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1 Introduction

Let X and Y be normed linear spaces, and let T be a bounded linear operator from X to Y . Consider
the following split feasibility problem (SFP): find a point x ∈ X such that

x ∈ C and T x ∈ Q, (1)

where C and Q are arbitrary nonempty closed and convex subsets of X and Y , respectively.
Throughout the whole paper, we always assume that the solution set S of (1) is nonempty, that is,

S := C ∩ T−1Q , ∅.

In the special case when X and Y are Euclidean spaces or Hilbert spaces, the SFP was introduced
by Censor and Elfving in [15], which provides a unified framework for many inverse problems
and has been used in various areas such as signal processing [14], image reconstruction [33] and
intensity-modulated radiation therapy [16, 17].

One of the most popular and practical algorithms to solve the SFP is the CQ algorithm, which
is an application of the subgradient method introduced in [28] for solving the optimization prob-
lem:

min
x∈C

f (x) (2)

where f : X → R is given by f (x) := d2(T x,Q) for each x ∈ X, and can also be regarded as
a special case of the project gradient method for solving (2) (cf. [22]). The CQ algorithm has
also been studied in [13] for finite-dimensional spaces, and in [27, 36] for Hilbert spaces where
it was shown to be weakly convergent in general. In [32], the authors considered the SFP in
Banach spaces and generalized the CQ algorithm with Bregman projections to obtain an iterative
algorithm in Banach spaces to solve the SFP. This generalized CQ algorithm has been modified
in [34] to solve the multiple-sets SFP in Banach spaces, where the strong convergence with respect
to Bregman distance of the modified algorithm was established. In [4], the authors constructed
an iterative method to find the Bregman projection of a point onto a countable intersection of
closed convex sets in a reflexive Banach space. The iterative method is different from the one
given in [34], but the problem of finding the Bregman projection of a point onto a countable
intersection of closed convex sets in a reflexive Banach space covers the multiple-sets SFP in
Banach spaces. To study the strong convergence and/or convergence rate of the CQ algorithm in
Hilbert spaces, Wang et al. [35] introduced a bounded linear regularity property for the SFP and
then used this property to establish a linear convergence result for the CQ algorithm. Thus how
to verify that the SFP has the bounded linear regularity property is an interesting problem. Some
sufficient conditions based on the interior/polyhedron conditions ensuring the bounded linear
regularity property for the SFP in Hilbert spaces were provided in [35, Proposition 2.5].

The main interests of the present paper are focused on the issue of the bounded linear regular-
ity property for the SFP (1) in general normed linear spaces. In spirit of the regularity condition
used in [12, Definition 3.1 and Lemma 3.2], we introduce the notion of a relative regularity con-
dition, together with its related relative regularity constant. Based on convex analysis techniques,
we explore equivalent characterizations of the relative regularity condition, which in particular
extend the classical results in [12, Lemma 3.2] from the Euclidean space to general normed linear
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spaces, and then establish some important and useful properties in terms of the related relative
regularity constant. Consequently, we develop a new technique, completely different from that
of [35] and others, to derive some sufficient conditions ensuring the bounded linear regularity
property for SFP (1). The sufficient conditions presented in this paper are in terms of the relative
regularity constant, which seem completely new. Applied to the case when X and Y are Hilbert
spaces, our results (see Theorem 4.3 and Corollary 4.4) extend and improve the corresponding
ones in [35, Proposition 2.5]. In particular, the polyhedron C in (i) of [35, Proposition 2.5] is
relaxed to a generalized polyhedron (see Theorem 4.3); while in the case when R(T ) (the range
of T ) is complete, the polyhedron Q in (iii) of [35, Proposition 2.5] is weakened to a generalized
polyhedron (see Corollary 4.4).

The remainder of the paper is organized as follows. As usual, some notations and auxiliary
results are presented in the next section, where some useful sufficient criteria for the bounded
linear regularity for two closed and convex subsets are also presented. In Sec. 3, we introduce
the definition of a relative regularity condition and its associated relative regularity constant,
together with some related useful results. The main results about sufficient conditions ensuring
the bounded linear regularity property for SFP (1) in normed linear spaces are provided in Sec.
4. Conclusions are provided in the last section.

2 Notations and Preliminaries

The notations used here are standard. As usual, we use X, Y, Z, · · · to stand for normed linear
spaces. The topological dual of normed linear space X is denoted by X∗; while the dual pairing
between X and X∗ is denoted by ⟨·, ·⟩. Let B(x, r) and U(x, r) denote respectively the closed and
open ball in X with center at x and radius r. In particular, we use B and B∗ to denote the unit ball
in X and X∗, respectively. Let A be a subset of X. The interior (resp., closure, convex hull, closed
convex hull, affine hull, closed affine hull, closed conical hull and boundary) of A is denoted by
intA (resp., A, coA, coA, affA, affA, coneA and bdA). The conical hull of A is denoted by coneA
and defined by coneA := {λa : a ∈ A, λ ≥ 0}. Similar notations will also be employed for subsets
of X∗ but with respect to the weak*-topology.

Let H ⊆ X. Recall from [37, P. 2] that the relative interior of A with respect to H is denoted
by intHA and defined by

intHA := {x ∈ A : there exists δ > 0 such that B(x, δ) ∩ H ⊆ A}.

Following [7, Definition 2.1], the relative interior of A is denoted by riA and defined by riA :=
intaffAA. Note that a point x̄ ∈ riA if and only if affA is closed and x̄ ∈ intaffAA. In fact, let x̄ ∈ riA.
Then there exists r > 0 such that B(x̄, r)∩ affA ⊆ A. Let ȳ ∈ affA. Thus, there exits t ∈ (0, 1) such
that z = tx̄ + (1 − t)ȳ ∈ B(x̄, r) and so z ∈ A. Note that ȳ = 1

1−t z +
−t

1−t x̄. Therefore, ȳ ∈ affA and so
affA is closed.

Let A be a nonempty subset of X. The polar set and the dual cone of A are defined respectively
by

A◦ := {x∗ ∈ X∗ : ⟨x∗, x⟩ ≤ 1 for each x ∈ A}
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and
A⊖ := {x∗ ∈ X∗ : ⟨x∗, x⟩ ≤ 0 for each x ∈ A}.

Let x0 ∈ X. The normal cone of a convex subset A at x0 is the set

NA(x0) := {x∗ ∈ X∗ : ⟨x∗, x − x0⟩ ≤ 0 for each x ∈ A} if x0 ∈ A,

and NA(x0) := ∅ if x0 < A. The indicator function δA, the support function σA and the distance
funtion d(·, A) are respectively defined by

δA(x) :=
{

0, x ∈ A,
∞, otherwise,

σA(x∗) := sup
x∈A
⟨x∗, x⟩ for each x∗ ∈ X∗

and
d(x, A) := inf

z∈A
∥x − z∥ for each x ∈ X.

Note that d(x, A) = 0 if and only if x ∈ A. The distance from A to the origin is simply denoted by

∥A∥ := inf{∥x∥ : x ∈ A}. (3)

Recall that A is a polyhedron if there exist p pairs (x∗i , αi) ∈ X∗ × R such that

A = {x ∈ X : ⟨x∗i , x⟩ ≤ αi for each i = 1, 2, · · · , p}.

Recall also that A is a generalized polyhedron if there exist a closed affine subspace AL ⊆ X and
a polyhedron AP such that

A = AL ∩ AP

(see e.g., [6, P. 133]). Such a pair {AL, AP} is called a polyhedron-linear space decomposition (P-L
decomposition, for short) of the generalized polyhedron A.

The following lemma lists some useful facts about polars and interiors, where (i) and (ii)
can be found in [24, Lemma 2.1], (iii) refers to [29, Lemma 1]; (iv) is a direct consequence
of [1, Lemma 2.4].

Lemma 2.1. Let A, B ⊂ Y. Then the following assertions hold:

(i) If 0 ∈ A ∩ B, then coA ⊆ coB⇔ B◦ ⊆ A◦.

(ii) If 0 ∈ A ∩ B and A is a cone, then (A + B)◦ = A◦ ∩ B◦.

(iii) If B is convex and E ⊆ Y is bounded and A + E ⊆ B + E, then A ⊆ B.

(iv) If A and B are convex, and B ⊆ A, then (1 − ε)B ⊆ A for each ε ∈ (0, 1).
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Let J : X ⇒ Y be a multifunction. As usual, the domain, norm and the inverse of J are
respectively denoted by D(J), ∥J∥ and J−1 : Y ⇒ X, and defined by

D(J) := {x ∈ X : J(x) , ∅}, ∥J∥ := sup{∥J(x)∥ : x ∈ D(J) ∩ B}

(noting that ∥J(x)∥ = inf{∥y∥ : y ∈ J(x)} by (3)), and

J−1(y) := {x ∈ X : y ∈ J(x)} for each y ∈ Y.

Let H ⊆ X. We use JH to denote the image of J on H, that is, JH :=
⋃
{J(x) : x ∈ H}.

In particular, the image of J on X is denoted by R(J) and defined by R(J) := JX. Following
Rockafellar [30,31], we say that J is normed if ∥J∥ < +∞. Recall from [31, p.413] that J is called
a convex process from X to Y if it satisfies that 0 ∈ J(0), J(λx) = λJ(x) for all λ > 0, x ∈ X, and
J(x + y) ⊇ J(x) + J(y) for all x, y ∈ X.

We use L(X,Y) to denote the space containing all the continuous linear operators from X to
Y endowed with standard operator norm. The kernel of T is denoted by kerT , and defined by
kerT := {x ∈ X : T x = 0}. Let T ∈ L(X,Y) and let K ⊆ X be a nonempty, closed and convex
cone. We use TK : X ⇒ Y to denote the convex process defined by

TK(x) := T x − K for each x ∈ X. (4)

Note that if R(TK) is a complete linear subspace, then T−1
K is normed (cf. [25, Proposition 2.2

(ii)]). In particular, if R(T ) is complete, then T−1 is normed.

Let V be a subspace of X. For a map h : X → Y , we use h|V : V → Y to denote the restriction
of h on V . Consider a proper convex function f : X → R := R ∪ {+∞} with its domain denoted
by dom( f ) := {x ∈ X : f (x) < +∞}. The subdifferential of f at x0 ∈ dom f is defined by

∂ f (x0) := {x∗ ∈ X∗ : ⟨x∗, x − x0⟩ ≤ f (x) − f (x0) for each x ∈ X}.

Let A be a convex subset of X. We have that

∂δA(x) = NA(x) for each x ∈ A

and
∂d(x, A) = NA(x) ∩ B∗ for each x ∈ A. (5)

We need the following chain rule of subdifferentials which is known in [19] for Banach space
setting and a direct consequence of [37, Theorem 2.8.3 (iii)] for normed linear space setting.

Lemma 2.2. Let T ∈ L(X,Y) and let f : Y → R be a proper convex function. Then for each
x̄ ∈ X such that f is locally Lipschitz continuous at T x̄, one has

∂( f ◦ T )(x̄) = T ∗∂ f (T x̄). (6)

The following useful proposition is about separation between a convex subset and the origin
{0} in normed linear space setting.
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Proposition 2.1. Let D ⊆ X be a convex subset such that 0 < D and riD , ∅. Then there exists
y∗ ∈ X∗ \ {0} such that

⟨y∗, y⟩ ≤ 0 for each y ∈ D. (7)

Proof. We first consider the case when 0 ∈ affD. Then {0},D ⊆ affD, affD = spanD and
intspanDD = riD , ∅. We apply the separation theorem [37, Theorem 1.1.3] to D, {0}, spanD in
place of A, B, X to get that there exists x∗ ∈ (spanD)∗ \ {0} such that

⟨x∗, y⟩ ≤ 0 for each y ∈ D.

By Hahn-Banach Theorem (cf. [18, Corollary 6.5, page 79]), there exists y∗ ∈ X∗ such that
y∗(x) = x∗(x) for each x ∈ affD; hence (7) is seen to hold. Next we consider the case when
0 < affD. Then there exists r0 > 0 such that r0B ∩ affD = ∅. By the separation theorem [37,
Theorem 1.1.3] (applied to r0B, affD in place of A, B), there exists y∗ ∈ X∗ \ {0} such that

⟨y∗, y⟩ ≤ 0 for each y ∈ D.

The proof is completed. □

Next, we provide the the notion of linear regularity property for two closed and convex sub-
sets, and its some relatively useful propositions. The linear regularity property plays a key role
in various branches of convex optimization, such as convex feasibility problem, constrained ap-
proximation and systems of convex inequalities (see [2, 3, 5] and references therein). We recall
from [2] the following definitions of the linear regularity and bounded linear regularity for two
closed and convex subsets of X.

Definition 2.1. Let E and F be closed and convex subsets of X such that E ∩ F , ∅. The pair
{E, F} is said to have

(a) the linear regularity property if there exists α > 0 such that

d(x, E ∩ F) ≤ αmax{d(x, E), d(x, F)} for each x ∈ X;

(b) the bounded linear regularity property if for any r > 0 there exists αr > 0 such that

d(x, E ∩ F) ≤ αr max{d(x, E), d(x, F)} for each x ∈ rB.

We will need the following propositions about the bounded linear regularity property. Propo-
sition 2.2 is known in [38, Proposition 3.1, Theorem 3.1 and Proposition 3.6] for the Hilbert space
setting. The arguments used there can be modified to work for the normed linear space setting,
and so the proof of Proposition 2.2 is omitted here.

Proposition 2.2. Let E and F be closed and convex subsets of a normed linear space X such that
E ∩ F , ∅. Then the pair {E, F} has the bounded linear regularity property provided one of the
following conditions holds:

(a) E and F are polyhedrons;
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(b) E ∩ intF , ∅;

(c) riE ∩ F , ∅ and F is a polyhedron;

(d) riE ∩ riF , ∅ and F is finite codimensional;

(e) the pair {E, F} has the bounded linear regularity property on X1 which is a closed and
linear subspace of X.

Proposition 2.3. Let C and Q be nonempty closed and convex subsets of X and Y, respectively.
Let T ∈ L(X,Y). Suppose that T (riC) ∩ Q , ∅ and V = spanC. Then the pair {T−1Q ∩ V,C} has
the bounded linear regularity property.

Proof. By the assumption, riC ∩ T−1Q , ∅. Without loss of generality, we assume that 0 ∈
C. Then, one has that affC = spanC and so riC = intVC (noting V = spanC). Therefore
T−1Q ∩ V ∩ intVC , ∅, and it follows from Proposition 2.2(b) that the pair {T−1Q ∩ V,C} has the
bounded linear regularity property in space V . Then, in view of Proposition 2.2(e), it follows that
the pair {T−1Q ∩ V,C} has the bounded linear regularity property. □

3 Regularity Conditions

Recall that C ⊆ X, Q ⊆ Y are closed and convex subsets and T ∈ L(X,Y). In spirit of the regu-
larity condition used in [12, Definition 3.1 and Lemma 3.2], we introduce the relative regularity
condition in the following definition.

Definition 3.1. Let V ⊂ X be a closed linear subspace. SFP (1) is said to satisfy

(a) the relative regularity condition at z on V if there exist δ > 0 and µ > 0 such that

δB ∩ TV ⊆ µT (B ∩ V) + Q − z; (8)

(b) the relative regularity condition at z if (8) holds with X in place of V.

Define the relative regularity constant βV
T (z) at z ∈ Y by

βV
T (z) := inf{

µ

δ
: δB ∩ TV ⊆ µT (B ∩ V) + Q − z},

and in particular, in the case when V = X, we write for short that

βT (z) := βX
T (z) = inf{

µ

δ
: δB ∩ R(T ) ⊆ µT (B) + Q − z}. (9)

Then it is clear that SFP (1) satisfies the relative regularity condition at z on V (resp. the relative
regularity condition at z) if and only if βV

T (z) < +∞ (resp. βT (z) < +∞).
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Throughout the whole paper, we always assume that Q is a closed and convex subset of Y . We
recall from [12, p. 183] that the multifunction ΓQ : Y ⇒ Y∗ (where the setting is the Euclidean
space) is defined by

ΓQ(y) := [cone(Q − y)]◦ = {y∗ ∈ Y∗ : ⟨y∗, y⟩ − σQ(y∗) ≥ 0}

for each y ∈ Y. Clearly, for each y ∈ Y , ΓQ(y) is a closed cone and coincides with the normal cone
NQ(y) if y ∈ Q. Below, we proceed with a key proposition characterizing equivalent conditions
for the relative regularity condition, which (applied to Y in place of H) in particular extends the
classical results in [12, Lemma 3.2] from the Euclidean space to general normed linear spaces.
Let H ⊂ Y and let H⊥ := {y∗ ∈ Y∗ : ⟨y∗, y⟩ = 0, ∀y ∈ H}.

Proposition 3.1. Let H ⊂ Y be a closed linear subspace and let z ∈ Y. Let δ > 0 and µ > 0.
Consider the following equality/inclusions:

δB ∩ H ⊆ µTB + Q − z; (10)

(T ∗)−1(B∗) ∩ ΓQ(z) ⊆
µ

δ
B∗ + H⊥; (11)

δB ∩ H ⊆ µTB + cone(Q − z); (12)

R(T ) + cone(Q − z) ⊇ H; (13)

kerT ∗ ∩ ΓQ(z) ⊆ H⊥. (14)

Then the following equivalences/implications hold:

(10) =⇒ (11)⇐⇒ (12) =⇒ (13)⇐⇒ (14). (15)

Furthermore, if ri((µ0TB + Q − z) ∩ H) , ∅ for some µ0 > 0 and

(R(T ) + cone(Q − z)) ∩ H = R(T ) + cone(Q − z) ∩ H, (16)

then equality/inclusions (10)-(14) are equivalent with possibly different δ > 0.

Proof. Note first by definition that

(µTB)◦ = (T ∗)−1(µ−1B∗), (R(T ))◦ = kerT ∗,

(δB ∩ H)◦ =
1
δ

B∗ + H⊥, H◦ = H⊥ and (cone(Q − z))◦ = ΓQ(z).

Note further that 0 ∈ µTB∩ cone(Q− z). Thus one applies Lemma 2.1(ii) to µTB, cone(Q− z) in
place of A, B to check that

(µTB + cone(Q − z))◦ = (µTB)◦ ∩ (cone(Q − z))◦ = (T ∗)−1(µ−1B∗) ∩ ΓQ(z).

Similarly, one has that

(R(T ) + cone(Q − z))◦ = (R(T ))◦ ∩ (cone(Q − z))◦ = kerT ∗ ∩ ΓQ(z). (17)
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Hence the equivalences (11) ⇐⇒ (12) and (13) ⇐⇒ (14) follow from Lemma 2.1(i) (applied
to δB ∩ H, µTB + cone(Q − z) and H,R(T ) + cone(Q − z) in place of A, B, respectively). Since
the implication (10) =⇒ (12) holds trivially, it remains to show the implication (12) ⇒ (13). To
do this, we assume that (12) holds and take the cone hull of both sides of (12) to deduce that
H ⊆ R(T ) + cone(Q − z) and so (13) is seen to hold. The proof of (15) is completed.

Suppose that ri((µ0TB + Q − z) ∩ H) , ∅ for some µ0 > 0 and (16) holds. To complete the
proof, it suffices to show that (13)=⇒(10). To do this, suppose that (13) holds and set

Ω :=
⋃
µ>0

ri((µTB + Q − z) ∩ H). (18)

Note by definition that

aff((µTB + Q − z) ∩ H) = affΩ for each µ > 0, (19)

because for any µ′, µ′′ > 0, aff((µ′TB + Q − z) ∩ H) = aff((µ′′TB + Q − z) ∩ H) (noting 0 ∈ TB).
We claim that 0 ∈ Ω. Assuming this holds,

H ⊇ affΩ = spanΩ ⊇ (R(T ) + cone(Q − z)) ∩ H ⊇ H (20)

(due to (16) and (13)) and there exists µ > 0 such that 0 ∈ ri((µTB + Q − z) ∩ H), that is, there
exists δ > 0 such that

δB ∩ aff((µTB + Q − z) ∩ H) ⊂ µTB + Q − z;

hence (10) holds by (19) and (20). It remains to show that 0 ∈ Ω. To this end, we first note by (19)
and the nonempty assumption of ri((µ0TB + Q − z) ∩ H) that riΩ , ∅. Suppose on the contrary
that 0 < Ω. By Proposition 2.1 (applied to Ω,H in place of D, X), there exists y∗ ∈ H∗ \ {0} such
that

⟨y∗, y⟩ ≤ 0 for each y ∈ Ω.

This implies that
coneΩ ⊆ {y ∈ H : ⟨y∗, y⟩ ≤ 0}. (21)

Since H is a closed linear subspace, it follows that

cone((µTB + Q − z) ∩ H) = cone(µTB + Q − z) ∩ H. (22)

Note by basic techniques and definitions in convex analysis that for a convex subset D ⊆ Y
if riD , ∅, then riD = D and so coneD = cone(riD). Thus, by the nonempty assumption of
ri((µ0TB + Q − z) ∩ H), one has that

cone(ri((µTB + Q − z) ∩ H)) = cone((µTB + Q − z) ∩ H) for each µ > µ0.

Combining this with (22) yields that

cone(ri((µTB + Q − z) ∩ H)) = cone(µTB + Q − z) ∩ H for each µ > µ0.

Hence, it follows from (18) that

coneΩ ⊇
⋃
µ>0

cone(µTB + Q − z) ∩ H ⊇ (R(T ) + cone(Q − z)) ∩ H.

Thus, we have from (13), (16) and (21) that H ⊆ {y ∈ H : ⟨y∗|H, y⟩ ≤ 0}. Noting that H is a linear
subspace, one has that y∗ = 0 which contradicts with y∗ ∈ H∗ \ {0}. The proof is completed. □
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Proposition 3.2. Let z ∈ Y and suppose that the pair (τ,K) satisfies that

τ ≥ 0, K is a nonempty closed and convex cone such that
−K ⊆ τTB + Q − z. (23)

Then, the following two assertions hold:

(i) If ∥T−1
K ∥ < +∞ and R(TK) is closed (e.g., R(TK) is a complete linear subspace), then

βT (z) ≤ τ + ∥T−1
K ∥. (24)

(ii) If R(TK) is a closed linear subspace and ri((µ0TB + Q − z) ∩ R(TK)) , ∅ for some µ0 > 0,
then βT (z) < +∞.

Proof. (i) Assume that ∥T−1
K ∥ < +∞ and R(TK) is closed. Now let ϵ > 0 and y ∈ B∩R(TK). Then,

there exists x ∈ T−1
K y such that ∥x∥ ≤ ∥T−1

K y∥ + ϵ ≤ ∥T−1
K ∥ + ϵ, and so

y ∈ TK x ⊆ TK[(∥T−1
K ∥ + ϵ)B] = (∥T−1

K ∥ + ϵ)TKB.

Noting that y ∈ B ∩ R(TK) is arbitrary, and letting ϵ → 0 , we deduce that

B ∩ R(TK) ⊆ ∥T−1
K ∥TKB = ∥T−1

K ∥TB − K (25)

(see the definition TK in (4)). Note that R(T ) ⊆ R(TK) because R(TK) is closed by assumption. It
follows from (23) and (25) that

B ∩ R(T ) ⊆ ∥T−1
K ∥TB − K ⊆ (τ + ∥T−1

K ∥)TB + Q − z.

Thus, we arrive at (24) by (9), and complete the proof of assertion (i).

(ii) Assume that R(TK) is a closed linear subspace and ri((µ0TB + Q − z) ∩ R(TK)) , ∅ for
some µ0 > 0. Note by (23) that

R(TK) = R(T ) − K ⊆ R(T ) + τTB + Q − z ⊆ R(T ) + cone(Q − z).

We have that (16) and (13) hold automatically with R(TK) in place of H. Thus, thanks to the
assumption that ri((µ0TB + Q − z) ∩ R(TK)) , ∅ for some µ0 > 0, Proposition 3.1 is applicable
(to R(TK) in place of H), and therefore equality/inclusions (10)-(14) are equivalent (with possibly
different δ > 0). In particular, there exist δ, µ > 0 such that (10) holds with R(TK) in place of H,
that is, δB∩R(TK) ⊆ µTB+Q− z. Hence we have that δB∩R(T ) ⊆ µTB+Q− z as R(T ) ⊆ R(TK)
and R(TK) is closed. By the definition of βT (z) again, we have that βT (z) < +∞, and the proof is
complete. □

Corollary 3.1. Let z ∈ R(T ), and suppose that R(T ) is complete. Then, for each τ > ∥T−1∥d(z,Q∩
R(T )), the pair (τ, {0}) satisfies (23), and so

βT (z) ≤ ∥T−1∥(1 + d(z,Q ∩ R(T ))).
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Proof. Since R(T ) is complete, one has that ∥T−1∥ < ∞. By Proposition 3.2(i) (applied to {0})
in place of K), it suffices to prove the first assertion. To do this, note that (25) holds for any pair
(τ,K) with K being a nonempty closed and convex cone such that ∥T−1

K ∥ < +∞. Thus, one has by
(25) (applied to {0} in place of K) that

R(T ) ∩ B ⊆ ∥T−1∥TB. (26)

Let τ > ∥T−1∥d(z,Q ∩ R(T )). Then we check by definition (noting that z ∈ R(T )) that

(z − Q ∩ R(T )) ∩ [
τ

∥T−1∥
B ∩ R(T )] , ∅.

This, together with (26), implies that

{0} ⊆ τTB + Q ∩ R(T ) − z ⊆ τTB + Q − z.

This means that the pair (τ, {0}) satisfies (23). The proof is complete. □

Corollary 3.2. Let z ∈ Y, and suppose that R(T ) is closed and ri((µ0TB + Q − z) ∩ R(T )) , ∅ for
some µ0 > 0. Then, there exists τ > 0 such that the pair (τ, {0}) satisfies (23), and so βT (z) < +∞.

Proof. As in the proof of Corollary 3.1 (but using Proposition 3.2(ii) instead of Proposition
3.2(i)), we only need to show the first assertion. Note that R(T ) ⊆ R(T ) + cone(Q − z) is trivial.
Thus, by the arguments for proving assertion (ii) of Proposition 3.2 (applied to {0} in place of K,
one checks that there exist δ, τ > 0 such that δB ∩ R(T ) ⊆ τTB + Q − z. This clearly implies that
the pair (τ, {0}) satisfies (23), and the proof is complete. □

Proposition 3.3. Let H be a closed linear subspace of Y such that R(T ) ⊆ H. Let z̄ ∈ H, δ̄ > 0
and µ̄ > 0 be such that

δ̄B ∩ H ⊆ µ̄TB + Q − z̄. (27)

Let R̄ > 0 and r̄ > 0 be such that µ̄R̄ + r̄ ≤ δ̄2 . Then for any (∆, z) ∈ L(X,Y) × H with

∥∆∥ ≤ R̄, ∥z − z̄∥ ≤ r̄ and R(∆) ⊆ H, (28)

one has that
βT+∆(z) ≤

2µ̄
δ̄
. (29)

Proof. By the assumption that R(T ) ⊆ H, one has that

(µ̄TB + Q − z̄) ∩ H = µ̄TB + Q ∩ H − z̄

and so it follows from (27) that

δ̄B ∩ H ⊆ µ̄TB + Q ∩ H − z̄. (30)

Now fix (∆, z) ∈ L(X,Y) × H that satisfies (28). Then

∥∆∥ ≤ R̄, R(T + ∆) ⊆ H and z − z̄ ∈ r̄B ∩ H.

11



Using this, we check by definition that

TB ⊆ (T + ∆)B + ∥∆∥B ∩ H ⊆ (T + ∆)B + R̄B ∩ H;

hence
µ̄TB + Q ∩ H − z̄ ⊆ µ̄(T + ∆)B + Q ∩ H − z + (µ̄R̄ + r̄)B ∩ H. (31)

Since µ̄R̄ + r̄ ≤ δ̄2 by the assumption, it follows from (30) and (31) that

δ̄

2
B ∩ H +

δ̄

2
B ∩ H ⊆ µ̄(T + ∆)B + Q ∩ H − z +

δ̄

2
B ∩ H

(noting that δ̄2B∩H + δ̄2B∩H = δ̄B∩H). Now applying Lemma 2.1(iii) (to δ̄2B∩H, µ̄(T +∆)B+
Q ∩ H − z, δ̄2B ∩ H in place of A, B, E), we deduce that

δ̄

2
B ∩ H ⊆ µ̄(T + ∆)B + Q ∩ H − z.

Thus applying Lemma 2.1(iv) (with µ̄(T + ∆)B + Q ∩ H − z, δ̄2B ∩ H in place of A,B), we deduce
that

δ̄

2
(1 − ε)B ∩ H ⊆ µ̄(T + ∆)B + Q ∩ H − z ∀ε ∈ (0, 1). (32)

Noting that R((T + ∆)) ⊆ H, one has from (32) that

δ̄

2
(1 − ε)B ∩ R((T + ∆)) ⊆ µ̄(T + ∆)B + Q ∩ H − z ⊆ µ̄(T + ∆)B + Q − z ∀ε ∈ (0, 1).

Then, applying (9) to T + ∆ in place of T , one has that

βT+∆(z) ≤
2µ̄

δ̄(1 − ε)
∀ε ∈ (0, 1).

Since ε ∈ (0, 1) is arbitrary, (29) is seen to hold. The proof is completed. □

The following proposition establishes a useful relationship between T ∗(ΓQ(z)∩B∗) and T ∗(ΓQ(z))∩
B∗.

Proposition 3.4. Let z ∈ Y. Then

(i)
T ∗(ΓQ(z) ∩ B∗) ⊆ T ∗(ΓQ(z)) ∩ ∥T∥B∗; (33)

(ii) if z ∈ R(T ) and βT (z) < ∞, then

(T ∗ΓQ∩R(T )(z)) ∩ B∗ ⊆ T ∗(ΓQ∩R(T )(z) ∩ βT (z)B∗).

12



Proof. (i) Inclusion (33) is trivial as ∥T ∗y∗∥ ≤ ∥T ∗∥ = ∥T∥ for any y∗ ∈ ΓQ(z) ∩ B∗.

(ii) Since βT (z) < ∞, for any ϵ > 0, there exist δ > 0 and µ > 0 such that

µ

δ
< βT (z) + ϵ and δB ∩ R(T ) ⊂ µTB + Q ∩ R(T ) − z. (34)

Set Y0 := R(T ) for simplicity, and consider the operator T0 : X → Y0 be defined by T0x := T x for
each x ∈ X. Let ΓY0

Q : Y0 ⇒ Y∗0 be defined by

Γ
Y0
Q (y) := [cone(Q − y)]◦ = {y∗ ∈ Y∗0 : ⟨y∗, y⟩ − σQ(y∗) ≥ 0}

for each y ∈ Y0. Then, by (34), we apply the implication (10) =⇒ (11) in Proposition 3.1 (with
T0,Y0,Y0,Q ∩ Y0 in place of T,Y,H,Q) to conclude that

(T ∗0)−1(B∗) ∩ ΓY0

Q∩R(T )
(z) ⊆

µ

δ
B∗ + Y⊥0 =

µ

δ
B∗, (35)

where the equality holds because Y⊥0 = {0} on Y0. Noting that for any (x∗, y∗) ∈ X∗ × Y∗ with
T ∗y∗ = x∗, one has that x∗ = T ∗0(y∗|Y0) and

ΓQ∩R(T )(z)|Y0 := {y∗|Y0 ∈ Y∗0 : y∗ ∈ ΓQ∩R(T )(z)} ⊆ ΓY0

Q∩R(T )
(z).

Hence, it follows that (
(T ∗)−1B∗ ∩ ΓQ∩R(T )(z)

)
|Y0 ⊆ (T ∗0)−1(B∗) ∩ ΓY0

Q∩R(T )
(z).

This, together with (35), implies that(
(T ∗)−1B∗ ∩ ΓQ∩R(T )(z)

)
|Y0 ⊆

µ

δ
B∗. (36)

Let x∗ ∈ T ∗ΓQ∩R(T )(z) ∩ B∗. By definition, there exists y∗ ∈ (T ∗)−1B∗ ∩ ΓQ∩R(T )(z) such that
x∗ = T ∗y∗. Hence, it follows from (36) that y∗|Y0 ∈

µ

δ
B∗ and so ∥y∗|Y0∥ ≤

µ

δ
. This, together with

(34), implies that ∥y∗|Y0∥ ≤ βT (z) + ϵ. Since ϵ > 0 is arbitrary, one has that ∥y∗|Y0∥ ≤ βT (z). By
Hahn-Banach theorem (cf. [18, Corollary 6.5, page 79]), there exists ŷ∗ ∈ Y∗ such that ŷ∗|Y0 = y∗|Y0

and ∥ŷ∗|∥ = ∥y∗|Y0∥. Consequently, one can check that ŷ∗ ∈ ΓQ∩R(T )(z) ∩ βT (z)B∗ and x∗ = T ∗ŷ∗.
The proof is completed. □

The notion of the global weak sharp minima for optimization problem introduced by Ferris
in [21], as well as the notions of boundedly weak sharp minima and local weak sharp minima
introduced by Burke and Deng in [9], has been extensively studied and widely applied in the
sensitivity and convergence analysis of many optimization algorithms; see [10–12] and references
therein. For the proofs of Proposition 3.5 below and Theorem 4.1 in the next section, we need
the following lemma regarding some useful facts relative to the notion of weak sharp minima;
see [26, Theorem 3.8 and Proposition 3.5]. Let f : X → R be a proper convex and lower
semicontinuous function and we use S̄ f := argminx∈X f (x) to denote the set of all minimizers of
f .
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Lemma 3.1. Let α > 0, r > 0 and x0 ∈ S̄ f . Suppose that f (x0) = 0 and consider the following
inequalities/inclusion:

d(x, S̄ f ) ≤ α f (x) for each x ∈ B(x0, r); (37)

B∗ ∩ NS̄ f (z) ⊆ α∂ f (z) for each z ∈ S̄ f ∩ B(x0, r); (38)

d(x, S̄ f ) ≤ 2α f (x) for each x ∈ B(x0,
r
2

). (39)

Then (37) =⇒ (38) =⇒ (39).

For convenience, let f be the function defined by

f (x) := d(T (x),Q ∩ R(T )) for each x ∈ X (40)

(and so f (x) = 0 for each x ∈ S̄ f ). Then

S̄ f = T−1(Q ∩ R(T )) = T−1Q and ∂ f (x) = T ∗(NQ∩R(T )(T x) ∩ B∗) (41)

for each x ∈ T−1Q (due to (6) and (5)).

Proposition 3.5. Let x ∈ T−1Q. Then

T ∗NQ(T x) ⊆ T ∗NQ∩R(T )(T x) ⊆ T ∗NQ∩R(T )(T x) ⊆ NT−1Q(x). (42)

Suppose further that there exists z̄ ∈ R(T ) such that βT (z̄) < +∞. Then,

NT−1Q(x) = T ∗NQ∩R(T )(T x) = T ∗NQ∩R(T )(T x). (43)

Proof. To show (42), we only need to show the last inclusion as the others are trivial. Thus,
it suffices to verify that T ∗NQ∩R(T )(T x) ⊆ NT−1Q(x) as NT−1Q(x) is w∗-closed. To do this, let
x∗ := T ∗y∗ ∈ T ∗NQ∩R(T )(T x) with y∗ ∈ NQ∩R(T )(T x). Then, for each x′ ∈ T−1Q, one has that

⟨x∗, x′ − x⟩ = ⟨T ∗y∗, x′ − x⟩ = ⟨y∗,T x′ − T x⟩ ≤ 0

(as T x′ ∈ Q ∩ R(T )). This shows that x∗ ∈ NT−1Q(x) as desired to show, and completes the proof
of (42).

Now assume that z̄ ∈ R(T ) is such that βT (z̄) < +∞ and let x̄ ∈ T−1(z̄). Then there exist
constants δ > 0 and µ > 0 such that

δB ∩ R(T ) ⊆ µTB + Q ∩ R(T ) − z̄. (44)

To show (43), it suffices to verify that

NT−1Q(x) ⊆ T ∗NQ∩R(T )(T x). (45)

To do this, let f be defined by (40), and consider the multifunction F : X ⇒ R(T ) defined by

F(v) := Q ∩ R(T ) − Tv for each v ∈ X.

14



Then
d(0, F(·)) = d(T (·),Q ∩ R(T )) = f (·) (46)

and
F−1(0) = T−1(Q ∩ R(T )) = T−1Q = S̄ f , ∅; (47)

see (40) and (41). Furthermore, F(v) is closed for each v ∈ X and satisfies that

λF(v1) + (1 − λ)F(v2) ⊆ F(λv1 + (1 − λ)v2) for all λ ∈ (0, 1), v1, v2 ∈ X.

This means that F is a convex multifunction with closed values. Note further that aff(F(X)) ⊆
R(T ) and F(x̄ + µB) = µT (B) + Q ∩ R(T ) − z̄ (due to T (B) = −T (B)). Thus by (44), one sees that
B(0, δ)∩ aff(F(X)) ⊆ F(x̄+ µB), and [39, Theorem 2.1] is applicable (to x̄, 0, R(T ) in place of x0,
y0, Y) to concluding that

d(v, F−1(0)) ≤
d(0, F(v))
δ

(µ + ∥v − x̄∥) for all v ∈ X. (48)

Set α := µ+δ+∥x−x̄∥
δ

. Then µ+∥v−x̄∥
δ
≤ α for all v ∈ B(x, δ). Hence, it follows from (48), together with

(46) and (47), that

d(v,T−1Q) ≤ αd(Tv,Q ∩ R(T )) = α f (v) for all v ∈ B(x, δ).

This means that (37) holds with x, δ in place of x0, r, and Lemma 3.1 is applicable to concluding
that (38) holds, that is,

NT−1Q(v) ∩ B∗ ⊆ α∂ f (v) for all v ∈ B(x, δ) ∩ T−1Q.

This, together with (41) , implies that

NT−1Q(x) ⊆ cone(T ∗(NQ∩R(T )(T x) ∩ B∗)) = T ∗NQ∩R(T )(T x),

and (45) follows. The proof is completed. □

4 Linear Regularity Property for the SFP

Recall that C ⊆ X and Q ⊆ Y are nonempty closed and convex subsets and T ∈ L(X,Y). Linear
regularity property have been widely used to analyze the convergence rates of many algorithms;
see [12,35] and references therein. We begin with the following definition on the linear regularity
property for SFP (1). In particular, item (b) was introduced in [35].

Definition 4.1. Let x̄ ∈ S , and let Ω ⊆ X be such that Ω ∩ S , ∅. SFP (1) is said to have

(a) the linear regularity property on Ω if there exists γ > 0 such that

d(x, S ) ≤ γd(T x,Q) for each x ∈ Ω ∩C; (49)

(b) the bounded linear regularity property if, for any r > 0, there exists γr > 0 such that (49)
holds with γ := γr and Ω := B(x̄, r);
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(c) the local linear regularity property at x̄ if there exist r > 0 and γ > 0 such that (49) holds
with Ω := B(x̄, r).

Remark 4.1. Let x̄ ∈ S . Consider the following property: for any r > 0, there exists γr > 0
satisfying

d(x, S ) ≤ γr max{d(x,C), d(T x,Q)} for each x ∈ B(x̄, r).

Clearly, this property implies that SFP (1) has the bounded linear regularity property. We claim
that the converse is also true. In fact, let r > 0 and suppose that there exists γr > 0 such that

d(x, S ) ≤ γrd(T x,Q) for each x ∈ B(x̄, r) ∩C. (50)

Below, we show that

d(x, S ) ≤ βr max{d(x,C), d(T x,Q)} for each x ∈ B(x̄, r), (51)

where βr := 4γr(1 + γr∥T∥). Since C ∩ U(x̄, r) , ∅, by Proposition 2.2(b), one has that the pair
{C,B(x̄, r)} has the bounded linear regularity property. Hence

d(x,C ∩ B(x̄, r)) ≤ γrd(x,C) for each x ∈ B(x̄, r). (52)

Let x ∈ B(x̄, r). Then, there exists x1 ∈ C ∩ B(x̄, r) satisfying

d(x, x1) ≤ 2d(x,C ∩ B(x̄, r)).

This, together with (52), implies that

d(x, x1) ≤ 2γrd(x,C). (53)

Since
d(T x1,Q) ≤ d(T x,Q) + ∥T (x1) − T (x)∥ ≤ d(T x,Q) + ∥T∥d(x, x1),

it follows from (50) that

d(x1, S ) ≤ γrd(T x1,Q) ≤ γr(d(T x,Q) + ∥T∥d(x, x1)).

Combining this with (53) yields that

d(x, S ) ≤ d(x, x1) + d(x1, S ) ≤ 2γr(1 + γr∥T∥)(d(x,C) + d(T x,Q)).

Hence, (51) is seen to hold, and the claim stands.

4.1 Linear Regularity Property for the Inclusion Problem

This subsection is devoted to the study of linear regularity property for the special case of the SPF
(1) when C = X, that is, the inclusion problem:

T x ∈ Q. (54)

Theorem 4.1 below provides some sufficient conditions for ensuring that the inclusion problem
(54) has the linear regularity property on B(x̄, r

2 ) for some x̄ ∈ T−1Q and r > 0.
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Theorem 4.1. Let r, αr > 0 and x̄ ∈ T−1Q be such that

βT (T x) < αr for each x ∈ B(x̄, r) ∩ T−1Q. (55)

Suppose that there exists η > 0 such that

d(y,Q ∩ R(T )) ≤ ηmax{d(y,Q), d(y,R(T ))} for each y ∈ B(T x̄, r∥T∥
2 ). (56)

Then
d(x,T−1Q) ≤ 2αrηd(T x,Q) for each x ∈ B(x̄,

r
2

).

Proof. By (56), it suffices to show that

d(x,T−1Q) ≤ 2αrd(T x,Q ∩ R(T )) for each x ∈ B(x̄,
r
2

). (57)

To proceed, fix x ∈ B(x̄, r) ∩ T−1Q. By (55), we have that

βT (T x) ≤ αr < +∞.

Noting that NQ∩R(T )(T x) = ΓQ∩R(T )(T x) (due to T x ∈ Q ∩ R(T )), one apply Proposition 3.4(ii) to
T x in place of z to obtain that

(T ∗NQ∩R(T )(T x)) ∩ B∗ ⊆ T ∗(NQ∩R(T )(T x) ∩ βT (T x)B∗). (58)

As βT (T x)B∗ ⊆ αrB∗ (due to (55)), we have that

T ∗(NQ∩R(T )(T x) ∩ βT (T x)B∗) ⊆ αrT ∗(NQ∩R(T )(T x) ∩ B∗).

Then, it follows from (58) that

(T ∗NQ∩R(T )(T x)) ∩ B∗ ⊆ αrT ∗(NQ∩R(T )(T x) ∩ B∗).

Since x ∈ T−1Q, we apply Proposition 3.5 to conclude that

NT−1Q(x) ∩ B∗ = (T ∗NQ∩R(T )(T x)) ∩ B∗.

Now let f be the function defined by (40). Then by (41) we see that

NT−1Q(x) ∩ B∗ ⊆ αr∂ f (x). (59)

Recalling that S̄ f = T−1Q and noting that x ∈ B(x̄, r) ∩ T−1Q is arbitrary, (59) implies that (38)
holds with αr, x̄ in place of α, x0. Thus we apply Lemma 3.1 to conclude that

d(x,T−1Q) ≤ 2αr f (x) for each x ∈ B(x̄,
r
2

).

Hence, (57) is seen to hold. The proof is completed. □

The following proposition is on the boundedness of the relative regularity constants. To pro-
ceed, we need the notion of finite codimensional subsets (cf. [23, Definition 4.1]).
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Definition 4.2. Let A and B be nonempty convex subsets of Y. Let H be a closed linear subspace
of Y such that A ⊆ H. A is said to be

(a) finite codimensional in H if the quotient space H/spanA is finite dimensional;

(b) finite codimensional if A is finite codimensional in Y;

(c) finite codimensional in B if the closed subspace spanB ∩ spanA is finite codimensional in
spanB.

Obviously, in the case when B is finite dimensional, any nonempty convex subset A is finite
codimensional in B.

Proposition 4.1. Suppose that R(T ) ∩ Q , ∅. Then for any r > 0, there exists αr > 0 such that

βT (T x) < αr for each x ∈ B(0, r) ∩ T−1Q

provided one of the following conditions holds:

(a) R(T ) ∩ intR(T )Q , ∅;

(b) R(T ) ∩ riQ , ∅ and Q is finite codimensional;

(c) Q is a polyhedron.

Proof. Let r > 0. It suffices to show that there exist η > 0 and x0 ∈ X such that, for each
α ≥ 1 + r + ∥x0∥,

ηB ∩ R(T ) ⊆ αTB + Q − T x for each x ∈ B(0, r) ∩ T−1Q. (60)

Suppose condition (a) holds. Then there exist x0 ∈ X and η > 0 such that ηB∩R(T ) ⊆ Q−T x0.
Let x ∈ B(0, r) ∩ T−1Q. Since −T x0 = ∥x − x0∥T ( x−x0

∥x−x0∥
) − T x, it follows that

ηB ∩ R(T ) ⊆ Q − T x0 ⊆ ∥x − x0∥TB + Q − T x ⊆ (r + ∥x0∥)TB + Q − T x.

Thus, (60) holds for each α ≥ 1 + r + ∥x0∥.

Suppose condition (b) holds. Set Z := span(Q − Q) ∩ R(T ). By the assumption, span(Q −
Q) is finite codimensional and so Z is finite codimensional in R(T ). Thus there exists a finite
dimensional space Z0 such that R(T ) = Z ⊕ Z0. Using the standard argument for proving the
equivalence property of norms in finite dimensional spaces, one checks that

λB ∩ R(T ) ⊆ B ∩ Z + B ∩ Z0, (61)

holds for some λ > 0. Moreover, by the assumption that R(T ) ∩ riQ , ∅, there exist x0 ∈ X and
η > 0 such that affQ ∩ (T x0 + ηB) ⊆ Q; hence

ηB ∩ Z ⊆ ηB ∩ (affQ − T x0) ⊆ Q − T x0.
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As done for (4.1), we have that

ηB ∩ Z ⊆ (r + ∥x0∥)TB + Q − T x for each x ∈ B(0, r) ∩ T−1Q.

Set m := dimZ0, and let {Tui : i = 1, ...,m} be a basis of Z0 with each ui ∈ B. Define

∥z∥1 :=
m∑

i=1

|αi| for each z :=
m∑

i=1

αiTui ∈ Z0.

Then ∥·∥1 is a norm on Z0 and equivalent to the original norm ∥·∥ on Z0 as Z0 is a finite dimensional
subspace; hence there exists η0 > 0 such that η0∥ · ∥1 ≤ ∥ · ∥ on Z0. Then,

η0B ∩ Z0 ⊆ TB (62)

because, for each z :=
∑m

i=1 αiTui ∈ η0B ∩ Z0, one has that z = T (
∑m

i=1 αiui) ∈ TB and

∥

m∑
i=1

αiui∥ ≤

m∑
i=1

|αi| = ∥z∥1 ≤
∥z∥
η0
≤ 1.

Thus, using (61)-(62), we conclude that

λmin{η0, η}B ∩ R(T ) ⊆ ηB ∩ Z + η0B ∩ Z0 ⊆ (1 + r + ∥x0∥)TB + Q − T x,

holds for all x ∈ B(0, r) ∩ T−1Q. Ths means that, for each α ≥ 1 + r + ∥x0∥, (60) holds with
λmin{η0, η} in place of η.

Suppose condition (c) holds. Then Q := ∩m
i=1Hi where each Hi is a half space of Y given by

Hi := {y ∈ Y : ⟨y∗i , y⟩ ≤ bi},

with {(y∗i , bi)} ⊆ Y∗ × R. Set

IB := {i : Q ⊆ bdHi} and IN := {i : Q ∩ intHi , ∅},

and we adopt the convention that ∩i∈∅Hi = Y . Then one has by definition that IB∪ IN = {1, · · · ,m},

Q = (∩i∈IBbdHi) ∩ (∩i∈IN Hi) and riQ = (∩i∈IBbdHi) ∩ (∩i∈IN intHi).

We claim that condition (b) is satisfied. To proceed, we assume, without loss of generality, that
IN = {1, · · · , n} with n ≤ m. Then, for each i ∈ IN , we have by the definition of IN that there exists
xi ∈ T−1Q such that T xi ∈ intHi and so ⟨y∗i ,T xi⟩ < bi. Set x0 := 1

n

∑
i∈IN

xi. Since T xi ∈ Q for
each i ∈ IN , one has that T x0 ∈ ∩ j∈IBbdH j. For each j ∈ IN , ⟨y∗j,T x j⟩ < b j and ⟨y∗j,T xi⟩ ≤ b j

for each i ∈ IN \ { j}. This implies that ⟨y∗j,T x0⟩ =
1
n

∑
i∈IN
⟨y∗j,T xi⟩ < b j. Then we arrive at that

T x0 ∈ intH j and so T x0 ∈ ∩i∈IN intHi (noting that j ∈ IN is arbitrary). Therefore, it follows that
T x0 ∈ riQ. Then condition (b) is checked as Q is finite codimensional by definition. The proof is
completed. □
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4.2 Linear Regularity Property for the SFP

Recall that C ⊆ X and Q ⊆ Y are nonempty closed and convex subsets and T ∈ L(X,Y). For
simplicity, write

V := spanC and BV := B ∩ V.

Recall that T |V : V → Y is the restriction of T on V . Then we have by definition that

(T |V)−1Q = T−1Q ∩ V, T |VBV = TBV , ∥T |V∥ ≤ ∥T∥.

Theorem 4.2. Let r, αr > 0, x̄ ∈ S and suppose that

(a) βV
T (T x) < αr for each x ∈ B(x̄, r) ∩ T−1Q ∩ V;

(b) there exists ηr > 0 such that

d(y,Q ∩ TV) ≤ ηr max{d(y,Q), d(y,TV)} for each y ∈ B(T x̄,
r∥T∥

2
);

(c) there exists νr > 0 such that

d(x, S ) ≤ νr max{d(x,C), d(x,T−1Q ∩ V)} for each x ∈ B(x̄,
r
2

) ∩ V. (63)

Then there exists γr > 0 such that

d(x, S ) ≤ γrd(T x,Q) for each x ∈ B(x̄,
r
2

) ∩C. (64)

Proof. By assumption, Theorem 4.1 is applicable with T |V ,V in place of T, X to concluding that,
for each x ∈ B(x̄, r

2 ) ∩ V ,
d(x, (T |V)−1Q) ≤ 2αrηrd(T |V x,Q),

that is,
d(x,T−1Q ∩ V) ≤ 2αrηrd(T x,Q).

This, together with (63), gives that, for each x ∈ B(x̄, r
2 ) ∩ V ,

d(x, S ) ≤ vr max{d(x,C), 2αrηrd(T x,Q)}. (65)

Set γr := vr max{1, 2αrηr}. Then, one has from (65) that

d(x, S ) ≤ γr max{d(x,C), d(T x,Q)} for each x ∈ B(x̄,
r
2

) ∩ V,

which implies that
d(x, S ) ≤ γrd(T x,Q) for each x ∈ B(x̄,

r
2

) ∩C.

Thus, (64) is seen to hold. The proof is completed. □

The following corollary is directly from Theorem 4.2.
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Corollary 4.1. Let x̄ ∈ S and suppose that

(a) for any r > 0, there exists αr > 0 such that

βV
T (T x) < αr for each x ∈ B(x̄, r) ∩ T−1Q ∩ V;

(b) the pair {TV ,Q} has the bounded linear regularity property;

(c) the pair {T−1Q ∩ V,C} has the bounded linear regularity property.

Then SFP (1) has the bounded linear regularity property.

Corollary 4.2. Let x̄ ∈ S . Suppose that βV
T (T x̄) < +∞. Suppose further that there exist r > 0

and νr, ηr > 0 such that assumptions (b) and (c) in Theorem 4.2 hold. Then SFP (1) has the local
linear regularity property at x̄.

Proof. Since βV
T (T x̄) < +∞, there exist δ̄ > 0 and µ̄ > 0 such that

δ̄B ∩ TV ⊆ µ̄T (B ∩ V) + Q − T x̄.

Let 0 < r̄ < δ̄2 . Then, we apply Proposition 3.3 (with TV ,T |V ,T x̄, 0 in place of H,T, z̄,∆) to get
that

βT |V (z) ≤
2µ̄
δ̄

for each z ∈ B(T |V x̄, r̄)

and so
βV

T (T x) = βT |V (T |V x) ≤
2µ̄
δ̄

for each x ∈ B(x̄,
r̄
∥T |V∥

) ∩ T−1Q ∩ V.

Thus, assumption (a) in Theorem 4.2 is seen to hold and so Theorem 4.2 is applicable to conclud-
ing that SFP (1) has the local linear regularity property at x̄. The proof is completed. □

The following theorem gives some sufficient conditions ensuring the bounded linear regularity
property for SFP (1) with X and Y being normed linear spaces. Even in the case when X and Y
are Hilbert spaces, our results extend and improve the corresponding ones in [35, Proposition
2.5]. In particular, the polyhedron C in (i) of [35, Proposition 2.5] is relaxed to be a generalized
polyhedron.

Theorem 4.3. SFP (1) has the bounded linear regularity property provided one of the following
conditions is satisfied:

(a) Q is a polyhedron and C is a generalized polyhedron;

(b) TC ∩ intTV Q , ∅ and Q ⊆ TV;

(c) TC ∩ intQ , ∅;

(d) T (riC) ∩ Q , ∅ and Q is a polyhedron;

(e) TC ∩ riQ , ∅, C is a polyhedron and Q is finite codimensional;
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(f) T (riC) ∩ riQ , ∅ and Q is finite codimensional.

Proof. It suffices to show that any one of the conditions (a)-(f) guarantees assumptions (a)-(c) of
Corollary 4.1 hold.

Assume condition (a) holds. We first prove the following implication:

[Q is a polyhedron]⇒ [(a) and (b) of Corollary 4.1]. (66)

In fact, since Q is a polyhedron, we apply Proposition 4.1(c) to T |V in place of T to conclude
that assumption (a) of Corollary 4.1 holds. Noting that TV is a closed linear subspace, one has
that ri(TV) = TV . Thus, ri(TV) ∩ Q = TV ∩ Q , ∅ and so Proposition 2.2 (c) is applicable
to concluding that the pair {TV ,Q} has the bounded linear regularity property. Thus assumption
(b) of Corollary 4.1 holds, showing (66). Hence, assumptions (a) and (b) of Corollary 4.1 hold.
Since T−1Q is a polyhedron, we have that T−1Q ∩ V is a generalized polyhedron on V . On
the other hand, as C is a generalized polyhedron, there exist a closed affine subspace L and a
polyhedron C0 such that C = L ∩ C0. Since V = spanC = span(L ∩ C0) ⊆ L, it follows that
C = C ∩V = L∩C0 ∩V = C0 ∩V and so C is also a polyhedron on V . Hence, Proposition 2.2(a)
is applicable with T−1Q∩V,C,V in place of E, F,V to concluding that the pair {T−1Q∩V,C} has
the bounded linear regularity property on V . Then, in view of Proposition 2.2(e), we have that
the pair {T−1Q ∩ V,C} has the bounded linear regularity property on X and so assumption (c) of
Corollary 4.1 holds.

Assume condition (b) holds. We first show the following implication:

[TC ∩ intTV Q , ∅]⇒ [(a) and (c) of Corollary 4.1]. (67)

To do this, since TC ∩ intTV Q , ∅, one has that TV ∩ intTV Q , ∅. Then, Proposition 4.1(a)
is applicable with T |V in place of T to concluding that assumption (a) of Corollary 4.1 holds.
Noting that TC ∩ intTV(Q ∩ TV) , ∅, there exists x0 ∈ C such that T x0 ∈ intTV(Q ∩ TV)
which implies that there is δ > 0 such that B(T x0, δ) ∩ TV ⊆ Q ∩ TV . Since by definition that
B(x0,

δ
∥T∥ ) ∩ V ⊆ T |−1

V (B(T x0, δ) ∩ TV), it follows that

B(x0,
δ

∥T∥
) ∩ V ⊆ T |−1

V (Q ∩ TV) = T−1Q ∩ V.

Thus, we get that C ∩ intV(T−1Q ∩ V) , ∅. Hence, it follows from Proposition 2.2(b) (with
C,T−1Q ∩ V,V in place of E, F, X) that the pair {C,T−1Q ∩ V} has the bounded linear regularity
property on V . Then, in view of Proposition 2.2(e), we have that the pair {C,T−1Q ∩ V} has the
bounded linear regularity property on X and so assumption (c) of Corollary 4.1 holds, showing
implication (67). Hence, assumptions (a) and (c) of Corollary 4.1 hold. Since Q ⊆ TV , by
definition, the pair {TV ,Q} has the bounded linear regularity property directly, that is, assumption
(b) of Corollary 4.1 holds.

Assume condition (c) holds. Then by the assumption, TC∩ intTV Q , ∅ and so it follows from
(67) that assumptions (a) and (c) of Corollary 4.1 hold. Note that TV ∩ intQ , ∅. In view of
Proposition 2.2(b), we have that the pair {TV ,Q} has the bounded linear regularity property, that
is, assumption (b) of Corollary 4.1 hold.
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Assume condition (d) holds. Since Q is a polyhedron, by (66), we have that assumptions (a)
and (b) of Corollary 4.1 hold. Noting T (riC) ∩ Q , ∅ , one has from Proposition 2.3 that the pair
{C,T−1Q ∩ V} has the bounded linear regularity property, that is, assumption (c) of Corollary 4.1
holds.

Assume condition (e) holds. We first verify the following implication:

[TC ∩ riQ , ∅ and Q is finite codimensional]⇒ [(a) and (b) of Corollary 4.1]. (68)

In fact, since TV ⊇ TC, it follows that TV ∩ riQ , ∅. Thus, we apply Proposition 4.1(b) to T |V
in place of T to get that assumption (a) of Corollary 4.1 holds. Noting that TV is a closed linear
subspace, one has that ri(TV) = TV . Thus ri(TV) ∩ riQ = TV ∩ riQ , ∅. By this and the fact
that Q is finite codimensional, we apply Proposition 2.2(d) to get that the pair {TV ,Q} has the
bounded linear regularity property, showing that assumption (b) of Corollary 4.1 holds. Hence,
(68) holds and it follows that assumptions (a) and (b) of Corollary 4.1 hold. Below, we claim that

ri(T−1Q) ∩C , ∅. (69)

Assuming this holds, as C is a polyhedron, it follows from Proposition 2.2(c) that the pair
{T−1Q,C} has the bounded linear regularity property. This, together with the definition of the
bounded linear regularity property, implies that the pair {T−1Q ∩ V,C} has the bounded linear
regularity property because C ⊂ V . Thus, assumption (c) of Corollary 4.1 holds. To proceed, by
assumption, we can choose x0 ∈ C such that T x0 ∈ riQ. This means that there exists δ > 0 such
that B(T x0, δ) ∩ affQ ⊆ Q. Consequently,

T−1(B(T x0, δ)) ∩ T−1(affQ) = T−1(B(T x0, δ) ∩ affQ) ⊆ T−1Q. (70)

Since by definition we have B(x0,
δ
∥T∥ ) ⊆ T−1(B(T x0, δ)) and aff(T−1Q) ⊆ T−1(affQ), it follows

from (70) that

B(x0,
δ

∥T∥
) ∩ aff(T−1Q) ⊆ T−1Q.

This implies that x0 ∈ ri(T−1Q) and so (69) is proved.

Assume condition (f) holds. Noting TC ⊇ T (riC), it follows from (68) that assumptions (a)
and (b) of Corollary 4.1 hold. Since T (riC)∩Q , ∅ (noting Q ⊇ riQ), it follows from Proposition
2.3 that the pair {T−1Q ∩ V,C} has the bounded linear regularity property, that is, assumption (c)
of Corollary 4.1 holds. The proof is completed. □

Recall that V = spanC. With the help of Proposition 3.2 (applied to V in place of X), together
with Proposition 2.3 and [38, Proposition 3.7], one can apply Corollary 4.2 to get the following
corollary, for which the argument of the proof is standard and so omitted.

Corollary 4.3. Let x̄ ∈ S , and suppose that there exists a pair (τ,K) satisfying (23) with T x̄ in
place of z. Suppose also that

(H) T (riC) ∩ Q , ∅ and Q is a generalized polyhedron with the P-L decomposition {QL,QP}

satisfying that TV is finite codimensional in QL or QL is finite codimensional in TV (e.g.,
QL or TV is finite dimensional or finite codimensional as noted after Definition 4.2).
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Then SFP (1) has the local linear regularity property provided one of the following conditions
hold:

(a) TKV is a closed linear subspace and ri((µ0T (B∩V)+Q− T x̄)∩ TKV) , ∅ for some µ0 > 0
(e.g., TV is closed and ri((µ0T (B ∩ V) + Q − T x̄) ∩ TV) , ∅ for some µ0 > 0).

(b) TKV is a complete linear subspace (e.g., TV is complete).

Similarly, we have the following corollary, which in particular in the case when TV is com-
plete, extends/improves partially [35, Proposition 2.5(iii)].

Corollary 4.4. Suppose that assumption (H) in Corollary 4.3 holds and that TV is complete.
Then SFP (1) has the bounded linear regularity property.

Remark 4.2. The SFP (1) can be reformulated as the following inequality problem:

f (x) ≤ 0, x ∈ C, (71)

where f : X → R is given by f (x) := d(T x,Q) for each x ∈ X. Then the bounded linear regularity
property for (1) is equivalent to the bounded error bound for (71): for each bounded subset W
such that W ∩ S , ∅, there exists αW > 0 such that

d(x, S ) ≤ αW f (x)+ for each x ∈ W ∩C,

where γ+ = max{0, γ} for γ ∈ R. A powerful tool for studying the existence of the bounded error
bound for the inequality (71) is the well known Slater qualification condition (cf. [8,20,28]): there
exists a point x̄ ∈ C such that f (x̄) < 0. Obviously, in the present paper, the Slater qualification
condition for (71) is not satisfied.

5 Conclusions

To study the strong convergence and/or convergence rate of the CQ algorithm for the SFP in
Hilbert spaces, Wang et al. [35] introduced a bounded linear regularity property for the SFP and
then used this property to establish a linear convergence result for the CQ algorithm. Thus how
to verify that the SFP has the bounded/local linear regularity property is an interesting problem.
Some sufficient conditions based on the interior/polyhedron conditions ensuring the bounded lin-
ear regularity property for the SFP in Hilbert spaces are provided in [35, Proposition 2.5]. The
present paper is focused on the issue of the bounded/local linear regularity property for the SFP in
general normed linear spaces. To establish some sufficient conditions ensuring the bounded/local
linear regularity property for the SFP in normed linear spaces, we introduced the notion of a rel-
ative regularity condition and its associated relative regularity constant in spirit of the regularity
condition used in [12]. Based on convex analysis techniques, we explored equivalent characteri-
zations of the relative regularity condition, which in particular extends the classical results in [12]
from the Euclidean space to general normed linear spaces, and then established some important
and useful properties in terms of the related relative regularity constant. Consequently, we devel-
oped a new technique to establish some sufficient conditions ensuring the bounded/local linear
regularity property for the SFP in normed linear spaces. Applied to the case of Hilbert spaces,
our results extend and improve the corresponding ones in [35].
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