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Abstract

In short-fiber composites (SFCs), fiber length distribution (FLD) is complicated and has a
considerable impact on the mechanical properties of SFCs. This work proposes a fractal FLD
in SFCs on the basis of the fractal theory, and develops a multi-step mean-field homogenization
(MSMFH) method to accurately and efficiently predict the mechanical properties of SFCs with
fractal FLD. In the developed MSMFH method, SFCs are first decomposed into virtual pseudo-
grains (PGs) according to fiber orientation distribution (FOD), followed the further division of
the PGs into virtual sub-pseudo-grains (SPGs) according to FLD. The Mori-Tanaka or Double-
Inclusion model is adopted to homogenize the mechanical properties of each SPG in the first
step, and the Voigt model is implemented to homogenize the mechanical properties of all the
SPGs and the PGs, respectively, in the sequential steps. Fiber length and orientation averaging
algorithms for the developed MSMFH method are detailed. The developed MSMFH method
and the proposed fractal FLD are validated to accurately predict the mechanical properties
of SFCs by the means of the comparison with the FE method and the available experimental
tests.

Keywords: Fiber Orientation; Fractal Length Distribution; Mechanical Properties; Micro-

Mechanics; Multi-Step Modeling; Short-Fiber Composites.

NOMENCLATURE

(Nomenclature entries should have the units identi-

fied)

d =fiber diameter (pum)
D =fractal dimension
E,, =matrix elastic modulus (GPa)
E; =fiber elastic modulus (GPa)
[ =fiber length (pm)
le =mesh size of the RVE w (um)
Lyyg =length of the RVE w (um)
Ny =total number of the divided facets on
the unit orientation sphere
Ny = total number of fibers in the RVE w
N () = cumulative number of the fibers with
the aspect ratio > v in the RVE w
Seq = equal area of the facets on the unit
orientation sphere
r1T9x3 = global cartesian coordinate system
attached the RVE w
rhalal =local cartesian coordinate system
attached fibers
v1 = fiber volume fraction in two-phase
composites

v,, = matrix volume fraction in short-fiber
composites (SFCs)
vy = fiber volume fraction in SFCs
v = volume fraction of the pseudo-grain (PG)
we regarding the RVE w
Vo, = volume fraction of the sub-pseudo-grain
(SPG) wq g regarding the PG w,
0;j = the Kronecker’s symbol
¢ =fiber Euler orientation angle (°)
~ = fiber aspect ratio
~v1 = lower bound of fiber aspect ratio
Ym = upper bound of fiber aspect ratio
0 = fiber Euler orientation angle (°)
V,, = matrix Poisson’s ratio
vy =fiber Poisson’s ratio
w=RVE of SFCs
wp = matrix in the RVE w
w1 =fibers in the RVE w
we =PG in the RVE w
Wa,3 = SPG in the PG w,
Q2 =RVE of two-phase composites
Qo =matrix in the RVE Q
)y =fibers in the RVE
1 (p) = fiber orientation probability density
function
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k() =fiber length probability density
function
p = fiber unit orientation vector
u; = unit basis vector of the global
coordinate system
uF = unit basis vector of the local
coordinate system
p = micro-field in the RVE w
(), = volume-averaged micro-field of the
RVE w
(), = volume-averaged micro-field of the PG
Wa
(p)L = volume-averaged micro-field of the PG
wq in the local coordinate system
(M)w, 5 = volume-averaged micro-field of the
SPG wq
(€)q, = volume-averaged strain of the matrix
in the RVE Q
(€)q, = volume-averaged strain of the fibers in
the RVE Q
(o), =length-weighted variable over the PG
Wa
(), = orientation-weighted variable over the
RVE w
B¢ = strain concentration tensor
C = stiffness of matrix in two-phase
composites (GPa)
C'1 =stiffness of fibers in two-phase
composites (GPa)
H*® =strain concentration tensor of the
Eshelbys single inclusion problem
I =the fourth-order symmetric identity
tensor
R =transformation tensor mapping the
global and local coordinate systems
S =the Eshelby’s tensor
(C),, =stiffness of the RVE w (GPa)
(C),,, =stiffness of the PG w, (GPa)
(C)u, ; =stiffness of the SPG w, 5 (GPa)
(C)q =stiffness of two-phase composites
(GPa)
R =the Euclidean dimension

1. INTRODUCTION

Owing to light-weight, excellent thermo-mechanical
properties and economical fabrication processes,
short-fiber composites (SFCs) have spread their
applications to aerospace, automotive, marine,

automotive, building and construction sectors I

The accurate characterization of the mechanical
properties of SFCs is thus essentially required, and
is beneficial for design of SFCs in turn.

The mechanical properties of SFCs strongly
depend on their micro-structures, including fiber
length distribution (FLD), fiber orientation dis-
tribution (FOD) and interfaces between the con-
stituents (i.e. matrix and fibers), among others>0
besides fiber volume fraction and the mechanical
properties of the constituents. Upon to now, there
exist a great number of works concerning the cause
and effect between the mechanical properties of
SFCs and their micro-structures. Most of them
focus on the FOD and interfaces 19 while less of
them focus on the FLD T2 This work emphasizes
on the effect of the FLD on the mechanical proper-
ties of SFCs.

Regarding characterization of the mechanical
properties of SFCs, the related methods are mainly
categorized into two groups: experimental and mod-
eling methods. The main advantage of the exper-
imental methods is to provide the most reliable
results, while the limitations are labor, cost, and
time inefficient ™14 The modeling methods over-
come the limitations of the experimental meth-
ods, and are increasingly adopted to predict the
mechanical properties of SFCs, as an alternative or
at least a complement to the experimental meth-
ods. The modeling methods can be further divided
into two sub-groups: numerical and analytical meth-
ods. The former methods are capable of fully con-
sidering complicated micro-structures of SFCs and
providing more accurate predictions and detailed
micro-fields in SFCs. Because of complicated micro-
structures of SFCs, viz. the FOD and FLD, com-
putational costs of the numerical methods, how-
ever, become expensive. The latter methods possess
acceptable prediction accuracy and good computa-
tional efficiency, and are generally not available for
SFCs.

In the modeling methods, fibers in SFCs are
commonly simplified as the cylinders with identi-
cal length and radius, and the Representative Vol-
ume Elements (RVEs) with this type of fibers are
then generated and used to predict the mechanical
properties of SFCs. To predict the elastic proper-
ties of SFCs, Mentges et alT¥ proposed an artificial
neural networks model, in which the training and
validating data was generated by developing a two-
step micro-mechanical method comprising of the
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orientation averaging method and the finite element
homogenization (FEH) method with the RVEs con-
taining identical length and diameter of fibers.
Compared with the available experimental results,
the proposed artificial neural networks model was
validated. Babu et al™ studied capability of the
RVEs containing the fibers with identical length
and radius and with different orientations to pre-
dict the elastic properties of SFCs. The agreement
with the results of the non-RVE methods indi-
cated the effectiveness of the employed RVEs. In
Ref. 17, an RVE model with embedded solid ele-
ments was developed to homogenize the mechan-
ical properties of SFCs, and the fibers with iden-
tical length and radius were included in the RVE
model. Through the comparison with the results
of the Digimat, the RVE model was verified to
yield accurate estimations of the mechanical prop-
erties of SFCs. Though the satisfying predictions
are obtained, this simplification of fiber length
is completely not consistent with that in actual
SFCs.

The investigations have indicated that the FLD
in SFCs is dominantly determined by fabrica-
tion parameters, which contribute to variation of
mechanical shearing and inter-fiber friction, and
thus fiber breakage. Regarding the SFCs produced
by injection molding and extrusion processes, the
Weibull FLD is generally hypothesized M2 The
hypothesis, however, is probably inaccurate to
describe the FLD in certain SFCs™ On the basis of
the fractal theory that random objectives often fol-
low the fractal geometry, this work proposes a
new fractal FLD in SFCs and develops a multi-step
mean-field homogenization method (MSMFH, one
of the analytical methods) to achieve the accurate
and efficient predictions of the mechanical proper-
ties of SFCs with the fractal FLD.

The following structure of the paper is organized.
Following this introduction, the mean-field homog-
enization (MFH) theory and the related MFH
models for predicting the mechanical properties of
two-phase composites are presented in Sec. 2 In
Sec. Bl the MSMFH method to predict the mechan-
ical properties of SFCs is proposed. Sections [
and [ present the fractal FLD and the detailed
fiber length and orientation averaging algorithms.
The developed MSMFH method and the proposed
fractal FLD are validated in Sec. [@l Section [
concludes.

2. MEAN-FIELD
HOMOGENIZATION OF
TWO-PHASE COMPOSITES

Two-phase composites here consist of matrix, fibers
with same size and orientation and perfect inter-
faces between the constituents. A macroscopical lin-
ear displacement boundary condition is imposed
on the RVE of the composites, and the volume-
averaged strain of the matrix is related to that of
the fibers as

(e)a, = B®: (€)qy- (1)

B¢ differs for various MFH models 2! The stiffness
of the composites then takes the following expres-
sion for any MFH model defined by B*®:

<C>Q = [(1 — ’Ul)Co +01C1 : Bs] :
(1 —v)I + v, B, (2)

where I = (5ik5jl + 5il5jk)/2-

The Voigt mode?2 presumes the same uniform
strain in the matrix and fibers, i.e. (e)q, = (€)q,,
and thus B® = I. The stiffness of the composites is
then derived as

<C>Q = (1 — 1}1)00 +0v1C4. (3)

By contrast, the same uniform stress in the matrix
and fibers are assumed in the Reuss model 2 ji.e.
(€)a, = (€)q,, and thus B® = Cy : C; ' The
stiffness of the composites is then computed by the
following equation:

<C>Q = [(1 — Ul)Co_l + vlCl_l]_l. (4)

The Voigt and Reuss models theoretically provide
the upper and lower bounds of the stiffness of the
composites, respectively.

In addition to the Voigt and Reuss models, the
Mori-Tanaka (MT) model and Double-Inclusion
(DI) model?? are the commonly used MFH models
and are derived based on the fundamental solution
of the Eshelby’s single inclusion problem28 in which
the strain concentration tensor is expressed as

HE(C(),Cl) = {I+ S : [Co_l :Cq — I]}_l.
(5)
S is determined by the matrix Poisson’s ratio and
fiber aspect ratio.

Regarding the MT model, the strain concentra-
tion tensor is identical with that of the Eshelby’s
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single inclusion problem, which implies
B = H®(C,,C1). (6)

The stiffness of the composites is thus determined
by substituting Eq. (@) to Eq. ().

For the DI model, the following interpolative
strain concentration tensor2? is generally adopted:

B = {[1 - £()](Bfower) ™" + (0D (Bipper) '},
(7)
where Bf, ., is the strain concentration tensor of
the MT model and Bg,,., is the strain concentra-
tion tensor of the reverse MT model2Z:
Blsower = I{S(C:'Q7 Cl) and (8)
BS, o = [H5(C1,Co)| "

upper

The smooth interpolation function £(vq) takes the
quadratic expression of v1:

() = 301(1+ ). o)

Substituting Eqgs. (@)—(@) to Eq. [@), the stiffness of
the composites is finally computed.

3. MULTI-STEP MEAN-FIELD
HOMOGENIZATION OF
SHORT-FIBER COMPOSITES

Here SFCs consist of matrix, a great number
of short (cylindrical) fibers and perfect interfaces
between them. Material properties and diameters
of the fibers are identical, while lengths and orien-
tations of the fibers are different. Consider an RVE
of the SFCs, in which each fiber i is uniquely char-
acterized by its own aspect ratio v (i.e. I/d) and

L
X3

A
U
Q
~
Y

(a)

unit orientation vector p. In the global (cartesian)
coordinate system attached the RVE, p is defined
by the Euler orientation angles: § € [0, 7] between
p and the axis 21 and ¢ € [0, 27] between the pro-
jection of p on the plane x90x3 and the axis x1, as
illustrated in Fig. [Tk

p = [sinf cos g, sin A sin ¢, cos 6] . (10)

The FLD and FOD in the RVE, on the other hand,
are characterized by the fiber length and orientation
distribution functions, respectively, which express
that the probability of the fibers with the aspect
ratios between v and y+d~ is (7)dy, and the prob-
ability of the fibers with the orientations between p
and p + dp is ¥ (p)dp, respectively.

The fibers in the RVE are first grouped into N
sets based on their orientations, each of which has
a volume fraction of vy, regarding the RVE:

N
vm—i-va,a =1. (11)
a=1

For each set («), the orientations of the fibers are
between p, and p, + dp and the FLD is identical
with that of the RVE. The matrix of the RVE is
accordingly grouped into IV sets such that the vol-
ume fraction v, o of each set regarding the RVE
satisfies

N

va@ =, and _ Y ve. (12)
—1 Um,a T Vf,a

By combining the matrix set-a and the corre-
sponding fiber set-a, N pseudo-grains (PGs), which
assemble the RVE, are generated, and each PG is

xl/

(b)

Fig. 1 An oriented fiber in the (a) local coordinate system zlzfz% and (b) global coordinate system zzoz3.
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considered as a composite reinforced by the ori-
ented fibers with different lengths. The fiber vol-
ume fraction of the PG w, is identical with that
of the RVE, viz. vy, and the volume fraction of
the PG w, regarding the RVE (i.e. all the PGs)
is Vo = vfa/(1 —vm) = Y(p,)dp.

Regarding the length, the fibers in the PG w,
are further divided into M sets, each of which has
a volume fraction of vy g regarding the PG:

M
Um+ Y vpg =1 (13)
=1

The orientations of the fibers are between p, and
P, +dp and the lengths of the fibers are between 3
and g + dvy in the set 3. Analogically, the matrix
in the PG w, is divided into M sets, the volume
fraction v,, g of each of which regarding the RVE
satisfies

M
Z Um,g = Um and . R ve.  (14)
= Um.p + Vf,8

The combination of the fiber set-3 and the matrix
set-f3 generates M sub-pseudo-grains (SPGs), which
assemble the PG w,, and each SPG is considered
as a two-phase composite containing the oriented
fibers with identical length. The fiber volume frac-
tion of the SPG wq g is vy as well, and the volume
fraction of the SPG w, g regarding the PG w, is
Va,g = 07,8/ (1 — vm) = K(yg)dy-

For any micro-field (e.g. micro-stress and -strain),
its volume average over the RVE is thus expressed
by the orientation average of those of the divided

PG2829,

N
o =3 Ty e = () (15)

where (o), is defined as follows:

o)y = 74 (o X $(p)]dp. (16)

Similarly, the volume-averaged micro-field in the
PG w, is expressed by the length average of those
of the divided SPGs:

(o = ﬁg T oy s = (hdo )

(17)

where (e),; reads as

(o) = 74 o % K(7)]d7. (18

~—

Combining Eqgs. (I3 and (I7), the volume-averaged
micro-field of the RVE is formulated as

<V’>w = <<<“>wa,@>n>w' (19)

Equation (I9) indicates that the homogenization
of the micro-fields in the RVE can be sequentially
conducted through the multi-step method:

(1) Homogenizing each SPG individually;

(2) Homogenizing each PG based on the FLD and
the homogenized SPGs;

(3) Homogenizing the RVE based on the FOD and
the homogenized PGs.

Therefore, the MSMFH procedure (as shown in
Fig.2)): the MT or DI model for each SPG in step (1)
homogenization, and the Voigt model for each PG
and the RVE in steps (2) and (3) homogenization??
is developed to predict the mechanical properties
of the SFCs. Therefore, the stiffness of the SFCs is
computed as

(C)u = <<C>wQ>¢ with (C)y, = <<C>wa,,@>ﬁ'

4. FIBER LENGTH AVERAGING
METHOD

Fiber lengths are generally simplified to be identical
in the numerical/analytical methods to predict the
mechanical properties of SFCs, which is, however,
not the case in actual SFCs. In this work, the FLD
in SFCs is assumed to be fractal. Note that the fiber
length is characterized using the fiber aspect ratio
due to the identical diameter.

The aspect ratios of the fibers in SFCs are
described using an order statistic, which reads as

[’Ylﬁz, cee 7%'7%'+17-~~,7m7177m]

with v; < 7iq1. (21)

The cumulative number of the fibers with the aspect
ratio > ~; and the total number of the fibers in
SFCs is computed based on the fractal scaling law 50
respectively:

Consequently, the probability density function of
(also known as the length distribution function) is

2240114-6
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Original Composites

Pseudo-grains

Sub-pseudo-grains

[mn] (mn] _
N0  mmE e
b T TN
< A g..m l‘l’ll &?ﬂ
ID:”-@‘ X mmm
BV B O X NN

Decomposition
Equivalent
Step-3 Homogenization

Homogenized Composites

Decomposition
Step-1 Homogenization
Step-2 Homogenization

Homogenized Pseudo-grains Homogenized Sub-pseudo-grains

Fig. 2 MSMFH method to predict the mechanical properties of SFCs with different FODs and FLDs.

derived as

—dN(v)/dv _
K(7) = 7](\7)/ =D -AP 4P (23)
t
The cumulative probability function of + is then

computed by integrating x(v) within the range of
[y1,]:

K(y) = / ")y =1 (E)D. (24)

1 v

In the case of 7 — 1, K () — 0, while in the case of
v — 00, K(7) — 1. However, ~y varies in the range
of [v1,7m] and v — 7, generally does not result
to K(v) — 1. The modified cumulative probability
function of v is thus proposed:

)" o
11— —= — 25
<’Y) ](%’2—7?) )
The fractal dimension of SFCs is related to the
fiber volume fraction of SFCs as follows20:

K(y) =

_ In(vy)

D =
’Y b
ln(v—;)

(26)

where R equals 2.0 and 3.0 for the 2D and 3D cases,
respectively. Then, we have the following:

vp = (l)RD. (27)

The length average integral (i.e. Eq. (I8])) for the
volume-averaged micro-field of the PG w, is dis-
cretized as

(8 ) = ;4 () o5 ()b

M
~ ) (1))
A=1

D D
G - ()
e Vg + Ay
(28)
where the increment of v is Ay = 2= and 5 =

v + (8 — 1)A~. Note that A~ is selected to be 0.1
in this work.

5. FIBER ORIENTATION
AVERAGING METHOD

5.1. Fiber Orientation
Transformation

Fiber orientations of the PGs are different and the
mechanical properties of the PGs in the global coor-
dinate system are thus different. To compute the
volume-averaged micro-field of SFCs, the volume-
averaged micro-fields of the PGs in the local coordi-
nate systems, i.e. the coordinate systems attached
to the principal axes of fibers, are required to be

2240114-7



Fractals 2024.32. Downloaded from www.worldscientific.com
by HONG KONG POLY TECHNIC UNIVERSITY on 06/17/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

W. Tian et al.

transformed to those in the global coordinate sys-
tem. This section presents the fiber orientation
transformation method relating the global and local
volume-averaged micro-fields in the PGs.

The relation between the unit basis vectors of the
global and local coordinate systems is given ags!

u; = R- uz‘La (29)
where R takes the forms of § and ¢:

cosfcosp cosfsingp —sinf
R=| —sing cos 0 |. (30)
sinfcosp sinfsing cosf

The volume-averaged micro-field of the PG w,
with @ and ¢ in the global coordinate system is
then related to that in the local coordinate system
through the following transformation equation:

e For the second-order volume-averaged micro-field
<I’l’(07 SO)>W05:

(1(0,9)w, = R - ()5 - R. (31)

e For the fourth-order volume-averaged micro-field
(10, 9)),, %

(1(0,9))w, =R"-R" - ()l -R-R. (32

5.2. Fiber Orientation Discretization

This section presents the discretization method of
the orientation average integral for calculating the
volume-averaged micro-fields of SFCs33 The possi-
ble orientation vectors of the fibers in SFCs assem-
ble a unit (orientation) sphere, which is then divided
into a large number of facets with almost equal
areas. The orientation average integral (Eq. (1))
for the volume-averaged micro-field of the RVE is
computed by the following equation for the case of
3D fiber orientation:

()oY = 74 (1(P))o (P} dp
e 27
- / / (10, 0))on (0, ) sin 09l
0=0 J =0

Ny
~ 2 (1(0a, a))ue¥(0a; pa)
a=1

X Seq(Oas pa) with 0, € [0, 7]
and ¢, € [0,7].  (33)

The areas of the divided facets are computed as
follows:

(1) The equal-sized increment of 6 is selected to be
Al =1.0°.

(2) For the spherical ring situated between the
angles § — AQ/2 and 0 + Af/2, its area is cal-
culated as

0+A0/2 Af
59:7'(/ sinT dr = 27 sin f sin —.
9—NG/2 2

(34)

(3) For the spherical ring = /2, the increment
of ¢ is selected as Ay = Af, and the number
Np—r /2 and the areas of the equal-size facets on
the ring are computed as

s m
Ny—r/2 = A—go N and
So—n A
Seq = T2 — 210 sin - (35)
0=m/2

(4) The number Ny of the equal-size facets in the
ring 0 and the resulting Ay are determined as

Sp msinf T A6
* T S A0 T SYTN, T sing
(36)

(5) There is just a single facet at the poles § = 0
and ¢ = m, respectively, and the areas of the
facets are derived as

A0/2
Seq:ﬂ/ SiHTdT:W[l—COS&}.
0 2
(37)

Regarding the case of the 2D fiber orientation
(0 = =w/2), the orientation average integral (Eq.
(I6)) for the volume-averaged micro-field of the
RVE is discretized as3?

(o = 74 (D))o, 0(p)dp
21
- / (1) )
%)

=0

Ny
~ 280> (1($a))wn
a=1

X (pa) with ¢, € [0,7], (38)

where Ny = m/A¢p and the increment Ay of ¢ is
chosen to be Ap = 0.1° in this work.

2240114-8
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6. VALIDATION OF THE
DEVELOPED METHOD

The predicted elastic properties of SFCs with the
different FODs and fractal FLDs using the devel-
oped MSMFH method are compared to the predic-
tions of the FEH method®#35 and the results of the
available experimental tests to validate the effec-
tiveness of the developed MSMFH method and the
proposed fractal FLD in this section.

In the FEH method, the RVEs of SFCs with
the minimum separation distance of 0.05d between
any two fibers for avoiding distorted meshes are
used B987 and the embedded element techniqué®
is introduced to the RVEs for rapidly and conve-
niently imposing the periodic boundary condition 28
The perfect interfaces between the constituents are
hypothesized. The 4-node linear tetrahedron ele-
ments are used for meshing the RVEs, and the mesh
size [, is selected such that Lryg/l. = 60.0 to guar-
antee the converged predictions.

First, the SiC fibers-reinforced 2080 aluminum
alloy SFCs? in which the fiber volume fractions
are 10.0%, 20.0% and 30.0%, respectively, are stud-
ied. The linear elastic properties of the matrix and
fibers are given as Fy = 74.0 GPa, 1y = 0.33 and
E1 = 410.0 GPa, 11 = 0.19. The second-order ori-
entation vector of the fibers in the SFCs is a =
diag[1/3,1/3,1/3] (i.e. ¥(0,p) = 1/4m), and the
FLDs in the SFCs are fractal and listed in Table [II
The RVEs of the SFCs are illustrated in Fig. [3]
in which the corresponding FLDs of the RVEs are
shown as well. It is noted that the sizes of the RVEs
of the SFCs with the fractal FLDs are approxi-
mately 0.5 times the maximum fiber length by bal-
ancing RVE generation complexity, computational
efficiency and FEH accuracy.

Here a = diag[1/3,1/3,1/3] leads to the macro-
scopically isotropic elastic properties of the SFCs.

Table 1 Fractal Parameters (i.e. the Minimum,
Maximum and Average Aspect Ratios v1, vm and
%) for the FLD in the RVEs of the SFCs Consisting
of the 2080 Aluminum Alloy and SiC Fibers.

Fractal Fiber Volume
Parameter Fraction vp
10.0% 20.0% 30.0%
Y1 2.8 3.0 3.1
Ym 40.0 50.0 60.0
o 5.0 5.0 5.0

The predicted elastic properties of the SFCs by the
developed MSMFH method are plotted regarding
the fiber volume fraction in Fig. @l in which the
predictions of the FEH method and the available
experimental results®® are presented as well. The
relative errors between the results of the developed
MSMFH method, the FEH method and the experi-
mental tests are computed and less than 8.0%. The
effectiveness of the developed MSMFH method and
the proposed fractal FLD for the accurate predic-
tions of the elastic properties of SFCs is thus vali-
dated.

The second investigated SFCs are the same with
the previous SFCs, except for the fiber orientation
a = diag[1/2,1/2,0] (i.e. ¥(0,¢) = 1/2m) and the
fiber volume fraction vy = 10.0%. The RVE of the
SFCs and the corresponding FLD of the RVE are
illustrated in Fig. Bl The estimations of the in-plane
(i.e. the zoy plane) and out-plane elastic proper-
ties of the SFCs of the developed MSMFH method
and the FEH method are compared in Table [2
which states that the differences between the pre-
dictions of these two methods are neglectable. The
developed MSMFH method and the proposed frac-
tal FLD are thus verified to accurately predict the
elastic properties of SFCs.

The third type of SFCs are the short carbon
fibers reinforced AZ91D magnesium alloy matrix
SFCs49 The fiber volume fraction vy is 10.0%, and
the linear elastic properties of the matrix and fibers
are Fy = 45.0 GPa, uo = 0.35 and E; = 230.0 GPa,
u1 = 0.25. The second-order orientation vector of
the fibers in the SFCs is a = diag[1/3,1/3,1/3]
(i.e. ¥(0,¢) = 1/47), and the FLD in the SFCs
is fractal with v; = 8.4, v, = 120.0 and ¥ = 15.0.
The RVE of the SFCs and the fractal FLD of the
RVE are given in Fig.[6l Compared with the results
of the FEH method and the available experimental
tests 40 the elastic properties of the SFCs predicted
using the developed MSMFH method are listed in
Table[l It is found that the predictions of the devel-
oped MSMFH method agree well with the results of
the FEH method and the experimental tests, and it
thus indicates the developed MSMFH method and
the proposed fractal FLD are capable of accurately
predicting the elastic properties of SFCs.

The additional SFCs consisting of the polypropy-
lene matrix and the different volume fractions of
glass fibers® are studied. The elastic properties of
the matrix and fibers are isotropic: Ey = 1.6 GPa,
o = 0.35 and E; = 75.0GPa, pu; = 0.25. The
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Cumulative frequency

02F ¢ o 10.0% vol. RVE 1
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Cumulative frequency

0 5 10 15 20 25

Cumulative frequency
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0.0 7
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a

(e (f)

Fig. 3 RVEs of the SFCs consisting of the 2080 aluminum alloy and SiC fibers with a = diag[1/3,1/3,1/3] and the
corresponding FLDs in these RVEs: (a)-(b) vy = 10.0%, (c)-(d) vy = 20.0% and (e)—(f) vy = 30.0%.
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Fig. 4 Elastic properties of the SFCs consisting of the 2080 aluminum alloy and SiC fibers with a = dla%/ii 1/3,1/3]

predicted using the developed MSMFH method and the FEH method and obtained from the experimental tests

(a) Elastic

modulus E and (b) Shear modulus G. MT/Voigt and DI/Voigt denote that the MT and DI model are used to homogenize
the SPGs in step (1) homogenization, respectively, and the Voigt model is used to homogenize all the SPGs and PGs in the

sequential-step homogenization.

()

Fig. 5 RVE of the SiC fibers reinforced 2080 aluminum composites with vy =

corresponding FLD of the RVE: (a) RVE and (b) FLD.

Table 2 Predicted In-Plane and Out-Plane Elas-
tic Properties of the SiC Fibers Reinforced 2080
Aluminum Composites with vy = 10.0% and
a = diag[1/2,1/2,0] Using the Developed MSMFH
Method and the FEH Method.

Elastic Modulus Shear Modulus

(GPa) (GPa)
Eq4 E33 G2 Gi3
MT/Voigt model  88.86 85.38 33.74 32.05
DI/Voigt model 89.09 85.63 33.87 32.16
FEH method 89.21 86.53 33.89 32.48

Cumulative frequency

1.0 B
0.8 B
0.6 B
0.4+ E
0.2 o RVE b
Theoretical
0.0 -
0 5 10 15 20 25
[0
(b)

10.0% and a = diag[1/2,1/2,0] and the

fibers in the SFCs pertain to perfect planar ran-
dom arrangements and the corresponding second-
order orientation vector is thus @ = diag[1/2,1/2, 0]
(i.e. ¥(0,9) = 1/2m). The FLDs in the SFCs are
assumed to be fractal and listed in Table [ regard-
ing the fiber volume fraction. The elastic proper-
ties of the SFCs are predicted by using the devel-
oped MSMFH method and then compared with the
results of the FEH method and the experimental
tests 242 a5 shown in Fig. [ The maximum devi-
ations of the predictions of the developed MSMFH
method from the results of the FEH method and

2240114-11
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(a)
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Theoretical

(b)
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o

Fig. 6 RVE of short carbon fibers reinforced AZ91D magnesium alloy matrix SFCs with a = diag[1/3,1/3,1/3] and the

corresponding FLD of the RVE: (a) RVE and (b) FLD.

Table 3 Elastic and Shear Moduli of Short Carbon Fibers Rein-
forced AZ91D Magnesium Alloy Matrix SFCs Obtained Using
the Developed MSMFH Method, the FEH Method and the

Experimental Tests.

Elastic Properties (GPa)

MT /Voigt DI/Voigt FEH Experiment
Model Model Method
Elastic modulus 53.42 53.55 53.08 50.45
Shear modulus 19.93 19.98 19.76 19.02
Table 4 Fractal Parameters (i.e. the Minimum, 8.0 ' ' ' '
Maximum and Average Aspect Ratios 71, vm and
%) for the FLD in the RVEs of the SFCs Consisting
of the Polypropylene Matrix and Glass Fibers. 6.0 - $
Fractal Fiber Volume =
Parameter Fraction vy % 4ol & |
10.33% 12.89% 18.72% w .
—— MT/Voigt model
Y1 130 132 137 20l —— DI/Voigt model |
Ym 2000 1600 1850 ¢ FEH method
o 231 231 231 * Experiment
0'0 1 1 1 1 1
0.10 0.12 0.14 0.16 0.18 0.20

the experimental tests are computed as 8.78% and
6.46%, respectively, which indicates the validation
of the developed MSMFH method and the proposed

vr

Fig. 7 Elastic moduli of the SFCs consisting of the
polypropylene matrix and the glass fibers with a =
diag[1/2,1/2,0] predicted using the developed MSMFH

fractal FLD to accurately prediCt the elastic prop- method and the FEH method and obtained from the experi-
erties of SFCs. mental tests 142
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7. CONCLUSIONS

Resulting from different FODs and FLDs, the
micro-structures of SFCs are very complicated. To
accurately determine the mechanical properties of
SFCs, the FOD and FLD are supposed to be fully
considered. Based on the fractal theory, a frac-
tal FLD function is proposed to characterize the
fiber lengths of SFCs, and the MSMFH method
is developed to accurately and efficiently predict
the mechanical properties of SFCs with the fractal
FLD.

In the developed MSMFH method, SFCs are first
decomposed into a set of virtual PGs according to
the FOD, followed the further division of the PGs
into a large number of virtual SPGs according to the
FLD. The MT or DI model is adopted for homog-
enizing the mechanical properties of each SPG in
the step (1) homogenization, and the Voigt model
is used for homogenizing the mechanical proper-
ties of all the SPGs and the PGs in the steps (2)
and (3) homogenization. The fiber length and ori-
entation averaging algorithms are introduced in the
MSMFH method to take into account various FODs
and FLDs of SFCs.

Regarding the different FODs, the mechanical
properties of SFCs are predicted using the devel-
oped MSMFH method and the proposed fractal
FLD, and compared with those of the FEH method
and the available experimental tests. The results
indicate the validation of the developed MSMFH
method and the proposed fractal FLD to accurately
and efficiently predict the mechanical properties of
SFCs.
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