of the fibers with the orientations between p
and p + dp is ψ(p)dp, respectively.

The fibers in the RVE are first grouped into N
sets based on their orientations, each of which has
a volume fraction of vf,α regarding the RVE:

vm +
N∑
α=1

vf,α = 1. (11)

For each set (α), the orientations of the fibers are
between pα and pα + dp and the FLD is identical
with that of the RVE. The matrix of the RVE is
accordingly grouped into N sets such that the vol-
ume fraction vm,α of each set regarding the RVE
satisfies

N∑
α=1

vm,α = vm and
vf,α

vm,α + vf,α
= vf . (12)

By combining the matrix set-α and the corre-
sponding fiber set-α, N pseudo-grains (PGs), which
assemble the RVE, are generated, and each PG is

(a) (b)

Fig. 1 An oriented fiber in the (a) local coordinate system xL
1 xL

2 xL
3 and (b) global coordinate system x1x2x3.
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considered as a composite reinforced by the ori-
ented fibers with different lengths. The fiber vol-
ume fraction of the PG ωα is identical with that
of the RVE, viz. vf , and the volume fraction of
the PG ωα regarding the RVE (i.e. all the PGs)
is vα = vf,α/(1 − vm) = ψ(pα)dp.

Regarding the length, the fibers in the PG ωα
are further divided into M sets, each of which has
a volume fraction of vf,β regarding the PG:

vm +
M∑
β=1

vf,β = 1. (13)

The orientations of the fibers are between pα and
pα+dp and the lengths of the fibers are between γβ
and γβ + dγ in the set β. Analogically, the matrix
in the PG ωα is divided into M sets, the volume
fraction vm,β of each of which regarding the RVE
satisfies

M∑
β=1

vm,β = vm and
vf,β

vm,β + vf,β
= vf . (14)

The combination of the fiber set-β and the matrix
set-β generatesM sub-pseudo-grains (SPGs), which
assemble the PG ωα, and each SPG is considered
as a two-phase composite containing the oriented
fibers with identical length. The fiber volume frac-
tion of the SPG ωα,β is vf as well, and the volume
fraction of the SPG ωα,β regarding the PG ωα is
vα,β = vf,β/(1 − vm) = κ(γβ)dγ.

For any micro-field (e.g. micro-stress and -strain),
its volume average over the RVE is thus expressed
by the orientation average of those of the divided
PGs28,29:

〈μ〉ω =
N∑
α=1

vα
(1 − vm)

〈μ〉ωα = 〈〈μ〉ωα〉ψ, (15)

where 〈•〉ψ is defined as follows:

〈•〉ψ =
∮

[• × ψ(p)]dp. (16)

Similarly, the volume-averaged micro-field in the
PG ωα is expressed by the length average of those
of the divided SPGs:

〈μ〉ωα =
M∑
β=1

vβ
(1 − vm)

〈μ〉ωα,β
= 〈〈μ〉ωα,β

〉κ,

(17)

where 〈•〉κ reads as

〈•〉κ =
∮

[• × κ(γ)]dγ. (18)

Combining Eqs. (15) and (17), the volume-averaged
micro-field of the RVE is formulated as

〈μ〉ω = 〈〈〈μ〉ωα,β
〉κ〉ψ. (19)

Equation (19) indicates that the homogenization
of the micro-fields in the RVE can be sequentially
conducted through the multi-step method:

(1) Homogenizing each SPG individually;
(2) Homogenizing each PG based on the FLD and

the homogenized SPGs;
(3) Homogenizing the RVE based on the FOD and

the homogenized PGs.

Therefore, the MSMFH procedure (as shown in
Fig. 2): the MT or DI model for each SPG in step (1)
homogenization, and the Voigt model for each PG
and the RVE in steps (2) and (3) homogenization29

is developed to predict the mechanical properties
of the SFCs. Therefore, the stiffness of the SFCs is
computed as

〈C〉ω = 〈〈C〉ωα〉ψ with 〈C〉ωα = 〈〈C〉ωα,β
〉κ.

(20)

4. FIBER LENGTH AVERAGING
METHOD

Fiber lengths are generally simplified to be identical
in the numerical/analytical methods to predict the
mechanical properties of SFCs, which is, however,
not the case in actual SFCs. In this work, the FLD
in SFCs is assumed to be fractal. Note that the fiber
length is characterized using the fiber aspect ratio
due to the identical diameter.

The aspect ratios of the fibers in SFCs are
described using an order statistic, which reads as

[γ1, γ2, . . . , γi, γi+1, . . . , γm−1, γm]

with γi < γi+1. (21)

The cumulative number of the fibers with the aspect
ratio ≥ γi and the total number of the fibers in
SFCs is computed based on the fractal scaling law,30

respectively:

N(γi) =
(
γm
γi

)D

and

Nt = N(γ1) =
(
γm
γ1

)D

.

(22)

Consequently, the probability density function of γ
(also known as the length distribution function) is

2240114-6
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Fig. 2 MSMFH method to predict the mechanical properties of SFCs with different FODs and FLDs.

derived as

κ(γ) =
−dN(γ)/dγ

Nt
= D · γD1 · γ−(D+1). (23)

The cumulative probability function of γ is then
computed by integrating κ(γ) within the range of
[γ1, γ]:

K(γ) =
∫ γ

γ1

κ(γ)dγ = 1 −
(
γ1

γ

)D

. (24)

In the case of γ → γ1,K(γ) → 0, while in the case of
γ → ∞, K(γ) → 1. However, γ varies in the range
of [γ1, γm] and γ → γm generally does not result
to K(γ) → 1. The modified cumulative probability
function of γ is thus proposed:

K(γ) =

[
1 −

(
γ1

γ

)D
](

γDm
γDm − γD1

)
. (25)

The fractal dimension of SFCs is related to the
fiber volume fraction of SFCs as follows20:

D = R − ln(vf )
ln( γ1γm

)
, (26)

where R equals 2.0 and 3.0 for the 2D and 3D cases,
respectively. Then, we have the following:

vf =
(
γ1

γm

)
R−D

. (27)

The length average integral (i.e. Eq. (18)) for the
volume-averaged micro-field of the PG ωα is dis-
cretized as

〈〈μ〉ωα,β
〉κ =

∮
〈μ(γ)〉ωα,β

κ(γ)dγ

≈
M∑
β=1

〈μ(γ)〉ωα,β

×
[(

γ1

γβ

)D

−
(

γ1

γβ + Δγ

)D
]
,

(28)

where the increment of γ is Δγ = γm−γ1
M−1 and γβ =

γ1 + (β − 1)Δγ. Note that Δγ is selected to be 0.1
in this work.

5. FIBER ORIENTATION
AVERAGING METHOD

5.1. Fiber Orientation
Transformation

Fiber orientations of the PGs are different and the
mechanical properties of the PGs in the global coor-
dinate system are thus different. To compute the
volume-averaged micro-field of SFCs, the volume-
averaged micro-fields of the PGs in the local coordi-
nate systems, i.e. the coordinate systems attached
to the principal axes of fibers, are required to be
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transformed to those in the global coordinate sys-
tem. This section presents the fiber orientation
transformation method relating the global and local
volume-averaged micro-fields in the PGs.

The relation between the unit basis vectors of the
global and local coordinate systems is given as31

uj = R · uLi , (29)

where R takes the forms of θ and ϕ:

R =

⎡
⎢⎣
cos θ cosϕ cos θ sinϕ −sin θ
−sinϕ cosϕ 0

sin θ cosϕ sin θ sinϕ cos θ

⎤
⎥⎦ . (30)

The volume-averaged micro-field of the PG ωα
with θ and ϕ in the global coordinate system is
then related to that in the local coordinate system
through the following transformation equation:

• For the second-order volume-averaged micro-field
〈μ(θ, ϕ)〉ωα

32:

〈μ(θ, ϕ)〉ωα = RT · 〈μ〉Lωα
· R. (31)

• For the fourth-order volume-averaged micro-field
〈μ(θ, ϕ)〉ωα

28:

〈μ(θ, ϕ)〉ωα = RT · RT · 〈μ〉Lωα
· R · R. (32)

5.2. Fiber Orientation Discretization

This section presents the discretization method of
the orientation average integral for calculating the
volume-averaged micro-fields of SFCs.33 The possi-
ble orientation vectors of the fibers in SFCs assem-
ble a unit (orientation) sphere, which is then divided
into a large number of facets with almost equal
areas. The orientation average integral (Eq. (16))
for the volume-averaged micro-field of the RVE is
computed by the following equation for the case of
3D fiber orientation:

〈〈μ〉ωα〉ψ =
∮

〈μ(p)〉ωαψ(p)dp

=
∫ π

θ=0

∫ 2π

ϕ=0
〈μ(θ, ϕ)〉ωαψ(θ, ϕ) sin θdθdϕ

≈ 2
Nf∑
α=1

〈μ(θα, ϕα)〉ωαψ(θα, ϕα)

×Seq(θα, ϕα) with θα ∈ [0, π]

and ϕα ∈ [0, π]. (33)

The areas of the divided facets are computed as
follows:

(1) The equal-sized increment of θ is selected to be
Δθ = 1.0◦.

(2) For the spherical ring situated between the
angles θ − Δθ/2 and θ + Δθ/2, its area is cal-
culated as

Sθ = π

∫ θ+Δθ/2

θ−Δθ/2
sin τ dτ = 2π sin θ sin

Δθ
2
.

(34)

(3) For the spherical ring θ = π/2, the increment
of ϕ is selected as Δϕ = Δθ, and the number
Nθ=π/2 and the areas of the equal-size facets on
the ring are computed as

Nθ=π/2 =
π

Δϕ
=

π

Δθ
and

Seq =
Sθ=π/2

Nθ=π/2
= 2Δθ sin

Δθ
2
. (35)

(4) The number Nθ of the equal-size facets in the
ring θ and the resulting Δϕ are determined as

Nθ =
Sθ
Seq

=
π sin θ

Δθ
and Δϕ =

π

Nθ
=

Δθ
sin θ

.

(36)

(5) There is just a single facet at the poles θ = 0
and θ = π, respectively, and the areas of the
facets are derived as

Seq = π

∫ Δθ/2

0
sin τ dτ = π

[
1 − cos

Δθ
2

]
.

(37)

Regarding the case of the 2D fiber orientation
(θ = π/2), the orientation average integral (Eq.
(16)) for the volume-averaged micro-field of the
RVE is discretized as33

〈〈μ〉ωα〉ψ =
∮

〈μ(p)〉ωαψ(p)dp

=
∫ 2π

ϕ=0
〈μ(ϕ)〉ωαψ(ϕ)dϕ

≈ 2Δϕ
Nf∑
α=1

〈μ(ϕα)〉ωα

×ψ(ϕα) with ϕα ∈ [0, π], (38)

where Nf = π/Δϕ and the increment Δϕ of ϕ is
chosen to be Δϕ = 0.1◦ in this work.
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6. VALIDATION OF THE
DEVELOPED METHOD

The predicted elastic properties of SFCs with the
different FODs and fractal FLDs using the devel-
oped MSMFH method are compared to the predic-
tions of the FEH method34,35 and the results of the
available experimental tests to validate the effec-
tiveness of the developed MSMFH method and the
proposed fractal FLD in this section.

In the FEH method, the RVEs of SFCs with
the minimum separation distance of 0.05d between
any two fibers for avoiding distorted meshes are
used,36,37 and the embedded element technique17

is introduced to the RVEs for rapidly and conve-
niently imposing the periodic boundary condition.38

The perfect interfaces between the constituents are
hypothesized. The 4-node linear tetrahedron ele-
ments are used for meshing the RVEs, and the mesh
size le is selected such that LRVE/le = 60.0 to guar-
antee the converged predictions.

First, the SiC fibers-reinforced 2080 aluminum
alloy SFCs,39 in which the fiber volume fractions
are 10.0%, 20.0% and 30.0%, respectively, are stud-
ied. The linear elastic properties of the matrix and
fibers are given as E0 = 74.0 GPa, ν0 = 0.33 and
E1 = 410.0 GPa, ν1 = 0.19. The second-order ori-
entation vector of the fibers in the SFCs is a =
diag[1/3, 1/3, 1/3] (i.e. ψ(θ, ϕ) = 1/4π), and the
FLDs in the SFCs are fractal and listed in Table 1.
The RVEs of the SFCs are illustrated in Fig. 3,
in which the corresponding FLDs of the RVEs are
shown as well. It is noted that the sizes of the RVEs
of the SFCs with the fractal FLDs are approxi-
mately 0.5 times the maximum fiber length by bal-
ancing RVE generation complexity, computational
efficiency and FEH accuracy.

Here a = diag[1/3, 1/3, 1/3] leads to the macro-
scopically isotropic elastic properties of the SFCs.

Table 1 Fractal Parameters (i.e. the Minimum,
Maximum and Average Aspect Ratios γ1, γm and
γ̄) for the FLD in the RVEs of the SFCs Consisting
of the 2080 Aluminum Alloy and SiC Fibers.

Fractal Fiber Volume
Parameter Fraction vf

10.0% 20.0% 30.0%

γ1 2.8 3.0 3.1
γm 40.0 50.0 60.0
γ̄ 5.0 5.0 5.0

The predicted elastic properties of the SFCs by the
developed MSMFH method are plotted regarding
the fiber volume fraction in Fig. 4, in which the
predictions of the FEH method and the available
experimental results38 are presented as well. The
relative errors between the results of the developed
MSMFH method, the FEH method and the experi-
mental tests are computed and less than 8.0%. The
effectiveness of the developed MSMFH method and
the proposed fractal FLD for the accurate predic-
tions of the elastic properties of SFCs is thus vali-
dated.

The second investigated SFCs are the same with
the previous SFCs, except for the fiber orientation
a = diag[1/2, 1/2, 0] (i.e. ψ(θ, ϕ) = 1/2π) and the
fiber volume fraction vf = 10.0%. The RVE of the
SFCs and the corresponding FLD of the RVE are
illustrated in Fig. 5. The estimations of the in-plane
(i.e. the xoy plane) and out-plane elastic proper-
ties of the SFCs of the developed MSMFH method
and the FEH method are compared in Table 2,
which states that the differences between the pre-
dictions of these two methods are neglectable. The
developed MSMFH method and the proposed frac-
tal FLD are thus verified to accurately predict the
elastic properties of SFCs.

The third type of SFCs are the short carbon
fibers reinforced AZ91D magnesium alloy matrix
SFCs.40 The fiber volume fraction vf is 10.0%, and
the linear elastic properties of the matrix and fibers
are E0 = 45.0 GPa, μ0 = 0.35 and E1 = 230.0 GPa,
μ1 = 0.25. The second-order orientation vector of
the fibers in the SFCs is a = diag[1/3, 1/3, 1/3]
(i.e. ψ(θ, ϕ) = 1/4π), and the FLD in the SFCs
is fractal with γ1 = 8.4, γm = 120.0 and γ̄ = 15.0.
The RVE of the SFCs and the fractal FLD of the
RVE are given in Fig. 6. Compared with the results
of the FEH method and the available experimental
tests,40 the elastic properties of the SFCs predicted
using the developed MSMFH method are listed in
Table 3. It is found that the predictions of the devel-
oped MSMFH method agree well with the results of
the FEH method and the experimental tests, and it
thus indicates the developed MSMFH method and
the proposed fractal FLD are capable of accurately
predicting the elastic properties of SFCs.

The additional SFCs consisting of the polypropy-
lene matrix and the different volume fractions of
glass fibers41 are studied. The elastic properties of
the matrix and fibers are isotropic: E0 = 1.6 GPa,
μ0 = 0.35 and E1 = 75.0 GPa, μ1 = 0.25. The
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(a) (b)

(c) (d)

(e) (f)

Fig. 3 RVEs of the SFCs consisting of the 2080 aluminum alloy and SiC fibers with a = diag[1/3, 1/3, 1/3] and the
corresponding FLDs in these RVEs: (a)–(b) vf = 10.0%, (c)–(d) vf = 20.0% and (e)–(f) vf = 30.0%.
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(a) (b)

Fig. 4 Elastic properties of the SFCs consisting of the 2080 aluminum alloy and SiC fibers with a = diag[1/3, 1/3, 1/3]
predicted using the developed MSMFH method and the FEH method and obtained from the experimental tests38: (a) Elastic
modulus E and (b) Shear modulus G. MT/Voigt and DI/Voigt denote that the MT and DI model are used to homogenize
the SPGs in step (1) homogenization, respectively, and the Voigt model is used to homogenize all the SPGs and PGs in the
sequential-step homogenization.

(a) (b)

Fig. 5 RVE of the SiC fibers reinforced 2080 aluminum composites with vf = 10.0% and a = diag[1/2, 1/2, 0] and the
corresponding FLD of the RVE: (a) RVE and (b) FLD.

Table 2 Predicted In-Plane and Out-Plane Elas-
tic Properties of the SiC Fibers Reinforced 2080
Aluminum Composites with vf = 10.0% and
a = diag[1/2, 1/2, 0] Using the Developed MSMFH
Method and the FEH Method.

Elastic Modulus Shear Modulus
(GPa) (GPa)

E11 E33 G12 G13

MT/Voigt model 88.86 85.38 33.74 32.05

DI/Voigt model 89.09 85.63 33.87 32.16

FEH method 89.21 86.53 33.89 32.48

fibers in the SFCs pertain to perfect planar ran-
dom arrangements and the corresponding second-
order orientation vector is thus a = diag[1/2, 1/2, 0]
(i.e. ψ(θ, ϕ) = 1/2π). The FLDs in the SFCs are
assumed to be fractal and listed in Table 4 regard-
ing the fiber volume fraction. The elastic proper-
ties of the SFCs are predicted by using the devel-
oped MSMFH method and then compared with the
results of the FEH method and the experimental
tests,41,42 as shown in Fig. 7. The maximum devi-
ations of the predictions of the developed MSMFH
method from the results of the FEH method and
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(a) (b)

Fig. 6 RVE of short carbon fibers reinforced AZ91D magnesium alloy matrix SFCs with a = diag[1/3, 1/3, 1/3] and the
corresponding FLD of the RVE: (a) RVE and (b) FLD.

Table 3 Elastic and Shear Moduli of Short Carbon Fibers Rein-
forced AZ91D Magnesium Alloy Matrix SFCs Obtained Using
the Developed MSMFH Method, the FEH Method and the
Experimental Tests.

Elastic Properties (GPa)

MT/Voigt DI/Voigt FEH Experiment
Model Model Method

Elastic modulus 53.42 53.55 53.08 50.45
Shear modulus 19.93 19.98 19.76 19.02

Table 4 Fractal Parameters (i.e. the Minimum,
Maximum and Average Aspect Ratios γ1, γm and
γ̄) for the FLD in the RVEs of the SFCs Consisting
of the Polypropylene Matrix and Glass Fibers.

Fractal Fiber Volume
Parameter Fraction vf

10.33% 12.89% 18.72%

γ1 130 132 137
γm 2000 1600 1850
γ̄ 231 231 231

the experimental tests are computed as 8.78% and
6.46%, respectively, which indicates the validation
of the developed MSMFH method and the proposed
fractal FLD to accurately predict the elastic prop-
erties of SFCs.

Fig. 7 Elastic moduli of the SFCs consisting of the
polypropylene matrix and the glass fibers with a =
diag[1/2, 1/2, 0] predicted using the developed MSMFH
method and the FEH method and obtained from the experi-
mental tests.41,42
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7. CONCLUSIONS

Resulting from different FODs and FLDs, the
micro-structures of SFCs are very complicated. To
accurately determine the mechanical properties of
SFCs, the FOD and FLD are supposed to be fully
considered. Based on the fractal theory, a frac-
tal FLD function is proposed to characterize the
fiber lengths of SFCs, and the MSMFH method
is developed to accurately and efficiently predict
the mechanical properties of SFCs with the fractal
FLD.

In the developed MSMFH method, SFCs are first
decomposed into a set of virtual PGs according to
the FOD, followed the further division of the PGs
into a large number of virtual SPGs according to the
FLD. The MT or DI model is adopted for homog-
enizing the mechanical properties of each SPG in
the step (1) homogenization, and the Voigt model
is used for homogenizing the mechanical proper-
ties of all the SPGs and the PGs in the steps (2)
and (3) homogenization. The fiber length and ori-
entation averaging algorithms are introduced in the
MSMFH method to take into account various FODs
and FLDs of SFCs.

Regarding the different FODs, the mechanical
properties of SFCs are predicted using the devel-
oped MSMFH method and the proposed fractal
FLD, and compared with those of the FEH method
and the available experimental tests. The results
indicate the validation of the developed MSMFH
method and the proposed fractal FLD to accurately
and efficiently predict the mechanical properties of
SFCs.
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37. M. Herráez, J. Segurado, C. González and C. Lopes,
A microstructures generation tool for virtual ply
property screening of hybrid composites with high
volume fractions of non-circular fibers — viper,
Compos. Part A: Appl. Sci. Manuf. 129 (2020)
105691.

2240114-14

Fr
ac

ta
ls

 2
02

4.
32

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 H
O

N
G

 K
O

N
G

 P
O

L
Y

T
E

C
H

N
IC

 U
N

IV
E

R
SI

T
Y

 o
n 

06
/1

7/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

November 27, 2023 19:45 0218-348X
2240114

Micro-Mechanics of the Mechanical Properties of Composites with Fractal FLD

38. W. Tian, L. Qi, X. Chao, J. Liang and M. Fu, Peri-
odic boundary condition and its numerical imple-
mentation algorithm for the evaluation of effec-
tive mechanical properties of the composites with
complicated micro-structures, Compos. Part B :
Eng. 162 (2019) 1–10.

39. Y. Hua and L. Gu, Prediction of the thermome-
chanical behavior of particle-reinforced metal matrix
composites, Compos. Part B : Eng. 45(1) (2013)
1464–1470.

40. L. Qi, W. Tian and J. Zhou, Numerical evaluation of
effective elastic properties of composites reinforced

by spatially randomly distributed short fibers with
certain aspect ratio, Compos. Struct. 131 (2015)
843–851.

41. Z. Lu, Z. Yuan and Q. Liu, 3d numerical simulation
for the elastic properties of random fiber composites
with a wide range of fiber aspect ratios, Comput.
Mater. Sci. 90 (2014) 123–129.

42. J. Thomason and M. Vlug, Influence of fibre length
and concentration on the properties of glass fibre-
reinforced polypropylene: 1. Tensile and flexural
modulus, Compos. Part A: Appl. Sci. Manuf. 27(6)
(1996) 477–484.

2240114-15

Fr
ac

ta
ls

 2
02

4.
32

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 H
O

N
G

 K
O

N
G

 P
O

L
Y

T
E

C
H

N
IC

 U
N

IV
E

R
SI

T
Y

 o
n 

06
/1

7/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.


	INTRODUCTION
	MEAN-FIELD HOMOGENIZATION OF TWO-PHASE COMPOSITES
	MULTI-STEP MEAN-FIELD HOMOGENIZATION OF SHORT-FIBER COMPOSITES
	FIBER LENGTH AVERAGING METHOD
	FIBER ORIENTATION AVERAGING METHOD
	Fiber Orientation Transformation
	Fiber Orientation Discretization

	VALIDATION OF THE DEVELOPED METHOD
	CONCLUSIONS


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


