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Abstract
This paper focuses on the minimization of a sum of a twice continuously differen-
tiable function f and a nonsmooth convex function. An inexact regularized proximal
Newton method is proposed by an approximation to the Hessian of f involving the
�th power of the KKT residual. For � = 0, we justify the global convergence of the
iterate sequence for the KL objective function and its R-linear convergence rate for
the KL objective function of exponent 1/2. For � ∈ (0, 1), by assuming that cluster
points satisfy a locally Hölderian error bound of order q on a second-order stationary
point set and a local error bound of order q > 1+� on the common stationary point
set, respectively, we establish the global convergence of the iterate sequence and its
superlinear convergence rate with order depending on q and �. A dual semismooth
Newton augmented Lagrangian method is also developed for seeking an inexact min-
imizer of subproblems. Numerical comparisons with two state-of-the-art methods on
�1-regularized Student’s t-regressions, group penalized Student’s t-regressions, and
nonconvex image restoration confirm the efficiency of the proposed method.
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1 Introduction

Given a data matrix A ∈ R
m×n and a vector b ∈ R

m , we are interested in the following
nonconvex and nonsmooth composite optimization problem

min
x∈Rn

F(x) := f (x)+ g(x) with f (x) := ψ(Ax − b), (1)

where ψ : R
m → R and g : R

n → R with R := (−∞,∞] are proper lower
semicontinuous (lsc) functions and satisfy the following basic assumption:

Assumption 1 (i) ψ is twice continuously differentiable on an open set containing
A(O)− b, where O ⊂ R

n is an open set covering the domain dom g of g;
(ii) g is convex and continuous relative to dom g;
(iii) F is coercive, i.e., for every {xk} ⊂ dom gwith ‖xk‖ → ∞, limk→∞ F(xk) = ∞.

Assumption 1 (ii) means that model (1) allows g to be an indicator function of a
closed convex set inRn , and it also covers the case that g is a weakly convex function.
Indeed, by recalling that g is α-weakly convex if g(·)+ (α/2)‖ · ‖2 is convex for
some α ≥ 0, F can be rewritten as F = f +g with f (·)= f (·)−(α/2)‖ · ‖2 and
g(·)= g(·)+(α/2)‖ · ‖2. Note that f can be reformulated as ψ(A · −b) for suitable A
and b with ψ(·) = ψ(·)− (α/2)‖ · ‖2. Hence, f and g conform to Assumption 1. As
dom F = dom g is closed, Assumption 1 (iii) ensures that problem (1) has an optimal
solution and then a stationary point.

Model (1) has a host of applications in statistics, signal and image processing,
machine learning, financial engineering, and so on. For example, the popular lasso [1]
and sparse inverse covariance estimation [2] in statistics are the special instances of
(1) with a convex ψ . In some inverse problems, non-Gaussianity of noise or nonlinear
relation between measurements and unknowns often leads to (1) with a nonconvex ψ
(see [3]). In addition, the higher moment portfolio selection problem (see [4, 5]) also
takes the form of (1) with a nonconvex ψ .

1.1 Related works

For problem (1),many types ofmethods have been developed. Fukushima andMine [6]
introduced originally the proximal gradient (PG)method; Tseng and Yun [7] proposed
a block coordinate decent method and obtained the subsequence convergence of the
iterate sequence and its R-linear convergence rate under the Luo–Tseng error bound;
Milzarek [8] developed a class of methods by virtue of a combination of semismooth
Newton steps, a filter globalization, and thresholding steps for (1) with g(x) = μ‖x‖1,
and achieved subsequence convergence and localq-superlinear convergence properties
for q ∈ (1, 2]; Bonettini et al. [9] extended their variable metric inexact line-search
(VMILA) method [10] by incorporating a forward–backward step, and verified the
global convergence of the iterate sequence and the linear convergence rate of the
objective value sequence under the uniformly bounded positive definiteness of the
scaled matrix and the KL property of exponent θ ∈ (0, 1/2] of the forward–backward
envelope (FBE) of F ; and by using the FBE of F , initially introduced in [11], Stella
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et al. studied a combination of PG step and quasi-Newton step of FBE of F with a
line search at the iterate, verified the global convergence for a KL function F and the
superlinear convergence rate under the nonsingularity of the Hessian of the FBE in
[12], and obtained the same properties as in [12] for (1) but with a nonconvex g by
using an Armijo line search at the PG output of iterate in [13].

Next we mainly review inexact proximal Newton methods that are closely related
to this work. This class of methods, also called an inexact successive quadratic approx-
imation method, is finding in each iterate an approximate minimizer yk satisying a
certain inexactness criterion for a subproblem of the following form

min
x∈Rn

�k(x) := f (xk)+ 〈∇ f (xk), x −xk〉 + 1

2
(x− xk)�Gk(x−xk)+ g(x), (2)

where xk is the current iterate, and Gk is a symmetric positive definite matrix that
represents a suitable approximation of the Hessian ∇2 f (xk). The proximal Newton
method can be viewed as a special variable metric one, and it will reduce to the PG
method if Gk = γk I with γk > 0 related to the Lipschitz constant of ∇ f . Note that
subproblem (2) is seeking a root of 0 ∈ ∇ f (xk)+ Gk(x − xk)+ ∂g(x), the partially
linearized version at xk of the stationary point equation 0 ∈ ∂F(x), where ∂F(x)
denotes the basic (limiting or Mordukhovich) subdifferential of F at x . The proximal
Newton method belongs to the quite general iterative framework proposed by Fischer
[14] if the inexactness criterion there is used, but it is not implementable due to the
involved unknown stationary point set. As pointed out in [15], the proximal Newton
method depends more or less on three key ingredients: the approximation matrix
Gk , the inner solver to subproblem (2), and the inexactness criterion on yk (i.e., the
stopping criterion of the inner solver to control the inexactness of yk). Since (2) takes
into account the second-order information of f , the proximal Newton method has a
remarkable superiority to the PG method, i.e., a faster convergence rate.

Early proximal Newton methods were tailored for special instances of convex ψ
and g in problem (1) such as GLMNET [16], newGLMNET [17], QUIC [18] and the
Newton–Lassomethod [19]. Lee et al. presented a generic versionof the exact proximal
Newtonmethod in [20], achieved a global convergence result by requiring the uniform
positive definiteness of Gk , and established a local linear or superlinear convergence
rate depending on the forcing term on a stopping criterion for an inexact proximal
Newton method with unit step-size. Li et al. [21] extended the exact proximal Newton
method proposed in [22] for self-concordant functions f to the proximal Newton
method with inexact steps, and achieved the local linear, superlinear or quadratic
convergence rate resting with the parameter in the inexact criterion under the positive
definiteness assumption of∇2 f on dom f . Yue et al. [15] proposed an inexact proximal
Newton method with a regularized Hessian by an inexactness condition depending on
theKKT residual of the original problem, and established the superlinear and quadratic
convergence rates under the Luo–Tseng error bound. As far as we know, their work is
the first to achieve the superlinear convergencewithout the strong convexity of F for an
implementable proximal Newton method, though Fisher [14] ever got the superlinear
convergence rate for the proposed iterative framework, covering the proximal Newton
method with an impractical inexactness criterion, under the calmness of the mapping
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(∂F)−1. Mordukhovich et al. [23] also studied a similar inexact regularized proximal
Newton method, and achieved the R-superlinear convergence rate under the metric
q-subregularity of ∂F for q ∈ ( 12 , 1), and the quadratic convergence rate under the
metric subregularity of ∂F that is equivalent to the calmness of (∂F)−1. Their metric
q-subregularity condition is weaker than the Luo–Tseng error bound.

For problem (1) with g(x) = μ‖x‖1, Byrd et al. [24] studied an inexact proxi-
mal Newton method with an approximate solution criterion determined by the KKT
residual of (1). They showed that the KKT residual sequence converges to zero under
the uniformly bounded positive definiteness of Gk and obtained local superlinear and
quadratic convergence rates under the positive definiteness and the Lipschitz continu-
ity of∇2 f at stationary points. For (1) with an optimal-set-strongly-convex F , Lee and
Wright [25] investigated an inexact proximal Newton method with an approximate
solution criterion relying on the difference between the objective function value of (2)
at the iterate and its optimal value and established a global linear convergence rate of
the objective value sequence under the uniformly bounded positive definiteness ofGk .
Recently, Kanzow and Lechner [26] proposed a globalized inexact proximal Newton-
type (GIPN) method by switching from a Newton step to a PG step when the proximal
Newton direction does not satisfy a sufficient decrease condition, and established the
global convergence and superlinear convergence rate under the uniformly bounded
positive definiteness of Gk and the local strong convexity of F .

From the above discussions, we see that for the nonconvex problem (1), the existing
global convergence results of the proximal Newton methods require the uniform pos-
itive definiteness of Gk , while the local superlinear (or quadratic) convergence results
assume that F is locally strongly convex in a neighborhood of cluster points of the
iterate sequence. The local strong convexity of F in a neighborhood of a stationary
point implies the isolatedness of this stationary point, and then the Luo–Tseng error
bound and subsequently the metric subregularity of the mapping ∂F . Inspired by the
works [15, 23], it is natural to ask whether an inexact proximal Newton method can
be designed for problem (1) to possess a superlinear convergence rate without the
local strong convexity of F . In addition, we observe that when the power � = 0 in
the regularized Hessian (3) below, the global convergence of the iterate sequence in
[15] requires the Luo–Tseng’s error bound as does for its linear convergence rate, and
in addition their linear convergence rate result depends upon that the parameter of
the method is upper bounded by the unknown constant of the error bound. Then, it
is natural to ask whether it is possible to achieve the global convergence and linear
convergence rate of the iterate sequence for (1) under a weaker condition. This work
aims to resolve these two questions for the nonconvex and nonsmooth problem (1).

1.2 Our contributions

Motivated by the structure of f and thework [27] for a smooth unconstrained problem,
we adopt the following regularized version of the Hessian ∇2 f (xk):

Gk =∇2 f (xk)+ a1[−λmin(∇2ψ(Axk−b))]+A�A + a2[r(xk)]� I (3)

123



An inexact regularized proximal Newton method… 607

to construct a strongly convex approximation of F at iterate xk , and propose an inexact
regularized proximalNewtonmethod (IRPNM) for (1),wherea+ := max(0, a) fora ∈
R,λmin(H) denotes the smallest eigenvalue of H , r(xk) is theKKT residual of (1) at xk

(see (4) for its definition), and a1≥ 1, a2> 0 and� ∈ [0, 1) are the constants. Different
from the regularized Hessian in [27], we here use a1[−λmin(∇2ψ(Axk−b))]+A�A
to replace a1[−λmin(∇2 f (xk))]+ I in order to avoid the computation of the smallest
eigenvalue when ψ is separable, i.e., ψ(y) := ∑m

i=1 ψi (yi ) with each ψi : R → R

being twice continuously differentiable on a suitable set. The matrix Gk in (3) is
uniformly positive definite when � = 0 but not when � ∈ (0, 1) because r(xk) → 0
as k → ∞ as will be shown later. Our inexactness criterion on yk depends on the
nonincreasing of the objective value of (2), along with the KKT residual r(xk) when
� ∈ (0, 1) and the approximate optimality of yk when � = 0; see criteria (13a)
and (13b) below. In addition, the Armijo line search is imposed on the direction
dk := yk − xk to achieve a sufficient decrease of F . Our contributions are summarized
as follows.

For � = 0, we achieve a global convergence of the iterate sequence for the KL
function F and its R-linear convergence rate for the KL function F of exponent 1/2,
which isweaker than theLuo–Tseng error bound. In this case, our regularized proximal
Newton method is similar to the VMILA in [3, 9] except that a different inexactness
criterion and a scaled matrix involving the Hessian of f are used. Compared with the
convergence results in [9], which removes the restriction condition (see [3, Eq. (23)])
on the iterate sequence in the convergence analysis of [3], our R-linear convergence
rate is obtained for the iterate sequence instead of the objective value sequence, and
the required KL property of exponent 1/2 is for F itself rather than its FBE. Though by
[28, Remark 5.1(ii)] the KL property of F with exponent 1/2 at x ∈ dom ∂F implies
that of its FBE Fγ at x , this requires imposing a restriction on the parameter γ , i.e., γ
is smaller than the inverse of the Lipschitz modulus of ∇ f at x .

For � ∈ (0, 1), we establish the global convergence of the iterate sequence and
its superlinear convergence rate with order q(1+�), under an assumption that cluster
points satisfy a locally Hölderian error bound of order q ∈ (max{�, (1+�)−1}, 1] on
a second-order stationary point set. This result not only extends the conclusion of [23,
Theorem 5.1] to problem (1), but also discards the local strong convexity required in
the convergence analysis of the (regularized) proximal Newton methods for this class
of nonconvex and nonsmooth problems [24, 26]. When cluster points satisfy a local
error bound of order q > 1+� on the common stationary point set, we also achieve
the global convergence of the iterate sequence and its superlinear convergence rate of
order (q − �)2/q for q > [�+1/2+√

� +1/4], which bridges the gap that the second-
order stationary point set may be empty. Compared with the superlinear convergence
results in [13] for the hybrid method of the PG steps and quasi-Newton steps of FBE
of F , ours do not require twice epi-differentiability of g and the strong local optimality
of the limit (which is actually an isolated local minimizer), though there is no direct
implication between our local error bound condition and their Dennis–Moré condition.

In addition, inspired by the structure of Gk , we also develop a dual semismooth
Newton augmented Lagrangian method (SNALM) to compute the approximate mini-
mizer yk of (2) satisying the inexactness criterion (13a), and compare the performance
of our IRPNM armed with SNALM with that of GIPN [26] and ZeroFPR [13] on
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�1-regularized Student’s t-regressions, group penalized Student’s t-regressions and
nonconvex image restoration. Numerical comparisons indicate that IRPNM is superior
toGIPN in the objective value and the running time, and it is comparablewith ZeroFPR
in terms of the objective value, but requires much less running time than ZeroFPR if
the obtained stationary point is a second-order one (such as for �1-regularized and
group penalized Student’s t-regressions), otherwise requires more running time than
the latter (such as for nonconvex image restoration). Such a numerical performance is
entirely consistent with the theoretical results.

1.3 Notations

Throughout this paper, Sn represents the set of all n × n real symmetric matrices,
S
n+ denotes the cone consisting of all positive semidefinite matrices in S

n , and I
denotes an identity matrix whose dimension is known from the context. For a real
symmetric matrix H , ‖H‖ denotes the spectral norm of H , and H  0 means that
H ∈ S

n+. For a closed set C ⊂ R
n , �C denotes the projection operator onto the

set C , dist(x,C) means the Euclidean distance of a vector x ∈ R
n to the set C , and

δC denotes the indicator function of C . For a vector x ∈ R
n , B(x, δ) denotes the

closed ball centered at x with radius δ > 0. For a multifunction F : R
n ⇒ R

n ,
its graph is defined as gphF := {(x, y) | y ∈ F(x)}. A function h : Rn → R is
said to be proper if its domain dom h := {x ∈ R

n | h(x) < ∞} is nonempty and
h(x) > −∞ for all x ∈ R

n . For a proper h : R
n → R and a point x ∈ dom h,

∂h(x) denotes its basic (or limiting) subdifferential at x , and if in addition h is convex,
h′(x; d) := limτ↓0(h(x + τd) − h(x))/τ denotes its one-sided directional derivative
at x along a direction d ∈ R

n . For a function h : Rn → R and any given α < β, we
write [α < h < β] := {x ∈ R

n |α < h(x) < β}.

2 Preliminaries

For a closed proper function h : Rn → R, its proximal mapping Pγ h and Moreau
envelope eγ h associated to a parameter γ > 0 are respectively defined as

Pγ h(x) :=argmin
z∈Rn

{ 1

2γ
‖z − x‖2+ h(z)

}
and eγ h(x) :=min

z∈Rn

{ 1

2γ
‖z − x‖2+ h(z)

}
.

By [29, Theorem 12.12], when h is convex, the mapping Pγ h is nonexpansive, i.e.,
‖Pγ h(x)− Pγ h(y)‖ ≤ ‖x − y‖ for any x, y ∈ R

n . We also need the strict continuity
of a function at a point relative to a set containing this point. By [29, Definition 9.1],
a function h : Rn → R is strictly continuous at a point x relative to a set D ⊂ dom h
if x ∈ D and the Lipschitz modulus of h at x , denoted by lipDh(x), is finite. That
is, to say that h is strictly continuous at x relative to D is to assert the existence of a
neighborhood V of x such that h is Lipschitz continuous on D ∩ V .

Next we recall the concept of stationary point and clarify its relation with L-
stationary point, and also introduce a kind of second-order stationary point for (1).
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2.1 Stationary points of problem (1)

Recall that a vector x ∈ dom g is a stationary point of (1) if x is a critical point of F ,
i.e., 0 ∈ ∂F(x) = ∇ f (x)+ ∂g(x), and we denote by S∗ the set of stationary points.
Define the KKT residual mapping and residual function of (1) respectively by

R(x) := x−Pg(x−∇ f (x)) and r(x) := ‖R(x)‖ for x ∈ R
n . (4)

By the convexity of g, it is easy to check that 0 ∈ ∂F(x) if and only if r(x) = 0.
By [30, Definition 4.1], for a vector x ∈ R

n , if there exists a constant L > 0 such
that x = PL−1g(x−L−1∇ f (x)), then it is called an L-stationary point of (1). By the
convexity of g, one can check that x is a stationary point of (1) if and only if it is an
L-stationary point of (1), and if x is an L-stationary point of (1) for some L > 0, then
it is also L-stationary for any L > 0. We call x∗ ∈ S∗ a second-order stationary point
if ∇2ψ(Ax∗−b)  0, and we denote by X ∗ the set of second-order stationary points
of (1). By the expression of f and Assumption 1 (i), X ∗ ⊂ {

x ∈ S∗ | ∇2 f (x)  0
}
,

and the inclusion will become an equality if A has a full row rank. By Assumption 1
(i) and the outer semicontinuity of ∂g, both S∗ and X ∗ are closed. Note that X ∗ may
be empty even if S∗ is nonempty. As will be shown by Proposition 3 (iv) later, S∗ is
nonempty under the boundedness of a level set of F . A local minimizer of F may not
be a second-order stationary point, and the converse is not necessarily true either.

Let ϑ : O → R be a continuously differentiable function. Consider the problem

min
x∈Rn

{
ϑ(x)+ g(x)

}
(5)

and its canonical perturbation problem induced by a parameter vector u ∈ R
n :

min
x∈Rn

{
ϑ(x)+ g(x)− 〈u, x〉}. (6)

The following proposition states that with any x̂ ∈ dom g and the proximal mapping
of g, one can construct a stationary point of the canonical perturbation (6).

Proposition 1 Let Rϑ(x) := x−Pg(x−∇ϑ(x)) for x ∈ R
n. Then, for any x̂ ∈ dom g,

the vector xu := Pg (̂x−∇ϑ(̂x)) is a stationary point of problem (6) associated with
u := Rϑ (̂x)+∇ϑ(Pg (̂x−∇ϑ(̂x)))−∇ϑ(̂x), and dist(0,∇ϑ(xu)+ ∂g(xu)) ≤ ‖u‖.
Proof From the definition of xu and the expression of Rϑ (̂x), Rϑ (̂x) − ∇ϑ(̂x) ∈
∂g(xu). Along with the expression of u, we have u ∈ ∇ϑ(xu)+∂g(xu), which means
that xu is a stationary point of (6) associated to u and dist(0,∇ϑ(xu)+∂g(xu)) ≤ ‖u‖.

��
The Kurdyka-Łojasiewicz (KL) property plays a crucial role in the convergence

analysis of algorithms for nonconvex and nonsmooth optimization problems [31, 32],
while the metric q-subregularity of a multifunction has been used to analyze the local
superlinear and quadratic convergence rates of the proximal Newton-type method for
nonsmooth composite convex optimization [23]. Next we explore the relation between
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the KL property of F and the metric q-subregularity of the mapping ∂F . These two
kinds of regularity are used in the convergence analysis of our algorithm in Sect. 4.

2.2 KL property andmetric q-subregularity

The KL property of an extended real-valued function and the metric subregularity of a
multifunction play a crucial role in the convergence (rate) analysis. In this section, we
explore the relation between these two classes of regularity. To recall the KL property
of an extended real-valued function, for each � ∈ (0,∞], we denote by ϒ� denotes
the family of continuous concave functions ϕ : [0,�) → R+ with ϕ(0) = 0 that are
continuously differentiable on (0,�) with ϕ′(s)> 0 for s ∈ (0,�).

Definition 1 A proper function h : R
n → R is said to have the KL property at a

point x ∈ dom ∂h if there exist δ > 0,� ∈ (0,∞] and ϕ ∈ ϒ� such that for all
x ∈ B(x, δ) ∩ [

h(x) < h < h(x)+�
]
, ϕ′(h(x)−h(x))dist(0, ∂h(x)) ≥ 1. If ϕ can

be chosen to be the function t �→ ct1−θ with θ ∈ [0, 1) for some c > 0, then h is said
to have the KL property of exponent θ at x . If h has the KL property (of exponent θ )
at each point of dom ∂h, it is called a KL function (of exponent θ ).

By [31, Lemma 2.1], a proper lsc function h : Rn → R has the KL property of
exponent 0 at every noncritical point (i.e., the point atwhich the limiting subdifferential
of h does not contain 0). Thus, to show that a proper lsc function is a KL function
of exponent θ ∈ [0, 1), it suffices to check its KL property of exponent θ ∈ [0, 1) at
all critical points. On the calculation of the KL exponent, we refer the readers to [28,
33, 34]. As illustrated in [31, Section 4], KL functions are rather extensive and cover
semialgebraic functions, global subanalytic functions, and functions definable in an
o-minimal structure over the real field (R,+, ·).

Next we give the formal definition of the metric q-subregularity of a multifunction.

Definition 2 (see [35, Definition 3.1]) Let F : Rn ⇒ R
n be a multifunction. Consider

any point (x, y) ∈ gphF . For a given q > 0,we say thatF is (metrically) q-subregular
at x for y if there exist κ > 0 and δ > 0 such that for all x ∈ B(x, δ),

dist(x,F−1(y)) ≤ κ[dist(y,F(x))]q . (7)

When q = 1, this property is called the (metric) subregularity of F at x for y.

By Definition 2, if x ∈ domF is an isolated point, F is subregular at x for any
y ∈ F(x); and if F(x) is closed, the subregularity of F at x for y ∈ F(x) implies its
q-subregularity at x for y for any q ∈ (0, 1) (now also known as the q-order Hölderian
subregularity). For the mapping R defined in (4), its q-subregularity at a zero point
precisely corresponds to a q-order Hölderian local error bound at this point, which is
used in the convergence rate analysis of Sect. 4.2 for the convex case. The following
lemma shows that the q-subregularity of R is equivalent to that of the mapping ∂F .
Such an equivalence was ever obtained in [36] and [37, page 21] only for q = 1.
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Lemma 1 Consider any x ∈ S∗ and q > 0. If the mapping ∂F is q-subregular at x
for 0, then the residual mapping R is min{q, 1}-subregular at x for 0. Conversely, if
the mapping R is q-subregular at x for 0, so is the mapping ∂F at x for 0.

Proof Suppose that ∂F is q-subregular at x for 0. There exist ε > 0, κ > 0 such that

dist(z,S∗) ≤ κ[dist(0, ∂F(z))]q for all z ∈ B(x, ε). (8)

Since∇ f is strictly continuous onO by Assumption 1 (i), there exist ε̃ ∈ (0, 1/2) and
L ′ > 0 such that for all z, z′ ∈ B(x, ε̃),

‖∇ f (z′)− ∇ f (z)‖ ≤ L ′‖z′ − z‖. (9)

From R(x) = 0 and the continuity of R at x , we have ‖R(z)‖ ≤ 1 for all z ∈ B(x, ε̃)
(if necessary by shrinking ε̃). Pick any x ∈ B(x, δ)with δ = min{ε, ε̃}/(1+L ′). Write
u := R(x) = x − Pg(x −∇ f (x)). Note that x = Pg(x −∇ f (x)). Then,

‖x − u − x‖ = ‖Pg(x − ∇ f (x))− Pg(x − ∇ f (x))‖
≤ ‖x − x + ∇ f (x)−∇ f (x)‖ ≤ (1+ L ′)δ = min{ε, ε̃},

so that x − u ∈ B(x,min{ε, ε̃}), where the first inequality is due to nonexpansiveness
of Pg , and the second one is using (9). In addition, from u = x −Pg(x −∇ f (x)), we
deduce that ∇ f (x −u)+ u−∇ f (x) ∈ ∂F(x −u). Now using (8) with z = x − u and
(9) with z′ = x − u and z = x yields that

dist(x−u,S∗) ≤ κ‖∇ f (x−u)+ u −∇ f (x)‖q ≤ κ(1+L ′)q‖u‖q .

Then, dist(x,S∗) ≤ ‖u‖ + κ(1+ L ′)q‖u‖q ≤ [1+ κ(1+L ′)q ]‖R(x)‖min{q,1}, where
the second inequality is using ‖R(x)‖ ≤ 1. By the arbitrariness of x in B(x, δ), the
mapping R is min{q, 1}-subregular at x for 0. Conversely, suppose that the mapping
R is q-subregular at x for 0. Then, there exist δ > 0 and ν > 0 such that

dist(z,S∗) ≤ ν‖R(z)‖q for all z ∈ B(x, δ). (10)

Pick any x ∈ B(x, δ) ∩ dom ∂F . By the closedness of ∂F , there exists ξ ∈ ∂F(x)
such that ‖ξ‖ = dist(0, ∂F(x)). From ξ ∈ ∂F(x) and Pg(z) = (I+∂g)−1(z) for any
z ∈ R

n , we derive x = Pg(x + ξ−∇ f (x)) and R(x) = Pg(x + ξ−∇ f (x))−Pg(x−
∇ f (x)). The latter, by the nonexpansiveness of Pg , implies that ‖R(x)‖ ≤ ‖ξ‖ =
dist(0, ∂F(x)). Together with (10), we obtain dist(x,S∗) ≤ ν[dist(0, ∂F(x))]q ,
which holds trivially if x ∈ B(x, δ)\dom ∂F . Thus, the mapping ∂F is q-subregular
at x for 0 ��

Next we discuss the connection between the q-subregularity of ∂F and the KL
property of F with exponent θ ∈ (0, 1). This, alongwith Lemma 1, provides a criterion
to identify whether a q-order Hölderian local error bound holds or not when F has
the KL property of exponent θ ∈ (0, 1). To this end, we introduce the following
assumption.
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Assumption 2 For any given x ∈ S∗, there exists ε > 0 such that F(y) ≤ F(x) for
all y ∈ S∗ ∩ B(x, ε).

Remark 1 (a) Obviously, Assumption 2 is implied by [33, Assumption 4.1], which
can be regarded as a local version of [38, Assumption B]. In addition, we can
provide an example for which Assumption 2 holds, but [33, Assumption 4.1] does

not hold. Let F ≡ f with f (x) := −e
− 1

x2 (sin 1
x )

2 for x �= 0 and f (0) := 0.
It is easy to check that F is smooth and F ′(0) = 0. Fix any ε ∈ (0, 1/2). Pick
any y ∈ B(0, ε) ∩ S∗. Clearly, F(y) = f (y) ≤ 0 = F(0), i.e., Assumption
2 holds. Now let y1 := 1

(k+1)π and y2 := 1
kπ with k = � 1

επ
� + 1. Obviously,

y1, y2 ∈ B(0, ε) with f (y1) = f (y2) = 0. By Rolle’s theorem, there must exist
y0 ∈ (y1, y2) such that f ′(y0) = 0. Note that f (y) < 0 for any y ∈ (y1, y2), so
that f (y0) < 0, which shows that [33, Assumption 4.1] does not hold. Thus, we
conclude that Assumption 2 is weaker than [33, Assumption 4.1].

(b) When F has the KL property at x ∈ S∗, Assumption 2 necessarily holds at x .
Indeed, suppose on the contradiction that Assumption 2 does not hold at x . Then,
there exists a sequence {xk} ⊂ S∗ with xk → x such that F(xk) > F(x) for
each k. Since F has the KL property at x , there exist δ > 0,� ∈ (0,+∞] and
ϕ ∈ ϒ� such that for all z ∈ B(x, δ) ∩ [F(x) < F < F(x) + � ], ϕ′(F(z) −
F(x))dist(0, ∂F(z)) ≥ 1. By Assumption 1(i)–(ii), F is continuous at x relative
to S∗, so there exists δ′ ∈ (0, δ) such that for all z ∈ B(x, δ′)∩S∗, F(z) < F(x)+
�/2. Clearly, for all sufficiently large k, xk ∈ B(x, δ′)∩[F(x) < F < F(x)+� ].
Then, for all k large enough,

ϕ′(F(xk)− F(x))dist(0, ∂F(xk)) ≥ 1,

which is impossible because dist(0, ∂F(xk)) = 0 is implied by xk ∈ S∗.

The following proposition improves greatly the results of [39, Propositions 3.1 and
3.2], an unpublished paper. Since its proof is a little long, we put it in Appendix A.

Proposition 2 Consider any x ∈ S∗ and q > 0. The following assertions hold.

(i) Under Assumption 2, the q-subregularity of the mapping ∂F at x for 0 implies
that the function F has the KL property of exponent max{ 1

2q ,
1

1+q } at x.
(ii) If F has the KL property of exponent 1

2q for q ∈ (1/2, 1] at x and x is a local
minimizer of (1), then ∂F is (2q−1)-subregular at x for 0.

Remark 2 (a) The local optimality of x in Proposition 2(ii) is sufficient but not neces-
sary. For example, consider problem (1) with f (x) = ψ(x) = 1

2 x
2
1 + 1

4 x
4
2 − 1

2 x
2
2

and g ≡ 0 (see [40, Section 1.2.3]). One can verify thatS∗= {x1,∗, x2,∗, x3,∗}with
x1,∗ = (0, 0)�, x2,∗ = (0,−1)� and x3,∗ = (0, 1)�. Since the set S∗ is finite,
Assumption 2 holds at each xi,∗, and ∂F = ∇ f is subregular at each (xi,∗, 0). By
Proposition 2, F has the KL property of exponent 1

2 at x1,∗, but it is not a local
minimizer of F .

(b) Under the assumption of Proposition 2 (ii), F admits the growth at x as in (A5). By
using the example in part (a), one can verify that such a growth does not necessarily
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hold if the local optimality assumption on x is replaced by Assumption 2. The
growth of F in (A5) has the same order as the one obtained in [41] under the q-
subregularity of ∂F with modulus κ at x for 0 and a lower calm-type assumption
on F at x .

(c) When F is locally strong convex in a neighborhood of x ∈ S∗, there exist δ > 0
and ĉ > 0 such that for all x ∈ B(x, δ), F(x)− F(x) ≥ ĉ

2‖x − x‖2, which by [42,
Theorem 5 (ii)] means that F has the KL property of exponent 1/2 at x . In fact,
in this case, dist(0, ∂F(x)) ≥ √

ĉ(F(x)−F(x)) holds for all x ∈ B(x, δ), which
by Proposition 2 (ii) means that the mapping ∂F is also subregular at x for 0.

Proposition 2, along with Lemma 1, clarifies the link between the KL property of
F with exponent θ ∈ (0, 1) and the q-order Hölderian local error bound. To close
this section, we take a closer look at the relation between the KL property of F with
exponent 1/2 and the local Lipschitz error bound on the second-order stationary point
setX ∗. Among others, the latter will be used in the convergence analysis of Sect. 4.2.

Lemma 2 Fix any x ∈ X ∗. If F has the KL property of exponent 1/2 at x, and there
are δ > 0, α > 0 such that for all x ∈ B(x, δ), F(x) ≥ F(x)+ (α/2)[dist(x,X ∗)]2,
then there exist δ′ > 0 and κ ′ > 0 such that dist(x,X ∗) ≤ κ ′r(x) for all x ∈
B(x, δ′) ∩ dom g.

Proof Since F has the KL property of exponent 1/2 at x , there exist ε′ > 0,� > 0
and c > 0 such that for all z ∈ B(x, ε′) ∩ [F(x) < F < F(x)+� ],

dist(0, ∂F(z)) ≥ 2/c
(
F(z)− F(x)

)1/2
. (11)

Since F is continuous relative to dom g, for all x ∈ B(x, δ) ∩ dom g (if necessary by
shrinking δ), F(x) ≤ F(x)+�/2. Let ε = min{ε′, δ}. Then, we claim that

dist(0, ∂F(x)) ≥ (
√
2α/c)dist(x,X ∗) for all x ∈ B(x, ε) ∩ dom g. (12)

Pick any x ∈ B(x, ε) ∩ dom g. If F(x) = F(x), from the given quadratic growth
condition,wededuce that x ∈ X ∗, and the claimed inequality holds for any κ ′ > 0, so it
suffices to consider that F(x) �= F(x). This along with the quadratic growth condition
means that F(x) > F(x). Together with F(x) ≤ F(x)+�/2, we have x ∈ [F(x) <
F < F(x)+� ] ∩B(x, ε′). Then, from (11), dist(0, ∂F(x)) ≥ (

√
2α/c)dist(x,X ∗).

Thus, the claimed fact in (12) holds. Let δ′ = min{ε, ε̃}/(1+L ′) where ε̃ and L ′ are
the same as in the proof of Lemma 1. Now fix any x ∈ B(x, δ′) ∩ dom g and write
u := R(x) = x −Pg(x −∇ f (x)). Then, by noting that x − u ∈ dom g and following
the same arguments as those for the first part of Lemma 1 with q = 1, we obtain that
dist(x,X ∗) ≤ κ ′r(x) with κ ′ = [1+ (

√
2α/c)(1+ L ′)]. The proof is completed. ��

3 Inexact regularized proximal Newtonmethod

Now we describe our inexact regularized proximal Newton method (IRPNM) for
solving (1). Let xk be the current iterate. As mentioned previously, we adopt Gk
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defined in (3) to construct the quadratic approximation model (2) at xk . When ψ is
convex, this quadratic model reduces to the one used in [15, 23]. Since Gk is positive
definite, the objective function of (2) is strongly convex, so it has a unique minimizer,
denoted by xk . For model (2), one may use the coordinate gradient descent method [7]
as in [15] or the line search PG method as in [26] to seek an approximate minimizer
yk . Inspired by the structure of Gk , we develop in Sect. 5 a dual semismooth Newton
augmented Lagrangian (SNALM) method to seek an approximate minimizer yk .

To ensure that our IRPNM has a desirable convergence, we require yk to satisfy

{
rk(y

k) ≤ ηmin
{
r(xk), [r(xk)]1+τ } and �k(y

k) ≤ �k(x
k) if � ∈ (0, 1); (13a)

dist(0, ∂�k(y
k)) ≤ ηr(xk) and �k(y

k) ≤ �k(x
k) if � = 0, (13b)

where η ∈(0, 1) and τ ≥� are constants, and rk is the KKT residual of (2) given by

rk(y) :=‖Rk(y)‖ with Rk(y) := y−Pg(y−∇ f (xk)−Gk(y−xk)) for y ∈ R
n .

(14)
Though the following inequality holds for rk(·) and dist(0, ∂�k(·)) by [33, Lemma
4.1]

rk(y) ≤ dist(0, ∂�k(y)) for any y ∈ dom g, (15)

there is no direct relation between the first inequality of (13a) and that of (13b).
Criterion (13a) is the same as the one used in [23], but is weaker than the one used in
[15]. Indeed, let �k be the partial first-order approximation function of F at xk :

�k(x) := f (xk)+ 〈∇ f (xk), x−xk〉 + g(x) ∀x ∈ R
n . (16)

One can verify that�k(yk)−�k(xk) ≤ 0 if�k(yk)−�k(xk) ≤ ζ(�k(yk)− �k(xk))
for some ζ ∈ (0, 1) by using the positive definiteness of Gk and the following relation

�k(x)−�k(x
k) = �k(x)− �k(x

k)+ 1

2
(x − xk)�Gk(x − xk) ∀x ∈ R

n . (17)

As will be shown in Lemma 3 below, the vector yk satisfying (13b) is actually an exact
minimizer of the canonical perturbation of (2). It seems that the distance involved in
(13b) is difficult to compute in practice, but when choosing SNALM as the inner
solver, one can easily achieve an element ωk ∈ ∂�k(yk) (see Sect. 5.1.1) and then an
upper bound ‖ωk‖ for dist(0, ∂�k(yk)). Thus, the first inequality of criterion (13b) is
guaranteed to hold by requiring ‖ωk‖ ≤ ηr(xk). It is worth pointing out that one can
replace the first inequality in (13b) with rk(yk) ≤ ηr(xk), but such yk become more
inaccurate by (15), which will lead to more iterations and running time.

With an inexact minimizer yk of subproblem (2), we perform the Armijo line search
along the direction dk := yk − xk to capture a step-size αk > 0 so that the objective
value of problem (1) can gain a sufficient decrease. The algorithm steps into the next
iterate with xk+1 := xk+αkdk if F(xk+αkdk) < F(yk), otherwise with xk+1 := yk .
Now we are ready to summarize the iterate steps of our IRPNM.
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Algorithm 1 (Inexact regularized proximal Newton method)
Input: ε0 > 0, a1 ≥ 1, a2 > 0, τ ≥ � ∈ [0, 1), η, β ∈ (0, 1), σ ∈ (0, 1/2) and x0 ∈ dom g.

For k = 0, 1, 2, . . . do

1. Compute the residual r(xk ). If r(xk ) ≤ ε0, then stop; else go to Step 2.
2. Seek an inexact minimizer yk of (2) with Gk in (3) so that it satisfies (13a) or (13b).
3. Set dk := yk−xk . If ‖dk‖ ≤ ε0, then stop; else go to Step 4.
4. Seek the smallest mk among all nonnegative integers m such that

F(xk )− F(xk+βmdk ) ≥ σβmμk‖dk‖2 with μk := a2[r(xk )]�. (18)

Set αk := βmk and

xk+1 :=
{

yk if F(yk ) < F(xk+αkd
k ),

xk+αkd
k otherwise.

(19)

end (for)

Remark 3 (a) Differently from the proximal Newtonmethods in [15, 23], the next iter-
ate xk+1 of Algorithm 1 may take xk + αkdk or yk , determined by their objective
values. Note that a standard abstract convergence scheme adopted in theKL frame-
work [32] usually requires a relative error condition at the iterates, while such a
selection allows us to employ the relative error condition at yk (which might not be
the next iterate) in the proof of convergence, which is crucial to achieve the global
convergence of the iterate sequence {xk}k∈N for � = 0 under the KL property of
F (see Theorem 4). To the best of our knowledge, such a technique first appears
in [3, Algorithm 1].

(b) The line search criterion in [15, Eq (7)] implies the one in Eq. (18). Indeed, equality
(17) and �k(yk) ≤ �k(xk) in criterion (13a) or (13b) implies that

�k(x
k)− �k(y

k) ≥ 1

2
〈yk − xk,Gk(y

k−xk)〉 ≥ 1

2
μk‖yk−xk‖2. (20)

Since g is convex and dk = yk−xk , for any τ ∈ [0, 1] we have xk+τdk ∈ dom g
and �k(xk)−�k(xk+τdk) ≥ τ [�k(xk)−�k(xk+dk)] = τ [�k(xk)−�k(yk)], which
by (20) implies that �k(xk) − �k(xk+τdk) ≥ 1

2τμk‖yk−xk‖2. Thus (18) holds.
This implication suggests that (18) may need less computation time than the one
in [15].

(c) From (13a) or (13b) along with (15), for each k ∈ N, rk(yk) ≤ ηr(xk), and then

(1−η)r(xk) ≤ r(xk)−rk(y
k) ≤ 2‖dk‖+‖Gk‖‖dk‖, (21)

where the last inequality is using the expressions of r(xk) and rk(yk). By the
boundedness of {xk}k∈N (see Proposition 3 below) and the expression of Gk in
(3), we have r(xk) ≤ c0‖dk‖ for some c0 > 0. Thus, dk = 0 implies that xk is a
stationary point of (1). This interprets why Algorithm 1 also adopts ‖dk‖ ≤ ε0 as
a termination condition.

123



616 R. Liu et al.

(d) When Hk and ηk in (S.1) of [26, Algorithm 3.1] take Gk and ηmin
{
1, [r(xk)]τ},

respectively, under the unit step-size and the existence of κ̂ > 0 and k̃0 ∈ N such
that

‖dk‖ ≤ κ̂[r(xk)]q̂ (q̂ > 0) for all k ≥ k̃0, (22)

the sequence {xk}k≥k̃0 generated by [26, Algorithm 3.1] is the same as the one
yielded by Algorithm 1 with � ∈ (0, 1). Indeed, using the same arguments as
those for Lemma 3 below, one can show that the inexactness criterion in [26,
Eq (13)] is well defined. In addition, by using Eq. (17), Gk  a2[r(xk)]� I and
condition (22), it follows that

0 ≥ �k(y
k)−�k(x

k) ≥ �k(y
k)− �k(x

k)+ (a2/2)[r(xk)]�‖dk‖2
≥ �k(y

k)− �k(x
k)+ (a2/2)̂κ

− �
q̂ ‖dk‖2+ �

q̂ for all k ≥ k̃0.

This implies that [26, condition (14)] is satisfied with ρ = 1
2a2κ̂

− �
q̂ and p =

2+ �/q̂ when k ≥ k̃0, so the iterates generated by [26, Algorithm 3.1] for k ≥ k̃0
are the same as those yielded by Algorithm 1 with � ∈ (0, 1). This fact, along
with the convergence analysis in Sect. 4.2, shows that the global convergence and
superlinear rate results of [26, Algorithm 3.1] there can be achieved under weaker
conditions (see Remark 6).

(e) A stepsize t > 0 is generally introduced into the definition of KKT residual of (1)
as Rt (x) := t−1[x−Ptg(x−t∇ f (x))], and similarly a stepsize tk > 0 is done for the
KKT residual of (2) as Rtk (x) := t−1

k [x−Ptk g(x− tk(∇ f (xk)+Gk(x −xk)))]. In
practice, one can search for tk via backtracking by the descent lemma (see Lemma
9). Concretely, with an initial lower estimate L> 0 for the Lipschitz modulus of
∇ f at xk and a ratio α > 1, the following if-end sentence can be added in step 1
before calculating r(xk):
If f (z)> f (xk)+ 〈∇ f (xk), z−xk〉+ L

2 ‖z−xk‖2 for z= PL−1g(x
k−L−1∇ f (xk)),

then
L ← αL ,

end if
and set tk := 1/L . After testing Algorithm 1with such KKT residuals, we found that it
cannot improve the performance of Algorithm 1, and even requires more running time
for some test examples. This phenomenon is reasonable by noting that our approxi-
mation matrix Gk actually also plays the role of variable metric. Taking into account
this, we simply take the unit stepsize for the functions r and rk throughout this paper.

Before analyzing the convergence of Algorithm 1, we need to verify that it is well
defined, i.e., arguing that the inexactness conditions in (13a) and (13b) are feasible
and the line search in (18) will terminate in a finite number of steps.

Lemma 3 For each iterate of Algorithm 1 with ε0 = 0, the criterion (13a) is satisfied
by any y ∈ dom g sufficiently close to the exact solution xk of (2), the criterion (13b)
is satisfied by yu := Pg(y−∇ f (xk)−Gk(y−xk)) for any y ∈ dom g sufficiently close
to xk, and there is an integer mk ≥ 0 such that the descent condition (18) is satisfied.
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Proof Consider the iterate xk . Assume that xk is not a stationary point of (1), i.e.,
rk(xk) > 0. From the continuity of rk and rk(xk) = 0, for any y sufficiently close
to xk , rk(y) ≤ ηmin{r(xk), [r(xk)]1+τ }. In addition, since xk is the unique optimal
solution of (2), Gk(xk−xk) ∈ ∂�k(xk). This implies that xk �= xk (if not, 0 ∈ ∂�k(xk)
and xk is a stationary point of (1)). By the convexity of �k , �k(xk) ≥ �k(xk)+〈Gk(xk−
xk), xk−xk〉, which along with (17) implies that

�k(x
k)−�k(x

k) = �k(x
k)− �k(x

k)+ (1/2)〈xk−xk,Gk(x
k−xk)〉

≤ −(1/2)〈xk−xk,Gk(x
k−xk)〉 ≤ −(1/2)μk‖xk−xk‖2 < 0.

Since �k is continuous relative to dom g by Assumption 1 (ii), the last inequality
means that for any y ∈ dom g sufficiently close to xk , �k(y) ≤ �k(xk). The two
sides show that criterion (13a) is satisfied by any y ∈ dom g sufficiently close to xk .

For the first condition in (13b), consider problems (5) and (6) with ϑ given by

ϑ(x) := f (xk)+ 〈∇ f (xk), x − xk〉 + 1

2
(x − xk)�Gk(x − xk) for x ∈ R

n .

Let Rϑ(x)= x −Pg(x −∇ϑ(x)) be as in Proposition 1. Since xk = Pg(xk−∇ϑ(xk)),
by the continuity of ∇ϑ , for any y ∈ dom g sufficiently close to xk ,

‖Rϑ(y)+∇ϑ(Pg(y −∇ϑ(y)))−∇ϑ(y)‖ ≤ ηmin
{
r(xk), [r(xk)]1+τ}.

With such y, byProposition 1 for x̂ = y andu = Rϑ(y)+∇ϑ(Pg(y−∇ϑ(y)))−∇ϑ(y),
it follows that dist(0, ∂�k(yu))≤‖u‖≤ ηmin{r(xk), [r(xk)]1+τ }. In addition, from
the abovediscussions, the second condition in (13b) hold for any z ∈ dom g sufficiently
close to xk . Note that yu ∈ dom g and yu is close to xk as y is sufficiently close to xk .
These two sides demonstrate that yu satisfies the criterion (13b) for any y ∈ dom g
sufficiently close to xk .

For the last part, we only need to consider that dk �= 0. From the convexity of g
and the definition of directional derivative, it follows that

F ′(xk; dk) = 〈∇ f (xk), dk〉 + g′(xk; dk) ≤〈∇ f (xk), dk〉 +g(yk)−g(xk)

= �k(y
k)− �k(x

k) ≤ −(μk/2)‖yk−xk‖2 = −(μk/2)‖dk‖2 < 0,

where the first inequality is using [43, Theorem 23.1] and dk = yk − xk , and the
second inequality is using (20). Together with the definition of directional derivative,

F(xk+tdk)− F(xk) ≤ −t
[
(μk/2)‖dk‖2 − o(t)

]
.

This implies that the line search step in (18) is well defined. ��
To close this section, we summarize some properties of the sequence {xk}k∈N.

Proposition 3 Let {xk}k∈N be a sequence generated by Algorithm 1 with ε0 = 0, and
denote by ω(x0) its cluster point set. Then, the following statements are true.
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(i) The sequence {F(xk)}k∈N is nonincreasing and convergent;
(ii) The sequence {xk}k∈N is bounded;
(iii) limk→∞ r(xk) = 0 and limk→∞ ‖dk‖ = 0;
(iv) ω(x0) ⊂ S∗ is a nonempty compact set and F ≡ F := lim

k→∞F(xk) on ω(x0).

Proof (i)–(ii) For each k ∈ N, from (18) and (19), we have F(xk+1) < F(xk) and
then {xk}k∈N ⊂ LF (x0) := {x ∈ dom g | F(x) ≤ F(x0)}. Since Assumption 1 (iii)
implies that F is lower bounded and LF (x0) is bounded, we get parts (i) and (ii).
(iii) For each k ∈ N, let uk = xk−Pg(xk−∇ f (xk)). Then uk−∇ f (xk) ∈ ∂g(xk−uk).
By the expression of Rk , Rk(yk)−∇ f (xk)−Gk(yk−xk) ∈ ∂g(yk−Rk(yk)). Using
the monotonicity of ∂g, we have 〈Rk(yk)− Gkdk − uk, dk − Rk(yk)+ uk〉 ≥ 0 or

〈dk,Gkd
k〉 ≤ 〈Rk(y

k)−uk, dk−Rk(y
k)+ uk+Gkd

k〉 ≤ 〈(I + Gk)d
k, Rk(y

k)−uk〉.

From the expression of Gk in (3) and μk = a2[r(xk)]�, Gk  μk I , which together
with the last inequality and the expression of Rk(yk) implies that

a2r(x
k)�‖dk‖2 ≤ (rk(y

k)+ r(xk))(1+‖Gk‖)‖dk‖ ≤ (1+η)(1+‖Gk‖)r(xk)‖dk‖,

where the last inequality is using rk(yk) ≤ ηr(xk) obtained in Remark 3 (c). Then,

‖dk‖ ≤ a−1
2 (1+ η)(1+ ‖Gk‖)r(xk)1−� for each k ∈ N. (23)

By part (ii) and the continuity of r , there exists a constant τ̂ > 0 such that ‖dk‖ ≤ τ̂

for all k ∈ N. Let B denote the unit ball of Rn centered at the origin. Assumption 1
(i) implies that ∇ f is Lipschitz continuous on the compact set LF (x0)+ τ̂B, so there
exists L∇ f > 0 such that for any x ′, x ∈ LF (x0)+ τ̂B,

‖∇ f (x)− ∇ f (x ′)‖ ≤ L∇ f ‖x − x ′‖. (24)

Let K := {k ∈ N | αk < 1}. Fix any k ∈ K. Since (18) is violated for the stepsize
tk := αk/β, from the convexity of g and the definition of �k , it follows that

σμk tk‖dk‖2 > f (xk)− f (xk + tkd
k)+ g(xk)− g(xk + tkd

k)

≥ f (xk)− f (xk + tkd
k)+ tk(g(x

k)− g(yk))

= f (xk)− f (xk + tkd
k)+ tk(〈∇ f (xk), dk〉 + �k(x

k)− �k(y
k))

= tk〈∇ f (xk)−∇ f (ξ k), dk〉 + tk(�k(x
k)− �k(y

k))

≥ tk〈∇ f (xk)− ∇ f (ξ k), dk〉 + (tkμk/2)‖dk‖2 (25)

for some ξ k ∈ (xk, xk+tkdk), where the last equality is due to themean-value theorem,
and the last inequality comes from (20). Combining (25) and (24) leads to

(1/2−σ)tkμk‖dk‖2 ≤ tk‖∇ f (ξ k)−∇ f (xk)‖‖dk‖ ≤ L∇ f t
2
k ‖dk‖2,
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which implies that tk ≥ 1−2σ
2L∇ f

μk . By the arbitrariness of k ∈ K, αk ≥
min{1, 1−2σ

2L∇ f
βμk} for all k ∈ N. While from (18) and part (i), limk→∞ αkμk‖dk‖2 =

0. Thus, limk→∞ min
{
μk, (1−2σ)β(2L∇ f )

−1μ2
k

}‖dk‖2 = 0. Recall that ‖dk‖ ≥
1−η

2+‖Gk‖r(x
k) by (21) and μk = a2[r(xk)]�. The boundedness of {‖Gk‖} then implies

that limk→∞ r(xk) = 0. Together with (23), it follows that limk→∞ ‖dk‖ = 0.
(iv) By part (ii), the set ω(x0) is nonempty and compact. Pick any x ∈ ω(x0). There
is an index set K ⊂ N such that limK�k→∞ xk = x . From part (iii) and the continuity
of r , we have x ∈ S∗, and then ω(x0) ⊂ S∗. Note that {xk}k∈K ⊂ dom g and F is
continuous relative to dom g by Assumption 1 (i)–(ii). Then, F(x) = F , which shows
that F is constant on the set ω(x0). ��

4 Convergence analysis of Algorithm 1

This section focuses on the asymptotic convergence behaviour of Algorithm 1. To this
end, we assume that the sequence {xk}k∈N is generated by Algorithm 1 with ε0 = 0.

4.1 Convergence analysis for% = 0

First, by using the first condition in (13b), we bound dist(0, ∂F(yk)) in terms of ‖dk‖.

Lemma 4 For each k ∈ N, there exists wk ∈ ∂F(yk) with ‖wk‖ ≤ γ0‖dk‖ for
γ0 = L∇ f + γ̃ + η(2+γ̃ )/(1−η), where γ̃ = L∇ f + a1cψ‖A‖2 + a2 with cψ :=
maxx∈LF (x0)[−λmin(∇2ψ(Ax−b))]+, and L∇ f is the constant appearing in (24).

Proof Fix any k ∈ N. Since dist(0, ∂�k(yk)) ≤ ηr(xk) by (13b), there exists ξ k ∈
∂�k(yk) with ‖ξ k‖ ≤ ηr(xk). Let wk := ξ k+∇ f (yk)−∇ f (xk)−Gk(yk−xk). From
ξ k ∈ ∂�k(yk), we have wk ∈ ∂F(yk). By the expression of wk and (24), it holds that

‖wk‖ ≤ ‖Gk(x
k−yk)‖ + ‖ξ k + ∇ f (yk)−∇ f (xk)‖

≤ [‖Gk‖ + L∇ f
]‖dk‖ + ηr(xk). (26)

From the expression of Gk for � = 0 and (24), it follows that ‖Gk‖ ≤ γ̃ . Together
with (21), r(xk) ≤ (1− η)−1(2+ γ̃ )‖dk‖. The desired result then follows by (26). ��

With Lemma 4, the following theorem establishes the convergence of the sequence
{xk}k∈N under the KL assumption on F . Due to the selection scheme in (19), the
analysis technique is a little different from the common one adopted in [31, 32].

Theorem 4 If F is aKL function, then
∑∞

k=0 ‖xk+1−xk‖ < ∞ and hence the sequence
{xk}k∈N is convergent with limit being a stationary point of (1).

Proof If there exists k1 ∈ N such that F(xk1) = F(xk1+1), we have dk1 = 0 by step
4, and Algorithm 1 stops within a finite number of steps. In this case, r(xk1) = 0
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follows from (21), i.e., xk1 is a stationary point of (1). Hence, it suffices to consider
that F(xk) > F(xk+1) for all k ∈ N. By invoking Eq. (19), for each k ∈ N,

F(yk)− F ≥ F(xk+1)− F > 0, (27)

where F is the same as in Proposition 3 (iv). By Proposition 3 (iv), the set ω(x0) is
nonempty and compact, and F ≡ F on the set ω(x0). Since F is assumed to be a
KL function, by invoking [44, Lemma 6], there exist ε > 0,� > 0 and ϕ ∈ ϒ�
such that for all y ∈ [F < F < F + � ] ∩ B(ω(x0), ε) with B(ω(x0), ε) := {y ∈
R
n | dist(y, ω(x0)) ≤ ε},

ϕ′(F(y)− F)dist(0, ∂F(y)) ≥ 1.

By Proposition 3 (iii) and dk = yk − xk , limk→∞ ‖yk − xk‖ = 0. Together with
limk→∞ dist(xk, ω(x0)) = 0, we have limk→∞ dist(yk, ω(x0)) = 0. Obviously,
{yk}k∈N is bounded, which along with {yk}k∈N ⊂ dom g and Assumption 1(i)–(ii)
implies that {F(yk)}k∈N is bounded.We claim that limk→∞ F(yk) = F . If not, by (27)
theremust exist an index setK ⊂ N such that limK�k→∞ F(yk) > F . Since {yk}k∈K is
bounded, there exists an index setK1 ⊂ K such that limK1�k→∞ yk = y∗, which along
with limk→∞ ‖dk‖ = 0 yields that y∗ ∈ ω(x0). Thus, from the continuity of F relative
to dom g, limK�k→∞ F(yk) = limK1�k→∞ F(yk) = F(y∗) = F , a contradiction to
limK�k→∞ F(yk) > F . Thus, the claimed limit limk→∞ F(yk) = F holds. Then,
there exists k ∈ N such that for all k ≥ k, yk ∈ B(ω(x0), ε) ∩ [F < F < F +� ],
and hence ϕ′(F(yk)−F

)
dist(0, ∂F(yk)) ≥ 1. By Lemma 4, for each k ∈ N, there

exists wk ∈ ∂F(yk) with ‖wk‖ ≤ γ0‖dk‖. Consequently, for each k ≥ k̂ := k + 1,

ϕ′(F(yk−1)− F
)‖wk−1‖ ≥ 1. (28)

In addition, from the proof of Proposition 3 (iii), αkμk ≥ a2 min(1, (1−2σ)βa2
2L∇ f

) := α

for each k ∈ N, which along with (18)–(19) implies that for each k ∈ N,

F(xk)− F(xk+1) ≥ σα‖dk‖2 = σα‖yk − xk‖2. (29)

Fix any k ≥ k̂. Since ϕ′ is nonincreasing on (0,�) by the concavity of ϕ, combining
(27) with (28) and using ‖wk−1‖ ≤ γ0‖dk−1‖ yields that

ϕ′(F(xk)−F) ≥ ϕ′(F(yk−1)−F) ≥ 1

‖wk−1‖ ≥ 1

γ0‖yk−1−xk−1‖ . (30)

Together with the concavity of ϕ and inequality (29), it follows that

�k,k+1 := ϕ(F(xk)−F)− ϕ(F(xk+1)−F) ≥ ϕ′(F(xk)− F)(F(xk)−F(xk+1))

≥ F(xk)−F(xk+1)

γ0‖yk−1 − xk−1‖ ≥ σα‖yk − xk‖2
γ0‖yk−1 − xk−1‖ .
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Then, ‖yk−xk‖ ≤
√

γ0
σα
�k,k+1‖yk−1−xk−1‖. From 2

√
ts ≤ t + s for t ≥ 0, s ≥ 0,

2‖yk−xk‖ ≤ γ0(σα)
−1�k,k+1 + ‖yk−1−xk−1‖.

By summing this inequality from k to l > k, it is immediate to obtain that

2
∑l

i=k‖yi − xi‖ ≤ ∑l
i=k‖yi−1 − xi−1‖ + γ0(σα)

−1∑l
i=k�i,i+1

≤ ∑l
i=k‖yi − xi‖ + ‖yk−1 − xk−1‖ + γ0(σα)

−1ϕ
(
F(xk)− F

)
,

where the second inequality is using the nonnegativity of ϕ(F(xl+1)− F). Thus,

∑l
i=k‖yi − xi‖ ≤ ‖yk−1 − xk−1‖ + γ0(σα)

−1ϕ(F(xk)− F). (31)

Passing the limit l → ∞ to this inequality yields that
∑∞

i=k ‖yi − xi‖ < ∞. Note
that ‖xi+1 − xi‖ ≤ ‖yi − xi‖ for each i ∈ N. Then,

∑∞
i=0 ‖xi+1 − xi‖ < ∞. ��

Next we deduce the linear and sublinear convergence rates of the sequence {xk}k∈N
under the KL property of the function F with exponent 1/(2q) for q ∈ (1/2, 1].
Theorem 5 If F is a KL function of exponent 1/(2q) with q ∈ (1/2, 1], then the
sequence {xk}k∈N converges to a point x ∈ S∗ and there exist constants γ ∈ (0, 1)
and c1 > 0 such that for all sufficiently large k,

‖xk − x‖ ≤
{
c1γ k for q = 1,

c1k
2q−1
2(q−1) for q ∈ (1/2, 1).

Proof For each k ∈ N, write �k := ∑∞
i=k ‖yi − xi‖. Fix any k ≥ k̂ where k̂ is the

same as in the proof of Theorem 4. From inequality (31), it follows that

�k ≤ ‖yk−1−xk−1‖ + γ0(σα)
−1ϕ(F(xk)− F)

where ϕ(t) = ct
2q−1
2q (t > 0) for some c > 0. From the expression of ϕ and (30),

(F(xk)−F)
1
2q ≤ c(1−0.5/q)γ0‖yk−1−xk−1‖. Together with the last inequality,

�k ≤ ‖yk−1−xk−1‖ + cγ0
σα

[c(2q−1)γ0
2q

]2q−1‖yk−1−xk−1‖2q−1

≤ ‖yk−1−xk−1‖2q−1 + (cγ0)2q

σα

[ (2q−1)

2q

]2q−1‖yk−1−xk−1‖2q−1

= γ1(�k−1−�k)
2q−1 with γ1 =

[
1+ (cγ0)2q

σα

( (2q−1)

2q

)2q−1]
,

where the second inequality is due to limk→∞ ‖dk‖ = 0. When q = 1, �k ≤
γ1

1+γ1�k−1. From this recursion formula, it follows that �k ≤ (
γ1

1+γ1 )
k−k̂�k̂ . Note
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that ‖xk − x‖ ≤ ∑∞
i=k ‖xi+1 − xi‖ ≤ ∑∞

i=k ‖yi − xi‖ = �k . The conclusion

holds with γ = γ1/(1+γ1) and c1 = �k̂(
γ1

1+γ1 )
−k̂ . When q ∈ (1/2, 1), from the

last inequality, we have �
1

2q−1
k ≤ (γ1)

1
2q−1 (�k−1−�k) for all k ≥ k̂. By using this

inequality and following the same analysis technique as those in [45, Page 14], we

obtain �k ≤ c1k
2q−1
2(q−1) for some c1 > 0. Consequently, ‖xk − x‖ ≤ c1k

2q−1
2(q−1) for all

k ≥ k̂. ��
Remark 4 The linear and sublinear convergence rates of the objective value sequence
{F(xk)}k∈N can also be obtained under the assumption of Theorem 5. Indeed, let
�k = F(xk)− F for each k ∈ N. Fix any k ≥ k̂ where k̂ is the same as in the proof of
Theorem 4. From inequality (30) with ϕ(t) = ct (2q−1)/(2q) and (29), it follows that

�
1
q
k ≤ [cγ0(2q − 1)]2

4q2
‖dk−1‖2 ≤ γ1(�k−1 −�k) with γ1 = [cγ0(2q − 1)]2

4q2ασ
.

When q = 1, �k ≤ γ1
1+γ1�k−1 for all k ≥ k̂. This implies that {F(xk)}k∈N converges

to F with Q-linear rate. When q ∈ (1/2, 1), we have �1/q
k ≤ γ1(�k−1 −�k) for all

k ≥ k̂. By using this inequality and following the same analysis technique as those in
[45, Page 14], there exists c1 > 0 such that F(xk)− F ≤ c1k−q/(1−q) for all k ≥ k̂.

4.2 Convergence analysis for 0 < % < 1

To analyze the global convergence of the sequence {xk}k∈N and its superlinear rate in
this scenario, we need several technical lemmas. First, by noting that Gk(xk−xk)−
∇ f (xk) ∈ ∂g(xk) and Rk(yk)−∇ f (xk) − Gk(yk−xk) ∈ ∂g(yk−Rk(yk)) for each
k ∈ N, using the monotonicity of ∂g and Gk  μk I can bound the error between yk

and xk .

Lemma 5 For each k ∈N, it holds that ‖yk− xk‖≤ a−1
2 η(1+ ‖Gk‖)[r(xk)]1+τ−�.

The following lemma bounds the distance from xk to the exact minimizer xk of (2)
by dist(xk,S∗), which extends the result of [15, Lemma 4] to the nonconvex setting.

Lemma 6 Consider any x ∈ ω(x0). Suppose that∇2ψ is strictly continuous at Ax−b
relative to A(dom g) − b. Then, there exist ε0 > 0 and Lψ > 0 such that for all
xk ∈ B(x, ε0/2), ‖xk − xk‖ ≤ (

(0.5Lψ/μk)‖A‖3dist(xk,S∗) + (�k/μk)‖A‖2 +
2
)
dist(xk,S∗), where �k := a1[−λmin(∇2ψ(Axk−b))]+.

Proof Since∇2ψ is strictly continuous at Ax−b relative to A(dom g)−b, there exist
δ0 > 0 and Lψ > 0 such that for any z, z′ ∈ B(Ax − b, δ0) ∩ [A(dom g)− b],

‖∇2ψ(z)−∇2ψ(z′)‖ ≤ Lψ‖z − z′‖. (32)

Take ε0 = δ0/‖A‖. For any x, x ′ ∈ B(x, ε0) ∩ dom g, we have Ax−b, Ax ′ −b ∈
B(Ax−b, δ0) ∩ [A(dom g)−b], which together with ∇2 f (·) = A�∇2ψ(A ·−b)A
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implies that
‖∇2 f (x)−∇2 f (x ′)‖ ≤ Lψ‖A‖3‖x − x ′‖. (33)

Fix any xk ∈ B(x, ε0/2). Pick any xk,∗ ∈ �S∗(xk). Since x ∈ S∗ by Proposition 3 (iv),
we have ‖xk,∗−x‖ ≤ 2‖xk−x‖ ≤ ε0, so ‖(1−t)xk+t xk,∗−x‖ ≤ ε0 for all t ∈ [0, 1].
Clearly, (1−t)xk+t xk,∗ ∈ dom g for all t ∈ [0, 1] by the convexity of dom g. Thus,
(1−t)xk+t xk,∗ ∈ B(x, ε0)∩dom g for all t ∈ [0, 1]. Note that 0 ∈ ∇ f (xk,∗)+∂g(xk,∗)
and 0 ∈ ∇ f (xk) + Gk(xk−xk) + ∂g(xk). From the monotonicity of ∂g, it follows
that

0 ≤ 〈−∇ f (xk,∗)+∇ f (xk)+ Gk(x
k,∗−xk), xk,∗−xk〉 + 〈Gk(x

k−xk,∗), xk,∗−xk〉.

Together with Gk  μk I and the triangle inequality, we obtain that

‖xk − xk,∗‖ ≤ μ−1
k ‖∇ f (xk)−∇ f (xk,∗)+ Gk(x

k,∗−xk)‖

= 1

μk

∥
∥
∥

∫ 1

0

[
Gk−∇2 f (xk+t(xk,∗−xk))

]
(xk,∗−xk)dt

∥
∥
∥

≤ μ−1
k

[
(Lψ‖A‖3/2)‖xk,∗−xk‖2 +�k‖A‖2‖xk,∗−xk‖]

+ ‖xk,∗−xk‖,

where the last inequality is using (33) with x = xk and x ′ = xk+ t(xk,∗−xk). The
conclusion then follows by using ‖xk−xk‖ ≤ ‖xk−xk,∗‖ + ‖xk,∗−xk‖. ��

The following lemma bounds �k defined in Lemma 6 in terms of dist(xk,X ∗).
This result appeared early in [27, Lemma 5.2], and we here provide a concise proof.

Lemma 7 Consider any x ∈ X ∗. Suppose that ∇2ψ is strictly continuous at Ax − b
relative to A(dom g)− b. Then,

�k ≤a1Lψ‖A‖dist(xk,X ∗) for all xk ∈ B(x, ε0/2)

where ε0, Lψ and �k are the same as those appearing in Lemma 6.

Proof Fix any xk ∈ B(x, ε0/2). By the expression of �k , it suffices to consider
that λmin(∇2ψ(Axk−b)) < 0. Pick any xk,∗ ∈ �X ∗(xk). From x ∈ X ∗, we have
‖xk,∗ − x‖ ≤ 2‖xk − x‖ ≤ ε0, and consequently xk,∗ ∈ B(x, ε0) ∩ dom g. From
xk,∗ ∈ X ∗, we have ∇2ψ(Axk,∗−b)  0. When λmin(∇2ψ(Axk,∗−b)) = 0, it holds
that

�k = −a1λmin(∇2ψ(Axk−b)) = a1[λmin(∇2ψ(Axk,∗−b))− λmin(∇2ψ(Axk−b))]
≤ a1‖∇2ψ(Axk,∗−b)−∇2ψ(Axk−b)‖ ≤ a1Lψ‖A‖‖xk−xk,∗‖,

where the first inequality is using the Lipschitz continuity of the function S
n � Z �→

λmin(Z) with modulus 1, and the second one is using (32) with Axk,∗ − b, Axk − b ∈
B(Ax−b, δ0)∩[A(dom g)−b]. So we only need to consider that λmin(∇2ψ(Axk,∗−
b)) > 0. For this purpose, let φk(t) := λmin[∇2ψ(Axk−b+t A(xk,∗−xk))] for t ≥ 0.
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Clearly, φk is continuous on any open interval containing [0, 1]. Note that φk(0) < 0
and φk(1) > 0. There exists tk ∈ (0, 1) such that φk(tk) = 0. Consequently,

�k = a1
[
λmin(∇2ψ(Axk−b + tk A(x

k,∗−xk)))− λmin(∇2ψ(Axk−b))
]

≤ a1‖∇2ψ(Axk−b +tk A(x
k,∗−xk))−∇2ψ(Axk−b)‖ ≤ a1Lψ‖A‖‖xk,∗−xk‖.

This shows that the desired result holds. The proof is completed. ��
Remark 5 (a) When X ∗ in Lemma 7 is replaced by S∗, the conclusion may not hold.

For example, consider problem (1) with g ≡ 0 and f given by Remark 2(a), and
x = (0, 0)� ∈ S∗. For each k > 1, let xk = (0, 1

k )
�. We have �k = a1(1− 3

k2
)

but dist(xk,S∗)= 1
k . Clearly, for all k large enough, �k ≤ a1Ldist(xk,S∗) does

not hold.
(b) The result of Lemma 7 may not hold if dist(xk,X ∗) is replaced by dist(xk,S∗).

Indeed, consider f (x) = −(x − 2)4 and g(x) =
{ ∞ if x < 0,
(x − 2)4 if x ≥ 0

for x ∈ R.

We have S∗=R+ and then X ∗={2}. Let x = 2 and xk = 2− 1
k . Then,�k = 12a1

k2
,

but dist(xk,S∗)= 0. Clearly,�k ≤ a1Ldist(xk,S∗) does not hold for each k ∈ N.

Next we show that the unit step-size must occur when the iterates are close enough
to a cluster point and the following locally Hölderian error bound on X ∗ holds.

Assumption 3 The locally Hölderian error bound of order q > 0 at any x ∈ ω(x0)
on X ∗ holds, i.e., for any x ∈ ω(x0), there exist ε > 0 and κ > 0 such that for all
x ∈ B(x, ε) ∩ dom g, dist(x,X ∗) ≤ κ[r(x)]q .
Lemma 8 Fix any x ∈ ω(x0). Suppose that ∇2ψ is strictly continuous at Ax−b
relative to A(dom g)−b, and that Assumption 3 holds with q > �. Then, there exists
k ∈ N such that αk = 1 for all xk ∈ B(x, ε1) with k ≥ k and ε1 = min(ε, ε0/2),
where ε and ε0 are the same as in Assumption 3 and Lemma 6.

Proof Since x ∈ ω(x0), there is K ⊂ N such that limK�k→∞ xk = x , which by
Assumption 3 and {xk}k∈N ⊂ dom g means that dist(xk,X ∗) ≤ κ[r(xk)]q for all
k ∈ K large enough, so x ∈ X ∗ follows by passingK � k → ∞ and using Proposition
3 (iii). Recall that dk = yk − xk for each k ∈ N. By invoking Lemmas 5–7, for all
xk ∈ B(x, ε1),

‖dk‖ ≤ ‖yk − xk‖ + ‖xk − xk‖ ≤ η(1+‖Gk‖)
a2

[r(xk)]1+τ−�

+[
0.5Lψ‖A‖3μ−1

k dist(xk,S∗)
+a1Lψ‖A‖2μ−1

k dist(xk,X ∗)+2
]
dist(xk,S∗).

By Proposition 3(iv), for each k ∈ N, dist(xk,S∗) ≤ dist(xk, ω(x0)), which along
with limk→∞ dist(xk, ω(x0)) = 0 implies that for each k ∈ N,�S∗(xk) ⊂ LF (x0)+
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τ̂B (if necessary by increasing τ̂ .) Thus, for each k ∈ N, with any xk,∗ ∈ �S∗(xk),
we have

r(xk) = ‖xk−Pg(x
k−∇ f (xk))−xk,∗ + Pg(x

k,∗−∇ f (xk,∗))‖
≤ (2+ L∇ f )dist(x

k,S∗). (34)

From X ∗ ⊂ S∗ and Assumption 3, for all xk ∈ B(x, ε1), it holds that

1

μk
= 1

a2
r(xk)−� ≤ κ

�
q

a2
dist(xk,X ∗)−

�
q ≤ κ

�
q

a2
dist(xk,S∗)−

�
q . (35)

In addition, from (34) and Assumption 3, it follows that for all xk ∈ B(x, ε1),

dist(xk,X ∗)
μk

≤ κ

a2
r(xk)q−� ≤ κ(2+ L∇ f )

q−�

a2
dist(xk,S∗)q−�.

From the last four inequalities, we deduce that for all xk ∈ B(x, ε1),

‖dk‖ ≤
[
η(1+‖Gk‖)(2+L∇ f )

1+τ−�

a2
[dist(xk,S∗)]τ−�

+ Lψ‖A‖3κ
�
q

2a2
[dist(xk,S∗)]1− �

q

+ κa1Lψ‖A‖2(2+L∇ f )
q−�

a2
[dist(xk,S∗)]q−� + 2

]

dist(xk,S∗). (36)

From (35)–(36), the boundedness of {Gk}, and limk→∞ dist(xk,S∗) = 0 by Propo-

sition 3 (iv), we conclude that [(1 − 2σ)μk]−1‖dk‖ ≤ O(dist(xk, S∗)1−
�
q ). Along

with q > �, there exists k ∈ N such that for all k ≥ k, when xk ∈ B(x, ε1),
‖dk‖

(1−2σ)μk
≤ 3

Lψ‖A‖3 and xk + tdk ∈ B(x, ε0) for all t ∈ [0, 1]. Fix any integer m ≥ 0.

By using (33),

f (xk+βmdk)− f (xk)

=
∫ 1

0
βm〈[∇ f (xk+tβmdk)−∇ f (xk)], dk〉dt + βm〈∇ f (xk), dk〉

=
∫ 1

0

∫ 1

0
tβ2m〈dk, [∇2 f (xk+stβmdk)−∇2 f (xk)]dk〉dsdt

+
∫ 1

0
tβ2m〈dk,∇2 f (xk)dk〉dt + βm〈∇ f (xk), dk〉

≤ Lψ‖A‖3
6

β3m‖dk‖3 + 1

2
β2m〈dk,∇2 f (xk)dk〉 + βm〈∇ f (xk), dk〉

≤ Lψ‖A‖3
6

β3m‖dk‖3 + 1

2
βm〈dk, [∇2 f (xk)+�k A

�A]dk〉 + βm〈∇ f (xk), dk〉
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where the last inequality is due to �k ≥ 0 and ∇2 f (xk)+�k A�A  0. In addition,
from the convexity of the function g and βm ∈ (0, 1], it follows that

g(xk+βmdk)− g(xk) ≤ βm[g(yk)− g(xk)]
= βm[�k(yk)− �k(x

k)− 〈∇ f (xk), dk〉]
≤ −βm[〈∇ f (xk), dk〉 + 1

2
〈dk,Gkd

k〉],

where the last inequality is by (20). Adding the last two inequalities together leads to

F(xk+βmdk)− F(xk)+ σμkβ
m‖dk‖2

≤ Lψ‖A‖3
6

β3m‖dk‖3 − (1/2− σ)μkβ
m‖dk‖2

≤ −1

2
βm‖dk‖3

( (1−2σ)μk

‖dk‖ − Lψ‖A‖3
3

)
. (37)

Recall that for all k ≥ k, if xk ∈ B(x, ε1),
(1−2σ)μk

‖dk‖ ≥ Lψ‖A‖3
3 . This means that (37)

holds with m = 0 if k ≥ k and xk ∈ B(x, ε1). The desired result then follows. ��

From the proof of Lemma 8, Assumption 3 implies that x ∈ X ∗. It is worth
pointing out that the result of Lemma 8 also holds without the error bound condition
if the parameter � of Algorithm 1 is restricted in (0, 1/2); see the arxiv version of this
paper.

Nowwe are ready to establish the global convergence of {xk}k∈N and its superlinear
rate in the following theorem, whose proof is inspired by that of [23, Theorem 5.1].

Theorem 6 Consider any x ∈ ω(x0). Suppose that∇2ψ is strictly continuous at Ax−b
relative to A(dom g)−b, and that Assumption 3 holds with q ∈ (max{�, 1/(1+�)}, 1].
Then, the sequence {xk}k∈N converges to x ∈ X ∗ with the Q-superlinear rate of order
q(1+�).

Proof Let k ∈ N, ε0 and ε1 be the same as in Lemma 8. Since limk→∞ r(xk) = 0
by Proposition 3 (iii), r(xk) ≤ 1 for all k ≥ k (if necessary by increasing k). Since
limk→∞ dist(xk,S∗) = 0 by Proposition 3 (iv), from (36) and τ ≥ �, there exists
c1> 0 such that for all k ≥ k (if necessary by increasing k),

‖dk‖ ≤ c1dist(x
k,S∗). (38)

Also, from Lemma 8, αk = 1 for all xk ∈ B(x, ε1) with k ≥ k. We next argue that for
all k ≥ k, whenever xk ∈B(x, ε1) and xk+1= xk + dk = yk ∈ B(x, ε1),

dist(xk+1,S∗) = o(dist(xk,S∗)). (39)
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Indeed, from dist(xk+1,X ∗) ≤ κ[r(xk+1)]q and rk(yk) ≤ η[r(xk)]1+τ by (13a) and
r(xk) ≤ 1, it follows that

dist(xk+1,S∗) ≤ dist(xk+1,X ∗) ≤ κ
[
r(xk+1)− rk(x

k+1)+ rk(y
k)

]q

≤ κ
[
r(xk+1)− rk(x

k+1)+ η[r(xk)]1+τ ]q
≤ κ

[|r(xk+1)− rk(x
k+1)| + η(2+L∇ f )

1+τ [dist(xk,S∗)]1+τ ]q
(40)

where the last inequality is using (34). Note that (1− t)xk + t xk+1 ∈ B(x, ε1) for all
t ∈ [0, 1]. Using the expressions of r and rk and inequality (38) yields that

|r(xk+1)− rk(x
k+1)| ≤ ‖∇ f (xk+1)−∇ f (xk)− Gk(x

k+1 − xk)‖

≤
∥
∥
∥

∫ 1

0

[∇2 f (xk+t(xk+1−xk))−∇2 f (xk)
]
(xk+1−xk)dt

∥
∥
∥

+ (�k‖A‖2+μk)‖xk+1−xk‖
≤ 0.5Lψ‖A‖3‖xk+1 − xk‖2 + (�k‖A‖2+μk)‖xk+1 − xk‖
= 0.5Lψ‖A‖3‖dk‖2 + (�k‖A‖2+μk)‖dk‖
≤ [

0.5Lψ‖A‖3c21dist(xk,S∗)+ c1(�k‖A‖2+μk)
]
dist(xk,S∗).

By combining this inequality with (40) and using Lemma 7, Assumption 3 and (34),

dist(xk+1,S∗)

≤ κ
[
0.5Lψ‖A‖3c21(dist(xk,S∗))2 + c1a1Lκ(2+L∇ f )

q [dist(xk,S∗)]1+q

+ c1a2(2+L∇ f )
�[dist(xk,S∗)]1+� + η(2+L∇ f )

1+τ [dist(xk,S∗)]1+τ
]q
. (41)

Since q+q� > 1 and limk→∞ dist(xk,S∗) = 0, using this inequality yields the stated
relation in (39) (if necessary by increasing k). Then, for any σ̃ ∈ (0, 1), there exists
0 < ε2 < ε1 such that for all k ≥ k, if xk ∈ B(x, ε2) and xk+1 = xk + dk = yk ∈
B(x, ε2),

dist(yk,S∗) ≤ σ̃dist(xk,S∗). (42)

Let ε :=min
{
ε2
2 ,

ε2
2c1

,
(1−σ̃ )ε2

2c1

}
. We argue by induction that if some iterate xk0 ∈

B(x, ε) with k0 ≥ k, then αk = 1 and xk+1 = yk ∈ B(x, ε2) for all k ≥ k0. Indeed,
as x ∈ ω(x0), we can find k0 > k such that xk0 ∈ B(x, ε). Using (38) yields that

‖yk0−x‖ ≤ ‖xk0−x‖ + ‖yk0−xk0‖ = ‖xk0−x‖ + ‖dk0‖
≤ ‖xk0−x‖ + c1‖xk0−x‖ ≤ ε2.
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Since ε < ε1, we have αk0 = 1, and xk0+1 = yk0 ∈ B(x, ε2). Fix any k > k0. Assume
that for all k0 ≤ l ≤ k−1, αl = 1 and xl+1 = yl ∈ B(x, ε2). By (38) and (42),

‖yk−xk0‖≤
k∑

l=k0

‖dl‖≤ c1

k∑

l=k0

dist(xl ,S∗)≤ c1

k∑

l=k0

σ̃ l−k0dist(xk0 ,S∗)

≤ c1
1−σ̃

‖xk0−x‖.

Then ‖yk − x‖ ≤ ‖yk − xk0‖+‖xk0 − x‖ ≤ ε2. Note that αk = 1 since xk ∈ B(x, ε2).
Hence, xk+1= xk + dk = yk ∈ B(x, ε2). By induction the stated result holds.

Since limk→∞ dist(xk,S∗) = 0, for any ε > 0 there exists N � k0 ≥ k0 such that
for all k ≥ k0, dist(xk,S∗) ≤ ε. Fix any k1 ≥ k2 ≥ k0. By invoking (38) and (42),

‖xk1−xk2‖ ≤
k1−1∑

j=k2

‖x j+1 − x j‖ =
k1−1∑

j=k2

‖d j‖ ≤ c1

k1−1∑

j=k2

dist(x j ,S∗)

≤ c1

k1−1∑

j=k2

σ̃ j−k2dist(xk2 ,S∗) = c1
1− σ̃

dist(xk2 ,S∗) ≤ c1ε

1− σ̃
, (43)

where the first equality is using αk = 1 for all k ≥ k0. This shows that {xk}k∈N is a
Cauchy sequence and thus converges to x ∈ X ∗. By passing the limit k1 → ∞ to (43)
and using (41), we conclude that for any k > k0,

‖xk+1 − x‖ ≤ c1
1− σ̃

dist(xk+1,S∗) ≤ O([dist(xk,S∗)]q(1+�))
≤ O(‖xk − x‖q(1+�)).

That is, {xk}k∈N converges to x with the Q-superlinear rate of order q(1+�). ��
The local error bound at x ∈ ω(x0) on X ∗ in Assumption 3 is stronger than the

q-subregularity of ∂F at x for 0 by Lemma 1, but it does not require the isolatedness
of x . When x ∈ X ∗, by Lemma 2, it is implied by the KL property of F at x with
exponent 1/2 alongwith the quadratic growth of F at x onX ∗, which is further implied
by the local strong convexity of F in a neighborhood of x by Remark 2 (c).

The locally Hölderian error bound at any x ∈ ω(x0) on X ∗ in Assumption 3
implicitly requires thatX ∗ �= ∅.WhenX ∗ = ∅, we can achieve the global convergence
of {xk} and its superlinear rate under a local error bound on S∗ as follows. Since the
proof is similar to that of Theorem 6, we do not include it here.

Theorem 7 Fix any x ∈ ω(x0) and any q > 1+�. Suppose that ∇2ψ is strictly
continuous at Ax−b relative to A(dom g)−b, and that there exist ε > 0 and κ > 0 such
that dist(x,S∗) ≤ κ[r(x)]q for all x ∈ B(x, ε). Then, the sequence {xk}k∈N converges
to x with the Q-superlinear rate of order (q−�)2/q for q > (2�+ 1+√

4�+ 1)/2.
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Remark 6 When Hk and ηk in step (S.1) of [26, Algorithm 3.1] respectively take Gk

and ηmin
{
1, [r(xk)]τ}, under the local error bound assumption of Theorem 6 or 7,

the unit step-size always occurs and inequality (22) holds with κ̂ = c1κ and q̂ = q. By
Remark 3 (d), we can achieve the global convergence of the iterate sequence generated
by GIPN and its superlinear rate under the same assumption as that of Theorem 6 or 7,
which greatly improve the convergence results in [26] where the uniformly bounded
positive definiteness of Gk and the local strong convexity of F are required.

To close this section, we emphasize that the convergence results obtained in this
section are also applicable to Algorithm 1 with Gk constructed by

Gk = ∇2 f (xk)+ a1A
�Diag(max{−λk, 0})A + μk I , (44)

where λk ∈ R
m is the eigenvalue vector of ∇2ψ(Axk−b), and Diag(max{−λk, 0})

is the diagonal matrix with the components of max{0,−λk} as the diagonal entries.
Indeed, one can check thatGk  μk I and Diag(max{−λk, 0}) � [−λmin(∇2ψ(Axk−
b))]+ I . For � = 0, the uniformly bounded positive definiteness of Gk guarantees that
the sufficient descent property of objective values and the relative error condition in
Lemma 4 continue to hold. Thus, the global convergence follows from Theorem 4. For
� ∈ (0, 1), the order relation Diag(max{−λk, 0}) � [−λmin(∇2ψ(Axk−b))]+ I along
with Lemma 7 implies that ‖Diag(max{−λk, 0})‖ can be bounded by dist(xk,X ∗).
Thus, the global convergence and superlinear convergence rate results in Theorems
6–7 continue to hold.

5 Numerical experiments

Before testing the performance of Algorithm 1, we first focus on its implementation
(see https://github.com/SCUT-OptGroup/IRPNM for the corresponding code).

5.1 Implementation of Algorithm 1

The core in the implementation of Algorithm 1 is to find an approximate minimizer yk

of subproblem (2) satisfying (13a) or (13b). By the expression of Gk in (3), we have
Gk = A�

k Ak+μk I with Ak =
(
Dk+a1(−λmin(Dk))+ I

)1/2
A for Dk = ∇2ψ(Axk−b).

When the functionψ is separable, it is very cheap to achieve such a reformulation ofGk

as Dk is a diagonal matrix. Let bk := Gkxk−∇ f (xk) and gk(·) := g(·)+ (μk/2)‖ · ‖2.
Then, subproblem (2) can be equivalently written as

min
y∈Rn ,z∈Rm

{1

2
‖z‖2 − b�k y + gk(y) s.t. Ak y − z = 0

}
, (45)

which is a Lasso problem when g takes the �1-norm function. Inspired by the encour-
aging results reported in [46], we develop an efficient SNALM for solving subproblem
(45). Note that a SNALM was also developed in [47, Section 4.2] to solve the sub-
problems of an inexact SQA method for composite DC problems.
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5.1.1 SNALM for solving subproblems

Let g∗k be the conjugate function of gk . The dual problem of (45) takes the form of

min
ξ∈Rm ,ζ∈Rn

{1

2
‖ξ‖2 + g∗k (ζ ) s.t. A�

k ξ + ζ − bk = 0
}
. (46)

The basic iterate steps of the augmented Lagrangian method for (46) are as follows:

⎧
⎪⎪⎨

⎪⎪⎩

(ξ j+1, ζ j+1) := argmin
ξ∈Rm ,ζ∈Rn

Lσj (ξ, ζ ; x j ), (47a)

x j+1 := x j + σj (A
�
k ξ

j+1 + ζ j+1 − bk), (47b)

σ j+1 ↑ σ∞ ≤ ∞ (47c)

where Lσ (·, ·; x) is the augmented Lagrangian function of (46) associated to the
penalty factor σ > 0 and the Lagrange multiplier x . For the ALM, the primary
computation cost is to solve (47a). After calculating, ζ j+1 = P

σ−1
j g∗k

(bk−A�
k ξ

j+1 −
σ−1
j x j ) with

ξ j+1 = argmin
ξ∈Rm

! j (ξ) := (1/2)‖ξ‖2 + e
σ−1
j g∗k

(
bk − A�

k ξ − σ−1
j x j ). (48)

By the strong convexity of! j , ξ j+1 is a solution of (48) if and only if it is the unique
root of system 0 = ∇! j (ξ). From P

σ−1
j g∗k

= (I + σ−1
j ∂g∗k )−1 and [48], when g is

definable in an o-minimal structure over the real field, the mappingP
σ−1
j g∗k

is definable

in this o-minimal structure. Thus, by the expression of ∇! j and [49, Theorem 1], we
conclude that ∇! j is semismooth if g is definable in an o-minimal structure over the
real field. Moreover, when g is a piecewise linear-quadratic convex function, by [29,
Theorem 11.14 and Proposition 12.30] the mappingP

σ−1
j g∗k

is piecewise linear, which

by [50, Proposition 7.4.7 and 7.4.4] implies that ∇! j is strongly semismooth. The
Clarke Jacobian [51] of ∇! j is always nonsingular due to its strong monotonicity,
and one can achieve the exact characterization of its Clarke Jacobian for some specific
g. Hence, we apply the semismooth Newton method to seeking a root of system
∇! j (ξ) = 0. For more details on semismooth Newton methods, see [52] or [50,
Chapter 7].

By combining the optimality conditions of (47a) with Eq. (47b), we deduce that
ζ j+1 ∈ ∂gk(−x j+1), which implies that ω j+1 := Gk yk−bk + ζ j+1 ∈ ∂�k(yk) if
taking yk = −x j+1. Inspired by this and criterion (13a) or (13b), we terminate the
ALM at iterate (ξ j+1, ζ j+1, x j+1) when �k(−x j+1) ≤ �k(xk) and rk(−x j+1) ≤
εALM :=ηmin{r(xk), [r(xk)]1+τ } for � ∈ (0, 1), or when �k(−x j+1) ≤ �k(xk) and
‖ω j+1‖ ≤ εALM := ηr(xk) for � = 0. In the implementation of the SNALM, we
adjust the penalty factor σ j in terms of the primal and dual infeasibility.
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Fig. 1 Influence of � on the convergence behavior of the iterate sequences of Algorithm 1

5.1.2 Choice of parameters for Algorithm 1

For the subsequent tests, we choose a1 = 1, which means that our Gk may not be
uniformly positive definite if � > 0. The other parameters of Algorithm 1 are chosen
as a2= min{σ, 10−2

max{1,r(x0)} } with σ = 10−4, β = 0.1, η = 0.9, τ = �. From Fig. 1a
below, a larger � corresponds to a better convergence rate, but preliminiary tests
indicate that Algorithm 1 with a larger � does not necessarily require less running
time and Algorithm 1 with � ∈ [0.4, 0.5] usually works well in terms of running time.
Inspired by this, we choose Algorithm 1 with � = 0.45 for the subsequent testing.

Figure 1 below plots the convergence rate curves of the iterate sequences yielded
by Algorithm 1 with different � for the example in Sect. 5.2 with d = 80 dB in Fig. 1a
and the example in Sect. 5.4 with λ = 10−2 in Fig. 1b. We see that every curve in
Fig. 1a shows a superlinear convergence rate, but no curve in Fig. 1b does this. After
checking, we find that the sequences {xk} in Fig. 1a all converge to a second-order
stationary point, while those in Fig. 1b converge to a non-strong one. This coincides
with the theoretical results obtained in Sect. 4.

In the rest of this section, we compare the performance of Algorithm 1 armed
with the SNALM (called IRPNM) with that of GIPN and ZeroFPR on �1-regularized
Student’s t-regressions, grouppenalizedStudent’s t-regressions, and nonconvex image
restoration. Among others, GIPNwas proposed in [26] by solving subproblem (2)with
FISTA [53] (named GIPN-F) or the KKT system Rk(x) = 0 with the semismooth
Newton method [8] (named GIPN-S), and ZeroFPR was proposed in [13] by seeking
the root of the KKT system for minimizing the FBE of F along a quasi-Newton
direction. For GIPN, we choose a1 = 1.001 to ensure that the approximate matrix
Gk is uniformly bounded positive definite as required by its convergence results. For
GIPN and ZeroFPR, we adopt the default setting except that their maximum number of
iterations are set as 2000 and 20,000, respectively. For IRPNM, themaximumnumbers
of iterations of Algorithm 1 and SNALM are set as 1000 and 100, respectively. For
fairness, three solvers use the same starting point x init and the same stopping condition
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r(xk) ≤ ε0. All tests are performed on a desktop running 64-bitWindows Systemwith
an Intel(R) Core(TM) i9-10850KCPU 3.60GHz and 32.0 GBRAMonMatlab 2020b.

5.2 �1-regularized Student’s t-regression

This class of problems takes the form of (1) withψ(u) := ∑m
i=1 log(1+u2i /ν) (ν > 0)

for u ∈ R
m and g(x) := λ‖x‖1 for x ∈ R

n , where λ > 0 is the regularized parameter.
Such a function was introduced in [54] to deal with the data contaminated by heavy-
tailed Student-t errors. The test examples are randomly generated in the same way as
in [8, 55]. Specifically, we generate a true sparse signal x true of length n = 5122 with
s =  n

40! nonzero entries, whose indices are chosen randomly; and then compute each
nonzero component via x truei = η1(i)10dη2(i)/20, where η1(i) ∈ {±1} is a random sign
and η2(i) is uniformly distributed in [0, 1]. The signal has dynamic range of d dB
with d ∈ {20, 40, 60, 80}. The matrix A ∈ R

m×n takes m = n/8 random cosine
measurements, i.e., Ax = (dct(x))J , where dct is the discrete cosine transform
and J ⊂ {1, . . . , n} with |J | = m is an index set chosen randomly. The vector b is
obtained by adding Student’s t-noise with degree of freedom 4 and rescaled by 0.1 to
Ax true.

For each λ = cλ‖∇ f (0)‖∞ with cλ = 0.1 and 0.01, we run the three solvers with
ν = 0.25, x init = A�b and ε0 = 10−5 for 10 independent trials, i.e., ten groups
of data (A, b) generated randomly. Table 1 lists the average objective values, KKT
residuals and running times over 10 independent trials. We see that IRPNM yields
the same objective values as ZeroFPR does, but requires much less running time,
while GIPN-S can not achieve the desired accuracy within 2000 iterations for most
of test instances. The three solvers all require less running time for cλ = 0.1 than
cλ = 0.01 due to more sparsity of stationary points. After checking, we find that
IRPNM yields a second-order stationary point for all test instances except those for
cλ = 0.1, d = 20, and the smallest eigenvalue of Hessian at these second-order
stationary points is numerically close to 0, so it is highly possible for the stationary
point to be nonisolated.

5.3 Group penalized Student’s t-regression

This class of problems takes the form of (1) with ψ being the same as in Sect. 5.2 and
g(x) := λ

∑l
i=1 ‖xJi ‖ for x ∈ R

n , where the index sets J1, . . . , Jl satisfy Ji ∩ J j = ∅
for any i �= j and

⋃l
i=1 Ji = {1, . . . , n}. We generate a true group sparse signal

x true ∈ R
n of length n = 5122 with s nonzero groups, whose indices are chosen

randomly, and compute each nonzero entry of x true by the same formula as in Sect. 5.2.
The matrix A ∈ R

m×n is generated in the same way as in Sect. 5.2, and b ∈ R
m is

obtained by adding Student’s t-noise with degree of freedom 5 and rescaled by 0.1 to
Ax true.

We run the three solvers with λ=0.1‖∇ f (0)‖, ν= 0.2, x init= A�b and ε0 = 10−5

for 10 independent trials, i.e., ten groups of data (A, b) generated randomly. Table 2
lists the average objective values, KKT residuals and running times over 10 indepen-
dent trials for corresponding d = 60, 80 dB and nonzero group s = 16, 64, 128. We
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Fig. 2 Nonconvex image restoration. Recovered imageswith the three solvers for ε0 = 10−3 andλ = 10−2.
a Noisy blurred image, b original image, c IRPNM, d ZeroFPR, e GIPN-F

see that IRPNM yields the same objective values as ZeroFPR does, but requires much
less running time than the latter does; while GIPN-F can not achieve the desired accu-
racy within 2000 iterations for all test instances. Also, after checking, IRPNM yields
a second-order stationary point for each test instance.

5.4 Restoration of blurred images

This class of problems has the form of (1) with ψ described as in Sect. 5.2 and
g(x)= λ‖Bx‖1 for x ∈ R

n , where A ∈ R
n×n is a matrix to represent a Gaussian blur

operator with standard deviation 4 and a filter size of 9, the vector b ∈ R
n represents a

blurred image, and B ∈ R
n×n is an orthogonal matrix to represent a two-dimensional

discrete Haar wavelet transform of level 4. A 256 × 256 image cameraman.tif is
chosen as the test image x true ∈ R

n with n = 2562, and the blurred noisy image b is
obtained by adding Student’s t-noise with degree of freedom 1 and rescaled by 10−3

to Ax true.
For each λ ∈ {10−2, 10−3, 10−4}, we run the three solvers with ν = 1, x init = b

and ε0 = 10−4 for 10 independent trials, i.e., ten groups of data b generated randomly.
As shown in Fig. 2, the three solvers all demonstrate good restorations. Table 3 reports
the average objective values, KKT residuals and running times over 10 independent
trials. We see that IRPNM and ZeroFPR outperform GIPN-F in achieving the desired
accuray within less running time, and IRPNM yields the objective values (or the KKT
residuals) comparable with those yielded by ZeroFPR though it needs more time than
ZeroFPR does. For this class of problems, IRPNM yields a common stationary point
for each test instance, and displays a slower convergence rate than ZeroFPR does,
which accounts for why it requires more running time than the latter does.

6 Conclusions

We proposed an inexact regularized proximal Newton method for the nonconvex and
nonsmooth problem (1) by using the approximate matrix Gk in (3) for the Hessian
of f at xk . For � = 0, we verified the global convergence of the iterate sequence
and its R-linear convergence rate under suitable KL assumptions on F ; and for � ∈
(0, 1), established the global convergence of the iterate sequence and its superlinear
convergence rate under suitable locally error bound on the (second-order) stationary
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point set. Numerical experiments confirmed our theoretical findings, and numerical
comparisons with the state-of-the-art solvers GIPN and ZeroFPR demonstrated the
efficiency of IRNPM armed with SNALM, especially for those problems with second-
order stationary points.
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Appendix A: Proof of Proposition 2

This part includes the proof of Proposition 2,which requires the following two lemmas.

Lemma 9 (See [56, Proposition A.24]) Consider a function h : Rn → R and a closed
convex set S ⊂ dom h. Suppose that h is continuously differentiable on an open set
containing S and ∇h is Lipschitz continuous on S with modulus L∇h. Then,

h(y) ≤ h(x)+ 〈∇h(x), y − x〉 + (L∇h/2)‖y − x‖2 ∀x, y ∈ S.

Lemma 10 (See [57, Corollary 2(ii)]) Let h : Rn → R be an lsc function and x ∈
Sh := {x ∈ R

n | h(x) ≤ 0}. If there exist a, γ, ε > 0 such that γ ‖x∗‖[h(x)]γ−1 ≥ a
for all x ∈ B(x, ε)\S f and x∗ ∈ ∂̂h(x), then dist(x, Sh) ≤ (1/a)max(h(x), 0)γ for
all x ∈ B(x, ε/2), where ∂̂h(x) denotes the regular subdifferential of h at x.
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Proof (i) From the expression of F and the descent lemma, for any x, y ∈ B(x, ε̃) ∩
dom g and any v ∈ ∂F(x), where ε̃ is the same as the one in (9),

F(y)− F(x)− 〈v, y − x〉 = f (y)− f (x)+ g(y)− g(x)− 〈v, y − x〉
≥ g(y)−g(x)− 〈v−∇ f (x), y−x〉 − 1

2
L ′‖y − x‖2

≥ −1

2
L ′‖y − x‖2,

(A1)

where the first inequality is due to Lemma 9 with S = B(x, ε̃) by (9) and L ′ is
the same as the one in (9), and the last one is using v−∇ f (x) ∈ ∂g(x) and the
convexity of g. Since ∂F is q-subregular at x for 0, there exist ε > 0, κ > 0 such
that (8) holds for all z ∈ B(x, ε). Fix any z ∈ B(x, δ) ∩ [F(x) < F < F(x)+ δ]
with δ = min{ε, ε, ε̃}/2, where ε is the constant from Assumption 2. Pick any
u ∈ �S∗(z). Then, ‖u−x‖ ≤ ‖u−z‖+‖z−x‖ ≤ 2‖z−x‖ ≤ ε̃. By invoking (A1)
with y = u and x = z, for all v ∈ ∂F(z), F(u) ≥ F(z)+〈v, u− z〉− 1

2 L
′‖u−z‖2.

Since ‖u − x‖ ≤ 2‖z − x‖ ≤ ε, by Assumption 2 we have F(u) ≤ F(x).
Consequently,

F(z)− F(x) ≤ F(z)− F(u) ≤ inf
v∈∂F(z)〈v, z − u〉 + (L ′/2)‖z − u‖2

≤ dist(0, ∂F(z))dist(z,S∗)+ (L ′/2)[dist(z,S∗)]2,
≤ (κ + κ2L ′/2)max

{[dist(0, ∂F(z))]1+q , [dist(0, ∂F(z))]2q},

where the last inequality is using (8). Note that 0 < F(z)−F(x) ≤ δ < 1.We have

dist(0, ∂F(z)) ≥ c (F(z)− F(x))max{ 1
2q ,

1
1+q } for a constant c > 0 (depending on

κ and L ′), so the function F has the KL property of exponent max{ 1
2q ,

1
1+q } at x .

(ii) Since F has the KL property of exponent 1
2q for q ∈ (1/2, 1] at x , there exist

ε > 0,� > 0 and c > 0 such that for all z ∈ B(x, ε)∩[F(x) < F < F(x)+� ],

dist(0, ∂F(z)) ≥ 2q[c(2q−1)]−1(F(z)−F(x)
) 1
2q . (A2)

From Assumption 1(i)–(ii), the function F is continuous at x relative to dom g.
Together with the local optimality of x , there exists ε̃ > 0 such that

F(x) ≤ F(z) ≤ F(x)+�/2 ∀z ∈ B(x, ε̃) ∩ dom g. (A3)

Define SF̃ := {
z ∈ R

n | F̃(z) ≤ 0
}
with F̃(z) := F(z)+δB(x ,̃ε)(z)−F(x) for z ∈ R

n .
Take δ = min(ε, ε̃)/2. We next argue that for any x ∈ B(x, δ)\SF̃ ,

dist(0, ∂̂ F̃(x)) ≥ 2q[c(2q−1)]−1(F(x)−F(x)) 1
2q = 2q[c(2q−1)]−1[F̃(x)

] 1
2q . (A4)

Pick any x ∈ B(x, δ)\SF̃ . If x /∈ dom g, inequality (A4) automatically holds, so it
suffices to consider that x ∈ [B(x, δ)∩dom g]\SF̃ . Clearly, F(x)−F(x) = F̃(x) > 0.
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Along with (A3), x ∈ B(x, ε)∩[F(x) < F < F(x)+� ]. From (A2), it follows that

dist(0, ∂F(x)) ≥ 2q[c(2q−1)]−1(F(x)−F(x)
) 1
2q .

By using the expression of F̃ and noting that x ∈ intB(x, ε̃)∩ dom g, it is immediate
to have ∂̂ F̃(x) = ∂ F̃(x) ⊂ ∂F(x). Combining with the last inequality, we obtain
(A4), and then the condition of Lemma 10 is satisfied with γ = 2q−1

2q and a = 1/c.

From Lemma 10, for any z ∈ B(x, δ/2), max(F̃(z), 0) ≥ [c−1dist(z, SF̃ )]
2q

2q−1 which,
by the expressions of F̃ and SF̃ , is equivalent to saying that

F(z)− F(x) ≥ [c−1dist(z, SF̃ )]
2q

2q−1 for all z ∈ B(x, δ/2).

Note that every point of SF̃ is a local minimizer of F . Clearly, SF̃ ⊂ (∂F)−1(0). Then

F(z) ≥ F(x)+ [c−1dist(z, (∂F)−1(0))] 2q
2q−1 ∀z ∈ B(x, δ/2). (A5)

Now we argue that ∂F is (2q−1)-subregular at x for 0. Pick any x ∈ B(x, δ/2). It
suffices to consider ∂F(x) �= ∅. If x ∈ [F(x) <F <F(x)+� ], by (A2) and (A5),

dist(0, ∂F(x)) ≥ 2q[(2q−1)]−1c
2q

1−2q
[
dist(x, (∂F)−1(0))

] 1
2q−1 . (A6)

If x /∈[F(x) <F <F(x)+� ], inequality (A3) means that F(x) = F(x). Along with
(A5) and dist(x, (∂F)−1(0)) = 0, inequality (A6) holds. Thus, inequality (A6) holds
for all x ∈ B(x, δ2 ), and ∂F is (2q−1)-subregular at x for 0. ��
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