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Abstract

Park-and-ride (P&R) facilities are key components in encouraging people to use the transit
system by allowing them to leave their private vehicles at certain locations. The well-known
multinomial logit (MNL) model is often used to develop a random utility maximization—based
mathematical programming formulation to determine P&R facility locations. According to the
independently and identically distributed (IID) assumption, the MNL model cannot account for
the route similarity and user heterogeneity. This study provides a new mixed integer linear
programming (MILP) formulation by incorporating a newly developed paired combinatorial
weibit (PCW) model to relax the IID assumption for determining the optimal P&R facility
location. Specifically, the incorporation of a copula derived from a generalized extreme value
(GEV) model addresses the issue of route overlap within the context of the PCW model. In
addition, using the Weibull distribution permits the consideration of heterogeneous perception
variance. Its two-level tree structure for evaluating the marginal and conditional probabilities
allows a linearization scheme to obtain a set of linear constraints. Numerical examples reveal
the influence of the IID assumption relaxation on the results. The two probabilities from the
tree structure and the binary location variables are combined to present a corresponding PCW
model under open/close P&R facility solution. According to the degree of route overlapping
and route-specific perception variance, the fare structure, particularly the distance-based
scheme, has an impact on the number of P&R users and location at optimum.
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1. Introduction

1.1 Overview

Public transit systems are crucial for sustainable development. By reducing carbon
emission levels, transit systems can minimize the contribution of the transportation sector to
climate change (Dalkmann et al., 2017). Within these systems, park-and-ride (P&R) facilities
are a key component to promote the modal shift to public transit. In particular, the location of
P&R facilities is a significant factor in encouraging commuters to use public transportation
while leaving their private vehicles at such facilities (Noel, 1988; Cavadas and Antunes, 2019).

Several researchers have implemented mathematical programming (MP) to consider the
optimal P&R facility location (Wang et al., 2004; 2014; Holguin-Veras et al., 2012; Farhan
and Murray, 2008). Recently, the theoretical aspects and practical applications of the maximum
capture problem has received attention (Freire et al., 2016). This problem extends the ordinary
location problem to maximize the market share based on the customers or users’ decision. In a
pioneering study, ReVelle (1986) assumed an all-or-nothing assignment. In this framework,
the users are deterministically assigned to the closest facility. To address the deterministic
assumption, the random utility maximization (RUM) model is used. The users are assumed to
choose the facility that maximizes their utility. Benati (1999) presented a nonlinear mixed
integer programming framework based on the well-known multinomial logit (MNL) model.
Moreover, several researchers linearized the MNL choice probability to create a mixed integer
linear programming (MILP) in a multimodal hypernetwork. Benati and Hansen (2002) used a
variable substitution. Haase (2009) used a constant substitution pattern, consistent with the
adoption of the independence of irrelevant alternatives (IIA) property to linearize the MNL
choice probability proposed by Aros-Vera et al. (2013) to determine the P&R facility location.
The comparative analysis performed by Haase and Muller (2014) highlighted the advantages
of the constant substitution pattern proposed by Haase (2009) and the use of the IIA property
of the MNL model specified by Aros-Vera et al. (2013). However, the MNL model has two
major drawbacks from the independently and identically distributed (IID) assumption. The
independently distributed assumption prohibits the MNL model from accounting for
overlapping between routes in the transportation network, whereas the identically distributed
assumption prevents the MNL model from considering trips of different lengths (Sheffi, 1985).

Various studies were provided to relax the IID assumption in considering the P&R facility
location in the literature. Since the perception heterogeneity in the P&R facility location is

important (Pang and Khani, 2018), Kitthamkesorn et al. (2021) adopted the multinomial weibit
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(MNW) choice model (Castillo et al., 2008) to relax the independently distributed assumption.
Instead of the Gumbel distribution, the MNW model adopts the Weibull distribution to consider
the perception variance as a function of the route travel cost (Kitthamkesorn and Chen, 2013;
2014). The corresponding IIA property was adopted to present a MILP. On the other hand, to
relax the independently distributed assumption, several generalized extreme value (GEV)-
based models (McFadden, 1978) and advanced choice models with the Gumbel random error
can be used. For example, Dam et al. (2021) used the nested logit (NL) and cross NL (CNL)
models. Haase et al. (2016) adopted a mixed logit (ML) model with a substitution pattern
technique. Lui et al. (2018) incorporated the CNL model (Vovsha, 1997; Bekhor and Prashker,
1999; Kitthamkesorn et al., 2016) in a bi-level programming. The CNL two-level tree structure
was used to construct a nonlinear MP formulation in a combined travel demand model. Note
that the realization of NP-hard GEV-based MP necessitates the use of approximate algorithms
for the computation (e.g., Feldman, 2017; Zhang et al., 2020). The ML-based programming
requires simulation or approximation techniques. Since bi-level programming is frequently
non-convex, tractability is compromise. None of the study relaxes both the independently
distributed assumption and identically distributed assumption in considering the P&R facility
location. Note further that embedding a choice model into an optimization problem is quite
typical in many disciplines, e.g., network equilibrium models in transportation (Prashker and
Bekhor, 2004), choice-based revenue management models in operations research and
management science (Strauss et al., 2018), and facility location models in location science
(Dam et al., 2023).

In this paper, we aim to provide a maximum capture problem to relax the IID assumption
of the MNL model in determining P&R facility locations. Specifically, we adopt the paired
combinatorial weibit (PCW) model due to its flexible two-level error structure for modeling
the route choice problem. This flexibility allows route to belong to more than one nest, and the
choice probability is calculated according to the two-level tree structure using the marginal and
conditional probabilities. In addition, we make use of the two-level tree structure to linearize
the nonlinear probabilities. The IIA of the PCW marginal and conditional probabilities and
special ordered sets of type 2 (SOS2) are combined to provide a MILP.

1.2 Contributions
The objective of this study is to develop a random utility maximization—based MILP to
simultaneously relax the independently distributed assumption and the identically distributed

assumption in considering the park-and-ride (P&R) facility location. Three main contributions



of this study are summarized as follows:

e A paired combinatorial weibit (PCW) model is developed from a joint Weibull distribution
constructed by a copula. This closed-form choice model considers the route overlapping
through the copula parameter and the route-specific perception variance via the Weibull
distribution.

e A linearization of the PCW probability is provided. The marginal and conditional
probabilities from the two-level tree structure of PCW and the binary location variables are
combined to create a set of linear constraints.

e Numerical examples are also provided to illustrate several features of the PCW-based
maximum capture problem. The results obtained using CPLEX indicate that the proposed
MILP can consider both route overlapping and route-specific perception variance. The
impact level of route overlapping and route-specific perception variance on the optimal
solution depends on the fare structure scheme.

The remainder of this paper is organized as follows. Section 2 presents the background of
the MNL-based and MNW-based maximum capture problem to examine the P&R facility
location. Section 3 develops the PCW model. The proposed MILP is presented in Section 4.
Section 5 illustrates several numerical examples, and Section 6 presents the concluding

remarks.

2. Maximum capture problem for P&R facility location
This section clarifies the background of the two existing maximum capture problems to
determine the P&R facility location, i.e., MNL-based and MNW-based models. First, we

present the notation list and then describe the two existing problems.

2.1 Notation list
Two travel choice alternatives are considered, namely 1) private vehicles (auto) and 2)

public transport via a P&R facility (transit) in a hypernetwork (Haase, 2009; Aros-Vera et al.,
2013; Haase and Miiller, 2014). The sets, variables, and parameters used to develop the
proposed model are presented as follows.

Set J Set of origin—destination (O-D) pairs
ij Set of routes between O—D pair ijelJ
N Set of potential park-and-ride (P&R) facility locations

Set of public transport routes via P&R facility between O-D

pair ijelJ (R;cR;;



G Set of auto routes between O-D pair ijelJ (R{j<R;;)

y Probability of choosing route ke Rl-Tj passing through P&R
Variable Pk”
facility between O-D pair ijelJ

py Probability of choosing route aele‘} between O-D pair ijel]
Xn Binary variable for P&R facility at location ne N

Parameter 0 Multinomial logit (MNL) model dispersion parameter

Multinomial weibit (MNW) model shape parameter between

O-D pair jjelJ

éj j MNW model location parameter between O—D pair ijel/

. Parameter to consider the overlapping between route
ij

Oher kr eR;j,ijjel]

Parameter to consider the degree of overlapping between O—
i D pair ijelJ
g,‘.{j Travel cost for route ke R;; between O-D pair ijel/

p Number of P&R facilities

2.2 MNL-based maximum capture problem

This subsection presents the background of the MNL-based maximum capture problem to
determine the P&R facility location. First, we describe the MNL model, followed which we
describe the nonlinear version provided by Haase (2009) and the MILP version proposed by
Aros-Vera et al. (2013).

The MNL model is derived from the Gumbel distribution. Under the independence
assumption and &, = 6, the MNL choice probability can be expressed as
el

Yier,; exp(—0g))
Consider the following maximum capture problem:

max z Z qiijign) 2)

ijelj k(n)eRg}

(1)

s.t.
Z X =P, 3)
nenN
x, €{0,1}, YnEN “4)



Xpexp (—Hgg(n))

Pl - —,
ij 1
YimeN Zr(m)eRiT]. Xm exp (—ng(m)) + ZbeR{} exp(—6g,)

k(n) —

©)

where q;; is the travel demand for each O-D pair jj. The objective function in Eq. (2) is to
maximize the market share through the P&R facility location or number of P&R users.
Equation (3) constrains the number of P&R facilities. Eq. (4) specifies the binary variable.
Equation (5) represents the probability of choosing route k(n)eR passing through P&R
facility ne N between O-D pair ij € 1J, which depends on the state (open (x,, = 1) or close (x,, =
0)) of the P&R facility location.
The MNL model exhibits the IIA property, i.e.,
Pkij _ exp(—HgE / exp(—@girj exp(—Hgij
BY Sier,exp(—6g))/ Tier,exp(—0g)) exp(—6gl)
Aros- Vera et al. (2013) adopted the IIA property of the MNL model to provide a MILP.

(6)

Equation (5) can be replaced by a system of constraints:

PY €[0,1], VI € Ry, ij € 1], (7)
Pk(n) < xn, Vk(n) € R;,n € N,ij € ], (8)
ij .. 9
z Pelny + z P’ =1vijel], ©)
kUOERT aERg
 exp(—0g)) .
P/’ =p(—g§Pb”, va # b € R}, ij € 1], (10)
exp(—0g,)
iy exp —Hgij
Pty < ( k.(."))Pb”, vk(n) € RT,n € N,b € RY,ij € 1], (11)

ex'p(—Hgg

i - _ew(=0g))

a —=

Pl + (1= xp),
exp( ng(m)) (12)

vk(n) # r(m) € Rjj,n,m € N,a € Rf},ij €I,

g exp (—0g,
Pklén) < exp E—Ggil;(n)g r(m

Equation (7) indicates that the choice probability lies between zero and one. The choice

)+(1 Xm), Vk(n) # r(m) € RT,,n,m € N, ij € IJ. (13)

l]'

probability on route k through facility » between an O—D pair ij is greater than zero only when
the facility is open, as shown in Eq. (8). Equation (9) presents the conservation constraint.

Equations (10)—(13) indicate the exploitation of the IIA property of the MNL model for every



possible route pair, specifically, the auto routes—auto routes, public transit routes—auto routes,
auto routes—public transit routes, and public transit routes—public transit routes, respectively.
The auto routes—auto routes relation in Eq. (10) has an equal sign (=) because Pcfj is always
greater than zero. In contrast, Pki{n) is depended on x,, in Eq. (8). Therefore, Eqgs. (11)—~(13)
involve the less than or equal to sign (<). The location variable x,, is adopted for a logical
constraint, and the term (1 — x,,) in Egs. (12) and (13) is used to ensure logical reason. If

— ij ij ij ij
=1,P)y = 0. Ifx,, =0,P7 ,=0,P <1, and Pk( )<

< 1, consistent with Eq. (7).
Considering Egs. (7)—(13), linear equations to determine P, k(n) based on x,, can be obtained.
Interested readers can refer to the work of Aros-Vera et al. (2013) and Haase and Miiller (2014)
for additional details.

Notably, the MNL model involves two drawbacks. According to the independently

distributed assumption, the MNL model cannot account for the route correlation or route

overlapping. Furthermore, the setting 6, = @results in the identically distributed assumption,

in which each route has the same and fixed perception variance of 72/66".

2.3 MNW-based maximum capture problem
To relax the identically distributed assumption, Kitthamkesorn et al. (2021) considered the
MNW model (Castillo et al., 2008). This model is derived from the Weibull distribution, as

presented in Table 1. This Weibull distribution has three parameters, namely the location

parameter g“i].k, scale parameter 6, ., and shape parameter ﬂi].k.

Table 1: Weibull distribution

Distribution Weibull
Cumulative Distribution Pijk
) 1—exp < >
Function (CDF) O,jk
ij 1
Mean (g, ) Cjr T O 1 ,8_
Variance (UE) 6[2]']( [F<1 + —k) - 1+ )]
Bij

Under the independence assumption, {l.jk = g“i]. and ﬂi].k = ﬂi]., and the MNW model can

be expressed as



(g0-c) "

P = s (14)
ZlERij(gi]_éli ) N
The probability of choosing the transit system via P&R facility n can be expressed as
. Sy
ij ij
pi = *n (gk(n) B Cl)
k() = i ~Fij i ~Fyy’ (15)
Ymen Zr(m)eRiTj Xm €XP (gr(m) - éll ) + Zbegf}. (gb - éll )
Similar to the MNL model, the MNW model also exhibits the IIA property:
. -, N -B.. . -8
P ij ij ij ij ij ij
A C ) (r-6) " _(s-4) o

ij =

- B, - B, - B,
Pr ZlERL’j (gi] - éll) ! ZlERij (gi] - éll) ’ (gi‘] - éll) !
To formulate the MNW-based maximum capture problem to determine the P&R facility

location, Kitthamkesorn et al. (2021) replaced Egs. (10)—(13) with a similar principle. The
probability ratio exp(—@gz) / exp(—Hgirj) in the MNL-based model is replaced by

ij B ¢ i b . . . .
(gk - ¢ ) / (gr — {l]) to obtain the MNW choice probability at optimal.

Note that the MNW model includes the route-specific perception variance. According to

the Weibull variance, which consists of the scale and shape parameters, setting ¢, ., = ¢ . and
jk ij
,Bl.j = ,Bl.j does not imply the identical distributed assumption. Thus, the MNW model includes

the perception variance as a function of the route travel cost (Kitthamkesorn and Chen, 2013;
2014)
ij z
ij (gk — 5 ) 2 2 1
Uk :—[IT1+'B—) - I (1+,3_)] (17)
{1+ i i
B,
However, the MNW model still involves the independently distributed assumption and cannot
account for route overlapping. Please refer to Gu et al. (2022a, b) for a detailed review of the
MNW model and application to accessibility-based vulnerability analysis of multimodal

transportation networks.

3. PCW model

As described in this section, a new choice model to account for both route overlapping and
heterogeneous perception variance is developed. The paired combinatorial logit (PCL) model
(Chu, 1989; Koppelman and Wen, 2000) is integrated with the Weibull distribution to create
the PCW model. First, we review the PCL model and then describe the development of the

8



PCW model.

3.1 PCL model

The PCL model was developed to relax the independence assumption embedded in the
MNL model. The route correlation from the transportation network topology or the route
overlap is accounted for from the joint Gumbel distribution. The PCL choice probability can

be derived from the GEV model (McFadden, 1978) through the following generation function:

IRij|-1 |Rqj 1 _1 1V %m
1= | e OIm (18)
G (yijli"'Yij|RU| (1= o) [y "™ + Yiim '
=1 m=l+1

where akr [0,1) is the similarity parameter to consider route overlapping, and |Rl ]| is the

number of routes between O-D pair ij. With y;; = exp(— Gt,lcj ), a joint survival Gumbel

distribution can be expressed as (Koppelman and Wen, 2000; Marzano and Papola, 2008)

1-—
IRyl-1 |Ry| t/-c.}  deii- l,m i
_-—exp—z Z(l— e "% 4 (19)

=1 m=l+1

Subsequently, the PCL probability can be expressed as

ol
i i ij k
~og) ij ~6g) -6g, "
Srtk €XD ] (1 akr) exp i |texp i
1- 1-0 1-0
Tkr kr kr

ij ij

R;j|-1 |Rj| -0g _6g
J Y ij l _‘em
Lj=g L= z+1(1 o )exp )T\

im

The correlation between a route pair is considered through an overlapping section, resulting in
a certain similarity of the unobserved characteristics between the route pair. The correlation

and covariance can be determined from the bivariate distribution:

g{tl l]l} 717]1 ym} 1 om
F(tlij,t,i,,{ =exp|—(1- ah{n e 1% te Om ‘ . (21)
Note that the PCL correlation and covariance cannot be written in a closed form (Koppelman
and Wen, 2000). Therefore, a numerical method or an estimation technique must be used
(Marzano and Papola, 2008).

In practical scenarios, the parameter a,g

(Bekhor and Prashker, 1999)

can be related with the network topology as



. L. >’<ii

ij ijkr

0., =|—| , (22)
r <\/LijkLijr

where L;jy is the length of route k between O-D pair ij, [; j 1s the overlapping section between

routes k and 7, and x;; > 0 is a parameter.

3.2 PCW model

To relax the identical assumption embedded in the PCL model, we consider the Weibull
distribution. The PCL GEV generating function is used. Using the inversion method, a
corresponding copula can be presented (Bhat, 2009; Fosgerau et al., 2013). The copula derived
from the joint Gumbel distribution of the PCL model, defined in Eq. (19), can be expressed as

|Rl]| 1 |RU| 1 1 1- Ullr]n

Cij = exp| = Z Z (1-0) (—lnuiﬂ)l_af’i‘+(—l"“ijm)1_”li’"] , o (23)

=1 m=l+1

where u;j,, Vk € R;j,ij € I] is the marginal CDF of the perceived travel cost. Subsequently,

l]'

the joint (survival) Weibull distribution can be expressed as

gijl ij

B Biji ﬂl.]m 1= alm
— Riil-1 IR t) ¢ \1-ott t G im \1-0
Hy = exp| - 50 S (1 - o) ( lm* = ”’" " (24)

The choice probability can be derived through integration (Ben-Akiva and Lerman, 1985)

PV = f Hyjdx, (25)
where H;j, = cH;j/Ot;ji. In this case,

Pijk

ij_ T
Pkijzf;‘J _ |Rij|-1 |Ru| ﬂuk(l (tk ‘Q’jk)l-“;fr %
ijk

k=1 r k+1 g, ik 6ijk

(26)

ol
) ) ij

Lk é’ljk - U;cjr + tr éll]T - U;cjr H dt .

91]k 91]r Y

Setting ,B]k = ﬂu and ¢, ik g“i]. yields
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ﬂijij ) [ ﬁl]u ﬁi];]-l ker
o) ) () )
R = e @
) by fy_pi0m
ZzRL11| 12|T:UI|+1(1 "zlfn)l(ﬁ)l_lﬁ{?H(ei;m)l_dgni
| J

ﬂl} [ —hij —ﬂi'j' ‘|_Ukr
) ) l
e COh D)ok (g,
Pkll = . » 1{ fiﬁ . (28)
n PP &
Z|1R1| 12|£Ul|+1(1—al‘{n)|l(gl - )1 alm+(g;1n_§u)1_glmi
]

The correlation and covariance can be determined from the bivariate distribution:

ij

ﬂij ﬂij 1=0um
N N A A
F(t/,t2) = exp|—(1 -0l (9—U + Q—U . (29)
ijl ijm

Similar to the PCL case, the correlation and covariance of the PCW model cannot be expressed
in a closed form and numerical methods must be used. According to Eq. (29), the marginal
distribution of the PCW model can be expressed as

ij_ ﬂij
F(e) = exp [— <—§> ] (30)

gul

which is consistent with the Weibull distribution presented in Table 1. In other words, the
corresponding route-specific perception variance is identical to that of the MNW model, as

defined in Eq. (17).

Furthermore, the PCW probability has a two-level tree structure:
= Y Pl P (31)

where the marginal and conditional probabilities can be respectively defined as follows:

[ _ﬁ” _ﬁ” 1_o'll-gr
ij
(1-0i)| (=)'~ er +(20-4;;)" k e
i _ l |
Pkr - L'j » (32)
ﬂ]_] _ﬁ” im

|
SRl gl (1m0t (g-, )i

l

al
+(gm- Qj)l_olinji
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Pkl|]kr = —bij —ﬂij' : (33)

T

(gh-a) "o +(el -4,
Figure 1 depicts a graphical illustration of the two-level tree structure of PCW using the loop-
hole network. The network has three routes. The upper route is truly independent, while the
two lower routes are overlapped on link 2 with the travel cost of y. The marginal probability
indicates the probability of selecting a route pair in the first level, whereas the conditional
probability indicates the probability of selecting a certain route in a route pair in the second
level. Notably, Pkli = Prl,i and Pkiljkr = Pklljrk We will use this two-level tree structure to obtain
a MILP described in Section 4. It should be noted that this capability is not available for all
GEV-based route choice models. Other GEV-based models' probability linearization can be
difficult. Also, the path-size factor to account for route overlaps necessitates a complicated
approximation approach (Liu et al., 2019).

[10]

1

[1(;-y Route Link
L [y] o 1 1
Origin 2 0-y] Destination ) 23
4 3 24
[Link cost]

——Link number—

Travel Demand

Route pair

Route Y \j \ Pr|rk
Figure 1: Modified loop-hole network and corresponding two-level tree structure

(index #j is omitted for simplicity)

3.3 Comparison between the PCW model and some existing models
A comparison would be made for each assumption, including 1) identically distributed

assumption, 2) independently distributed assumption, and 3) independently and identically

12



distributed (IID) assumption. The comparisons are made between the PCW model and some
existing models, including the path-size logit (PSL) model (Ben-Akiva and Bierlaire, 1999),
adaptive path-size logit (APSL) model (Duncan et al., 2020), PCL model, cross nested logit
(CNL) model (Bekhor and Prashker, 1999), and path-size weibit (PSW) model (Kitthamkesorn
and Chen, 2013). For comparison purpose, the 8 = 0.1, ,Bl.j = 3.7, g“i]. =0, and x;; = 1. The

APSL probability is computed by a fixed-point problem.

3.3.1 Identically distributed assumption

A two-route network in Figure 2 is adopted to illustrate the capability of the PCW model
in relaxing the identically distributed assumption. In this network, the upper route is longer
than the lower route by 5 units. At y = 5, the upper route is two times longer than the lower
route. Meanwhile, at y = 125, the upper route is only 4 percent longer than the lower route.

According to the identical perception variance of 72/6 6, the logit models produce the
same choice probability for all variable cost ys, regardless of the trip length. In contrast, the
MNW, PSW, and PCW models have the perception variance as a function of the route travel
cost (see Eq. (17)). These three weibit models can account for the trip with different lengths.
The length between the upper and lower routes becomes more similar as y increases, and the

probability of choosing each route becomes more comparable.

[y+3]
2
[y] [Link cost]
i 1 > ] Link number—
1
2
5 .
09 M
o \‘
g \
50 0.8 \
=) \
= .
o AN
207 N
2 N MNL, PSL, PCL, CNL, APSL
5 N
.06 | Te=ell
S e ] MNW, PSW, PCW
e
0.5
5 25 45 65 85 105 125

y

Figure 2: Two-route network and probability of choosing the lower route

It is acknowledged that the implementation of cost transformation techniques can
potentially mitigate certain limitations associated with the logit model. Utilizing the

logarithmic transformation of the cost of the route is a viable approach. The probability would

13



exhibit similar results compared to those of the weibit models. The rationale behind this
assertion is rooted in the log transformation's ability to establish a connection between the logit
and weibit models, as shown by previous studies (Castillo et al., 2008; Li, 2011; Kitthamkesorn
and Chen, 2013; 2014). It is noteworthy that MNL scaling can only be done at the OD level to
modify the choice probability, it is not applicable at the route level (Chen et al., 2012). In other
words, each route still has the homogeneous perception variance of m2/662.

According to Li (2011), it is hard to believe that a single statistical distribution can
accommodate various transportation applications. Li (2011) proposed a semi-parametric
approach to generate closed-form choice models based on distributions with the min-stable
property. Mattsson et al. (2014) proposed a general framework to generate probabilistic models
and specifically obtained the choice models based on the extreme value distributions. These
route choice models are related to the logit model through some transformations. Nonetheless,
the route-specific perception variance can be presented explicitly. The perception variance can
be a function of the route travel cost and distribution parameter, which could be identified based

on a particular distribution.

3.3.2 Independently distributed assumption

The loop-hole network in Figure 1 is used to demonstrate the capability of the PCW model
in relaxing the independently distributed assumption. All three routes in the loop-hole network
have the same cost of 10 units. The upper route is truly independent. Meanwhile the two lower
routes are correlated with the overlapping section of y. According to the independently
distributed assumption, the MNL and MNW models give the same result for all ys, regardless
of the overlapping section. Note that other models (e.g., PSL, APLS, PSW, and CNL) can
consider the route overlapping. At y = 0, all three routes are independent, and these models
generate the same probability. As y increases, the overlapping section makes the two lower
routes to become more similar. These models present a larger probability of choosing the upper
route. The PSL, APSL, PSW, and CNL models present a convex curve while the PCL and
PCW models show a concave curve. Only two routes are possible for y = 10, and all these

models except for the CNL model produce equal probability of choosing each route.
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Figure 3: Loop-hole network and probability of choosing the upper route

3.3.3 Independently and identically distributed (IID) assumption

A switching route network in Figure 4 has four routes. Routes 1 to 3 have the same travel
cost of 10 units, whereas the travel cost on route 4 can be longer, dependent on y. The
multinomial probit (MNP) model is used as a benchmark. The route coefficient of variation
(CV) is assumed to be 0.3. The MNP model uses a joint Normal distribution to address the 11D
assumption. Its probability is produced by the Monte Carlo simulation (Sheffi, 1985) with
1,000 draws.

At y = 10, all routes have the same cost, and all models except for the APSL model give
the same result. As y increases, the PSL and PSW models provide a higher probability of
choosing route 2. This is due to the drawback of using a path-size factor in the switching
network as identified by Prashker and Bekhor (2004). The PCL, CNL, and PCW models
generate similar probability of choosing route 3 to the MNP model. Comparing between the
PCL and PCW models, the PCW model produces a closer result to the MNP model according
to the PCW parameter setting ,Bl.j =3.7 and g“i]. = 0, which corresponds to the assumed CV of

0.3 for each route (Kitthamkesorn and Chen, 2013; 2014).
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Figure 4: Switching route network and probability of choosing route 3

Note that, while the PCW model can relax the assumption of independent and identically
distributed (IID), the MNP model offers a higher flexibility in achieving this relaxation. The
PCW model accounts for the route overlapping and heterogeneous perception variance as a
function of the route travel cost. The choice probability for this closed-form model is influenced
by the route overlapping and route-specific perception variance to a greater extent when the
route travel cost is larger. The MNP model can incorporate the consideration of both route
overlapping and heterogeneous perception variance from any function, rather than being solely
dependent on route travel cost. The absence of a closed-form solution renders the computation
of the MNP model both costly and challenging, particularly when attempting to integrate it into

a location problem.

4. PCW-based maximum capture problem for P&R facility location

A maximum capture problem is formulated to examine the P&R facility location
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considering the PCW choice behavior. Because the PCW model does not exhibit the ITA

property, its two-level tree structure is used to linearize the nonlinear probability.

4.1 Nonlinear PCW choice probability for the P&R facility location

The probability of travelers traveling through a P&R facility potential site under the PCW

choice behavior can be defined as follows:

k

n =

ij
Z"‘x”(gk(n) VLJ>1 Jk(n)a(l JIL<J(TL)CL)

/fU k(n)a
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X[xn(gk(n)_gij) k(n)r(m) +xm(gr(m)_§ij> k(n)r(m)J

| Transit-Auto

| Transit—Transit

L Auto—Auto

Transit—Auto

— Transit-Transit

(34)

As the PCW model considers each route pair in a hypernetwork, Eq. (34) must account for

every possible route pair combination in a choice set, including the pairs of auto route and auto

route (Auto—Auto), the auto route and transit route (Auto-Transit or Transit—Auto), and transit

route and transit route (Transit—Transit). For probability P k( )» the numerator includes the

Transit—Auto and Transit—Transit route pairs associated with route k(n) between O-D pair ij.

The denominator includes all possible route pairs between O-D pair ij. The binary variable is
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ﬁ”

added to each term related to the transit route, i.e., x, (gg(n) — g”l.])l %%a. In this manner, the

relation between the binary variable and choice probability is maintained, as in the MNL case
in Eq. (5). Notably, this probability is a nonlinear function; it includes several binary variables
for each transit route, rendering it more complex than the MNL models. Furthermore, the PCW

model does not exhibit the IIA property, and the same linearization approach cannot be applied.

4.2 Two-level tree structure to linearize the PCW choice probability

To address the abovementioned problem, we use the PCW model two-level tree structure
to linearize its probability. According to Egs. (32) and (33) and the parameter setting in Eq.
(22), both marginal and conditional probabilities exhibit the independence of irrelevant
alternatives, wherein any change in the other routes does not influence the route pair probability

ratio under consideration:

[ ﬂu T
7]
1 Ukr [ l gr 41 )1 Ukr‘
pii .
PIZ o Vi Ls Ry i ET], (3)
Is [ ﬁif Al
ij
[ G)' s+ (gd-4)" ‘
pl = “Bij Vk,r € Rij' jel. (36)
rlkr ij

(87=4y)" "%

Similar to the MNL-based and MNW-based models, all possible pairings must be
considered as a constraint. The binary variable x,, is used to ensure the logic of each choice
probability ratio. The following constraints are used to replace Egs. (7)—(13) in the MNL-based
model to clarify the PCW travel choice behavior.

4.2.1 Marginal probability
First, we consider the case of the marginal probability. The conservation constraint can be

expressed as

[Rijl=1 |Ryj]
Z Z PY =1,vls€Ry,ijEl, (37)
=1 s=l+1

in which all marginal probabilities lie between 0 and 1:

0<B) <1,vl,s€R, ijeEI. (38)
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All the marginal probabilities are greater than zero, except that associated with a transit route
pair. The marginal probability for a transit route pair can be zero when all corresponding P&R
facility potential sites are closed. In this case, the logic and relationship through the binary

variable are introduced:

Pki{n)r(m) < Xp + Xm, V() = 7(M) € RlTJ"n’m EN,yEI. (39)

Equation (39) ensures that Pki{n)r(m

y is zero when the corresponding P&R sites n and m are
closed. If one (or both) corresponding P&R site(s) is (are) opened, Equation (38) governs the
probability value. All possible pairings are shown in Figure 5, and all corresponding equations
are presented in Appendix A. These constraints include the following pairings: 1) Auto—Auto
Auto—Auto 2) Auto—Auto Transit—Auto 3) Auto—Auto Transit—Transit 4) Transit—-Auto Auto—
Auto 5) Transit—Auto Transit—Auto 6) Transit—Auto: Transit—Transit 7) Transit—Transit Auto—

Auto 8) Transit-Transit Transit—Auto and 9) Transit—Transit Transit—Transit
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Figure 5: Logic and relationship for all possible pairings at the marginal probability level
(index jj is omitted for simplicity)

All possible pairings according to the two-level tree structure for the marginal probability
are summarized in Table 2. The main difference between each constraint pertains to the
probability ratio on the right-hand side (RHS). The numerator and denominator are considered
to cover all possible circumstances for each pairing. The terms “+x,” and “+(1 — x,,)” are
used to ensure the logic of each choice probability ratio with every possible circumstance that
includes the transit route. This configuration helps ensure that the marginal probability on the

left-hand side is in the range of zero and one.
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Table 2: Constraints based on the PCW marginal probability

Numerator on the RHS

Denominator on the RHS

Pairing Transit | Transit Transit | Transit Logical term Eq.
Auto | Auto Auto | Auto
[1] [m] [0] [P]

Auto—Auto: Auto—Auto . . o o - (48)
. | - o . (1 -x) (49)

Auto—Auto: Transit—Auto
o | e o X (50)
Auto—Auto: Transit— ° ¢ ¢ ¢ (1—=2x,) + (1 - xp) (1)
Transit o o ° (1—x,) +x, (52)
3 o .« | o - x) (53)

Transit—Auto: Auto—Auto
- . | - xn (54)
° ° ° ° A-—x)+ 1 —-x,) (55)
Transit—Auto: Transit— ¢ ° ¢ (1= xn) + X, (56)
Auto o . o Xn + (1= x,) (57)
° o Xn + X, (58)
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Numerator on the RHS

Denominator on the RHS

Pairing Transit | Transit Transit | Transit Logical term Eq.
Auto | Auto Auto | Auto
[1] [m] [o] [P]
° ° ° ° 1-x)+0—x,)+ (1 — xp) (59)
Transit—Auto: Transit— ° ° ° (1 —xp) + (1 —x,) +x, (60)
Transit o ° ° X+ (1 —x,)+ (1 — Xp) (61)
° ° X, +(1—x,)+ Xp (62)
Transit—Transit: Auto— ° ° ° ° (1 —=2x2) + (1 —xp) (63)
Auto . . . (1—x,) + xp (64)
o o ® ® (1 - xn) + (1 - xm) + (1 - xo) (65)
Transit—Transit: Transit—
Auto ° ° ° A—x)+0—-x,)+x, (66)
. (1 —x,) +x, +x, (67)
(1_xn)+(1_xm) +(1_xo)
Y ® [} ([ ] (68)
+(1 — xp)

Transit—Transit: Transit— ° ° ° A =xp) +xm + (1 —2x) + 2, (69)

Transit (1—x,) + 2%, + (1—2x,)
Y [ ] [} (70)

+(1 — xp)

° ° (1—xn)+xm+(1—xo)+xp (71)
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4.2.2 Conditional probability
Next, the pairing between the conditional probabilities is considered. First, the probability

is bounded between zero and one:
0< P, <1,Vi#s€ERy,ijel] (40)
The relationship between the conditional probability and x, can be expressed as

P ke < Xn V() € RT,n € N,L € Ryj,ij € 1], 41)

Generally, the summation of each pair of the conditional probability should equal one. The

summation between Pki{n)| k(nyr(m) and Pri(jm)'k(n)r(m) depends on the binary variables. If only

one site is opened, the summation must equal one. If both sites are closed, the summation must

be zero. In this scenario, the logic and relationship can be presented as
ij ij .
Petmiemyrmy T Brimykeyramy < %n + Xm, V() # 7(m) ERnmEN,ij € 1], (42)
ij ij ..
Petmiemyrmy T Brimykeyramy = %n Yk(@) # 1(m) € Rf,n,m € N,ij € 1], (43)

Pki{n)|k(n)r(m) + Prigm)|k(n)r(m) > X, Vk(n) # r(m) € R;,n,m € N,ij € I]. (44)
All possible pairings of the PCW conditional probability are shown in Figure 6, and all
corresponding equations are presented in Appendix B. The constraints include those of 1)
Auto: Auto, 2) Auto: Transit, 3) Transit: Auto, and 4) Transit: Transit. The term “(1 — x,,)” is
added to the constraint with the transit route on the RHS. As in the MNL-based and MNW-
based models, this term helps ensure that the conditional probability is in the range of zero and
one, even if the site on the RHS is closed.

According to the marginal and conditional probabilities, the PCW probability can be

computed using Eq. (31). To linearize this equation, we reformulate the problem as follows.

Let y;jkr and z;jy. be a continuous variable, where

L -
Vijr =5 (P,j; + P,jlfkr), vk %71 €Ry,ij €1], (45)
T 3
Zijir = 5 (P — Befier), Yk #7 ERyj i €1, (46)
In this case,
o ) X B
PorPelir = ijir)” — (Zijir)”, Yk =T €ERy,ij €], (47)

Both (yi ]-kr)z and (Zl- jkr)z can be determined through SOS2. The use of SOS2 in transportation

analysis has been reported by Luathep et al. (2011).
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Figure 6: Logic and relationship for all possible pairings at the conditional probability level
(index ij is omitted for simplicity)

Proposition 1. The MILP formulation in Egs. (2)-(4) and Eqgs. (37)—(67) generates the

maximum number of P&R users under the PCW travel choice behavior.

Proof. Assume that there exist at least two routes connecting each O—D pair. For simplicity,

three cases are considered: (a) all P&R potential sites between an O—D pair ij are closed, (b)

only one P&R potential site between an O-D pair ij is open, and (c) all P&R potential sites

between an O-D pair jj are open. Detailed information can be found in Appendix C.

(a) All P&R potential sites between an O—D pair jj are closed. In this case, the binary variables

» = 0 and x,,, = 0. Only one equation from each pairing category is active. The other

cases are governed by Eqgs. (38) and (40). The equality for the marginal probability can be
expressed as follows:

—hij ~bij %

(10, (et ) b+ (e, 7

— P, Va#b,c#d€RfijeI.
—hBij —hBij 1%

(1-018)| (e, ees(gll-g, )7

Pki{n)r(m) 0,Vk(n) #r(m) € R,n,m € N,ij € I].

l]’
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According to this expression,
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The marginal probability for the auto—auto pair can be expressed as

ij

[ “Pij ~fij 1 Cab
1 Uab l 1- Uab+(gig_§i_)1 aa]b‘
£ g erh eyl
ZIRZ’I 1 leRlljJrll(l_Jls) (g —é’ij)l—02£+(gisj_ gi]_)l_ag‘

Similarly, the marginal probability for transit—auto can be expressed as

.. _ﬂ..
pil  _ (g2-¢y)
k(n)a — U 4
[ ‘ﬂif —ﬂu]

)1 O'U

R
22 sl 1m0 l (-4,

Vk(n) € Rl;,n € N,a € Rf},ij € I].
The expressions for the other pairs can be derived in a similar manner, consistent with Eq.
(32).

The conditional probability can be expressed as
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According to Eq. (31), the abovementioned equality constraints of the marginal and conditional
probabilities yield the PCW model defined in Eq. (34).

(b) Only one P&R potential site between an O-D pair ij is open, i.e., X, = 1. The following

equations can be derived, i.e.,

Marginal probability
ij
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Following a similar procedure as in the previous scenario, we can conclude that the PCW

choice behavior pertains to Eq. (34).
(c) All P&R potential sites between an O-D pair ij are open. The following equalities can be

derived:
ij
—Bij —Bij 1 %bp
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Following a similar procedure as in the previous cases, it can be concluded that the PCW choice
behavior pertains to Eq. (34). Thus, the MILP defined in Egs. (2)-(4) and Egs. (37)—(67)
generates the maximum number of P&R users under the PCW travel choice behavior. This

completes the proof. [

5. Numerical examples

Two numerical examples are presented to illustrate several features of the proposed PCW-
based p-Hub location model for determining the P&R facility location. The results are
compared with those obtained using two existing maximum capture problem for determining
P&R facility locations, namely the MNL-based model (Aros-Vera et al., 2013) and MNW-
based model (Kitthamkesorn et al., 2021). For comparison, the parameters are set as = 0.1,

Bij = 3.7, g"l.j =0, and k;; = 1, unless specified otherwise. IBM-ILOG CPLEX 12.10.0 is

used to solve the problem.

5.1 Modified loop-hole network

A modified loop-hole network, as shown in Figure 7, is used to compare the solution with
those obtained using existing models. This network has one O-D pair, two P&R facility
potential sites, and three routes. The O—-D demand is 1,000. The P&R facility potential sites
are on routes 1 and 2. Route 1 is a truly independent route with a travel cost of 10. Routes 2
and 3 are shorter (i.e., travel cost of 9.5 and 9, respectively) than route 1 with an overlapping

section y. Route 3 is an auto route.
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Figure 7: Modified loop-hole network

Figure 8 depicts the result of each model at p = 1. Both MNL-based and MNW-based
models select site 2 as the location of the P&R facility, without considering the overlapping
section y. This is because the independently distributed assumption is embedded in the MNL
and MNW models. The result difference between the MNL-based and MNW-based models is
caused by the identically distributed assumption included in the MNL model. On the other
hand, the PCW model can relax both independently and identically distributed assumption as
presented in Section 3.3. The PCW-based model produces results according to the overlapping
section y and its overall trip length. At y = 0 (no overlap), the PCW-based model selects site 2
as the location of the P&R facility, with the same number of P&R users as in the MNW-based
model. As y increases, the two lower routes are increasingly similar, and the number of P&R
users at site 2 decreases accordingly. As a result, the P&R facility is located at site 1 when y >

5.89 (i.e., route 2 is no longer attractive owing to the overlapping section).
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Figure 8: Location of the P&R facility for the modified loop-hole network

The number of P&R users in site 2 decreases as y increases. This phenomenon occurs

because leé and P2i|j23 are smaller for a higher azié, as presented in Figure 9. Aty = 5.89, the

30



probability of selecting route 2 is less than that of selecting route 1, as an independent route.
Thus, the PCW-based model selects site 1 as the location of the P&R facility when y > 5.89.

The PCW marginal and conditional probabilities remain the same for y > 5.89 as xo= 0 and

routes 1 and 3 are independent. When p;jr = 1, the PCW model collapses to the MN'W model.

P12, Pais P12, Paps

Probability

0 I 2 3 4 5 6 7 8 9
Higher o B
Eher 023 y 5.89

Figure 9: PCW marginal and conditional probabilities for the modified loop-hole network

(index #j is omitted for simplicity)

Subsequently, we investigate the influence of the parameter f;; on the solution. The
interchanging point (Ip) from site 2 to site 1 is shown in Figure 10. For a smaller §;;, a higher
perception variance is obtained for each route (according to Eq. (17)). Travelers are assumed
to be less sensitive to the travel cost difference. As f;; increases, I, increases. A larger f;;

generates a smaller route-specific perception variance. Travelers are more sensitive to the route

travel cost difference (Kitthamkesorn and Chen, 2013; 2014).

6.2 < Route overlapping dominates
6.1
6
—~5.9
5.8
5.7
s 6 Route-specific perception variance dominates ------- >
Bjj
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Figure 10: Interchanging point for the P&R site selection

5.2 Sioux Falls network

The Sioux Falls network shown in Figure 11 is considered to investigate the influence of
the transportation policy. This network contains 24 nodes (all of which are origins and
destinations) and 76 links. We assume that there are two light rail transit (LRT) lines: the
North—South line and East—West line. Each node on the LRT system is a potential P&R facility
site. The impact of fare structure as a significant component of the transit level of service (De
Ona and De Ona, 2015) is investigated. Two transit fare structures are considered. The flat-rate
scheme charges each transit user 10 units for one trip. The distance-based scheme has an

entrance fee of 7.50 units and a distance fee of 0.20 unit for each unit of length traveled.

<— Road
<-- Transit

O P&R potential site

Figure 11: Sioux Falls network

The P&R facility location results for the two fare structures are presented in Figure 12.
The number of P&R users increases with p. Each model yields different optimal P&R facility
locations. The PCW-based model appears to be highly sensitive to the transit fare scheme. This
phenomenon occurs because the PCW model considers both route overlapping and route-
specific perception variance. In contrast, the MNL model cannot consider any aspect, and the

MNW model cannot consider route overlapping.
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Figure 12: P&R facility locations under two transit fare schemes for the Sioux Falls network

Furthermore, the impact of the PCW-based model parameter «j on the P&R facility
location (p = 4) is investigated as shown in Figure 13. As «j increases, the number of P&R
users decreases. This phenomenon occurs because most auto-only routes are shorter than the
transit routes. Although the flat-rate scheme yields almost the same P&R facility location
combinations, the distance-based scheme exhibits different P&R facility location combinations
for larger «;jj values. It is a fact that the flat-rate scheme incentivizes users to engage in longer
journeys, while the distance-based scheme discourages the extent of travel on the public transit.

The distance-based scheme would impact the PCW choice probability more when changing

. . . i ll ikr KU .
K;;. In terms of the route overlapping, we can consider Eq. (22), i.e., O',g, = (’—k> . While
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the flat-rate scheme considered the transit network, the transit route overlapping section in the
distance-based scheme will be changed significantly according to the P&R location selection.
When «;; increases, this impact increases and the change is more obvious. In terms of the
heterogeneous perception variance, the transit travel cost under the distance-based scheme will

significantly change according to the P&R location selection as well.
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b) Distance-based scheme

Figure 13: Impact of kjj on the P&R facility locations for p=4 under two transit fare schemes

The two charging schemes correspond to different distributions of the number of P&R
users with respect to the transit distance traveled as shown in Figure 14. The flat-rate scheme
encourages users to travel farther, whereas the distance-based scheme discourages the travel
distance in transit. In terms of the revenue distribution, the flat-rate scheme produces a similar
pattern for kj = 1 and «j = 3. Although the total revenue is higher in the case of kjj = 1, the
distance-based scheme yields considerably different revenue patterns. As kjj increases, the
P&R users seem to travel less on the transit system. In addition, the revenue portion from the
P&R facility location shifts toward the terminal station for which the overlapped route is

smaller. Note that the variation in the number of P&R users appears to be comparable between
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the flat-rate and distance-based pricing models. This is due to the network topology of Sioux
Falls. This transportation network exhibits marginal difference in travel demand between the
central region (proximate to node 10) and the peripheral area (encompassing nodes 1, 2, 3, 6,
13, 20, 21, and 24). The implementation of a flat-rate pricing scheme yielded a P&R facility
location solution in the outer area, while the utilization of a distance-based pricing scheme
resulted in a location solution in the center. This aligns with the engagement of each pricing

scheme.
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6. Conclusions and suggestions

This study developed a mixed integer linear programming (MILP) to relax the
independently and identically distributed (IID) assumption for determining the park-and-ride
(P&R) facility location in a hypernetwork. The paired combinatorial weibit (PCW) model was
provided by integrating a Generalized Extreme Value model and the Weibull random error.
The route overlapping can be accounted for through the GEV model, and the heterogeneous
perception variance can be considered using the Weibull distribution. The PCW model’s two-
level tree structure was adopted to linearize its probability. The ratio of both PCW marginal
and conditional probabilities and the binary location variable are combined to present a linear
constraint set in a maximum capture problem. Numerical examples revealed a significant
impact of the route overlapping and route-specific perception variance on the optimal P&R
facility location. The examples also showed that the public transit fare structure influences the
P&R facility location solution. The variation in the distance-based fare scheme was
considerably influenced by the degree of route overlapping and heterogeneous perception
variance.

The proposed PCW-based MILP involves certain limitations. As the PCW model
considers route overlapping through a route-pair combination, the number of constraints
associated with the marginal and conditional probabilities increases exponentially with the
number of P&R facility potential sites. Future works can focus on extending the model to
consider the budget and capacity constraints of the P&R facility, developing conic
reformulation (e.g., Altekin et al., 2021) to consider congestion, and investigating the PCW
model as a random utility model (e.g., Koppelman and Wen, 2000) with empirical results to

support model predictions and policy decisions.

Acknowledgements

The work described in this article was jointly supported by the Chiang Mai University and
Thammasat Business School in Thailand, the National Natural Science Foundation of China
(72071174), the Research Grants Council of the Hong Kong Special Administrative Region
(PolyU 15222221 and PolyU 15221922), the Research Institute of Land and Space (1-CD7N),
and the Research Institute for Sustainable Urban Development at the Hong Kong Polytechnic
University (1-BBWF). Their support is gratefully acknowledged.

37



Appendix A
All possible pairings for the PCW marginal probability.
Auto-Auto: Auto-Auto

Since the auto route is always opened, the equality constraint can be adopted, i.e.,
—Bij —Bij 'l_dil]b

. , T . i
(1-aty) (a-2) 50 (a2, 2

ij _
Pab -

1-ol P, Ya#bc+deRLijEL. (48)
_ﬂij —ﬂij ) cd

(1= (e2-6,)* e+ (el )

Auto-Auto: Transit-Auto

Both marginal probabilities Pcié and Pki{n) o, are always greater than 0. Note that Pki{n) q 18

conditioned on the P&R facility site n whether it is selected to open or not. Further,

(gii ~¢ ,)1“’;.19 > 0 for all routes. Then, we have

e Site n is opened

-Bij -Bij 1=%q
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e Site n is not opened
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Vk(0) €R[,0 € N,a,c # d ER{},ij €],
Note that only one of the above two equations will be active. If x, = 1, Eq. (49) is active and

P in Eq. (50) will be governed by Eq. (38). If x,, = 0, Eq. (50) is adopted.

Auto-Auto: Transit-Transit

Unlike the above marginal probabilities, the marginal probability for a transit route pair
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Pk(n)r(m) can be zero. Two cases can be considered, i.e.,
e Both sites are opened
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Eq. (51) and Eq. (52) guarantee that P;IJ, € [0,1] even if P, = 0.

k(O)r(p)

Transit-Auto: Auto-Auto
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e Site n is not opened
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and P/ are always greater than zero. Two cases are considered, i.e.,

PJ 4+ (1—xy,),
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Transit-Auto: Transit-Auto

Again, both P, and P J(0)c are always greater than zero. The binary variables are used

k(n)a
to identify whether site n and site o are open. Four cases are considered, i.e.,

e The site on RHS is opened, and the site on LHS is opened
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e The site on RHS is opened, and the site on LHS is not opened

U
[ —hBij —Bij ]1 “k(m)a
[ ij 1—Uij ii 1—Ui. [
] 1)
(1-0kmya)| (B =Gi) ¥ ma+(gd=y) Kma
ij ij
<
Pemya = T oy (56)
(82-4;)

+(1 — x,,) + x,,
Vk(n),l(0) € Rf;,n,0 € N,a,c €R{},ij € 1],

e The site on RHS is not open, and the site on LHS is opened
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e The site on RHS is not opened, and the site on LHS is not opened
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Transit-Auto: Transit-Transit

There are four cases as follows.

e The site on LHS is opened, and both site on RHS is opened
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Transit-Transit: Auto-Auto

pY  » 1s always greater than zero. If site n and site m are closed, Pk(n)r(m) on the LHS is

equal to zero from Eq. (39). If not, there are two cases, i.¢.,

e Both sites are opened
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Transit-Transit: Transit-Auto

Similarly, Pll(JO) o 1s always greater than zero. However, the denominator on the RHS

depend on site o.

e Both sites on LHS are opened, and the site on RHS is opened
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e Both sites on LHS are opened, and the site on RHS is closed
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e One site on LHS is not opened, and the site on RHS is not opened
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Transit-Transit: Transit-Transit
Both LHS and RHS depend on the site selection. Three cases are considered, i.e.,
e Both sites on RHS are opened, and both sites on LHS are opened
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e One site on RHS is not opened, and both sites on LHS are opened
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Appendix B
All possible pairings for the PCW conditional probability.
Auto-Auto
Pa| ap and Pb|Jab are always greater than zero. An equality constraint and a conservation
constraint can respectively be expressed, i.e.,
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Auto-Transit

Since Pa|k(n)a and Plf{n)|k(n)a depend on x,,, the term (1 — x,,) is added in the RHS, i.e.,

/.

.. ij_ 1_U;cj(n)a ,

ij (ga ij) ij
Pa|k(n)a — —.ﬁ.i]- Pk(n)|k(n)a + (1 - xn)' 74
1] 1—0;{1 ( )

(gk(n)‘ﬁj) (ma
Vk(n) ER[,n € N,a € R{},ij € I],
ij ij T A

Pemyemya T Pajeeya = L Vk(M) ERj,n € N,a € Rfj,ij € 1], (75)

Note that if x,, = 0, Pklén)|k(n)a = 0and P”

alk(n)a =1
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Transit-Auto
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The conservation constraint is the same as Eq. (75).

Transit-Transit
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Appendix C

(76)

(77)

Proof of Proposition 1. Assuming that there are at least two routes connecting each O-D pair.

For simplicity, three cases are considered, including (a) all P&R potential sites between an O-

D pair ij are not opened, (b) only one P&R potential site between an O-D pair ij is opened, and

(c) all P&R potential sites between an O-D pair ij are opened.

(a) All P&R potential sites between an O-D pair ij are not opened. The binary variable x,, = 0

and x,, = 0. Only one equation from each pairing category would be active. The others would

be governed by Eq. (38) and Eq. (40).
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The other pairs can be written similarly, which is consistent with Eq. (32). For the conditional

probability, we have
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From Eq. (31), the above equality constraints of the marginal and conditional probabilities

give the PCW model in Eq. (34) for this case.

(b) Only one P&R potential site between an O-D pair i is opened, i.e., x,, = 1. The following
equation system are active.
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For the conditional probability, we have
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Following the similar procedure as the previous scenario, we have the PCW choice behavior

in Eq. (34) for this case.

(c) All P&R potential sites between an O-D pair ij are opened. We have the following

equations, i.e.,

50



ij

(1-0a) (gi{'—gi])@%gg_gj)@

i o_ ij A i
P = 7 Py VYa#b,c#deRjijel].
_ﬂij _ﬂij ] cd

(1_(;2‘1) (gicj_gij)l Uc]d*’(gg‘gij)l_dcd

| ~Bij -y ]1_,721;1
(1 ch)ll(gc gl,])l chd"'(gg—é}j)l_glcjdi

_ k(n)a’
-Bij -Bij ]1 %km)a

;{J ij 1—05(] |
)| (B =4y) e+ (gd-¢) (”)aj

,___|

Vk(n) ER[,n € N,a,c #d € R{},ij € 1],

ij
1-o0
~hij “hij 1 b

[
0 CRS TR

ij
Betmyremy

ij _
Pab - 1-gY

_—_ﬁi j _—_ﬁi j k(m)r(m)

(1 ) ( ij )1“’;5(n>r(m> ( ij )*"ﬁn)r(m)]

0y [ 8km) ~Sij +8ram) ™ I

|

Vk(n) #r(m) € Rj,n,m € N,a # b € Rf},ij €],

l]’

ij
[ —.ﬁ'ij —ﬂij ]1_Uk(n)a

(1“’lic{n)a)l(gi<j(n)‘é?j)l_g;cj(n)“+(g2‘4’1)1 “kna

—

ij _ ij
Pk(n)a - ot Pl(o)c ’
_éi_j —ﬁ” l %1(0)c
|

g} ij_ 1_J;€O)C ij 1 l(o)c
(1 O-l(O)C)l(gc 4”) +(gl(o) l]

Vk(n),l(0) € Rf;,n,0 € N,a,c €R{},ij € ],

1 ot ij 1-¢l

1 al(o)al .. 1(0)a+(g1(0)—é'ij) l(o)al

| ij
Betyrmy

i
[ ﬁ‘?i_j —hij ll_al(o)a

ij o _
Pl(o)a -

]
—bij B 17 Ckyram)
(1 ol ) ( b )1“’;3(n)r(m)+( i )1_J;c](n)r(m)l
Knyr(m) l Br(m) ~%ij Er(m) ™ 5ij |
|

Vk(n) # r(m),1(0) € Rf;,n,m,0 € N,a € R{},ij € 1],

51



ol
—Bij —ﬂu 1 kyran)

,___|

1 —ot i 1-¢* |
(1=tmyrcm)| (B =4is) <70 +(8 0y =15) k(n)’"(’")j
pli _ pii
k l )
yrm) = : » Sy [y @50
I %)() ij 1“’%)()'
(=050 | Bloy~Sy) Q5P +(gl-g,) s |
| |
Vk(n) # r(m),l(o) # s(p) € Rl],n m,o,p € N,ij € 1],
Ay
ij _ 1-0
pY —(ga g”) P vabeRAiel
alab — -B;; blab ’ a, l]'l] ],
ij 1-¢Y
(gb - ;.j) Pab
_ﬂu
. j_ . 1= "k(n)a ..
ij _ (ea-4)) ij T A
Pa|k(n)a = _ﬁ” Pk(n)|k(n)a' Vk(n) € Ri;,n € N,a € R},ij € 1],
ii 1- 0'
(8w =4i7) wa
_ﬁl]
ii 1- 0’
pil _ (Biw=4y) Ko pil
k(m)|k(n)r(m) _‘_ﬁij r(m)|k(n)r(m)’
1-o"
(T(m) gu) k(n)r(m)
T(n)

Vk(n), r(m)ER ,n#+meN,ij el],

Following the similar procedure, we have the PCW choice behavior in Eq. (34) for this case.
Thus, the MILP in Eq. (2) — Eq. (4) and Eq. (37) — Eq. (67) generates the maximum number of

P&R users under the PCW travel choice behavior. This completes the proof. [
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