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dependent bimodal grain size distribution and nanotwin-nanograin composite structure 

are taken into account. The micromechanical model and the Voigt rule of mixture are 

adopted in deriving the constitutive relations. Furthermore, the evolution and influence of 

the nano/micro cracks/voids are considered for predicting the failure strain. The 

numerical results based on the theoretical model agree well with experimental results in 
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terms of the yield strength, ductility, and the strain hardening rate, demonstrating that the 

proposed model can well describe the mechanical properties of gradient-nanostructured 

austenite stainless steels. We further study the variations of the yield strength and 

ductility of gradient-nanograined and gradient-nanotwinned 304 stainless steels with 

different distribution of grain size and twin spacing along the depth, which shows that the 

present model can be applied to optimize the combination of strength and ductility of the 

gradient-nanostructured metals by tuning depth-dependent distributions of 

microstructures. 

Keywords: Gradient-nanograined metals; Gradient-nanotwinned metals; Mechanical 

properties; Microstructural size; Bimodal grain size distribution; Micromechanical model. 

1. Introduction 

Modern industry demands high-performance alloys which possess both high yield 

strength and good ductility [1,2], although these two properties are mutually exclusive. 

Various traditional strengthening methods such as the grain refinement, cold working, 

alloying and phase transformation [3-5] are accompanied with poor ductility and reduced 

work-hardening capability [6-8]. In the past decade, great efforts have been made and 

several approaches are suggested to achieve superior strength-ductility combination. 

They include generating nanometer-scale twins in the grains of polycrystalline metals [9], 

engineering the bi/multi-modal grain size distribution in nanostructured materials [10,11], 

and introducing the hierarchical nanostructures, such as the subnanometer intragranular 

solute cluster, nanometer-scale solute structures and the nanograins/nanotwins, in metals 

[8,12,13]. More recently, introducing the gradient-microstructures, in which the size of 

grains or the spacing of twins increases from several nanometers at the surface to the 
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several micrometers in the core, was proposed as an effective methodology to achieve the 

high yield strength and high ductility, as well as the enhanced fatigue properties [13-20]. 

Owing to the large variety of microstructures and their distributions, it is necessary to 

establish a theoretical model for describing their influence on the mechanical properties 

so that an optimized combination of strength and ductility based on the gradient-

nanostructured metallic materials can be predicted. 

Many theoretical works have been carried out to explore the deformation mechanisms 

and predict the mechanical properties of nanotwinned metals. Molecular dynamics (MD) 

simulation provides evidence of the plastic deformation mechanism, which leads to the 

convincing explanation of the relation between the twin boundaries (TBs) and the 

mechanical properties such as the strength, strain hardening and toughness. It has been 

confirmed that the pinning effect of TBs on dislocations is the dominant mechanism for 

improving the yield strength [21,22]. Since TBs act as the additional sources of 

dislocations and gradually lose their coherence, the nanotwinned metals exhibit the 

increased strain hardening and the high ductility [23-26]. MD analysis further illuminates 

that the softening and detwinning behaviors in nanotwinned polycrystalline metals 

originate from the activities of twinning partial dislocations and the nucleation of these 

partials at TB-GB intersections [27-29]. Furthermore, the size-dependent fracture 

behaviors in hierarchically nanotwinned metals have been investigated in details using 

the large-scale MD simulation [30-32]. For the macroscopic mechanical behaviors of 

nanotwinned metals, various mechanism-based theoretical models have been proposed to 

describe the constitutive relation and the twin spacing-dependent strength and ductility. 

Dao et al. [33] and Jerusalem et al. [34] proposed the two- and three-dimensional 
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plasticity models, respectively, to predict the constitutive relation and the ductility of 

nanotwinned copper, but softening behaviors are not taken into account in these works. 

Mirkhani and Joshi [35] presented a discrete twin crystal plasticity model to describe the 

strengthening-softening transition when the twin spacing decreases in nanotwinned 

copper. Wei [36] proposed a scaling law of the maximum strength of nanotwinned metals 

in studying the relation between the grain size and the critical twin spacing. Besides, Zhu 

et al. [37] developed a mechanism-based plasticity model to describe yield strength and 

ductility of nanotwinned metals as functions of the grain size and twin spacing, and to 

further predict the grain-size-dependent critical twin spacing at the strengthening-

softening transition. Gu et al. [38,39] also proposed a unified mechanistic model to 

describe plastic behaviors of nanograined or nanotwinned metals, which are influenced 

by grain size and twin spacing. For the hierarchically nanotwinned fcc metals, an 

extended mechanism-based plasticity model is proposed to predict the flow stress and 

ductility, both of which are dependent on the twin spacing and grain size [40]. 

 Since the experimental studies revealed that the nanostructured metallic materials with 

bimodal grain size distribution possess both high strength and good elongation [10,41-43], 

a number of works have investigated their deformation mechanisms and predicted their 

mechanical properties. For instance, it has been shown that the existence of dendrites and 

cavitations on the surface and microcracks in the materials [44-46] are the essential 

factors to improve the plasticity in bimodal metals/alloys. For modeling the mechanical 

properties of bimodal metallic materials, the micromechanical composite models (e.g., 

the Ramberg-Osgood formula) and finite element methods are often utilized to establish 

the constitutive relation and failure behavior [47]. Joshi et al. [48] adopted the secant 
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Mori–Tanaka (M-T) mean-field approach to predict the mechanical properties of bimodal 

metals. The modified Mori-Tanaka method was also employed to predict the yield 

strength, strain hardening, and failure strain in bimodal nickels and coppers by taking the 

influence of the nano/micorackes into account [49,50].  Micromechanical models were 

widely applied in analyzing the influence of volume fraction and grain size on yield 

strength and ductility of bimodal metals [51-53]. On the other hand, the finite element 

method is also effective in studying the strengthening of nanograins/nanotwins in metals 

with bimodal grain size distribution [54-56]. 

For gradient-nanostructured metals, a few of theoretical works have been performed to 

simulate the stress-strain response and optimize the yield strength and ductility in this 

kind of nanostructured metals. To name a few, Li et al. [57] applied the finite element 

method to discuss the major factors affecting the strength and elongation and the process 

parameters of surface nanocrystallization techniques to achieve the good combination of 

strength and ductility in gradient-nanograined metals. Liu and Mishaevsky Jr. [58] 

developed a finite element model to investigate the mechanical and damage behavior of 

gradient ultrafine-grained titanium. The mechanism-based continuum plasticity models 

were also proposed to describe the yield strength, ductility as well as the strain hardening 

in gradient nanograined metals [59]. For the gradient-nanotwinned metals, the finite 

element simulations were conducted to investigate the relation between the gradient twin 

structures and mechanical properties such as the strength, the elongation, and the fatigue 

resistance in linearly gradient steel samples [13,20]. With the aid of the surface 

mechanical attrition treatment (SMAT), the gradient-nanograined and gradient-

nanotwinned 304 stainless steel (304ss) was obtained through controlling the intensity of 
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surface impact
 
[14]. The depth-dependent X-ray diffraction patterns and TEM images 

demonstrate that there exists the bimodal grain size distribution at different depths. In the 

gradient-nanotwinned samples, the nanograins and nanotwins are both generated in the 

coarse grains at different depths. Tensile tests indicated that these gradient-

nanostructured 304ss possesses very high yield strength and retains good plasticity [14]. 

However, the quantitative relation between the gradient distribution of nanostructures and 

the mechanical properties is still lacking. 

The objective of this paper is to explore theoretically the impacts of the gradient-

nanograins (GNG) and gradient-nanotwins (GNT) in 304ss on the mechanical properties. 

To achieve this objective, the corresponding micromechanical models for such two kinds 

of gradient-nanostructured metals (GNM) are developed in the framework of the 

modified mean field approach. In modelling the gradient structure in 304ss, the 

composite structures consisting of nanotwins and nanograins and the bimodal distribution 

of grain size are considered. Moreover, the micromechanical damage model is applied to 

analyze the failure behavior due to the evolution of nano/micro-voids/cracks in the 

nanograined/nanotwinned matrix. We apply the proposed models to describe the stress-

strain response and predict the mechanical properties of the gradient-nanostructured 

304ss. Numerical results show that the theoretical prediction agrees well with the 

experimental results. 

2. Microstructured models for gradient-nanostructured 304 stainless steels 

      Experimental studies have proved that engineering the gradient microstructures in 

nanostructured metallic materials is an effective approach to improve the synergy of 

strength and ductility [13-20]. In such gradient-nanostructured metals (GNM), the grain 
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size or twin spacing changes from nanometer scale at the surface to micrometer scale in 

the core. Assuming a uniform uniaxial strain during the experimental tensile testing, the 

Voigt rule of mixture (ROM) can be adopted to describe the effective stress and strain in 

gradient-nanostructured metals [60] and it leads to the expression of the equivalent stress 

xx : 

N N C

=1

H H

=
H

n
C

i xx i xx

i
xx

 




,                                                (1) 

where i, N, and C denote the ith layer, nanostructured region, and coarse-grained region, 

respectively. n is the number of layers in the nanostructured region; N

i xx  and C

xx  are the 

stresses applied on ith layer of nanostructured region and coarse-grained region, 

respectively; N NH H /i n , H
C
, and H are the thickness of ith layer in nanostructured 

region, CG core, and the entire gradient-nanostructured metals, respectively. Since each 

layer of gradient-nanostructured metals consists of two phases as showed in figure 1, the 

stress N

i xx  of nanostructured layers could be calculated from the micromechanical 

models for the dual-phase metals [61]. In the next section, the theoretical framework of 

the composite model is presented and it is employed to obtain the stress-strain relations of 

each layer of GNG-304ss and those of GNT-304ss. 

3. The theoretical description for composite structures in GNM 

In order to model the stress N

i xx  in the regions of both nanotwins and nanograins, the 

modified mean-field approach is adopted to describe the stress-strain response of these 

composite nanostructures [49,50,61,64].  

3.1 A micromechanical model for dual-phase metals 
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The bimodal nanostructure in GNG-304ss can be regarded as a composite 

structure consisting of the small-grained phase (α'-martensite nanograins) and the 

large-grained phase (γ-austenite ultrafine grains), as shown in figure 1(b). The 

typical bimodal structure in the 304 stainless steel after SMAT is shown in Fig. 1(e) 

[14], which exemplified the composite structure. The nanotwinned composite structure 

can also be considered as a two-phase structure, namely, the nanotwinned matrix phase 

and nanograined phase, as shown in figure 1(c).  

We consider the scenario that the dual-phase composite is subjected to a uniform 

strain ε . The basic relations for ( ) ( )z
σ  of the constituent  and ( )zσ  of the composite 

will be derived in terms of the secant modulus tensor 
0 ( )S zL  and the plastic strain (1) ( )p zε  

of the inclusion [60], where z is depth from the surface. We further introduce a linear 

elastic reference material with the modulus tensor 
0 ( )S zL  the relation: 

0

0( )= ( )Sz zσ L ε .                                                      (2) 

By introducing σ  and ε  to be the difference from the reference material, the mean stress 

of the matrix phase is given by 

(0) 0 (0)

0 0( ) ( )+ ( )( ) ( )S Sz z z z   σ σ σ L ε ε L ε .                         (3) 

Considering the additional perturbations 
ap

σ  and 
ap
ε , the mean stress of inclusion phase, 

labeled by superscript (1), can be expressed as follows by means of Eshelby’s equivalent 

principle, 

(1) 0 (1) (1) (1) (1)

1 0( ) ( )+ + ( )( ) ( )( *)ap p S pz z z z     σ σ σ σ L ε ε L ε ε ε .            (4) 



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

9 

 

Here, 
(1) = ap ε ε ε ε  and *ε  is the Eshelby’s equivalent transformation strain. The 

perturbed strain 
ap
ε  is associated with the total transformation strain (1)( *)p ε ε  and 

Eshelby's tensor, given by 

(1)

0 ( *)ap s pS ε ε ε .                                                 (5) 

For a spherical inclusion, 
0 0 0( , )s s sS    in which 

 
 

0 0(1 ) / 3(1 ); 2(4 5 ) /15(1 )s s s s s s

S S S Sv v v v       .                      
 
(6) 

Considering the weighted mean 
( ) ( ) ,  ( 0,1)c    ε ε , we have  

(1) (1) (1)

0 ( *)ap s pc c S    ε ε ε ε .                                          (7) 

Then, the stress of the composite structure can be calculated from the weighed mean  

N ( ) ( ) (1) (1)

0( ) ( )[ - ( *)]S p

i xx z c z c    σ σ σ L ε ε ε .                        (8) 

The equivalent transformation strain can be found from Eq. (4) as, 

(1)
(1) 1 0 1

(0)

1 0 0 0

( )
*

[ ( ) ]

S p
p

S s Sc S

 
  

 

L L ε L ε
ε ε

L L L
.                                      (9) 

Substituting Eqs. (7) and (9) into the mean strains of the matrix phase 
(0)
ε = ε + ε , and the 

one of the inclusion 
(1) pt
ε = ε + ε +ε , we can obtain the relation between the uniform 

strain of the composite and the mean strain of the constituents, as shown in Appendix. 

We can also substitute Eqs. (7) and (9) into Eqs. (3) and (4) and thus obtain the mean 

stress components of the matrix phase and those of the inclusion, which is also detailed in 

Appendix. Finally, the macroscopic stress of the composite follows from Eq. (8) 

1 0
0

0 1 0 0

(T)1 0 1
0

0 1 0 0 0 1 0 0

( )
( ) 3 1 ( ),

( )

( )
( ) 2 1 ( ) ( )

( ) ( )

kk kks

s
s p

ij ij ijs s s s s s

c
z z

c

c c
z z z

c c

 
  

   

  
   

       

 
  

  

   
     

      

( 1)

( 0)

( 1) ( 1)

( 0) ( 0)

.   (10) 
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where ij   and ij   are the deviatoric stress and strain components. These expressions are 

identical to those of dual-phase metals when the representative volume of the composite 

structure is subjected to the uniform strain [61]. 

3.2 Stress-strain relation of the constituents in nanostructured composites 

In order to calculate the stress ( ) ( )z
σ  and strain 

( )
ε  of constituents in 

nanostructured composite of gradient-nanostructured metals, the related stress-strain 

response of the th phase is determined in the framework of the elastoplasticity. The total 

strain rate ε  can be decomposed into its elastic and plastic parts 
( ) ( ) ( )  e p
ε = ε + ε . The 

elastic strain rate-stress rate follows the linear elastic constitutive relation 

 
( ) ( ) ( ):  e
ε M σ ,                                                   (11) 

where 
( )

M  is the elastic compliance tensor of the th phase. Based on the conventional 

J2-flow rule of plasticity, the plastic strain rate is proportional to the deviatoric stress 

( ) '
σ ,  

( )p
( )p ( )

( )

e

3ε
'

2


 


ε σ .                                        (12) 

Here, ( ) ( ) ( )' / 3ij ij kk ij

        and ( ) ( ) ( )

e 3 ' ' / 2ij ij

      is the von Mises 

equivalent stress. 
( )pε 

 is the equivalent plastic strain rate which is determined by 

0

( )
m( )p ( ) e

( )

σ
ε =ε [ ]

σ flow


 


,                                          (13) 

where ( ) ( ) ( )ε 2ε ' ε ' / 3ij ij

    is the equivalent strain rate and ( ) ( ) ( )ε ' ε ε /3ij ij kk ij

    . 

( )

flow

  is the flow stress of the th phase, and 0m  is the rate-sensitivity exponent. Then, 
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the related secant Young’s modulus and secant Poisson ratio of th phase can be written 

as  

0

( ) ( )
( )

( ) ( ) ( )( ) ( )
m 1

( ) ( )

( )

1 ( )
σ σ

s

flow flow

E
E z

E

 


   

 



   

 


e p

+
, 

( )
( ) ( )

( )

1 1
( ) ( )

2 2

s
s E

v z v
E


 


   ,     (14) 

where ( )E   and 
( )v 

 denote the Young’s modulus and Poisson’s ratio of the th phase in 

nanostructured composite metals. Since the deformation mechanisms in nanograined 

metals and nanotwinned metals are different from those in coarse-grained metals, the 

flow stresses in nanostructured regions and coarse-grained region are used in 

corresponding calculations. Therefore, the secant bulk and shear moduli of the th phase, 

which is supposed to be isotropic, is given by 

( ) ( )

( ) ( )
( ) , ( )

3(1 2 ) 2(1 )

s s

s s

E E
z z

v v

 

  
  

 
.                                         (15)  

4. Flow stresses of the constituents in the nanostructured composite metals 

4.1 Flow stress in the bimodal composite   

      With the increase of the depth in the GNG-304ss, the grain size in the ultrafine-

grained γ-austenite phase increases to the micrometer scale. Therefore, the γ-austenite 

phase can be regarded as the coarse-grained phase in the bimodal metals. The intragrain 

dislocation-mediated interaction will dominate the primary deformation mechanism, 

which is often described by the Taylor-type flow stress, giving as   

0 b( )A

flow Iz M b       ,                                 (16) 
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where  ,   and M  are the empirical constant, the shear modulus and the Taylor factor, 

respectively. 0  is the lattice friction stress and b  represents the back stress. I  is the 

density of dislocations in the crystal interior of grains, determined by [65]  

-1
0

p
n

20p

0

1
( ( ) )

( )

II
I

G

M k
bd z b

  


 


  


.               (17)  

Here,   is a proportionality factor, 20k  and 0  are the constants, and 0n  is inversely 

proportional to the temperature. Note from Eq. (16) that the Taylor evolution law 

includes the isotropic strain hardening, which is characterized by Eq. (17), and the back 

stress induces the kinematic hardening that can be expressed by  

b
( )

b

G

b
M N

d z


  ,                        (18) 

where bN  is the number of dislocations blocked at the grain boundaries in the coarse-

grained phase and it is a function of the plastic strain.   

       For the nano-grained α'-martensite phase, the strength is much higher than that of 

coarse grains, owing to the blocking mechanism of grain boundaries. Consequently, the 

contribution of grain boundaries to the plastic deformation must be taken into account 

during plastic deformation. The dislocation density in the grain boundary dislocation pile-

up zones (GBDPZs) is used to explore the influence of grain boundaries on the flow 

stress, i.e., 

 0( )M

flow I GBz M b       ,                                     (19) 

in which I  can be obtained from Eq. (17), and the density of dislocations in the GBDPZ 

is given by [36] 
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GB
GB

GB k
b


  .                                          (20) 

Here, 6 / ( )GB GB

GBDPZ Gk d d z , GBDPZd  is the thickness of GBDPZ and 3  is the 

geometrical factor.  

4.2 Flow stress in the nanotwinned composite   

     The twin boundaries inside coarse grains, also blocking dislocation movement, enable 

accumulation of dislocations along them and bring about much higher dislocation density 

than those in the grains without twin boundaries. Such dislocation-based activities in TBs 

dominate the plastic deformation, leading to the simultaneous improvement in strength 

and ductility. For the nanotwinned composite, the nano-scale twin lamellae play the 

essential role in strengthening the materials and also maintain the good plasticity for 

composite metals. Here, the dislocation pile-up zones (DPZ) of twin boundaries are 

proposed to describe the dislocations-based flow stress in nanotwinned phase, given as  

T

0( )flow I TBz M b       ,                                      (21) 

where I  is the density of dislocations between twin boundaries, determined by Eq. (17), 

and TB  is the dislocation density in the DPZ nearby the twin boundaries, expressed as 

[37,40]:
 

0 1 2

2 2
( )

( ) ( )
TB

G G TB TB

z
d d d z d z

  
    .                                   (22) 

In Eq. (22), 0 , 1  and 2  are constants independent of the grain size and the twin 

spacing. Due to the depth-dependent twin spacing ( )TBd z , the dislocation density TB
 

becomes also depth-dependent. 

5. Failure behavior of gradient-nanostructured metals 
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5.1 The criterion for microcracks generations in nanostructured metals 

Experimental and theoretical studies revealed that the nano/micro-scale defects such 

as the nanovoids or nano/microcracks generated during plastic deformation play an 

essential role in mechanical behaviors of nanostructured metals. For example, the 

dendrites, cavitations, and the nano/microcracks dominate the fracture mechanism in 

bimodal metals or alloys [44-46]. The nano/microcracks that appear in the grain 

boundaries or in the twinned matrix result in the failure behaviors of nanograined metals 

and nanotwinned metals, respectively [66-69].  

     Note that the opening crack can be characterized by a continuous array of dislocations 

[70]. When the crack grows, more dislocations emanate from the crack tip. Inspired by 

this physical picture, the stress-based criterion for generating nano/microcracks is that the 

flow stress i

flow  of ith phase is larger than the necessary stress crit  for nucleating a 

dislocation [37], i.e., 

i

flow crit  .       (24) 

It is assumed that the nanostructured composite metal will start to generate the 

nano/microcracks when the flow stress of ith phase exceeds the stress necessary to 

nucleate dislocations in the nanograined phase or the nanotwinned phase. The critical 

shear stress to generate a dislocation has been described thoroughly by Asaro and Rice 

[71]. By considering the nucleation of a dislocation loop from a stress concentration, the 

free energy of the expanding loop can be given as: 

2 * 3/ 2 3/ 2 2 2

1 0 1 0 0

1
(2 ) /8(1 ) ln( / ) 1.4 / 2( ) ( )

2
critU b v v r r r b d r r r r           ,  (25) 
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in which   is stacking fault energy, 1b  is the magnitude of the Burgers vector. 
*d  equals 

TBd  for TBs and Gd  for GBs. Combining with the conditions of 2 2/ 0; / 0U r U r      , 

we can determine the critical value of the applied shear stress crit .  

5.2 Change of mechanical properties of the cracked phase  

 When a large number of nano/microcracks are generated in the nanostructured 

composite metal during deformation, the influence of them must be taken into account. 

On the one hand, the presence of nano/microcracks leads to the change of overall stress-

strain relation of the nanograined or the nanotwinned phase. On the other hand, the 

nano/microcracks lead to more dislocations in the grain boundaries of nanograined phase, 

giving rise to the additional back stress effect in the nanograined phase. The effective-

medium approach involving the effect of microcracks is utilized to obtain the stress and 

strain relation.  

       Suppose that the representative volume element (RVE) is subjected to tractions in 

equilibrium with a uniform far-field stress of 


. The average strain in a solid with 

nano/microcracks is the sum of regular and singular terms as [72] 

: ( ) / (2 )i i

i
S V CPε = M σ + < b > n + n < b > ,                                     (26) 

where M  is the compliance tensor, V is the volume of the RVE and the superscript i is a 

quantity of the ith nano/microcrack. 
iS  is the surface area, b  is the average opening 

displacement discontinuity vector and n  stands for the unit vector normal to the crack 

face. For the nano/microcrack with isotropic (random) orientation distribution, the 

effective modulus and Poisson's ratio follow  
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(27) 

Here,   is the density of nano/microcracks in the materials, which can be described by 

the strain-based Weibull distribution function  

M

0 0 0R (1 ( )) R [1 exp( ( / ) ]W p pf        ,                      (28) 

where 0R  is a reference density of nano/microcracks, ( )W pf   is the strain-based Weibull 

distribution function and 0  is the reference strain and M  the Weibull modulus. Suppose 

that all nano/microcracks are vertical to the loading direction, the effective moduli are 

simplified to be:   

2
1 10 0

0 0

0

16(1 ) 8(1 )
[1 ] ; [1 ]

3 3(1 / 2)

v v
E E G G

v
   

   


.                   (29) 

     Since the nano/microcracks-induced back stress appears in the nanograined phase, the 

flow stress of nanograined phase is changed into   

    M *

0( )flow I GB bz M b         ,                                (30) 

where *

b  is additional back stress originated from the nano/microcrack, simply 

expressed as * * /b GM bN d  . Here, 
*N  is the number of additional dislocations 

accumulated at the grain boundaries, which varies with the plastic strain following the 

evolution law as: 

* * *

*
(1 )

p

B

dN N

d b N




  ,                         (31) 
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where 
p , * , and *

BN  are the plastic strain, the mean spacing between slip bands, and 

the maximum number of dislocation loops at the grain boundaries in the nanograined 

phase, respectively. 

6. Results and discussion 

     We now apply the developed theoretical models in this section to predict the 

constitutive response and failure behavior of gradient-nanostructured 304ss. The relations 

between mechanical properties and the size, volume fraction as well as the different 

gradient distribution of microstructures are explored. The material parameters used in all 

calculations are given in Table 1, which were extracted from the literature [73,74] or 

obtained by fitting the experimental results [14]. With the aid of these parameters, the 

constitutive relations of the GNG-304ss and GNT-304ss are simulated, and the yield 

strength and ductility are also predicted based on the proposed models.  

6.1 Distribution of size and volume fraction of microstructures in 304ss after SMAT 

     The important result of SMAT process is the depth-dependent size and volume faction 

of microstructural components [14]. To investigate mechanical behaviors of the 304ss 

prepared by SMAT, the depth-dependent grain size, twin spacing, and volume fraction of 

the microstructural components must be determined through fitting the experimental 

measurements. Figure 2(a) plots the experimental results [14] and fitting curves of sizes 

of α'-martensite grain and γ-austenite grain against the depth. The distribution of grain 

size can be described using  

1

G G0 ep 0( ) (1 {1 exp[( ) / ]} )d x d x D c     ,                               (32) 

where, G0d  is the initial size of coarse grains before SMAT process, 
epD  and 0c  are the 

fitting constants, both of which are different for α'-martensite and γ-austenite grains. 
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Figure 2(b) shows the fitting curve and experimental data of depth-dependent 

volume fractions of α'-martensite grains and γ-austenite grains. The distribution 

function of α'-martensite grains is expressed as 

0 0 1(1 )exp( / )f P P x c     ,                                  (33) 

where 1c  and 0P  are the fitting parameters. And the volume fraction of γ-austenite 

grains is 1f f   .  

      For the GNT-304ss, the twin spacing changes along the depth from several tens of 

nanometers at the top layer to several hundreds at the central zone. To describe the 

experimental data [14] as shown in Figure 3(a), we adopt the fitting function 

 0 1 2exp( / )TW T Td d d x c  ,                                          (34) 

where 0Td , 1Td , and 2c  are fitting constants. Since the α'-martensite nanograins are 

generated in γ-austenite nanotwinned grains, we suppose the martensite grain size is 

approximately equal to the twin spacing, namely, '-G ( ) ( )TWd x d x  . The fitting curve of 

volume fraction of the nanotwinned phase against the depth is plotted in Figure 3(b), 

which is based on the equation 

 0 1 3( ) exp( / )TW T Tf x f f x c   ,                                        (35) 

where 0Tf , 1Tf , and 3c  are fitting constants. Then, we can obtain the volume fraction of 

α'-martensite nanograins as '- 1G TWf f   . 

6.2 Comparison with experiments on constitutive response and failure strain 

Once the depth-dependent volume fraction and size of microstructures are determined, 

the stress-strain responses of the gradient-nanostructured 304ss can be calculated based 

on the proposed models. After selecting the proper parameters for the tunable constants in 
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the models, we plot the numerical results of the stress-strain relation for the GNG-304ss 

in Figure 4(a). The experimental data of stress-strain relation of GNG-304ss [14] are also 

presented in the figure. It is noted that the calculated stress-strain response based on the 

proposed model agrees well with the experimental results. The predicted yield strength 

and the failure strain are 600 MPa and 40%, in a good agreement with the measurements. 

The strain hardening and work-hardening rate both agree with the experiments very well, 

as shown in Figure 4(b). Therefore, the proposed model for GNG metals can work well 

for predicting the mechanical behaviors for 304ss with gradient microstructure. 

     The stress-strain relation of GNT-304ss is further investigated using the model of 

GNT-metals as proposed in Sections 4 and 5. By using the parameters provided in Table 

1, the mechanical properties of GNT-304ss, including the yield strength, the strain 

hardening, and the ductility, are numerically obtained and plotted in Figure 5(a), where 

the experimental results [14] are also shown. It is interesting to note that the calculated 

stress-strain relation agrees well with the experimental measurements. We find that the 

predicated work-hardening rate is also in line with the experimental data, as shown in 

Figure 5(b), indicating that the proposed model presented in this work can admirably 

describe the mechanical behaviors of GNT-metals. To further validate the proposed 

model, we apply it to describe stress-strain responses of the linearly gradient 304ss 

prepared by the pre-rotation treatment procedure [20]. Figure 5(c) shows the 

comparison between the theoretical and experimental results [20], demonstrating a 

good agreement. Since the gradient distribution of twin spacing is not measured in 

Ref. [20], we use our model to predict the twin spacing distribution along the depth, 

which renders the parameters in the distribution function Eq. (34) 0Td , 1Td  and 2c  
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to be 50 nm, 16 nm and 790 μm for 180° pre-twisted sample, respectively, and 20 nm, 

16 nm and 810 μm for 360° pre-twisted sample, respectively.   

6.3 Contributions from different strengthening mechanisms 

For the sake of a comprehensive understanding on strengthening mechanisms in the 

gradient-nanostructured 304ss, we discuss the influences of the α'-martensite grains and 

γ-austenite grains in GNG-304ss, together with the effects of γ-austenite nanotwins and 

α'-martensite nanograins in GNT-304ss on mechanical properties. Figure 6(a) compares 

the contribution of the smaller α'-martensite grains and larger γ-austenite grains on the 

strength of the GNG-304ss. It is noted that both the gradient-distributed α'-martensite 

grains and γ-austenite grains contribute to yield strength of the GNG-304ss. However, the 

strain hardening behavior is dominated by the gradient-distributed γ-austenite grains, and 

there is no hardening effect from α'-martensite grains. Figure 6(b) further shows the 

influence of the gradient-distributed volume fraction of γ-austenite grains and α'-

martensite grains on the stress-strain response. There is small volume fraction of α'-

martensite grains in GNG-304ss, leading to the weak contribution to the strengthening 

and strain hardening from α'-martensite grains. When the material is full of the γ-

austenite nanograins, there is no change for the strain hardening compared with that of 

the gradient-distributed volume fraction of γ-austenite grains, while the yield strength 

increases from 300 MPa to 450 MPa. Therefore, one can conclude from Figure 6 that the 

α'-martensite grains and the γ-austenite grains have different contributions on the 

strengthening and hardening behaviors, which are sensitive to the volume fraction of each 

phases.  
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      Figure 7(a) shows the strain-strain curves for GNT-304ss and compares the 

contributions from different strengthening mechanisms, namely, nanotwin strengthening 

and α'-martensite nanograin strengthening. The influence of back stress is also 

demonstrated by switching its effect on (solid line) and off (dashed dot line) in the figure. 

Due to the small volume fraction of the nanograins, the γ-austenite nanotwins is the main 

cause of the large yield strength and the enhanced strain hardening rate. Furthermore, the 

nano/microcrack-induced back stress has a significant contribution to the strain hardening 

as shown in Figure 7(a). We further analyzed the influence of the gradient-distributed 

volume fraction of γ-austenite nanotwin and α'-martensite nanograin on the stress-strain 

response. However, the yield strength for the uniform-distributed nanotwinned γ-

austenite is merely slightly larger than that for gradient-distributed volume fraction. The 

strain hardening rate has almost no change. This is owing to the fact that the volume 

fraction of γ-austenite nanotwin in the GNT-304ss has been sufficiently large as shown in 

Fig. 7(b).  

6.4 Microstructural size-dependent mechanical properties 

      Since the constitutive models of gradient-nanostructured metals presented in Sections 

3 and 4 involve the depth-dependent sizes of microstructures, the stress-strain responses 

of gradient-nanostructured 304ss are sensitive to the twin spacing, the grain size, and 

their gradient distributions. Figure 8(a) shows the stress-strain curves of GNG-304ss with 

different gradient distribution parameter Dep in Eq. (32). It is noted from the figure that 

when Dep increases from 200 m to 400 m, the yield strength rises notably. We also find 

that the increment of yield strength changes with Dep nonlinearly, as shown in Figure 8(b). 

The reason is that with the larger Dep, the grain size increases with the depth more slowly, 
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leading to much more nanograins, as seen in figure 8(c). Furthermore, the failure strains 

of GNG-304ss with different Dep are predicted by accounting for the influence of 

nano/microcracks. The yield strength and the failure strain for different Dep are plotted in 

Figure 8(d). It is noticeable that with Dep increasing, the yield strength is increased, while 

the failure strain is decreased, which is the trade-off between yield strength and ductility.  

      The flow stress of the nanotwinned phase of GNT-metals, described by Eq. (22), 

shows that the dislocation density is related to the twin spacing and the grain size. 

Therefore, the total stress-strain response of GNT-304ss depends on the size of 

microstructures, such as the twin spacing and grain size in the nanotwinned phase. Since 

the grain size in the nanotwinned phase is unchanged after the SMAT process, only the 

twin-spacing-dependent mechanical properties are analyzed in GNT-304ss. Figure 9(a) 

depicts the stress-strain responses of GNT-304ss with different parameter dT0 in Eq. (34). 

In the gradient distribution function of twin spacing, dT0 refers to the initial twin spacing 

at the surface layer. The larger dT0 indicates the larger overall twin spacing along the 

depth. Consequently, it can be found from Figure 9(a) that the yield strength is dependent 

on dT0 remarkably. The yield strength decreases from 900 MPa to 650 MPa with dT0 

varying from 10 nm to 90 nm, as shown in Figure 9(b). We further studied the variation 

of failure strain with dT0 and plot the yield strength against the failure strain for different 

dT0 in Figure 9(c). It is intriguing to note that when dT0 decreases from 90 nm to 10 nm, 

both the yield strength and the failure strain are improved, and that the yield strength and 

ultimate strength increase with the failure strain almost linearly. It implies that the higher 

yield strength and better ductility can be achieved in the GNT metals through controlling 
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the twin spacing, which is consistent with the finding in nanotwinned polycrystalline fcc 

metals. 

6.5 Predicted yield strength and failure strain for different volume fractions  

      The gradient-nanostructured 304ss can be regarded as a composite material 

containing the α'-martensite nanograins and γ-austenite grains/nanotwinned grains. 

Therefore, the mechanical properties of the gradient nanostructured 304ss are dependent 

on the volume faction of each component. Figure 10(a) shows stress-strain relations of 

the GNG-304ss with different volume fraction of α'-martensite nanograined phase, where 

0P  is the parameter in Eq. (33). The larger 0P  indicates the more α'-martensite 

nanograins in the GNG-304ss, as shown in Figure 10(b). Figure 10(a) exhibits that the 

yield strength increases with 0P . Furthermore, this dependence is almost linear, as shown 

in Figure 10(c). The failure strain of the GNG-304ss can also be predicted with different 

values of 0P . We present the predicted yield strength and failure strain in Figure 10(d) 

for different 0P . For the GNT-304ss, we plot the corresponding stress-strain relations in 

Figure 10(e) with different values of parameter fT in the function of volume fraction of 

the nanotwinned phase, namely, Eq. (35). Fig. 10(f) shows that when the value of fT0 

increases from 0.1 to 0.5, the yield strength only changes slightly. Since the yield strength 

of the nanotwinned phase is close to that of the nanograined phase, the yield strength is 

improved 60 MPa when fT0 increases from 0.1 to 0.5, as shown in Figure 10(f). 

7. Conclusions 

      In this work, the theoretical model for describing the strength and ductility of the 

gradient-nanostructured metals have been developed and successfully applied to GNG-

304ss and GNT-304ss. Because of existence of the composite structures in the gradient-
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nanostructured 304ss, the proposed constitutive models are based on the framework of 

the micromechanical analysis which enables the description of the stress-strain relation of 

dual-phase metals. The constitutive relations of the nanograined phase, nanotwinned 

phase, and the coarse-grained phase are explicitly formulated. For the gradient-

nanograined 304ss which involves the bimodal nanostructures, the constitutive relations 

for both the nanograined phase and the coarse-grained phase are used. For the gradient-

nanotwinned 304ss, the constitutive relations for nanograined phase and nanotwinned 

phase are included. Moreover, the impacts of nano/microcracks generated during plastic 

deformation are considered to predict the failure strain of the gradient-nanostructured 

304ss.  

      After identifying the gradient distributions of volume fraction and size of 

microstructures in gradient-nanostructured 304ss, our models can predict the stress-strain 

relations of the GNG-304ss and GNT- 304ss, which agree well with experimental results. 

It was revealed that the proposed constitutive models can describe the mechanical 

performances of the gradient-nanostructured 304ss. These models can also predict the 

mechanical properties such as the yield strength and ductility of the gradient-

nanostructured metals. We further analyzed the different strengthening mechanisms in 

the gradient-nanostructured 304ss. Numerical results revealed that the different gradient 

distributions of size and volume fraction of the nanograined phase in the GNG-304ss and 

the nanotwinned phase in the GNT-304ss, which can be controlled in the SMAT process, 

lead to a large range of yield strength and ductility. The proposed theoretical models 

capture the features of the mechanical responses of the gradient-nanostructured 304ss, 

which will shed the light on optimizing the size and distribution of microstructures in 
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gradient-nanostructured materials to achieve exceptional strength and ductility in metallic 

materials. 
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Figure Captions 

Figure 1. Schematic drawings of the gradient-nanostructured metals separated into 

N layers with the same strain in each layer during deformation (a), the 
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gradient-nanograined 304ss with bimodal grain size distribution (b), and 

the gradient-nanotwinned 304ss with composite structures (c). To 

exemplify the schematics, further shown are the cross-sectional SEM 

images of the  gradient-nanograined 304ss with the bimodal grain size 

distribution (d), and gradient-nanotwinned 304ss with the depth-

dependent twin density (e) [14]. 

Figure 2. The depth-dependence of Grain size (a) and volume fraction (b) of α'-

martensite grains and γ-austensite grains in gradient-nanograined 304ss. 

The symbols and lines are the experimental data and fitting curves, 

respectively. 

Figure 3. Twin spacing (a) and volume fraction of components (b) as functions of depth 

for the gradient-nanotwinned 304ss. 

Figure 4. The stress-strain responses (a) and strain-dependent strain hardening rate (b) 

with a comparison between the experiments and theoretical results for the 

gradient-nanograined 304ss. 

Figure 5. The comparison between the experimental and theoretical results on 

stress-strain responses (a) and strain hardening rate (b) for the gradient-

nanotwinned 304ss prepared by SMAT [14] and stress-strain responses (c) 

for pre-twisted 304ss with linearly gradient nanostructures [20]. 

Figure 6. Comparison between different strengthening mechanisms in the gradient-

nanograined 304ss (a), and the influence of the gradient distribution of 

components on the stress-strain response (b). 
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Figure 7. Separation of the strengthening contributions associated with nanotwins, 

nanograins as well as the back stress in the gradient-nanotwinned 304ss (a); 

and the influence of the gradient distribution of nanograins and nanotwins on 

the stress-strain response (b). 

Figure 8. Predicted stress-strain relationship with different Dep (a), the predicted yield 

strength varying with Dep (b), the grain size distributed along the depth with 

different Dep (c), and the predicted yield strength vs. failure strain for different 

grain size distribution (d) in the gradient-nanograined 304ss. 

Figure 9. Predicted stress-strain relationship with different dT0 (a), the predicted yield 

strength varying with dT0 (b), and the predicted yield strength vs. failure strain 

for different dT0 (c) in the gradient-nanotwinned 304ss. 

Figure 10. Predicted stress-strain relationship with different P0 (a), the volume fraction 

distribution along the depth with different P0 (b), the predicted yield strength 

varying with P0 (c), and the predicted yield strength vs. failure strain (d) in the 

gradient-nanograined 304ss. The predicted stress-strain relationship with 

different fT0 (e), and the predicted yield strength varying with fT0 (f) in the 

gradient-nanotwinned 304ss.   

 

Table Caption 

Table 1. Descriptions, symbols, magnitudes, and equations in which the different 

parameters of the models appear 
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Table 1. 

Description, symbol, magnitude, and equation in which the different parameters of the models appear 

 

Parameter (Unit)                                                         Symbol                                      Magnitude                                            

Grain size (nm)                                                            G0d                                              15000                                    

Elastic modulus (GPa)                                                 E                                                 199.6    

Shear modulus (GPa)                                                                                                       74                                    

Poisson’s ratio                                                                                                                0.29                       

Magnitude of the Burgers vector (nm)                          b                                                  0.26                                

Taylor factor                                                                M                                                 3.06 

Taylor constant                                                                                                               0.3 

Thickness of GBDPZ (nm)                                          GBDPZd                                           3.58                                     

Thickness of TBDPZ (nm)                                          TBDPZd                                            3.58                                    

Maximum number of dislocation                                0N                                                 1090  

Maximum number of dislocation loops 

    at the grain boundary                                               
*

BN                                                  150 

Mean spacing between slip bands (nm)                    *                                               2 

Dislocation density related parameters                 0 , 1 , 2                          3.7510
-5

 , 2.12 10
4
, 

                                                                                                                                         1.74 10
4 

Dynamic recovery constant                                          20k                                                 18.5 

Proportionality factor                                                                                                       0.2 

Dynamic recovery constant                                          n                                                   12.25   

Reference strain rate (s
-1

)                                              0                                                   1.75                                                                           
 

Geometric factor                                                   
TB , ( 1,2)i i                                     0.5~1.5   

Gradient function parameter of γ-austenite (m)     
 epD , 0c                                            275, 40 

Gradient function parameter of α'- martensite (m)  
epD , 0c                                            300, 45 

Gradient function parameter                                            0P                                                   0.6 

Gradient function parameter (m)                              1c , 2c , 3c                                        65, 148, 78 

Gradient function parameter (nm)                                0Td , 1Td                                           12, 16 

Gradient function parameter                                         0Tf , 1Tf                                       0.936, 0.16 
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Figure 1. Schematic drawings of the gradient-nanostructured metals separated into N layers 

with the same strain in each layer during deformation (a), the gradient-nanograined 304ss with 

bimodal grain size distribution (b), and the gradient-nanotwinned 304ss with composite 

structures (c). To exemplify the schematics, further shown are the cross-sectional SEM images 

of the  gradient-nanograined 304ss with the bimodal grain size distribution (d), and gradient-

nanotwinned 304ss with the depth-dependent twin density (e) [14]. 
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Figure 2. The depth-dependence of Grain size (a) and volume fraction (b) of α'-martensite 

grains and γ-austensite grains in gradient-nanograined 304ss. The symbols and lines are the 

experimental data and fitting curves, respectively. 
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Figure 3. Twin spacing (a) and volume fraction of components (b) as the functions of depth for 

gradient-nanotwinned 304ss.  
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Figure 4. The stress-strain responses (a) and strain-dependent strain hardening rate (b) with a 

comparison between the experiments and theoretical results for the gradient-nanograined 304ss. 
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Figure 5. The comparison between the experimental and theoretical results on stress-strain 

responses (a) and strain hardening rate (b) for the gradient-nanotwinned 304ss prepared by 

SMAT [14] and stress-strain responses (c) for pre-twisted 304ss with linearly gradient 

nanostructures [20]. 
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Figure 6. Comparison between different strengthening mechanisms in the gradient-nanograined 304ss 

(a), and the influence of the gradient distribution of components on the stress-strain response (b). 
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Figure 7. Separation of the strengthening contributions associated with nanotwins, nanograins as well 

as the back stress in the gradient-nanotwinned 304ss (a); and the influence of the gradient distribution 

of nanograins and nanotwins on the stress-strain response (b). 
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Figure 8. Predicted stress-strain relationship with different Dep (a), the predicted yield strength varying 

with Dep (b), the grain size distributed along the depth with different Dep (c), and the predicted yield 

strength vs. failure strain for different grain size distribution (d) in the gradient-nanograined 304ss. 
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Figure 9. Predicted stress-strain relationship with different dT0 (a), the predicted yield strength varying 

with dT0 (b), and the predicted yield strength vs. failure strain for different dT0 (c) in the gradient-

nanotwinned 304ss. 
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Figure 10. Predicted stress-strain relationship with different P0 (a), the volume fraction distribution 

along the depth with different P0 (b), the predicted yield strength varying with P0 (c), and the predicted 

yield strength vs. failure strain (d) in the gradient-nanograined 304ss. The predicted stress-strain 

relationship with different fT0 (e), and the predicted yield strength varying with fT0 (f) in the gradient-

nanotwinned 304ss.   
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