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1 | INTRODUCTION

1.1 | Stress-dependent properties of rock

Investigating stress-dependent properties of rock plays a pivotal role in understanding the mechanisms underlying geo-
mechanical processes, including hydrology, geophysics, and reservoir engineering.! Exploring the correlations among
permeability, porosity, and compressibility under varying stresses provides insights into unraveling the mechanisms
behind these processes.*

Experiments and analytical models have been developed to analyze the mechanisms governing the evolution of rock
properties in response to varying stresses. The experiments involve subjecting rock specimens to diverse confining stresses
and pore pressures, replicating the stress conditions in underground environment,”'° allowing for the measurement of
rock properties such as permeability, porosity, and compressibility.!' ' Existing models are either empirically established
based on experimental results or theoretically derived using small deformation theory.”>'* While these existing methods
have gained successes in applications, it is still imperative to develop a unified law for describing the characteristics of
stress-dependent properties.’ >

Notably, Zimmerman?® discussed the applicability of finite strain theory in rock deformation analysis, and pointed out
that the accuracy of the small deformation theory is acceptable for most geophysical problems. However, in extreme envi-
ronments, characterized by very high confining pressures, rocks may exhibit different properties compared to conditions
with relatively low pressure levels.”' The conventional small deformation formulation may be inadequate to capture
such properties.

1.2 | The necessity of introducing finite strain theory
1.21 | Experimental evidences

Many experimental results indicate that rocks undergo large deformation in certain scenarios. The reasons can be sum-
marized in two aspects: (1) high confining pressure, and (2) rocks with high porosity. As a case in point, David et al.’
observed that the porosity of sandstone, such as Boise sandstone (with porosity 35% in unstressed state), significantly
decreases under high confining pressure (300~500 MPa), and the reduction in porosity can reach up to 15%~20%. More-
over, Dong et al.'” reported a reduction of 10%~20% in the porosity of fine-grained sandstone and shale as the confining
pressure increased within the range of 3~120 MPa. Additionally, many authors have conducted experiments focusing
on stress-induced variations in rock properties.'>20-21:23-25 A more detailed analysis of the experimental results will be
provided in Sections 6 in this article.

Experimental results suggest a nonlinear relation between variations of stress and strain, which can be attributed to the
heterogeneous nature of rocks. This phenomenon may be explained by the reduction in porosity, leading to the closure of
pores and cracks that undergo large deformation (finite strain).?®?” Therefore, it is necessary to introduce the finite strain
theory, which demonstrates superior performance compared to the conventional small deformation theory.

1.2.2 | Limitations of the small deformation theory

The conventional small deformation theory may be inadequate for accurately characterizing rock compression, given
the limited information available within the current configuration of a deformed rock specimen.?®?° The term “current
configuration” is defined within the framework of finite strain theory in continuum mechanics.>’*! In contrast, the small
deformation theory utilizes a strain measurement attached to the “reference configuration”, which is a concept opposite
to the current configuration.

To clarify the difference between these two formulations, Figure 1 shows the deformation of a porous rock in reference
and current configurations. The accuracy of strain may be compromised if one insists on using the strain defined in
the reference configuration. A more accurate alternative is the finite strain, defined in the current configuration. Some
authors have attempted to utilize the real strain, which stands in contrast to the engineering strain. For instance, Liu
et al.”® pioneered the two-part Hooke’s model incorporating the real strain, and this model has been refined by numerous
researchers in enhanced versions.?%-3>33
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FIGURE 1 Conceptual schematic of the reference and current configurations in rock deformation.

However, the existing models'>'71%?1:22 Jack a foundation in the finite strain framework, and the stress-dependent
porosity is defined with the respect to the reference configuration rather than the current configuration. This treat-
ment may induce inaccuracies, particularly under conditions with high confining pressure and closure of micro-cracks.
Moreover, in these models, parameters lack physical significance, and the procedure for determining parameters is
complicated.’®?’ To address the limitations, in this study, we develop a dual-component model with the finite strain theory
within the framework of continuum mechanics.

1.3 | Aim of this study

In this study, we aim to develop a finite strain-based model that provides theoretical interpretations for the corre-
lations among stress-dependent properties of rocks. The article is organized as follows. First, the finite strain-based
dual-component (FS-DC) model is proposed in Section 2. In Section 3, the stress-dependent quantities are determined
based on the finite strain formulation. The procedure for determining model parameters is given in Section 4. The data
source is provided in Section 5. Then, in Section 6, we employ the proposed FS-DC model to analyze experimental results
from various rock types. The effects of pores/cracks and rock bulk properties are explored. A comprehensive analysis is
performed to assess the applicability of the model across a broad range of pressures.

2 | FORMULATION OF DUAL-COMPONENT MODEL WITH FINITE STRAIN

In this section, we establish the dual-component model, which conceptualizes the original problem as a combination of the
rock matrix and micro-pores/cracks parts. Rock strains are calculated in the current configuration, where the volumetric
strain is derived through a finite strain formulation that involves the deformation gradient tensor.

2.1 | The dual-component model

The dual-component model is established based on the observation that the pores and cracks and the rock matrix each
make distinct contributions to the overall deformation of rock. Experimental results prove that under low confining pres-
sure conditions, pores and cracks initially close, followed by the deformation of the rock matrix as the confining pressure
; 9,10,13

increases.”""
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FIGURE 2 Schematic of the proposed model. (A) An equivalent treatment between the original problem and the dual-component
model. (B) Volumes in the reference and current configurations.

In the dual-component model, the overall rock domain Q is comprised of the rock matrix part Q" and the pores/cracks
part QF, as displayed in Figure 2. Then, the rock specimen is denoted as Q = Q™ U Q°¢. The widely used superposition
principle suggests that the overall strain is the sum of the strains from individual components.**~3¢

In particular, we distinguish between the measurement of rock deformation in the reference and current configurations.
In the reference configuration, the overall volume is expressed as:

Vo=VM+Ve )

where V, is the initial rock volume in an unstressed state. The subscripts m and c denote the matrix and pores/cracks
parts, respectively.
In the current configuration, the volume is computed by:

V=V"4+Ve dV =dV™ +dVe 2)

where V is the current rock volume, dV is the incremental form.
The fraction of matrix and the fraction of pores/cracks at the initial state are defined as:

P ) 3
0 VO 0 VO

which implies that f{" + f§ = 1. Note that f represents the volume fraction of the deformed pore space. f;; and the initial
porosity ¢, are two independent parameters in the model.

2.2 | Rock strain defined in the current configuration

As discussed in Section 1.2, the finite strain theory is well-suited for accurately capturing large deformation in the rock
compaction process. The Cauchy stress tensor o and the rate of deformation tensor D are chosen as the measurements for

stress and strain, because they are conjugate in work.>’-*! ¢ is actually the “real stress” in literature,’®?° while D represents
a generalized form of the “real strain” e.
The finite strain is measured by D, expressed by*"3!:
1 T SR |
D=2 (L+L"), whereL=F-F 4

where the velocity gradient tensor L is determined by the deformation gradient tensor F.

The description of rock deformation varies between the reference and current configurations (Equations 1 and 2). As
depicted in Figure 1, We define the Eulerian coordinates x = (x;, X, X3) in the reference configuration, and the Lagrangian
coordinates X = (X}, X,, X3) in the current configuration. The deformation gradient tensor F can be written using the
indicial notation®’-!:

Fzﬁ 1,j=1,2,3) ©)

V= ex;
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The explicit forms of D, L, and F are determined by the patterns of rock deformation, which is relevant to the constitutive
relation under specific loading conditions.

2.3 | Constitutive relation in confining pressure state

The motion of a material point within a rock specimen Q is described by the equations of motion as given in the continuum
mechanics:

x=0(X,t) (6)

where the function @ defines the spatial coordinates x of the material point X at time ¢.
For confining pressure state (the hydrostatic pressure), we express Equation (6) in the explicit forms:
L(t) L(t) L(1)

X = —X1, Xxp = sz, X3 = FX3 (7
where L° is the characteristic length in the reference configuration (unstressed state). L(t) is the characteristic length in
the current configuration, and it varies with time ¢. The ratio, denoted as L(t) /LO, represents the stretch. Note that L%and
L(t) are defined as the maximum lengths of the specimen edges in the reference and current configurations, respectively.

The deformation gradient (Equation 5) is explicitly expressed as:

L(t)/L° 0 0

F = 0 L(t)/L° 0 (8)

0 0 L(t)/L°

Therefore, D (Equation 4) is written as:
e .
TOREL
1 OL(t)
D= 0 —_— 0 9
(o) ot ©)
. N W70
i (o) ot
which indicates L = LT and D = L. Actually, the rate of deformation D is exactly equal to the strain rate’*':
de

Considering our emphasis on the quasi-static condition, integrating Equation (10) in conjunction with Equation (9),
the real strain can be obtained:

In(L/L°) 0 0
e= 0 In(L/L°) 0 11
0 0 In(L/L°)

The volumetric strain e, in a confining pressure state is calculated by e, = Zi ej;, (i = 1,2,3) and written as:

3
e, =In <[[LL(£§]3 > =1In <V10> 12)

where V|, and V are the volume of rock in the reference and current configurations, respectively. V, is a constant value,
while V is a stress-dependent variable.
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The effective confining stress o equals to the difference between the confining pressure o, and the pore pressure p,!
that is 0 = o, — np, p, where Biot’s coefficient n;, is conventionally selected as 1 in this context.'%-128

As suggested by existing literature,”*?®%’ the constitutive relation in a confining pressure state is given by the following
formula:

o0 =—Ke, =—KlIn <K> on Q (13)
Vo

where the negative symbol indicates volume compression as a positive value, K is the bulk modulus of rock. Equation (13)
captures how the current volume of rock V varies with the effective confining pressure o. Actually, from another perspec-
tive, it can be derived through integrating the incremental form do = —Kde,,, where the incremental volumetric strain is
defined as de, = dV /V.

Applying Equation (13) to both the rock matrix part Q™ and the pores/cracks part Q°, we have:

m

m
c=—-K"In <V—> on Q™
Vo

(14)
C
oc=—-K°In <V—C> on Q°
Vo
where K™ and K¢ are the bulk moduli of the rock matrix and the pores/cracks parts, respectively.
The overall volume V of a rock and its incremental form dV in the current configuration (Equation 2) is given by:
V =Ve /K" 4 yeo/K
m ¢ , (15)
av = - K—?ﬂe“’/Km + I?(c)e_"/KL do

Consequently, a rigors foundation of the FS-DC model is established. Based on this formulation, we can capture the
stress-dependent properties during rock deformation, as elaborated in Section 3.

3 | STRESS-DEPENDENT PROPERTIES IN TERMS OF FINITE STRAIN

The stress-dependent properties can be described based on the FS-DC model. These properties are calculated in the current
configuration. The finite strain theory performs well in capturing nonlinear behavior compared to the conventional small
deformation theory. With appropriate simplifications, the proposed model can be reduced to the existing models.

3.1 | Rock porosity

Variation in rock porosity ¢ reflects changes in the volume of pores and cracks. In a compression process, porosity is
a stress-dependent quantity that consistently decreases as the confining pressure increases. An accurate definition of
rock porosity should be associated with the current configuration rather than the reference configuration. An accurate
definition of rock porosity is ¢ = V¢/V.?*> We formulate the incremental form as:

d¢(o) 1 dV<(o) B V(o) dV(o)

do ~ V() do (V(o)? do (16)

which implies that ¢, V and V¢ are functions of o. Remarkably, to the best of our knowledge, Equation (16) presents
a perspective not found in existing literature. Here, ¢ is defined in relation to the stress-dependent volume V in the
current configuration.

Notably, some authors’®*’ computed porosity using d¢ = dV¢/V,, which differs from our formulation (d¢ =
dV¢(o)/V(0)). In addition, they neglected the second term on the left-hand side of Equation (16), which accounts for
the changein V.
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FIGURE 3 Comparison of different measurements of porosity (Equations 17 and 19) with an increasing effective confining pressure o.

Substituting Equation (15) into (16), and integrating it with the condition ¢ = ¢, at ¢ = 0, the porosity in the current
configuration is formulated as:

ce—U/K"'

$=do—f5+ : a”

f(C)e—o/Kf + f(r)"le—o/Km

where ¢, is the initial porosity in unstressed state. If deformation of the rock matrix can be neglected in comparison to that
of micro-cracks (K™ > K¢ and K™ /(K™ — K¢) ~ 1), Equation (17) can be simplified to the model presented in existing
literature.?®29-33-40

Moreover, in the reference configuration, the porosity, denoted as ¢’, can be directly formulated as:

C
a¢' = L@ Ghere ve(o) = vi(1-2) (1)
After integration, ¢’ is expanded as:
fC
¢ = b0~ 20 (19)

which indicates that in the reference configuration, porosity is purely dependent on o and pores/cracks properties (f; and
K°).

Figure 3 depicts the variation of porosity with varying o to illustrate the differences between Equations (17) and (19).
This demonstrates that ¢’ will exhibit unphysical behavior (negative values) at high levels of o. In contrast, ¢ is capable
of capturing the behavior in a more physical way, where it decreases nonlinearly with increasing confining pressure. A
comprehensive analysis of the experimental results using the proposed model will be presented in Section 6.

Equation (17) establishes a connection between the variation of ¢ and o in the current configuration. All parameters
possess specific physical interpretations, and can be determined through experiments or via curve fitting. The method for
determining model parameters will be elaborated in Section 4.

3.2 | Volumetric strain

The utilization of real strain e, and engineering strain E, may produce considerable differences in predicating volume
variation of rocks. To illustrate this point, a comparative analysis is given as follows.
The real strain e, defined in the current configuration is given by Equation (12), while the engineering strain E,, defined
in the reference configuration is expressed as:
Vv
E,=—({——-1 20
(1) -
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FIGURE 4 Comparison of different measurements of volumetric strain (Equations 12, 20, and 22). V, and V are the initial and current
volumes of rock, respectively.

As illustrated in Figure 4A, the ratio V' /V|, represents the fraction of current volume V accounted for by the initial
volume V. Remarkably, the relation between V /V, and e, is nonlinear, and as V /V,, increases, e, experiences a rapid
rise, while the curve V /V,, — E, remains linear even at high values of V' /V,,. It shows that E, tends to underestimate
the true strain in comparison to e,. This effect becomes more pronounced when there is a significant volumetric change
during rock compression.

Equations (12) and (20) cannot account for the stress-dependent feature of strain. To achieve this, the stress-dependent
volumetric strains e, and E,, can be expressed through an analogy to Equation (16):

de,(0) 1 dV(o) dE,(0) 1 dV(o)
do = V(o) do ° do ~ V, do

2D
Then, using Equation (15), the two different measurements of volumetric strain in Equation (21) are reformulated as:
e, = ey +1In (flre /K" 4 feeo/K)

fmeofe (22)
EU=E0+ <K—m+ﬁ>0

where ey and E are the initial strains in the current and reference configurations, respectively. Figure 4B demonstrates that

E, varies linearly with o, which is incorrect at low confining pressure. The results presented by Watanabe and Higuchi'?

suggest that the volumetric strain of biotite granite is nonlinear when ¢ < 50 MPa. The nonlinear behavior arises from

the closure of micro-cracks. Equation (22); can capture such feature more accurately than Equation (22),.

3.3 | Rock compressibility and specific storage

Rock bulk compressibility, denoted as Cj,, quantifies ability of rock to deform with a confining pressure o. It characterizes
changes in rock volume as o increases. We follow the definition of compressibility proposed by Zimmerman.?* Under
conditions of constant pore pressure, it is expressed as:

190V
Cp = V.0 (23)

where the term 0V /3o can be obtained from Equation (15),. The explicit form of C}, can be directly derived:
Io n S c
Cp = K—Ome_"/K + K—ge‘U/K (24)
Moreover, pore compressibility, denoted as C), can be defined in a manner analogous to C:

1 ave¢
C,=——
p VS do

(25)
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Following the same procedure used to derive Equation (24), we obtain the explicit form of pore compressibility:
C, = —g0/K* (26)
P~ Kc e

Equations (24) and (26) provide Cj, and C), in the current reference based on the FS-DC model. The formulas are consis-
tent with the existing results.”®*° Here, we select three facts to illustrate this point: (1) If the rock matrix is assumed to be
stiffer than the micro-cracks (K" > K¢), the approximation e~ 9/K™ ~ 1isvalid. Then, Equation (24) can be degenerated
into the result given by Liu et al.”® (Equation 12 in their paper). (2) Zimmerman?® and Jaeger et al.*! also used similar
exponential functions to analyze their experimental results. (3) Applying Reuss averaging method*"*? to the rock matrix
and micro-cracks parts, the same expression as in Equation (24) can be obtained.

Specific storage, denoted as S;, captures the ability of a rock formation to store fluid within its pores or cracks. The
definition is expressed as’**:

Cp

SS=1_¢

+¢(Cs + Cy) (27)

where C and Cy is the compressibilities of solid grains and pore fluid, respectively. Cg can be neglected as it is very small
(~ 107> MPa™!) compared to C,, and C. For conciseness, Shi and Wang** reformulated Equation (27) as follows:

Sy =Cp + ¢Cy (28)

where ¢ and C}, are stress-dependent quantities and determined by (17) and Equations (24), respectively.

3.4 | Effective permeability of porous rocks

Rock permeability quantifies the ability of fluid to flow through rocks, resulting from the contributions from both the
rock matrix and the pores/cracks parts. The effective permeability k, s is an important parameter that reflects the overall
hydraulic property of rocks.

There are various forms of the connection between k, ¢y and o. The majority of these relations are empirical relations,
such as exponential and power laws.”!?> However, parameters in existing models lack of physical significance and cannot

be properly correlated with o. We utilize the Kozeny-Carman relation,**® where the porosity ¢ acts as a bridge connecting
oand k,yy:
k m
eff _ (qb(a)) 29
k, 3,

where ¢(o) is the stress-dependent porosity, determined by Equation (17). k, and ¢, are reference values of permeability
and porosity. k, ;s can be further written in a more compact form:

kepr=a¢™ (30)

where m and «a are coefficients determined through curve fitting, and o = k, /(¢,)™. ¢ is calculated in the current
configuration based on the FS-DC model, denoted as ¢ = ¢(o). Then, the complete expression of k, ;¢ is written as:

c,—0 /K¢ n
Kesy =oc(¢o—fg+ o > 31)

¢ ,—a /K¢ m,—g/Km
€ + f0 e

4 | MODEL PARAMETERS

The proposed FS-DC model provides a formulation capable of interpreting variations in stress-dependent properties of
rocks. Table 1 presents the parameters involved in the model for calculating various properties. Several parameters can be
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TABLE 1 Parameters in the finite strain-based dual-component model.

Stress-dependent properties All parameters Experimental data Equations in FS-DC model

Porosity ¢ ¢, K™, K5, fo o Equation (17)

Volumetric strain e, e, K™, K¢, f - Equation (22),

Bulk compressibility Cy, K™, K¢, f§ - Equation (24)

Pore compressibility C,, K* - Equation (26)

Specific storage S; $0, K™, K, f,Cy $0,Cy Equation (28)

Effective permeability k, 7 ¢, K™, K¢, fo,m,a o Equation (30)

Remarks. (1) “Experimental data” are the parameters that can be obtained from experiments. (2) We choose either f* or f{ as a parameter, as they are not
independent (f" + f§ = 1). (3) Cy can be set equal to the compressibility of water (4.5 X 10~* MPa~1) or nitrogen gas (7.1 MPa~!) when calculating S;. (4) ¢, is
typically assumed to be 0 under unstressed condition.

TABLE 2 Datasource from different experiments.

Rock type Maximum o Permeability measurement Sampling spot
Dong et al."’ Fine-grained shale, Silty-sandstone 120 MPa Steady flow, nitrogen gas Chelungpu fault drill hole
Watanabe and Higuchi® Fine-grained granite 180 MPa - Aji, Kagawa
Ghabezloo et al."! Limestone 20 MPa Steady flow, water Near Nimes
Zimmerman? Sandstone 30 MPa - -
David et al.” Sandstone 550 MPa Steady flow, transient pulse fle-de-France and Vosges

Remarks. (1) “Maximum o” refers to the highest level of the confining pressure employed in experiment. (2) The symbol “-” indicates that there is no information
available in literature regarding this item.

directly measured in experiments, such as the initial porosity ¢,. However, in many scenarios, parameters such as m, o
and f§ need to be determined through curve fitting based on experimental data.
Physical interpretations of model parameters in the FS-DC model are discussed as follows:

* ¢, is the initial porosity under unstressed condition. It is a constant.

* K™ and K€ are the bulk moduli of the rock matrix and the pores/cracks parts, respectively. They represents the stiffness
of a materials and their ability to deform.

* f; denotes the fraction of pores/cracks V; that have the potential to deform, relative to the initial overall volume V. f§
is a constant since it is defined in the initial unstressed state.

* m is the porosity sensitivity exponent, which has also been discussed in Refs. [9, 29]. It signifies the rate of change in
porosity with respect to confining pressure.

* «ais a coefficient that reflects the combined effect of the reference values of permeability k, and porosity ¢,, expressed
asa =k, /(¢,)".

* Among these parameters, except for the initial porosity ¢, and the compressibility of pore fluid C; can be obtained from
experiments, others should be determined by curve fitting based on the analysis of experimental data.

The methods for determining model parameters is a special subject in data analysis. Optimization methods are essen-
tial when the model incorporates numerous undetermined parameters lacking explicit physical interpretations.*’~*° The
proposed FS-DC model has only a few parameters, and these parameters possess specific physical explanations. We can
also provide rough estimates for the range of some parameters derived from practical experiences. In this study, the
well-established nonlinear least squares method is utilized for curve fitting,° where the Levenberg-Marquardt method is
adopted to improve accuracy.

5 | EXPERIMENT DESCRIPTION AND DATA SOURCE

In this study, our emphasis is not on delving into the details in experiments. Instead, we use these published experimental
results to explore the performance of the FS-DC model and its implications in rock properties. Descriptions of data source
and different experiments are given in Table 2.
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FIGURE 5 Comparison of variation in porosity and permeability obtained from experiments (silty-shale)'® and the FS-DC model.
FS-DC, finite strain-based dual-component.

Many authors have conducted rock compaction experiments on various types of rocks, to analyze changes in
stress-dependent permeability, porosity, and compressibility as the effective confining pressure increases.’ '*>?* These
experiments focus on different aspects of rock properties, and have differences in measuring changes in permeability
using the steady flow method'*!! or the transient pulse method.”** The pore fluid used for measuring permeability can
be either nitrogen gas or water. The experiments are conducted under diverse confining pressure varying within a limited
range. Rock permeability and porosity are measured at different stages corresponding to the increasing confining pressure.

As shown in Table 2, the majority of the experiments were conducted on sedimentary rocks (shale and sandstone), with
a smaller portion focusing on metamorphic rocks (limestone). Notably, the confining pressure in experiment conducted
by David et al.” was at a very high level (~550 MPa), as they were intended to mimic the extreme ground pressure con-
ditions in the environment of Earth’s crust. Actually, the variations of the stress-dependent properties are complicated,
as the inherent properties of rocks at great depths, in rheological state, are distinct from those in the shallow subsurface.
In addition, micro-cracks play a crucial role in this context. Based on the existing experimental results, we will discuss
the validation of the FS-DC model across a wide range of confining pressure. The distinctions of rock properties under
conditions of o < 200 MPa and > 300 MPa are studied, as detailed in Section 6.

6 | RESULTS AND DISCUSSION

In this section, the FS-DC model is utilized to analyze the variations in stress-dependent properties of rocks based on the
experimental results for different rock types. The effects of pores/cracks and rock bulk properties are deeply explored,
with a particular emphasis on examining the applicability of the FS-DC model under extremely high pressure conditions.

6.1 | Porosity and permeability in loading and unloading conditions

Experimental studies have revealed distinct characteristics in the porosity ¢ and permeability k, s of rocks under loading
and unloading conditions.'” These observations can be attributed to the irreversible processes taking place within the rock
materials. Alterations in the micro-structure of rock skeleton play a crucial role in this phenomenon. While the proposed
FS-DC model is a macroscopic phenomenological model, it can capture such irreversible behavior of variation in ¢ and
k.s; during loading and unloading processes. We utilize the experimental data reported in Ref. [10], as detailed in Table 2,
to examine the performance of the FS-DC model.

Figures 5 and 6 depict how ¢ and k. sy change as the effective confining pressure o increases for the silty-shale and
the fine-grained sandstone. It demonstrates that the FS-DC model well reproduces the experimental results. The model
parameters possess physical meanings and their magnitudes fall in a reasonable range. The bulk modulus K™ is consider-
ably higher than the pores/cracks modulus K¢, with K remaining constant throughout both the loading and unloading
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FIGURE 6 Comparison of variation in porosity and permeability obtained from experiments (fine-grained sandstone)'® and the FS-DC
model. (FS-DC, finite strain-based dual-component)
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FIGURE 7 Decrease of model parameters (f; and ¢,) under loading and unloading conditions, corresponding to Figures 5 and 6.

processes. In contrast, K¢ experiences substantial decreases in the case of silty-shale, while it remains nearly unchanged
in the fine-grained sandstone.

Especially, the change in permeability due to the reduction in crack aperture (indicated by reduced porosity) is expected
to conform to the well-known cubic law,”! which suggests that the porosity sensitivity exponent m should be approximately
3. As shown in Figures 5 and 6, it is observed that m is indeed close to 3, consistent with the exponent of the cubic law.
This point has been also discussed in Refs. [9, 29]. They pointed out that some authors employed the empirical laws for
curve fitting with a very large m (even m =70.17), which violates the cubic law.

Model parameters differ between the loading and unloading processes due to the decrease of ¢ and k.. Variations
of the pores/cracks fraction f{ and the initial porosity ¢, are displayed in Figure 7. Physically, it can be explained
by the fact that closure and breakage of micro-cracks result in a reduction in pore spaces, which is an irreversible
phenomenon.

As illustrated in Figure 8, Ghabezloo et al.!! investigated the relation between k, 7 and the confining pressure o, for
limestone. Note that o, equals to o + p, as given in Section 2.3. With an increasing pore pressure p, the effective perme-
ability k., increases as well. Additionally, permeability of limestone (~ 1 X 1077 m?) is lower than that of silty-shale
(~ 1 x 107'¢ m?) and fine-grained sandstone (~ 1 x 10714 m?).

Moreover, to deeply investigate the effect of pore pressure on rock properties, various effective stress coefficients can be
defined for permeability, porosity, pore and bulk volume strains, as suggested in Refs. [52, 53]. The determination of the
effective stress coefficient for permeability, denoted as n;, which can even exceed 1, has long been a subject of significant
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FIGURE 9 Variation of porosity and permeability with various pores/cracks properties (f; and K¢) and increasing effective confining
pressure.

interest. As an illustration, we follow the method proposed in Ref. [52] to calculate n;, for Figure 8. ny, is calculated by:

do
ne= —— (32)
ap ke p=const.

In Figure 8, the increment of pore pressure Ap is 1 MPa. Fixing the permeability k. s » and shifting a curve, a satisfactory
alignment among the curves is achieved when Ao, = 2.45 MPa. The coefficient is calculated as ny = Ao /Ap = 2.45.

6.2 | Effect of pores/cracks properties

The pore spaces within rocks comprise both micro-pores and cracks. In the FS-DC model, the volume fraction f§ and the
modulus K¢ are associated with characteristics of these pores and cracks. Figure 9A shows the relation between f; and
¢ as o increases. When o = 0, ¢ remains constant, signifying the absence of deformation within the pore spaces. This
observation is consistent with the actual behaviors exhibited by porous rocks. The increase in K¢ does not obviously affect
¢ at very low and high levels of . As an illustration, the value of ¢ remains nearly constant regardless of whether K¢ is
20 or 40 MPa when o is maintained at 200 MPa. This variation also depends on the initial porosity ¢, and bulk modulus
K™, and the influence of K™ can be neglected if its value is significantly larger (for instance 10,000 MPa) compared to K°.
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FIGURE 10 Effect of the porosity sensitivity exponent m and the pores/cracks fraction f{ on effective permeability k..

Figure 9B demonstrates that the impact of ¢, on k. is correlated with fi. When [ is relatively small (f{ < 0.05),
an increase in ¢, significantly improves k, ;. However, if f{ is relatively high (f§ > 0.1), the variation in k, ;s becomes
less pronounced even with alterations in ¢, (ranging from 10% to 20%). k. sy approaches a stable value as ¢ increases. An
underlying fact is that there is no extra space available for the closure of micro-cracks, and the volume of pores and cracks
tends to remain constant.

The exponent m in Equation (30) represents the sensitivity of permeability to rock porosity. Previous studies have
pointed out that even a small change in m can significantly impact permeability.”!! To explain this phenomenon, Figure 10
illustrates the relation between m and permeability. The y-axis is scaled by logarithm, while the x-axis ranges from 0 to
6. It is evident that the variation of log(k, s r) exhibits a nearly linear decrease as m increases. Notably, the permeability of
a rock with a relatively large fi; (=15%) is lower than that of a rock with a smaller f (=5%). Comparing the curve slopes
of f§ = 5% and 15%, it implies that porous rock is more sensitive to variations in m compared to more denser rock. The
reason is that the pore spaces undergo compression under confining pressure, leading to a more pronounced reduction in
kess as f; increases.

6.3 | Compressibilities, volumetric strain and specific storage

Compressibilities C, and C), quantify the capacity for deformation of pores and the bulk rock under confining pressure.
Zimmerman?®® conducted a comprehensive investigation into the compressibility of sandstone using a combination of
experimental and theoretical approach. Based on the findings presented in Refs. [12, 23] Figure 11A provides the variation
in C}, with an increase in effective confining pressure o. In this scenario, C}, tends to a constant value after o >20 MPa.
The pressure level is relatively low because the modulus of pores is very small (K¢ = 4.9 MPa). Therefore, the micro-pores
and cracks close rapidly even under a low pressure condition.

Figure 11B illustrates the relation between C), and the confining pressure o.. Different values of pore pressure p have
a significant impact on the compressibility properties of the pores. It is found that higher values of p can improve com-
pressibility. This observation aligns with real-world rocks, wherein an increase in pore pressure enhances the resistance
of rock to compressive deformation. Regardless of the value of p, C,, approaches a constant value beyond a certain o... In
Figure 11B, the value of o, is 35 MPa, which is sufficiently larger than p (=15.45 MPa). Actually, it can be inferred that the
variations in both Cj, and C,, will tend to stabilize when the confining pressure is sufficiently high.

To further analyze the effect of pores/cracks properties on rock bulk compressibility, Figure 12 presents a 3D surface
depicting variations in fj and K°. When K¢ is very small (<10 MPa), changes in 7 (0 ~ 0.1) do not significantly impact
C,, regardless of the value of o. It is attributed that a small K€ represents a softer material, which in turn makes the pore
spaces more susceptible to compression. On the contrary, when K¢ is a higher magnitude (>50 MPa), a slight increase in
f could enhance the compressibility. This influence becomes negligible at sufficiently high values of 0.

In an experimental study by Watanabe and Higuchi," the relation between an increasing o and the volumetric strain e,
was measured, as depicted in Figure 13A. The proposed FS-DC model accurately reproduces this experimental result. At
low levels of o, the relation exhibits nonlinearity, transitioning to linearity for o >50 MPa. Figure 13B shows the influences
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FIGURE 11 Comparison of bulk and pore compressibilities (C, and C,,) between experimental data (sandstone)'>?* and the FS-DC
model. FS-DC, finite strain-based dual-component.
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FIGURE 12 Effect of pores/cracks properties on bulk compressibility.

of f; and K¢ on volumetric strain. These properties exhibit contrasting effects. A low value of K¢ corresponds to a softer
material that is more prone to deformation. Conversely, a reduced f{ leads to a stiffer material, as the volume of pores and
cracks becomes too small.

The variation in specific storage S; is closely related to compressibility, which is formulated as S; = C}, + ¢C (Equa-
tion 28). It represents the combined effect of porosity and compressibilities of rock bulk and pore fluid. By comparing
Figures 11A and 14A, it becomes apparent that the S;-o and Cp-o curves exhibit similarities. Both S and Cp, will converge
to stable constants if o is sufficiently large. This observation can be explained by a view of micro-structure, where the
closure and breakage of pores and cracks play a significant role. The FS-DC model captures these characteristics of the
micro-structure in a phenomenological manner through several macro-scale variables (f’ 8, K¢, and ¢,). In the experiment
conducted in Ref. [10], the pore fluid is nitrogen gas, and C), is a fixed value (7.1 MPa~1). Figure 14B shows the relations
between S; and K¢ with various fj and ¢,. Obviously, increase in ¢, enhances S;, as the volume of pore spaces increases
as well. The effect of K¢ is more pronounced at low levels of o (<40 MPa) than at higher levels (>80 MPa).

6.4 | Extremely high confining pressure

Previous studies have shown that rock properties at high confining pressure (o > 300 MPa) differ from those observed
under the relatively low pressure conditions (o < 200 MPa). Experiments on rock compaction conducted at extremely
high pressure levels have received limited attention in comparison to studies conducted at lower pressure levels. Notably,
David et al.” carried out a comprehensive investigation into the stress-induced variations in permeability and porosity. In
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strain-based dual-component.
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FIGURE 14 Comparison of specific storage S, between experimental data (sandstone and shale)'® and the FS-DC model. FS-DC, finite
strain-based dual-component.

their experiment, the confining pressure level reaches up to 550 MPa, with the aim of simulating subsurface conditions
found in deep underground environments.

Based on the results reported in Ref. [9], Figures 15A and 16A illustrate the variations in permeability and porosity with
increasing stress for Berea sandstone, Adamswiller sandstone, and Rothbach sandstone. The FS-DC model can approxi-
mately replicate these observations, however the discrepancy becomes significant at the high level of o. This is because
the micro-structure of rocks undergoes fundamental alterations under extremely high pressures, resulting in inelastic
deformation. The rock skeleton experiences permanent deformation and breakage.

To improve accuracy, the discrepancy between the experimental data and the results obtained from the FS-DC model
can be properly eliminated through piecewise fitting. The curves displayed in 15B and 16B are predicted using the piecewise
fitting based on the FS-DC model, where the two piecewise curves are denoted as C2-1 and C2-2. The curves predicted
using the FS-DC model without piecewise fitting are denoted as C1, as displayed in Figures 15A and 16A. Parameter values
are given in Table 3.

Analogy to David et al.,” where their introduced the concept of the critical pressure (the pressure at which k, 1 abruptly
changes), we define the initiation points at which micro-cracking occurs. Py, P,, and P; shown in Figure 15B are these
points for the three different types of sandstone. It can be observed that prior to the initiation points, the variation in k,
follows a similar pattern as seen in the majority of experimental results, for instance, Figures 5B, 6B, and 8.
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FIGURE 15 (A) Permeability of three types of sandstone under extremely high effective confining pressure (up to 550 MPa). The
experimental data is extracted from Ref. [9]. (B) Permeability variation predicted by the FS-DC model (piecewise fitting).
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FIGURE 16 (A) Porosity of three types of sandstone under extremely high effective confining pressure (up to 550 MPa). The
experimental data is extracted from Ref. [9]. (B) Porosity variation predicted by the FS-DC model (piecewise fitting). FS-DC, finite
strain-based dual-component.

Similar to permeability, the variation of porosity exhibits different behaviors at different levels of o. Figure 16A shows
that the relation between ¢ and o is almost linear, but not a strict linear relation. With the piecewise fitting, the FS-DC
model effectively reproduces the experimental results, as illustrated in Figure 16B. This nonlinearity can be attributed to
the inelastic deformation of micro-pores and cracks under extremely high o.

7 | CONCLUSIONS AND OUTLOOK

In this work, we investigated the characteristics of stress-dependent properties during rock deformation processes. A novel
FS-DC model was proposed to interpret the correlations among the permeability, porosity, and compressibility of rocks.
The main concluding remarks and implications are summarized as follows:

(1) The FS-DC model conceptualizes the original problem as a combination of the rock matrix and micro-pores/cracks
parts. The formulation is based on finite strain theory, using the concept of the deformation gradient tensor within
the framework of continuum mechanics. The quantities are calculated in the current configuration, as opposed to the
reference configuration in conventional methods.
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TABLE 3 Values of parameters in the FS-DC model.
Berea sandstone Adamswiller sandstone Rothbach sandstone Unit
C1 C2-1 C2-2 C1 C2-1 C2-2 C1 C2-1 C2-2
K™ 9000 9000 8300 8900 8800 8360 6200 7700 6110 [MPa]
K 44 37.8 46 26.1 26.2 36.6 15.5 323 10.7 [MPa]
f (C) 19 15 17 19 10 18 16 12 17 [%]
¢ 21 21 21 22 21 21 20 20 20 [%]
m 4.6 53 3.7 5.2 53 4.6 5.4 4.9 4.4 [-]
a 1.5 2.5 9.9 5.5 8.5 5.9 9.8 9.6 9.7 [x1071° m?]

Remarks. (1) “C1” refers to the curves predicted by the FS-DC model. “C2-1” and “C2-2” represent the piecewise curves 1 and 2 predicted by the FS-DC model
(piecewise fitting). (2) All parameters listed in the table are involved in Figure 15, while only K™, K¢, ¢, and ¢, are involved in Figure 16.

(2) The FS-DC model has a few number of parameters, each with specific physical interpretations. With appropriate
simplifications, the FS-DC model can be reduced to existing models. An accurate method for determining model
parameters was introduced to enhances the accuracy of the curve fitting results.

(3) The performance of the FS-DC model was examined against existing experimental data, including permeability, poros-
ity, compressibility, volumetric strain and specific storage. The results demonstrate that the model efficiently captures
the irreversible changes in permeability and porosity during loading and unloading processes. The model outperforms
the conventional deformation theory, particularly in capturing nonlinear behaviors.

(4) Further analysis reveals the effect of pores/cracks parameters on the stress-dependent properties. We examined the
applicability of the FS-DC model across a wide range of pressures. The findings reveal notable distinctions in rock
properties at high confining pressure (¢ > 300 MPa) compared to relatively low pressure conditions (o < 200 MPa).
This disparity can be attributed to alterations in the micro-structure of rocks under extremely high pressures, resulting
in inelastic behaviors characterized by permanent deformation and breakage in rock skeleton.

Ongoing research are focused on incorporating the temperature effect and providing a quantitative description of
micro-cracks. We plan to integrate the FS-DC model into our simulation program®*>*> for application in geotechnical
engineering and geomechanical processes.
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