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Abstract. Given closed convex sets C;, 7 =1,...,¢, and some nonzero linear maps A;,i=1,...,¢,
of suitable dimensions, the multiset split feasibility problem aims at finding a point in ﬂle A;lCi
based on computing projections onto C; and multiplications by A; and AZT, In this paper, we
consider the associated best approximation problem, i.e., the problem of computing projections onto
ﬂle A;lc’i; we refer to this problem as the best approximation problem in multiset split feasibility
settings (BA-MSF). We adapt the Dykstra’s projection algorithm, which is classical for solving the
BA-MSF in the special case when all A; = I, to solve the general BA-MSF. Our Dykstra-type
projection algorithm is derived by applying (proximal) coordinate gradient descent to the Lagrange
dual problem, and it only requires computing projections onto C; and multiplications by A; and
AZT in each iteration. Under a standard relative interior condition and a genericity assumption on
the point we need to project, we show that the dual objective satisfies the Kurdyka-Lojasiewicz
property with an explicitly computable exponent on a neighborhood of the (typically unbounded)
dual solution set when each C; is C1“-cone reducible for some « € (0,1]: this class of sets covers
the class of C'2-cone reducible sets, which include all polyhedrons, second-order cone, and the cone
of positive semidefinite matrices as special cases. Using this, explicit convergence rate (linear or
sublinear) of the sequence generated by the Dykstra-type projection algorithm is derived. Concrete
examples are constructed to illustrate the necessity of some of our assumptions.
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1. Introduction. The multiset split feasibility (MSF) problems, first introduced
by Censor et al. [20], are generalizations of the two-set split feasibility problems [19]
and convex feasibility problems [7]. These kinds of problems arise naturally in many
contemporary application fields such as image reconstruction; see [20] and references
therein. The MSF problem aims at finding a point in the intersection of the linear
preimage of a collection of finitely many closed convex sets, i.e.,

(1.1) Findz € IR" such that A,z € C; fori=1,...,4,

where C; C IR™, i = 1,...,4, are closed convex sets and A4; € IR™*" for each i;
moreover, the projections onto C; are assumed to be easy to compute, while computing
projections onto the sets A; *C; can be difficult (see [20]). The assumptions concerning
projections naturally call for iterative schemes that leverage projections onto C; for
solving (1.1). One such scheme is the CQ-algorithm proposed in [18] for solving
the MSF problem with ¢ = 2, which was later generalized to solve general MSF
problems in [20]. Recent works on solution methods for MSF problems can be found
in [16, 17, 21, 22, 40]. In this paper, we focus on a natural but relatively less studied
variant of the MSF problem. Specifically, given a v € IR", we consider the problem of
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finding the point in ﬂle A7 1C; that is closest to 7. In other words, we consider the
following best approximation problem in multiset split feasibility settings (BA-MSF):

. 1 _ .
(1.2) Inin, f(z):= §||:v —o|? st AjxeCyi=1,...,4,
where v € IR" is a given vector and each A; € IR™*™\{0} and each C; is a closed
convex set; moreover, we assume that

¢
n A7 1C; #0.
i=1

When A; = I for all i, we refer to the corresponding problem (1.2) as the best
approximation (BA) problem. In this case, a classical solution method is the Dyk-
stra’s projection algorithm proposed in [15, 28]. Each iteration of this algorithm only
requires computing projections onto each C; instead of ﬂle C};, which can be advanta-
geous because the projection onto ﬂle C; can be more difficult to compute in general.
One remarkable feature of the Dykstra’s projection algorithm is that the sequence gen-
erated will converge to the unique solution of the BA problem as long as ﬂle C; #0;
see [15]. This is in contrast to splitting methods such as Douglas—Rachford split-
ting, which typically requires additional assumptions to guarantee convergence; see
[10, Corollary 28.3]. The Dykstra’s projection algorithm and its variants have been
studied extensively in recent years concerning its convergence properties and relations
to other algorithms; see [6, 9, 11, 24, 27, 29, 33, 34] and references therein. It is now
known that the Dykstra’s projection algorithm can be derived as a suitable appli-
cation of the coordinate gradient descent method to the dual problem of (1.2) with
A; =T for all i; see [27, 28]. Moreover, for BA problems with polyhedral C;, it is known
that the sequence generated by the Dykstra’s projection algorithm converges linearly
[24, 32, 38]. On the other hand, convergence rates in the case of nonpolyhedral C;
are not very well understood.

In this paper, we will adapt the classical Dykstra’s projection algorithm to solve
(1.2) and analyze the convergence rate of the resulting algorithm. Following [27, 28],
we derive our Dykstra-type projection algorithm by applying (proximal) coordinate
gradient descent to a suitable Lagrange dual problem of (1.2), and each iteration of our
algorithm only requires projections onto C; and multiplications by A; and A7} Then,
by imposing the standard relative interior condition ﬂle A7 1riC; # () and a genericity
assumption on the point v, we show that the objective of the dual problem satisfies
Kurdyka—Lojasiewicz (KL) property with exponent 1/(a + 1) for some « € (0,1] on
a neighborhood of the (typically unbounded) dual solution set when each C; is C'1<-
cone reducible. Based on this, we establish the linear or sublinear convergence of the
sequences generated by the Dykstra-type projection algorithm depending on the value
of a € (0,1]. The key novelty of our work lies in both the convergence rate analysis
and the identification of the C'***-cone reducibility condition:

e First, our convergence rate results do not follow directly from standard KL-
based convergence analysis frameworks such as those in [1, 2, 3]. Indeed,
the sequences generated by the Dykstra-type projection algorithm can be
unbounded, in general, while the standard convergence rate analysis based
on KL property typically requires the boundedness of the sequence generated.
Our analysis is made possible thanks to the fact that, under the assumption

LOur algorithm reduces to the classical Dykstra’s projection algorithm when A; = I for all s.
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ﬂle A;lri C; # 0, the solution set of the dual problem can be written as
the sum of a compact convex set and a subspace, a key fact which was also
established in [4] for the BA problem, i.e., (1.2) with each 4;=1.

e Second, we would like to point out that C*“-cone reducible (with a € (0,1])
sets are prevalent in applications. Indeed, it covers the notion of C2-cone
reducible sets introduced in [37],2 which contains sets such as polyhedrons,
second-order cone and positive semidefinite cone. In addition, as we will
see later, the p-norm ball with p € (1,+00) can be shown to be C''*“-cone
reducible with o« = min{p — 1, 1}; see Example 4.1 below. Furthermore, when
p € (1,2), the p-norm ball is C1:*-cone reducible with a = p — 1 but not C*-
cone reducible (see Remark 4.8), showing that the class of C*®-cone reducible
sets is strictly larger than the class of C%-cone reducible sets. Our result
is thus applicable to analyzing our Dykstra-type projection algorithm for a
wide range of sets. Moreover, since our Dykstra-type projection algorithm
reduces to the classical Dykstra’s projection algorithm when A; = I for all 7,
we can deduce convergence rate results for the classical Dykstra’s projection
algorithm on a large class of nonpolyhedral C;, whose convergence rate was
previously unknown.

This paper is organized as follows. Section 2 presents some preliminary materi-
als. In section 3, we adapt the classical Dykstra’s projection algorithm to solve the
BA-MSF problem (1.2) and present some basic convergence properties. Our key con-
tributions are in sections 4 and 5, where we establish the KL property of the dual
objective under suitable assumptions, and use that to study the convergence rate of
our Dykstra-type projection algorithm. We also present concrete examples to show
the indispensability of some of our assumptions in deriving the error bound and con-
vergence rate results.

2. Notation and preliminaries. In this paper, we use IR" to denote the n-
dimensional Euclidean space. For an x € IR", we let ||z|, = /|z1[P + - + |z,[?
denote the p-norm, where p € [1,00); we also use ||z| to denote the 2-norm for
notational simplicity. For z and y € IR", we use (x,y) to denote their inner product.
For a matrix A € IR™*"™, we use || A|| to denote its operator norm. We use I to denote
the identity matrix, whose dimension should be clear from the context. We also use
B(z,n) to denote a closed ball centered at x with radius n > 0, i.e., B(z,n) = {u :
[l — 2| <n}.

An extended-real-valued function h : IR" — (—o0,00] is said to be proper if
dom h:={zx€R":h(zx) <oo} is nonempty. A proper function is said to be closed if
it is lower semicontinuous. For a proper convex function h, its subdifferential Oh(z)
at an x € IR" is defined as

Oh(z)={6€R" :h(y) > h(z) + ({,y — z) for all y € IR"}.

The domain of dh is defined as domdh := {x € R" : Oh(z) # 0}, and the convex
conjugate of h is given by

h*(y) = sup{(z,y) — h(z) : x € IR"}.

For a proper closed convex function h, we have the following equivalences concerning
Oh and h* (see, for example, [36, Proposition 11.3]):

2This notion was known as cone reducibility in [37], and as C?-cone reducibility in [14, Definition
3.135]. Here, we adopt the latter terminology to highlight the differentiability property.
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(2.1) h(z) + h*(y) = (x,y) <=y € Oh(z) < x € Oh"(y).

The proximal operator of a proper closed convex function h at an z € IR"™ is defined
as

1
prox; (z) := Argmin{”u — x|+ h(u)} ;
u€lR™ 2

recall that the above set of minimizers is a singleton for every z € IR", and prox,, :
IR" — IR" is nonexpansive. Finally, for a proper closed convex function h with
Argmin h # (), the following inequality holds (see [36, Proposition 10.59]):

(2.2) h(z) —inf h < dist(0, 0h(x))dist(z, Argminh) for all x € IR",

where dist(x, C') := inf{||z — y|| : y € C} is the distance of an z € IR" to a set C.

For a nonempty closed convex set C CIR™, we use int C' and riC' to represent the
interior and relative interior of C, respectively. The indicator function and support
function of such a C' are, respectively, defined as

{0 if €0,

do(z) = and oc(x) =sup{(z,y) :y € C}.

400 otherwise,
The normal cone of a nonempty closed convex set C' at = € C' is defined as
Ne(x):=00c(x) ={veR": (v,u—x) <0 for all u e C},

and the projection of € IR" onto C'is denoted by Proj (x) := prox;_ (). For a closed

convex cone K CIR", its polar is defined as K° ={u € R": (u,z) <0 for all z € K}.
Next, we recall the following definition of KL property, which is important for ana-

lyzing convergence rate of various first-order methods; see, for example, [1, 2, 3, 13, 30].

DEFINITION 2.1 (KL property and exponent). A proper closed convex function
h : IR™ — (—o0,00] is said to satisfy the KL property at & € dom Oh if there are
c € (0,00], a neighborhood U of & and a continuous concave function ¢ :[0,c) — [0, 00)
with ¢(0) =0 such that
(i) ¢ is continuously differentiable on (0,¢) and ¢’ >0 on (0,c);
(ii) ' (h(x) — h(z))dist (0,0h(x)) > 1 whenever x € U N {x : h(Z) < h(z) <

h(Z) + c}.

If h has KL property at & with the function o(v) = agv'=? for some ag > 0 and
0 €10,1), then we say that h satisfies the KL property at & with exponent 6.

A proper closed convex function h satisfying the KL property with exponent 0 €
[0,1) at every point in domdh is called a KL function with exponent 6.

KL property with exponent 6 € [0,1) is closely related to other notions of error
bounds. For example, according to [12, Theorem 5], a proper closed convex function
h satisfies the KL property at an Z € Argminh with exponent 6 € [0,1) if and only if
there exist positive constants ¢; and cs and a neighborhood Uz of T such that

crdist(z, Argminh) < (h(z) — h(z))' ¢ for all z € Uy N {x: h(Z) < h(z) < h(Z) + 2}

Before ending this section, we briefly review the (classical) Dykstra’s projection
algorithm proposed in [15, 28]. The Dykstra’s projection algorithm was developed to
solve the following BA problem:

1
(2.3) zrél]ilgéﬂa:—@w st.xeCy,i=1,...,4,
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Algorithm 2.1. Dykstra’s projection algorithm for (2.3).

Step 1. Choose ¢ ="---=¢y?=0€R" and 2° =20 =0 € IR". Set t=0.
Step 2. Set xf)ﬂ =z!. Fori=1,...,¢, compute

2451 =P, 4t + 2470,

yit =yl +2lt] — Proje, (y! + zi17).

Step 3. Set z!t! = mffl Update t <t + 1 and go to Step 2.

where each C; is a closed convex set and ﬂle C; # 0. Clearly, problem (2.3) is a
special instance of (1.2) with A; =TI for all i. The Dykstra’s projection algorithm is
presented as Algorithm 2.1 below. Note that it makes use of Proj., in each iteration.

It was shown in [27, 28] that Algorithm 2.1 is equivalent to a (proximal) coordi-
nate gradient descent (CGD) method for solving the (negative of the) dual problem
of (2.3), which is given as

§j%—v —~wmw+§jw>%

Indeed, with ¢ = --- = y9 = 0, for i = 1,...,, one can show that the y*' in
Algorithm 2.1 can be equivalently obtained as

0
i 1
yit! = Argmin <Zyt“+2y§—v,yi—y§>+QIIyi—yﬁ2+aci(yi)
i

y; EIR™i

The following theorem collects some known convergence results of Algorithm 2.1.

THEOREM 2.2 (convergence properties of Algorithm 2.1). Consider (2.3). Let
{z'} be generated by Algorithm 2.1. Then the following statements hold.
(i) It holds that limy_, | oo 2t = 2*, where x* is the unique solution of (2.3).
(ii) If each C; is polyhedral, then there exist ay > 0, ag € (0,1), and a positive
integer t such that

t

|zt —2*|| <aial V>t

Proof. Ttem (i) was established in [15]. Item (ii) can be deduced from [32, 38];
see also Theorem 5.1 below. O

3. A Dykstra-type projection algorithm for BA-MSF problems. In this
section, we describe how Algorithm 2.1 can be adapted to solve the BA-MSF problem
(1.2) and discuss some basic convergence properties of the resulting algorithm. We
call the resulting algorithm a Dykstra-type projection algorithm. From now on, for
notational simplicity, we write

(3.1) AeR™" with AT = [A? AZT] and D:=C; x---xCp,CIR™,

where m = Zle m;; moreover, we denote the elements in IR"™ in boldface, i.e.,
y=(y1,...,y¢) with y e IR™ and y, e R™ fori=1,... L.

Following the development in [27], by considering a CGD method for solving the
dual problem of (1.2), we present a Dykstra-type projection algorithm for solving
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the BA-MSF problem (1.2). To this end, we first define 9 : R"*" — (—00, +00] as
follows:

(3.2) () = f(2) + p(Az + ).
Then it holds that for every z € IR" and y € IR™ that

¥ (z,9) =sup{{(z,9), (z,y)) - f(z) — 6p(Az +y)}

@y
= iu5{<—AT@+f,z> — f(z)+ (9, Az+y) — dp(Az+y)}
= sup{ (- ATy +2,2) ~ f(@)} +ou{(9.7) - n(2))
(3.3) = [*(-ATy+z) + op(y).
Therefore, in view of [35, Theorem 31.2] and (3.3), the dual problem of (1.2) is
(3.4) max —1*(0,y).

yelR™

Since f*(z) = 3|z + v]|* — 3[|8]|?, (3.4) can be further written as

¢
Z Aly -
i=1

Note that using the definition of A and D in (3.1), we can rewrite the above dual
problem equivalently as

1
(3.5) max ——

2
L
Lo o
JOES TS + 511l —;Uci(yz)

1

. 1 112 _
(3.6) d*:= min d(y), where d(y):= 5 HATy —o|| — 5”’0”2 +op(y).

yelR™

9(y)

The following proposition states that the duality gap is always zero between (1.2)
and its dual problem (3.5). This justifies the rationale of solving (1.2) by considering
(3.6).

PROPOSITION 3.1. Consider (1.2). Let the function d be given in (3.6). Then
it holds that inf{f(z) : = € ﬂle A7ICY = —d* < oo. Moreover, for any y* =
(y7,...,y;) € Argmind, it holds that

14
* _ = T x = T x
x—v—g Ajyi =v— A"y,
i=1

where x* is the unique solution of (1.2).

Proof. For the v defined in (3.2), notice that y — #(:,y) is a proper, closed
convex bifunction.? Moreover, the primal problem (i.e., mingegr» % (z,0)) has a unique
solution thanks to ﬂle A;7'C; #0. Then we can deduce from [35, Theorem 30.4(i)]
that the duality gap is zero, i.e.,

¢
sup —¢*(0,y) =inf¢(z,0) = inf {f(x) S ﬂ AilCl} =—d" <o0.
y x

i=1

3See [35, pages 291-292] for the definition of a bifunction. The bifunction y + (-, y) is said to
be proper closed convex if its graph function (z,y) — ¥ (x,y) is so; see [35, page 293].
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Next, if y* = (y7,...,y;) € Argmind, then we have from Theorem 10.1 and
Exercise 8.8 of [36] that

0€cdd(y*)=A(ATy* —7) + dop(y*).
The above display together with [36, Example 11.4] implies
y" ENp(A(T—ATy")).
Write & := 0 — AT y* for notational simplicity. Then we have, in view of [36, Propo-
sition 10.5], that v € N, (A;&) for all <. Hence, we have AT € AT N, (Aiz) C

Ny-1¢,(2) for all 4, where the set inclusion follows directly from the definition of
normal cone. Consequently, it holds that

d\
H>
||
%i>

ZAT EZN lC CNﬂ (

where the last set inclusion follows directly from definition. The above display
shows that % is the projection of ¥ onto ﬂle A;lCZ-, and hence we have & = z* as
desired. O

Now, we derive the Dykstra-type projection algorithm by applying the (proximal)
CGD method to solve (3.6). Set the starting point

3.7) ¥’ =i,-.,5) =(0,...,0).

For any ¢ >0 and any i € {1,...,¢}, for notational simplicity, write

(3'8) gf-‘r}: _(yiJrl?'"7y1t/+:][-7y17"')y§)'

By applying the (proximal) CGD in a cyclic order to (3.6) with a proximal term
induced by v;I — A;AT, where v, = Amax(A;AT), we obtain the following update
formula for y;, i=1,...,¢:

Vi
39y —Argnggn{w @D — ) + Sl — vl +oe,(w)

Following a similar argument in [27, pp. 33-34] and using (3.7)—(3.9), one can derive
the Dykstra-type projection algorithm for solving (1.2) as we present in Algorithm 3.1.
In particular, one can show by induction that

(3.10) o=t =7 ATy forallt>0.

The detailed derivation is given in Appendix A.

One can see that Algorithm 3.1 reduces to Algorithm 2.1 if each A; = I. As
discussed above, Algorithm 3.1 is exactly a CGD method for solving (3.6). The
following proposition collects some properties concerning the dual iterates {y’} in
Algorithm 3.1, which are immediate consequences of known results on CGD; see, for
example, [38]. We list them here together with their simple proofs for the convenience
of our subsequent convergence rate analysis.
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Algorithm 3.1. Dykstra-type projection algorithm for BA-MSF problem (1.2).

Step 1. Choose y? =0eR™ fori=1,...,4, 2° =9 € IR" and set v; = Amax (AT A4;)
fori=1,...,¢. Set y° —(y17...,y?),x?zmo,andt:Q

Step 2. Set xéﬂ =zl Fori=1,...,{, compute

t’+1 = (I - ’Yz_lAzTAZ) f+} +71 1A PI‘OJC (Fylyz +A; ‘rH—l)

(3.11) i "
yitt =yl At — ) Proje, (vayt + AT,

Step 3. Set x* —xﬁ“ and y'tl=(yi T . .,yﬁ“) Update ¢t <t +1 and go to Step 2.

PROPOSITION 3.2. Consider (1.2). Let the function d be given in (3.6) and {y'}
be the sequence generated by Algorithm 3.1. Then the following statements hold:
(i) For eachi=1,...,£, it holds that

1
d(g;™h) —d(g; ') < AT < Hyerl vl
where AL:=(V,, (yf+i) t+1fyl>+ UD(yf+1) O’D('nyr%) g}if% is as in (3.8)
fori=1,....0 and g, =yt

(ii) There exists ¢ >0 such that d(y'*™!) — d(y') < —c|ly**t — y?||%.

(iii) limgoo |y — 9yt =0

(iv) {y'} is a stationary sequence, i.e., lim;_, dist(0,dd(y")) =0.

(v) Bvery accumulation point of {y'} is a solution of (3.6).

Proof. We first note from the definition of ‘*] in (3.8), the definition of y!™* in
(3.9), and the strong convexity of the objective in (3.9) that for i=1,...,¢,

(312) (Vy9(gii1),u i)+ IIy'“rl ylP+op @) <op (@) -2 IIy'“rl vill®

In addition, if we let z! ZZ ! ATyl*t 4 Zj i1 ATyl — 0, then

A =g + o) = 5 ATy 4 2 - H«v||2+ap<y:“>

O ATy + 2P ﬂnvn? (V0@ — AT — ) on ()
HATyﬁth — ||v||2 (V9@ u ™ =yl + IIyl£+1 v +op(gith)

“”d( )+ Al Ly - A Tyt — e,

where (a) holds since 4;(z! + ATy!) =V, g(yfﬂ) (b) follows from the definition of
Al and (c) follows from (3.12) and the deﬁnltlon of Af. This proves item (i). Item (ii)
is a direct consequence of (i), and item (iii) follows from item (ii) (since infd > —o0
by Proposition 3.1).

For item (iv), from the first-order optimality condition of (3.9), we see that

0€ V9@ + vy ™ = yl) + doc, (yi ™)
[%(yf“*yiH(V 9@ = V9] + Vi, gyt + doc, (vl ).

Using the fact that y*™ — y* — 0 from item (iii), the uniform continuity of Vg on
IR™ and the definitions yt‘H (it oyt and gt = (vt ity b
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(see (3.8)), the above display implies that {y'} is a stationary sequence. Finally, item
(v) follows immediately from item (iv) and the closedness of the subdifferential as a
set-valued mapping [35, Theorem 24.4]. d

Proposition 3.2(v) is useful only when accumulation points exist. In the case
when each A; =1 in (1.2), it was shown in [28, Lemma 4.6] that d is level-bounded if
ﬂle int C; # 0, which would further imply the boundedness of {g*} and hence the ex-
istence of accumulation points. However, in general, it can happen that ﬂle intC; =0
and the sequence {y'} can be unbounded. Fortunately, Proposition 3.2(iv) states that
{y'} is always a stationary sequence. Below, as in [4] which studied the case when
A; =1 for all i, we will show that every stationary sequence of the function d in (3.6)
is minimizing, under mild conditions on the set of intersection. Recall from [5, Defi-
nition 4.2.2] that proper closed convex functions with all stationary sequences being

minimizing are said to be asymptotically well-behaved (AWB).

PROPOSITION 3.3 (AWB property of d). Consider (1.2) and assume the condition
ﬂle A7NiC; £ 0. Let d be given in (3.6) and q(y) := inf, (x,y) with ¢ defined in
(3.2). Then 0 €ridomgq. Moreover, it holds that d(y) = q*(y) for all y and

(3.13) Argmind = dqp(0) + E*+ #1,

where qp(y) := q(Projg(y)) and
(3.14) E :=span(dom g) = span(D — Range(A))

with D and A given in (3.1). Furthermore, every stationary sequence {z'} of d
satisfies d(z') — d* and dist(z", Argmind) — 0, where d* is given in (3.6).

Proof. From the definition of ¢, we have ¢(y) < +oo if and only if there exists
x € R" such that A;xz +y; € C; for all i (since dom f = IR"™), which implies that
domg = D — Range(A). According to [36, Exercise 2.45], the above display implies
that

ridomg =ri D — Range(A).

Thus, the assumption ﬂle A;7'1iC; # 0 implies 0 € ridomg. Tt follows from (3.3),
(3.6), and the definition of ¢ that d(y) = ¥*(0,y) = ¢*(y) for all y. The desired
conclusions now follow from [4, Theorem 3.1]. d

We can now state a global convergence result that is informative even when {y*}
is possibly unbounded. The proof follows directly from Propositions 3.2(iv) and 3.3.

THEOREM 3.4 (global convergence without boundedness condition). Consider
(1.2) and assume that ﬂle A;7NiC; # 0. Let {y'} be the sequence generated by
Algorithm 3.1. Then it holds that d(y') — d* and dist(y’, Argmind) — 0, where d
and d* are defined in (3.6).

The above theorem states that the sequences {d(y')—d*} and {dist(y*, Argmind)}
converge to zero. In this paper, we are interested in their convergence rates. To this
end, we recall that the KL property is widely used for analyzing the convergence rate
of first-order methods, with the rate usually depending explicitly on the KL exponent
of a suitable potential function; see, for example, [1, 2, 3, 30, 41]. In the next section,
we identify a large class of sets C; such that the corresponding function d can be
shown to satisfy the KL property with an explicitly known exponent. Moreover, we
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show that the KL exponent can be chosen to be uniform over a neighborhood of the
possibly unbounded Argmind. These results will be further developed in section 5 to
derive explicit convergence rates of {d(y') —d*} and {dist(y*, Argmind)}.

4. KL property and C'**-cone reducible sets.

4.1. CY*-cone reducible sets. In this subsection, we introduce a class of sets
for our subsequent convergence rate analysis. Specifically, we define the following
notion of C1®-cone reducibility for a closed set ® C X, which can be seen as a
generalization of the notion of C?-cone reducibility in [37]; here and throughout, we
use the typefaces X, Y, Z, etc., to denote finite-dimensional Hilbert spaces with their
associated inner products and norms denoted by (-,-) and || - ||, respectively, by an
abuse of notation. We also let 7* denote the adjoint of a linear operator 7 : X — Z,
defined via (Tz,z) = (z,T*z) for all z € X and z € Z; and ||T]| is the operator norm
of T.

DEFINITION 4.1 (C1:®-cone reducible sets). Let o€ (0,1]. A closed set ® C X is
said to be C1*-cone reducible at & € D if there exist positive constant p, a closed convex
pointed cone K in a finite-dimensional Hilbert space Y, and a mapping = : X — Y
that maps & to 0 and is continuously differentiable in B(&,p) such that DE(&) is
surjective,* the mapping x +— DZ(x) is a-Hdlder-continuous in B(&,p) and

DNB(&,p)={z:E(x) e K} N B(&,p).

A closed set D is said to be C1%-cone reducible if it is C1*-cone reducible at every
r€eD.

Clearly, every C?-cone reducible set (see [37, Definition 3.1]) is C'**“-cone reducible
for any « € (0,1]. According to [37], all polyhedrons, the second-order cone, and the
cone of positive semidefinite matrices are C2-cone reducible sets; thus, they are also
C1e_cone reducible for any a € (0,1]. The next lemma establishes a “calmness-type”
property for the normal cone mapping of a C'**®-cone reducible closed convex set. This
can be seen as an extension of [41, Theorem 4.4], which considered C?-cone reducible
sets. Our proof is also similar to that of [41, Theorem 4.4].

LEMMA 4.2. Let a € (0,1], and let ® CX be a closed conver set that is CH“_cone
reducible at & € D. Let § € No(&). Then there exist p>0, § >0, and &> 0 such that

(4.1)  No(x)NB(§,0) CNo (@) + illz — 2|“B(0,1) for all x € B(, p).

Proof. Since ® is C*-cone reducible at &, there exist a positive constant p,
closed convex pointed cone K CY, and continuously differentiable mapping =: X — Y
satisfying the conditions in Definition 4.1 such that

(4.2) DN B(&,p)={x:E(x) e K} N B(&,p).

Since DZ(Z) is surjective, one can choose a positive g € (0,p) such that for any
x € B(&,p), the linear mapping DZ=(x) is surjective (meaning that D=(z)DE(x)* is
invertible) and that

(4.3) sup ||[DE(z)DE(x)*] 7Y =: T < o0.
z€B(#,7)

4Recall that DZ(z) is the derivative mapping of = at an = € X, which is the linear mapping from
X to Y such that [DE(x)](p) = limy o w for all p € X.
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The relation (4.2) means that
0p(z) =0k (E(x)) for all z € B(Z,p).

Using the fact that DE(x) is surjective whenever = € B(Z, ), and invoking [36, Exer-
cise 10.7], we deduce from the above display that

(4.4) No(x) = DE(2)* Nk (E(z)) for all z € D N B(&, p).
Fix any 6> 0 and take

(4.5) reDNB(&,p), yeNo(x)NB(7,0).
Relation (4.4) implies that there exists a v, € N (Z(z)) so that
(4.6) y=DZ(x)*v,.

Recall that for any zg € K, it holds that

a (b) c
(4.7) NK(ZQ)(:){UZ<u,Z—Zo>§0VZ€K} C {u:(u,z)SOVzeK}(:)KO,

where (a) follows from the definition of normal cone, and (b) and (c) hold because K
is a closed convex cone. In particular, equality holds throughout (4.7) if zo =0.
Now, for the v, in (4.6), we have
= ANk (a)’_’\* — (b)'_‘/\* 0(€) =/ % —/ vy (D) A
(4.8) DE(2)"v, € DE(2)*Nk(E(z))CDZE(2)*K° = DE(2)* Nk (B(2)) = No (2),
where (a) holds because v, € Ng(Z(z)), (b) follows from Z(z) € K and (4.7), (c)

holds thanks to Z(Z) =0, and (d) follows from (4.4).
Next, for any = and y as in (4.5), by (4.6) and the surjectivity of D=(z), we have

(4.9) v, = [DE(2)DE(2)*] ' DE(x)y =: H(x) DZ(x)y,

where H(z):= [DZ(z)DZ(x)*] L.
Let L be the a-Hélder continuity modulus of DZ(-) over the set x € © N B(Z, p).
Then, for any = and y chosen as in (4.5), we have

[0z = vz || = [[H (z) DE(2)y — H(2) DE(2)3]|
<||H(2)D=(z)y — H(2)DE(2)y|| + [ H(2) DE(2)(y — )|
<||H(z)D=E(x) — H(SE)DE(JAJHH(:I?)DE(»%)*H(@) Z(@)|lllyll
+ 1 H(2) DE(

<([H(x )I IDE () DE A)||+HH(w)—H(fﬁ)IHIDE(i)II)II(y—z))+1)H

< (TLHx -2+ 2THD~( NG 1y = gl + 7l DEE) ([ lly — 3l
(4.10) < (7Lp™ + 27| DE()[) (191 + 0) + 7| DE(2)]|9,
where the first equality is due to (4.9), the fourth inequality follows from (4.3) and
the a-Hélder continuity of the mapping DE(-), and the last inequality follows from

(4.5). Inequality (4.10) means that v, is bounded whenever x and y are chosen as in
(4.5), and we denote £ := sup ||vz|| < +o0.
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For any = and y chosen according to (4.5), it holds that
dist(y, No(2)) < ly — DE(2)"vs || = [| DE(2)"va — DE(2) vz || < Lillx — 2(|%,

where the first inequality follows from (4.8), the equality follows from (4.6), and the
last inequality follows from the a-Holder continuity of D= and the definition of .
Letting p:=p,0:=0, and R := L&, the above display implies (4.1). O

Equipped with Lemma 4.2, we are now ready to prove the main theorem of this
subsection, which will be used for deriving KL exponent of the function d given in
(3.6) in the next subsection. It can be seen as an extension of [41, Theorem 4.4],
which studied C2?-cone reducible sets. Before stating the theorem, we first recall that
a pair of closed convex sets {91,952} is said to be boundedly linearly regular (see [7,
Definition 5.6]) at & € D1 N Dy if for any bounded neighborhood i of Z, there exists
¢ > 0 such that

dist (z,D1 N D2) < c(dist(z,D1) + dist(z,D2)) for all z € 4l

It is known that bounded linear regularity holds at any & € ©1 N5 when ;1 and Do
are polyhedral or when ©; is polyhedral and ©; Nri®s # @; see [8, Corollary 3].

THEOREM 4.3. Let ® C X be a nonempty CH“-cone reducible closed convex set
with a € (0,1], T : X =Y be a linear mapping, and let I : Y — IR be strongly convex
on any compact convex set with locally Lipschitz gradient, and v € X. Consider

h(z):=UTz)+ (v,x) + 0n(x).
Then, for any T € Argminh, it holds that
(4.11) T € Np (w) with w:=—-T*VI(TZ) — v.
Moreover, there exist positive constants p, 0, and k such that
(4.12) No (w) N B(z,6) CNp (0) + kl|jw — w||*B(0,1) for all w € B(w, p).

Furthermore, if {T " H{Tz},No(=T*VI(TZ) —v)} is boundedly linearly regular at Z,
then h satisfies the KL property at T with exponent a%_l

Proof. The relation (4.11) follows from the same argument as in [41, Theorem
4.4]. The relation (4.12) follows from applying Lemma 4.2 to (Z,w) with Z € N (w).
We now prove the alleged KL property at . We first show that (4.12) implies

(4.13) dist(z, (Oon) ™1 (w)) < kdist(w, don (x) N B(w, p))* for all x € B(Z,6).

Our argument is similar to the proof of [25, Theorem 3H.3]. Specifically, notice that
the above display holds trivially if dog(z) N B(w,p) = 0. Now, consider the case
don (z) N B(w, p) # 0. Using (Jon)~' =Np (see [36, Example 11.4]), we see that

w € dog (x) N B(w,p), =z€ B(z,0) <= we B(w,p), =z€Np(w)nB(z,9J).

Consequently, for any x,w satisfying w € dogp (z) N B(w, p) and = € B(Z,0), we have
from the above display and (4.12) that

dist(z, (9oo) " (w)) < K||w — ||~
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Taking infimum with respect to w € dog (x) N B(w, p), we obtain (4.13).
In view of [25, Exercise 3H.4], the inequality (4.13) implies that there exists
§’" € (0, 6] such that

(4.14) dist(z, (0o )~ (w)) < kdist(w, oo (2))* for all z € B(z,d).
Now, define a proper closed convex function
F(z):=0p(x) — (w,x).
Using (2.1), the following equivalence holds:
(4.15) 2 € (0on) H(w) & w € dog(2) < 0€ IF(2) & 2 € (OF)1(0).
Using (4.15), we can rewrite (4.14) as
(4.16) dist(z, (OF)71(0)) < kdist(0,0F (x))* for all z € B(z,4").
Then, we have for any = € B(z,d’) that
F(x) — F(z) < dist(0,0F (x))dist(x, (OF) "1 (0)) < xdist(0,0F (z))' T,

where the first inequality follows from (2.2),5 the second inequality is due to (4.16).
The above display implies that F' satisfies the KL property at  with exponent IJ%Q,
which by [12, Theorem 5] also implies the existence of & > 0 such that

dist(z, (OF)™1(0)) < &(F(x) — F(i))l_ﬁ for all z € B(%,4").
Using the definition of F' and (4.15), the above display can be equivalently written as
dist(x, Np (w)) = dist(x, (dop) " (w)) = dist(z, (OF) ~1(0))
(4.17) <F(op(x) — 00 (T) — (w2 — 2)) "= for all x € B(z,6),

where the first equality follows from [36, Example 11.4]. Next, notice that we have
Tx =Tz for all x € Argminh thanks to the strict convexity of 1,6 and moreover,

Argminh={z:0€0h(z)} ={z: Te=Tz,2 € No(=T*VI(TZ) —v)}
={z:Ta=Tz,x€Np(0)}.

Also, for any bounded convex neighborhood U C B(Z,d’) of Z, we have for any z € U
that

|Ta—Tz| = =||Te—Tz|=YTe - Tz|>< (Sup 17w — T:c|i—1> | Tz —Tz|?
uelU
(4.18) < M((Tz)—U(Tz) — (T*VITZ),z — 7)),

5Note that (OF)~1(0) # () since it contains Z in view of (4.11), (4.15), and the fact that (9op)~! =
Np (see [36, Example 11.4]).
6Indeed, suppose that 7x # T for some x € Argmin h. Then we have the following contradiction:

infh = (h(z) + h(2))/2 > (T2 + T7)/2) + (v, (z + 7)/2) + op ((z +7)/2) > inf h,

where the first inequality follows from the strict convexity of I, convexity of (v,-) + op(:), and the
assumption that 7z # T, and the second inequality follows from the fact that (z+Z)/2 € domh as
h is convex.
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where the last inequality holds for some M > 0 thanks to the strongly convexity of [
on U and the fact that sup,¢;; || Tu— Tz||= ! < oo (thanks to « € (0,1]). Now, using
the bounded linear regularity condition and the Hoffman’s error bound, there exist
B1 >0 and By > 0 such that whenever x € U, we have

(4.19)  dist(z, 7T {7z} NNp(w)) < B [dist(z, T~ {Tz}) + dist(z, N (0))],
(4.20) dist(z, T-HTz}) < Bo|| Tz — TZ|.

Then, it follows that for any = € U,

dist(x, Argmin h) = dist(x, T~ {Tz} N No (0)) <1 [B2||Tx — Tz + dist (2, No (0))]
< BB M= ((Tw) — U(TT) — (T*VU(T ),z — &) ==

(4.21) +A(on(2) — 00 (2) — (0,2 — )T,
where the first inequality follows from (4.19)—(4.20), and the last inequality follows
from (4.17) and (4.18). Finally, notice that

h(z) = h(z)
(4.22) =U(Tz)—UTz)—(T*VUTZ),x —T) + 0p(x) — 00 (ZT) — (W, — T).
Combining (4.21)—(4.22) and the inequality a? +b? < 21=P(a+b)P for any a,b >0 and
p € (0,1], we deduce that there exists positive constant ¢ such that

dist(z, Argminh) < c(h(x) — h(:E))lfa#+1 for all z € U.

The desired result now follows upon invoking [12, Theorem 5]. o

Verifying C1'®-cone reducibility directly from the definition can be nontrivial.
The following proposition is handy for checking whether a set is C'**®-cone reducible.
It is an analogue of [37, Proposition 3.2], which studied C*-cone reducible sets.

PROPOSITION 4.4. Let V := {z : G(x) € K}, where G : X = Y is continuously
differentiable with locally a-Holder-continuous derivative for some « € (0,1], and let
K CY be a closed convez set. If K is CY*-cone reducible at yo = G(zo) and

DG(.T(J)X + lin TK (yo) = Y,
where Tk (yo) is the tangent cone of K at yo and linTk (yo) := Tx (yo) N =Tk (yo),
then V is CY®-cone reducible at xg.

Proof. The proof follows the same argument as in [37, Proposition 3.2]. ]

When X =1R", Y = R™, K = —IR"", and G(z) = (g1(2),...,9m(x)) with each
g; being continuously differentiable with locally a-Holder-continuous derivative, since
K =—IR} is C?-cone reducible [37], we deduce from Proposition 4.4 that the set

Vi={zeR":g;(x)<0,i=1,...,m}

is C1:®-cone reducible at xq if {Vg;(x¢) :i € Z} is linearly independent, where Z := {i :

gi(xo) = 0}. As further concrete examples utilizing Proposition 4.4, we show below

that the p-cone and the p-norm ball with p € (1,00) are C1'*-cone reducible for some
€ (0,1]. Recall that the p-cone Kpt! C IR™™ is defined as

KKptt = {(z,r) eER" x R:7 > ||z }-
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Ezample 4.1 (K21, p € (1,00), is CV*-cone reducible). Notice that Kyt =
{(z,7r) e R" xR : G(z,r) <0} with G(z,r) := ||z||, — r. As pointed out in [37], any
closed convex cone is C?-cone reducible at the origin and its relative interior, and
the corresponding = can be chosen to be linear. So, we need only show that ICZ+1 is
C'“-cone reducible at every nonzero boundary point. Note that when x # 0, we have
at any (x,r) satisfying r > ||z||, that

VG(w,r) = el} 7 - [sgn(@)za Pt o sga(ea)loart —lalzt])”

Thus, for any (z,7) # 0 on the boundary of K1, one has r = |||, and VG (x, [|]|,) #
0; hence, {VG(z,||z||p)} is linearly independent.

From the discussion preceding this example, it now remains to show that VG is
locally Holder continuous at any nonzero boundary point of IC;}“. Using the display
above, it is routine to check that VG is locally (p—1)-Hélder continuous when p € (1, 2)
and is locally Lipschitz continuous (and hence 1-Hélder continuous) when p € [2,00).
Therefore, IC;"“‘1 is Ct“-cone reducible for any p € (1, +00) with a =min{1,p — 1}.

Example 4.2 (The p-norm ball, p € (1,00), is C*“-cone reducible). Similar to the
discussion in Example 4.1, one can show that the p-norm ball {z € IR" : ||z —x0]|, < 5}
(center at zo with radius 8> 0) is C1®-cone reducible with o =min{1,p — 1}.

4.2. KL properties of the function d in (3.6). In this subsection, we show
that the function d in (3.6) satisfies the KL property with an explicit exponent under
suitable assumptions on (1.2). Specifically, we consider the following assumption.

Assumption 4.1. Consider (1.2). Suppose the following conditions hold.
(i) Each C; is a C1*-cone reducible closed convex set with a € (0, 1];7

(i) i, A triCy £ 0;
(iii) Oex* — v+ ri@(Zle d4-10,)(x"), where z* is the unique solution of (1.2).

The following proposition gives the KL exponent of the function d in (3.6).

PROPOSITION 4.5 (KL exponent of d). Consider (1.2). Suppose that Assump-
tion 4.1 holds. Then the function d in (3.6) is a KL function with exponent O%H

Proof. Fix any y* = (y],...,y;) € Argmind. Then Proposition 3.1 implies that
(4.23) t*=70- ATy",

where z* is the unique solution of (1.2).
Recall from (1.2) that f(z) = ||z — v||*. We first show that

(4.24) {(AT)"{{ATy"}, N (~AV [ (ATy"))}

is boundedly linearly regular at y*. To this end, we first observe that
(4.25) (AT HATYy* } = (y5,...,u)) + ker AT,
Moreover, using (4.23) and noting Vf(A”y*) = ATy* — &, we see that

(4.26) Np(—AVF(ATy")) = Np(Az*) = N, (A1z*) x -+ x Ng, (Agz™).

7Using this, one can verify directly from definition that D is C1®-cone reducible for the same a.
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Furthermore, we deduce using Assumption 4.1(iii) that

4 4 14
T—az*erid (Z 5Aﬁlcj> (z*)=ri (Z AT N, (Aﬂ:*)) =Y ATHiNg, (Aix”),

i=1 i=1 i=1
where the first equality follows from Assumption 4.1(ii) and Theorems 23.8 and 23.9

of [35], and the second equality follows from [35, Theorem 6.6]. Combining the above
display with (4.26), we conclude that there exists

(4.27) uw'=(u},...,u))EriNg, (A12¥) X --- x 1IN, (Agx*)zri./\/'D(—AVf(ATy*))

such that z* — 7 + ATu* = 0. This last equation together with (4.23) implies that
u* —y* e ker AT. Consequently,

(4.28) w =y +(u —y*) ey +ker AT

Using (4.25), (4.27), and (4.28), we see that u* € (A") " {ATy* }nriNp (—AV F(ATy*)),
which implies that

(AT "HATy* ) NriNp (—AV (AT y™)) #0.

This and the polyhedrality of (A”)~'{ATy*} give the bounded linear regularity for
(4.24) at y* (see [8, Corollary 3]). We can then deduce from Assumption 4.1(i)
and Theorem 4.3 that d satisfies the KL property with exponent a%rl at y*. The
desired conclusion now follows from the arbitrariness of y* € Argmind and [30,
Lemma 2.1]. d

The next theorem establishes the uniformized growth condition and KL property
for the function d, which is useful in deriving the Luo—Tseng type error bound in the
next section. We remark that existing results on uniformized KL property in [13,
Lemma 6] concern the KL property over a compact set. Since the set Argmind can
be unbounded in general, these existing results cannot be applied directly. Instead,
we establish the uniformity result by noting that d stays constant when moving along
E*+. This is formally registered in the following auxiliary lemma, which is an imme-
diate consequence of Corollary 2.5.5 and Theorem 2.5.3 of [5] because d = ¢* (see
Proposition 3.3).

LEMMA 4.6. Consider (1.2). Let the function d be given in (3.6), and let E be
given in (3.14). Suppose that Assumption 4.1(ii) holds. Then for any y € domd, it
holds that d(y + u) = d(y) whenever u € E+.

THEOREM 4.7 (uniformized KL property and growth condition). Consider (1.2).
Let the function d be given in (3.6). Suppose that Assumption 4.1 holds. Then there
exist positive constants € and ¢ such that

(4.29) dist(y, Argmind) < ¢ (d(y) — d*)' "=
(4.30) and  (d(y) — d*) ™= < cdist(0,0d(y))

whenever y €Y, := {y : dist(y, Argmind) <e,d* <d(y) <d* +¢€}.

Proof. Under the assumptions, by Proposition 4.5, we know that d is a KL func-
tion with exponent p%a In [4, Lemma 2.1(a)], it was shown that

dom gg = dom ¢ + E+ with int(dom¢g) =ridomgq + E*,
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where ¢g and ¢ are defined in Proposition 3.3. Now, note that d¢g(0)(C Argmind) is
nonempty and compact, since we have 0 € int (domgg) in view of the above display
and the fact that 0 € ridomg (see Proposition 3.3). Then, using [13, Lemma 6] and
[12, Theorem 5], there exist positive constants € and ¢ so that

(4.31) dist(z, Argmind) < c(d(z) — d*)'~ 7=,
whenever z € Y, := {2z : dist(z,9qg(0)) <€,d* <d(z) < d* + €}. Next, we show that
(4.32) Yo=Y+ Bt

First, recall (3.13). For any y € Y., let Proj,gminq(y) = 2 + @ with 2 € dgg(0) and
@€ E+. Then

dist(y —@,09x(0)) <[|(y — @) — 2| = |y — Projarg mina(¥)[| < &

moreover, we also have d(y—) = d(y) thanks to Lemma 4.6. From these we conclude
that y — @ € Y. Then y = (y — @) + @ € Y, + E+, which means Y, C Y, + E+. To
prove the converse inclusion, take any z +u € Y, + E+ with 2 € Y, and w € E+. Then
it holds that d(z + u) =d(z) thanks to Lemma 4.6 and

dist(z + u, Argmind) < dist(z + u,dqgp(0) + u) = dist(z, dqr(0)) <k,

where the first inequality follows from 9¢qg(0) + v C Argmind (see (3.13)). Then,
Y. + E+ CY, and relation (4.32) holds.

Now, for any y € Y;, according to (4.32), there exist z € Y, and u € E* such that
y =z + wu. It then follows that for any such y,

dist(y, Arg mind) @ dist(z + u, (Argmind) 4+ u) = dist(z, Argmind)
(b)
(4:33) < efd(z) — d)' "= Le(dly) - ),
where (a) follows from Argmind = (Argmind) + w (which holds because Argmind =
9qg(0) + E+ and u € E*), (b) follows from (4.31), and (c) follows from Lemma 4.6.
This proves (4.29). Finally, (4.29) together with (2.2) implies (4.30). 0

Before ending this section, we demonstrate that the exponent in (4.29) is the “best
possible” under Assumption 4.1 by presenting an instance of BA-MSF (1.2) with a
path along which both sides of (4.29) vanish in the same order of magnitude. The
following example which argues the tightness of the exponent is in line with the recent
research on the study of tight error bounds: see the notions of exact modulus of the
generalized concave KL property in [39, Definition 6] and consistent error bound in
[31, Definition 3.1].

Ezample 4.3 (tightness of the exponent in (4.29)). Consider

1
min -z —9? s.t. Az eCy,
zelR? 2

where 5 = (2,0), p € (1,2, C1 = {z € R? : |lz||, < 1}, and A, = [(1) 8] Since

ATIC  ={z cR?: Ajz € C1} =[-1,1] x R, it follows that z* = (1,0) is the unique
solution. Moreover, C; is C1*®-cone reducible with o =p — 1 in view of Example 4.2,
and it holds that A;'riC} # 0 as (0,0) € (riCy) N Range(A;). Furthermore,

[1 O]T:T}—Z‘*E{ [t O]Tlt>0}:I‘i./\/,[,l,l]xm(l‘*):ri A;lcl(ﬂf*)-
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Thus, Assumption 4.1 is satisfied. Then Theorem 4.7 shows that (4.29) holds with

exponent 1 — —— =1—1= ijl, where the d in (4.29) now takes the form

14+«
d(y1) = (1/2)[| Aryr = ol* = (1/2)[[0]1* + [l ]| 2, -

]T

S =

Next, in view of Proposition 3.1, we have [1 0" =v—a* = Ay, whenever ¢, €
Argmin d. This implies that the first coordinate of g; is 1. Also, one can see from the
definition of d that the second coordinate of gy is 0. Thus, Argmin d = {[1 O]T}.
Now, let y§ = (1,¢) for € 0. By direct computation, we obtain as €| 0 that
d(ys) —d(g1) =1+ eﬁ)p% —1=0(e7 1) and dist (¥, Argmind) = O(e),
showing that both sides of (4.29) vanish in the same order of magnitude along y$.

Remark 4.8. When Assumption 4.1 holds with o =1 in item (i) (the latter holds
when each C; is C%-cone reducible), Theorem 4.7 asserts that the function d given
in (3.6) satisfies the quadratic growth condition; that is, (4.29) holds with exponent

1- 1-&—% = % However, for the p-norm ball in Example 4.2 with p € (1,2), in view of
Example 4.3, d satisfies (4.29) with a tight exponent 170%1 = pp%l < % Therefore, the

p-norm ball in Example 4.2 with p € (1,2) is C1®-cone reducible with a = p—1 € (0,1)
but not C2-cone reducible.

5. Convergence rate analysis. In this section, we study the convergence rate
of Algorithm 3.1. Recall from Theorem 2.2 that the (classical) Dykstra’s projection
algorithm is known to converge linearly when each C; is polyhedral. We will argue
that the same conclusion holds for Algorithm 3.1. The proof technique will shed light
on how tools from section 4 can be further developed to analyze the convergence rate
of Algorithm 3.1 for a more general class of sets.

The analysis below relies on the following mapping G : IR™ — IR™:

(5.1) G(y) :==y — Prox,, (y — Vg(y)),

where g and D are given in (3.6) and (3.1), respectively. Note that the G in (5.1) is
instrumental in the framework of convergence rate analysis developed in [32, 38] for
first-order methods.

THEOREM 5.1 (linear convergence with polyhedral C;). Consider (1.2), and let
the function d be given in (3.6). Suppose that each C; is polyhedral. Then Argmind #
(0. Moreover, if {z'}, {y'} are the sequences generated by Algorithm 3.1, then there
exist y* € Argmind, r € (0,1), ag € (0,1), a1 >0, and positive integer t such that

" =" Sarap, d(y™) —d" <r(dy") - d), |y -y <aap V>4,
where x* is the unique solution of (1.2), and d* is given in (3.6).

Proof. We first note from [36, Proposition 8.29] that o¢, is a piecewise linear
function for each i and hence the function d is a piecewise-linear-quadratic function.
Since d is bounded below according to Proposition 3.1, invoking the Frank—Wolfe
theorem (see [23, Theorem 2.8.1]), one can see that Argmind # ). Combining this
with [38, Theorem 4], we assert that the following first-order error bound condition®
is satisfied: there exist positive constants €y and cg such that

(5.2)  dist(y,Argmind) < ¢o||G(y)|| whenever ||G(y)|| < €o and d(y) < d* + o,

8This condition is also known as the Luo-Tseng error bound in the literature; see [32, 38, 30, 42].
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where G is given in (5.1). Then, the linear convergence results of {d(y'*1)} and {y'}
follow from [38, Theorem 2(b)].® Moreover, from (3.10) and Proposition 3.1, we have

14 14
(53)  la' —a*|=|lo =Y ATyl = [ o-> ATy || <IATlly" - y"]-
j=1 j=1

The claimed convergence result of {z'} then follows immediately. d

Notice that in the above proof, the crucial ingredient is the first-order error bound
condition (5.2), and it is known in [26, section 3] that this condition is intrinsically
related to second-order growth condition. Below, leveraging the study of growth con-
ditions in section 4 for C*“-cone reducible sets, we will develop an analogue of (5.2)
(with a general exponent on ||G(y)||) to analyze the convergence rate of Algorithm 3.1
when each C; is C1®-cone reducible for some « € (0, 1].

5.1. Convergence rate analysis for C**-cone reducible C;. We first de-
rive a Luo—Tseng type error bound based on the study of growth conditions in sec-
tion 4.

LeEMMA 5.2 (Luo-Tseng type error bound). Consider (1.2). Let d* and the
function d be given in (3.6), and let G be defined in (5.1). Suppose that Assumption 4.1
holds. Then there exist ¢ >0 and € >0 such that

dist(y, Argmind) < c||G(y)||® whenever ||G(y)|| <€, d* <d(y) <d* +e.
Proof. By Theorem 4.7, there exist € € (0,1/2) and ¢ > 0 such that for any y € Y;
dist(y, Argmind) < c(d(y) — d*)lflﬁ < cdist(0,dd(y)) 7= dist(y, Arg min d) 7=,
where the second inequality follows from (2.2). This further implies that
(5.4) dist(y, Argmind) < ¢1dist(0,9d(y)) for all y € Y,

where ¢; := c!' 7. Next, for any y € Y., we have

d* < d(proxy(y)) < d(proxy(y)) + %Hy — prox,(y)||*

. 1 )
= - — < < d*
Jinf {d(w)+ 5y —ul?} <dly) <d"+e.

dist(proxy(y), Argmind) <||prox,(y) — y|| = [[prox,(y) —prox,(y)||

(a)
< ||y — y|| = dist(y, Argmind) <,

where ¥ := P10j A, min4(¥), (2) holds because the proximal operator is nonexpansive.
The above display implies that prox,;(y) € Ye. Similarly, for any y € Y¢, it holds that

(5.5) ly — proxy(y)ll < lly — 9l + [[proxy(y) -yl <2[ly — gyl <2 <1.

90ne has to argue that the proximal CGD (3.7) and (3.9) is a special instance of the algorithm
studied in [38] so that [38, Theorem 2(b)] is applicable. In details, we see from Proposition 3.2(i)
that if one chooses o = 0.5, v = 0, and of ;, =1 in the Armijo rule used in [38] and consider the
search direction yﬁl — yf, then the Armijo rule will be satisfied with stepsize 1 so that yf'H will
appear in the next iterate. Thus, the proximal CGD (3.7) and (3.9) coincides with the algorithm

considered in [38] with the aforementioned choices of o, 7, and {af, }.
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Then we deduce for any y € Y, that

dist(y, Argmind) < ||y — prox,(y)|| + dist(prox,(y), Arg mind)
2y — pros,(u)] + exdist (0. 0d(pro,(1)))° < 1y ~ pros, ()] + exlly — pros(w)|°
< 1+ en)lly — proxa @) € (14 ex)eall 9w |

where (a) follows from (5.4) and the fact that prox,(y) € Y, (b) follows from the fact
that y — prox,(y) € dd(prox,(y)), (c) holds as ||y — prox,(y)| <1 (thanks to (5.5))
and «a € (0,1], and (d) holds for some ¢z > 0 according to [26, Theorem 3.5].

We can now conclude that there exists c¢s > 0 such that dist(y, Argmind) <
cs]|G(y)||* whenever y € Y,. To complete the proof, it suffices to show that there
exists v € (0,¢€) such that

{y:19(y)l <v} C{y:dist(y, Argmind) <e}.

Suppose to the contrary that this is not true. Then there exists {z'} such that
dist(z*, Argmind) > € for all ¢ and G(z") — 0. In view of the latter limit and [26, The-
orem 3.5], we see that ||z — prox,(z!)|| = 0. Since 2! — prox,(z!) € dd(prox,(z!)), we
then deduce further that dist(0,dd(prox,(z?))) — 0, and consequently, dist(prox, (=),
Argmind) — 0 in view of Proposition 3.3. We are now led to the following contradic-
tion:

e < dist(z", Argmind) < || 2" — prox,(2")|| + dist(prox,(z"), Argmind) — 0.

This completes the proof. 0

The following theorem establishes the convergence rate of Algorithm 3.1. The
steps for deriving upper bounds on ||G(y?)|| (see (5.12)) and d(y**!) —d* (see (5.13))
follow a similar argument as in the proof of [38, Theorem 2].

THEOREM 5.3 (convergence rate with C1®-cone reducible C;). Consider (1.2)
and suppose that Assumption 4.1 holds. Let d be the function given in (3.6), and let
{z'}, {y'} be the sequences generated by Algorithm 3.1. Then it holds that x* — z*
and dist(y!, Argmind) — 0, where x* is the unique solution of (1.2). Moreover, the
following statements hold:

(i) If each C; is Cll-cone reducible, then there ewist y* € Argmind, a; > 0,
ap € (0,1), and a positive integer ¢ such that for any t >,

lo* — 2" < arah,  Ny' - y*|| < arag.

(i) If each C; is CY“-cone reducible with € (0,1), then there exist a1 >0 and
a positive integer t such that for any t >t,

lat — 2*|| < agt™F2m1,
d(y") —d* <ayt~ =T,
dist(y", Argmind) < altf%%,

where d* is given in (3.6) and 0 := p%a € (3,1) is the KL exponent of d.
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Proof. The conclusion that dist(y?, Argmin d) — 0 follows immediately from The-
orem 3.4. Recall from (3.1) that AT =[AT ... AT]. Then the convergence of {z'} to
x* can be deduced by noticing

14 4
(5.6) ot — 2|2 oY ATyi—|v-> ATy} || <||A”||dist(y", Argmind),

j=1 j=1

where Proja g mina(y*) =: (71, - . .,7;) and (a) follows from Proposition 3.1 and (3.10).
Recall from (3.1) that D =C4 X --- x Cy. Define

g?(y) =Y — PrOX’yfldci (yl - ’7_1vyzg(y))v 1= 1a so a€7
where g is as in (3.6). Then we can write G(y) = (G (y),...,G}(y)) and (3.9) becomes
(5.7) vt =Prox i, (i =% Vig(Bih) =vi - 67 @10,

where (1 is as in (3.8). et i+ = yf — GG = Proxeg, (5! — V0@ ).

By the definition of the proximal operator, we see that g}f“ and yf“ satisfy the

respective first-order optimality conditions:

0€ Vyug(@55) + (6 — i)+ doc, (317,
US Vylg(gfi—i) + v (y?rl — yf) + ao-ci (y§+1),

which implies that

gl e Argmin(V, 9@+ @ =), 2) +00,(2),
zeIR™i

v € Argmin(Vy,g(5;50) +7 (" 4. 2) +oc.(2).
z€IR™i

Then, it holds that for any z € IR™

(5.8) (Vy 9@ + @ =), 90 = 2) +oc, () — 0c,(2) <0,
(5.9) (Ve g(@FD) + 3 it —yh),yf ™ = 2) + o0, (Y1) — oc, (2) <0.

~t+1 s

Substituting z =yt and z = g/ into (5.8) and (5.9), respectively, and summing
~i+1

them together, we obtain upon recalling (5.7) and the fact Qf“ —yt=—-GH(yit]) that
(Gl (5:i51).GH (i) — 61 (9i5D) + (G (9:51). 6 (9:51) — 61 (5i11)) <0,

which gives |G (i) 11* + %167 (#5117 < (1+7:)(G)" (9:51), 61 (5;11)), and hence

(5.10) IG: @D < @+ )G @D = L+ )l =il

where the last equality follows from (5.7). Recall that y* = (v},...,y}). Then

1GH(v") — GH )|
= ly; — prox,,, (y; — Vy.9(y")) — @i+ ProX,.. ()i = V9@ )
(5.11)
< Lgly"™ =y,
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where the inequality follows from the fact that (yf"’%) = y!, the nonexpansiveness
of the proximal operator, and the Lipschitz continuity of Vg with Lipschitz modulus
L,:=| AT A||. We then deduce further that

¢ ¢
1G(y Z Z 1GH ") = GH @D+ 16 @)
(2) t+1 1t QTR ¢
(5.12) < Z (Lglly™ =yl + A 4+3)llyi ™ —will) < My =o',
i=1

where (a) follows from (5.10) and (5.11), and M ={LL,+ (L + Zle Yi)VE.
Next, let g* = (71, ..., 7}) = Projargmina(y’). Then we see that

diy'™) —d* Y gy +on () — 9(@") — o ()
14

(®) _ _
= (Vg(u),y"* ' —g") + > o, (™) — oo, (7))
=1

4
= (Vg(u") = Va(y"),y"™ —9") + > (Vy9(¥") = Vo@D, v —ah)

=1

t+1 t+1 t41 ¢
+Z yz 1 +71(yz yz) Y; y1>+ac (y )_Jci(yi)]

—Z% S -yhyt -l

(©)
< Lyllu' —y'[llly™" = 'l + CLglly™ — o' llly™ — 9]
+Yeum [y = [y -7l
(5.13)  <[(Lg+LLg+7sum) [y = 4"l + Lolly' — 711y =yl + lly* — 51,
where (a) follows from the definition of d in (3.6), (b) follows from the mean value
theorem with u! = 7,y'*! 4 (1 — 7)g? for some 7, € (0,1), (c) follows from (5.9) and
the Lipschitz continuity of Vg with ~vsum := Zle i
On the other hand, we have |G (y")|| — 0 (thanks to (5.12) and Proposition 3.2(iii))

and d(y') — d* (thanks to Theorem 3.4). Thus, there exists sufficiently large positive

integer ¢ such that ||G(y?)|| < e and d(y?) < d* + € for any ¢ > t, where € is specified in
Lemma 5.2. Then, it holds that for any ¢ > ¢,

(@) . . (b) o © o
(5.14) ly* — o'l = dist(y", Argmind) < ¢|G(y")|* < gelly™" —y'|*,
where (a) holds as §* = Proja,emina(y*), (b) follows from Lemma 5.2, (c) holds for
¢:=cM® thanks to (5.12). Now, since ||y**! — y!|| — 0 (see Proposition 3.2(iii)) and
€ (0,1], we deduce from (5.13) and (5.14) that there exists ¢; > 0 such that
(5.15) d(y'™) —d* < eyt — yt||?™ for all t > 1.
In addition, Proposition 3.2(ii) shows that for all ¢,

(5.16) Ay —d(y") < —colly"t — ¢
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for some ¢y > 0. Then, combining the above two displays, we have for all ¢t > ¢,
(d(y™) — d*) = (d(y") — d*) < —eolly™ — |2 < —e; Ven(d(y+) — d) /e,

which implies that

(5.17) (d(y"™) —d*) + cfl/acQ(d(yt+1) —d))Ye <d(yt) —d* for all t >1.

Next, we consider the cases a =1 and « € (0,1) separately.
Case 1. a=1. In this case, from (5.17) we have for t >¢
1
d t+1 _d* < d t _d* ,
(y™) *71+c;1c2((y) )

which implies that {d(y**!)—d*} is Q-linearly convergent to zero. The last inequality
together with (5.16) shows that

ly™ =y lI* < '(d(y") — d*) = (d(y"™") —d")] < ey (dly") — ),

which, together with the Q-linearly convergence (to zero) of {d(y')—d*}, implies that
there exists c3 > 0,ap € (0,1) such that ||yt — y?|| < czad. Thus, we have

to—1
Iy =y < 3 I =yl < Tl forall o> 2,
Jj=t1

which means that {y'} is convergent. Let y* denote its limit. Then y* € Argmind
by Theorem 3.4. Passing to the limit as to — co in the above display, we obtain

ly* =yl < (esag')/ (1~ ).

Using this, (3.10) and Proposition 3.1, we deduce further that for ¢ > ¢

4 14
* = = * C3
(618) et —atll= o= Yo ATy — (5= 30 ATy | | < AT,
j=1 j=1

which implies the linear convergence of {z'} to z*.
Case 2. a € (0,1). We first show that the sequence {d(y’) — d*} is sublinearly

convergent to zero. To this end, recalling that 6 = a%rl, (5.17) can be written as

(519)  (d(y™) —d)™ <ol [(dly") — d) — (dly™) — )] for all ¢ >7.

Then, following the same arguments in [1, Theorem 2] starting from [1, equation (13)],
we can deduce that there exists ¢4 > 0 such that

(5.20) d(y') — d* <cqt~ 27 for all t > 1,

where the last inequality corresponds to the first inequality on [1, page 15].
For the sublinear convergence of {dist(y’, Argmind)}, we see that for any ¢t > ¢

~2 .. . 2 ~2 .
co¢” adist(y’, Argmind) s < ¢ = (¢]y' Tt — gy |*) VY = colly' T — |2

(5.21) < d(y") —d(y"™) <d(y") —d*,
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where (a) follows from (5.14) and (b) follows from (5.16). Thus, the sublinear con-
vergence rate of {dist(y’, Argmind)} follows from (5.20). Finally, (5.6) implies that
the convergence rate of {z'} can be obtained from that of {dist(y?, Argmind)}. O

Theorem 5.3(i) shows the linear convergence rate of Algorithm 3.1 under a gener-
icity assumption on 7, i.e., 0 € z* 76+r18(2f21 d4-1¢,) (). Tosee that this condition
is indispensable, we give an example that satisfies all assumptions in Theorem 5.3(i)
except for Assumption 4.1(iii), and linear convergence fails.

Ezample 5.1 (linear convergence fails). Consider the following problem:

) 1 _
(5.22) min_ d(y1,y2) = =ly1 + y2 — 0|* + oc, (1) + 0c, (42),
y1,y2 €IR3 2

where v=(1,—1,1) and
Cl = {(%1,1’2,%3) S IR,3 1 X3 < —||(£L'1,(E2)||}7 02 = {(0,%2,%3) S ]R,3 1 T2,T3 € ]R,}

Note that (5.22) is the negative of the Lagrange dual (up to an additive constant) of

the BA problem mingec,nc, 3[lz — 9%, By the definition of C; and Cs, one can see

that C; and Cy are C!-cone reducible (see also Example 4.1) and 1i Oy N1iCy # 0.
Notice that C; = K} and Cy = K3, where

Ky:={(z1,22,03) € R’ 23 > ||(21,22) [}, Kz :={(21,0,0) € R’ 11 € R}.

Then o, =0k, and o, = dk, according to [36, Example 11.4(b)], and (5.22) can be
equivalently written as

. 1 _
(5.23) min d(y1,y2) =5 lly1 +y2 - 0" + 05, (1) + O (y2)-

Y1,y2€IR"

One can verify that the optimal value of the above problem is zero, and
yfz(oa_Ll)EKl and y;:<17070)€K2

is the unique solution of (5.22), i.e., Argmind = {(y7,v3)}, and z* = (0,0,0) is the
unique solution of the primal problem in view of Proposition 3.1. Moreover, we have

0¢a" —0o+rid(dc, +0c, ) ("),

since 119(d¢c, + ¢, ) (%) =riNgne, () SNeyne, (%) = {(x1, T2, T3) : T3 > |22}

Recall that the y-iterates in Algorithm 3.1 can be obtained by applying CGD to
(5.23), with the initial points y? =y = (0,0, 0). By induction, the y-iterates generated
by Algorithm 3.1 can be written as!'?

Yt =Projg, (v —yh) = (at+1, -1 (1 + ﬁ) . (1 ++/a? + 1)) ,
(524> yé"rl :PrOsz(Il_}iyiJrl):(l 7at+17070)7

with i1 = % 1+ \/alzﬁ> Qg and ag = 1.
t

10The projection of (u,t) € IR"*! onto K7 can be found in [10, Exercise 29.11].
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Observing from above that {(y!,y%)} is convergent since {a;} is bounded and non-
increasing, we know that (y!,v4) — (yf,v3) by Proposition 3.2(v). This implies that
lim;_,, a; =0. From the definition of a; in (5.24) and noting that a; > 0, we have

1 1 3a?+2-2a?+1 3at+2 2(1—|—O5at+0(at)) 2+ 0(a?)

a7 a4 a1+ a2 1) a?(1+ /a2 +1)2 1+\/ﬁ

Summing both sides of the above equality from ¢ =0 to t = N, we get —> — 1=

a

O(N), which implies that a; = ©(1/+/f). Then, using this relation, (5. 24) and the
fact vVh2+1—1= O(h?) as h — 0, we deduce that dist((yf“,yé“) Argmind)? =

195" = (yi,93)II? s equal to
2 2
2 2
9 va; +1-1 a; +1-1 9 N 1
2at+1+<2a2+1 + f =2at+1—|—®(at):@ m s

which means that the convergence rate of {(y%,y%)} to (y7,v3) is not linear.

Appendix A. Equivalence between Algorithm 3.1 and a proximal CGD
scheme. We first derive Algorithm 3.1 from (3.7) and (3.9). To this end, note that
(3.9) is equivalent to

(A.1) vt =prox - (- Vg (Bi)).
Define 29 := v and, for i=0,1,...,7,
¢
(A.2) AR Z t+1 Z A]Ty;
J=1 j=i+1l

Then according to (A.2) and the definition of yf"’i in (3.8), it holds that fori=1,...,¢,

(A.3) Al =V, g% 1),
A4) ot =at = AT (g - ).

Consequently, relation (A.1) can be further rewritten as

(a) _ e
(A.5) Yt gt — 71, g — 27 T Proje, (vayt — Vi, 9(#i))
(A.3) _
(A.6) =" yi + AT = Proje, (s + A,

where (a) holds since for any closed convex set K CIR", r >0, and u € IR", we have
prox,,, (u) = u — prox(,, ,y+(u) = u — Proj, g (v) = u — rProjx (r~1u). Then, using
(A.4) and the expression of y“l — y! derived from (A.6), we have for i=1,...,¢,

(A7) 2t = (I =7 AT Al 1y AT Proje, (vt + Aiat ).
Thus, we have shown that (3.9) gives (A.6) and (A.7), i.e., (3.11) in Algorithm 3.1.
Also, from (3.7), (A.2), and the definition that = := v, we see that

¢
(A.8) zhtt = ZA y- =z} for all t >0.
j=1

Combining (A.6), (A.7), and (A.8), we derive Algorithm 3.1.
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Conversely, we show that (3.7) and (3.9) can be deduced from Algorithm 3.1.
Thanks to Step 1 of Algorithm 3.1, it suffices to prove (A.1). To this end, let {z'},
{z!}, and {y!}, i = 1,...,¢, be generated by Algorithm 3.1. Then we obtain (A.4)
from (3.11). We claim that (3.10) holds by induction. First, it clearly holds for
t = 0 from Step 1 of Algorithm 3.1. Suppose that 2} = o — ATy! for some t >
0. Then the beginning of Step 2 of Algorithm 3.1 shows that xéﬂ =0— ATy,
which, together with (A.4), shows that z5™! =5 — ATyt  thus establishes (3.10) by
induction.

Now, (3.10), (A.4), and 25" = 2! (Step 2 of Algorithm 3.1) give (A.2), and hence
(A.3). The y-update in (3.11) then shows that (A.5) holds, which is just (A.1).
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