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Abstract 

Nanotwinned metals with a gradient microstructure have attracted a great deal of 

attention due to their excellent mechanical performance of combining high strength 

and high ductility. In this work, a micromechanical model is developed to describe the 

stress-strain response of gradient-nanotwinned metals with a composite 

microstructure. The deformation mechanisms originated from bimodal grain size 

distribution in nanostructured materials and nanoscale twin lamellae in a grain are 

involved in derivation of flow stress. The contributions from the gradient distribution 

of microstructural size and the microcracks during plastic deformation are taken into 

account in simulating the mechanical properties such as the yield strength and 

ductility. Using the proposed model, we figure out the stress-strain relation of gradient 

nanostructured metals and analyze the quantitative relation between the mechanical 

properties and the geometrical/physical parameters related to the 

gradient-nanotwinned composite copper. Numerical results show that, the strength 

and ductility of the gradient-nanotwinned bimodal metals are both improved as twins 

spacing decreases. With the volume fraction of coarse-grained phase decreased, the 

strength is improved significantly accompanied by slight reduction of the ductility. In 

addition, the simulated results are in a good agreement with experimental results. The 

present work could be helpful to describe and predict the elastic-plastic deformation 

behavior of gradient nanostructured composite -metals. 

Keywords: Nanotwins; Bimodal grain size distribution; Gradient nanostructures; 

Yield strength; Ductility; Micromechanical modeling; Flow stress. 
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1. Introduction 

As suggested by the Hall-Petch relation, refining grains is a useful method to 

realize the strengthening of metals [1]. When the grain size falls into nanoscale 

regime, the volume ratio of grain boundary increases sharply and grain 

boundaries-mediated plasticity becomes the primary deformation mechanism. 

Experiments have shown that compared with coarse-grained metals, the 

nanostructured and ultrafine-grained metals possess superior mechanical strength 

[2-4]. However, nanostructured metals have no strain hardening with rapid stress 

concentration, resulting in a significant reduction in the ductility. Some other 

strengthening methods such as strain hardening, solid solution strengthening can also 

improve the strength but greatly weaken the plasticity properties of the metals [5-7]. 

Therefore, it is important to find an effective methodology to achieve both high 

strength and high ductility in metallic materials.  

Ultrafine-grained metals with nanoscale twins embedded in individual grain have 

recently been synthesized, achieving a strength increase to conventional 

coarse-grained metals. Twin boundaries are a special kind of low energy state 

coherency, each side lattice of which presents symmetry. They are major obstacles to 

dislocations movement for strengthening the nanotwinned metals [8-10]. Studies have 

addressed that both strength and ductility of the nanotwinned metals are improved as 

the twin-boundary spacing shrinks to nanometer scale [11-13]. Although both the twin 

boundary and the grain boundary are the interface defects, there are some differences 

in the aspects of the dislocation nucleation, propagation, and slipping [14-16]. In the 
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process of increasing stress, the dislocations at the grain boundary will continue to 

accumulate until the new dislocations are generated in adjacent grains, leading to 

microcracks appearing at the grain boundaries with maximum stress concentration. 

For the twin boundaries, the partial dislocations can slip along the twin boundaries, 

and the interactions between the dislocations and the twin boundaries can 

significantly increase the number of the dislocations piled-up along the twin 

boundaries and improve the plastic properties of the metals. Theoretical models have 

been developed to explain the effects of dislocation nucleation and motion on plastic 

deformations in nanotwinned metals [17-19]. The grain size, twin spacing, and twin 

density are the important factors affecting the strength and plasticity of metals [9, 20, 

21]. MD simulations [22-25], mechanism-based modeling [18, 19, 26-28] and 

numerical investigations based on finite element methods [29-31] were carried out to 

explore the deformation mechanisms and mechanical properties in nanotwinned 

metals. 

Embedding the coarse grains into nanograined matrix to form a bimodal 

nanostructured metal is also an effective method to achieve high strength and high 

ductility in metallic materials [32-34]. Zhang et al. changed the cryomilling time to 

obtain bimodal nanostructured metals consisting of coarse grains and nanograins [32]. 

This bimodal metal combines the strengthening from the nanograins along with the 

strain hardening capability provided by dislocation activity in the coarse grains. Due 

to the coarse grains in the matrix of nanograins can prevent the propagation of 

microcracks along the grain boundaries, more microcracks could be produced in the 
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nanograined matrix phase, which is beneficial to the plasticity when maintaining the 

high strength in bimodal metals [33-35]. According to the plastic deformation 

mechanism of each phase in bimodal nanostructured metals, the micromechanical 

models and finite element methods were proposed to describe and predict the 

mechanical properties of bimodal nanostructured materials [36-41]. 

 In recent years, experimental studies showed that through altering the uniform 

distribution of microstructures into the gradient distribution in nanostructured metallic 

materials, the yield strength is improved significantly while keeping a good capability 

of strain hardening [42]. These gradient nanostructured metals can be prepared 

through surface mechanical attrition treatment (SMAT) [43, 44] and surface 

mechanical grinding treatment [45, 46]. With these techniques, the sizes of 

microstructures are in the nanometer scale on the topmost surface layer and increase 

gradually with an increasing depth from the treated surface. The microstructures in 

gradient-nanostructured metals include nanograins, nanotwins, nanolamellae, as well 

as the composite nanostructures. The strengthening mechanisms from these 

nanoscaled microstructures and the hardening mechanism of gradient distribution of 

microstructures attribute to the good combination of high yield strength and high 

ductility in gradient-nanostructured metals [47-50]. For example, the plastic 

deformation process of the gradient nanograined metals is gradually transited from 

coarse grains to nanograins, leading to reducing the possibility of stress concentration 

between neighboring grains [51]. Gradient changes of microstructural size in 

nanostructured metals produce additional strain hardening, which comes from the 
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more geometrically necessary dislocations (GNDs) during the plastic deformation 

process [52-54]. These GNDs interact with the other dislocations during deformation, 

resulting in increasing the dislocations storage capacity to enhance the hardening 

behaviors [55]. For the mechanical performance of gradient-nanostructured metallic 

metals, some theoretical studies have been addressed to analyze the relation between 

the mechanical properties such as the strength and ductility, and the gradient 

distribution of microstructural size [56-58].  

Since the metallic materials play an important role in infrastructural and overall 

economic development [59, 60], and the good combination of formability, 

hardenability, and ultimate strength is often expected [61-63]. The gradient 

nanostructured metals possess the excellent mechanical properties such as high yield 

strength and good ductility, to meet the increasing demands for high-performance 

materials. Recently, the topologically controlled SMAT was applied to fabricate a 

gradient-nanotwinned copper with a bimodal microstructure, which performs the 

improved yield strength while keeping a good ductility [64]. Inspired by this 

experimental study, a micromechanical model combining the above three 

strengthening mechanisms is developed in this work to describe the mechanical 

properties of gradient-nanotwinned metallic materials with a bimodal distribution of 

microstructural size. The simulated stress-strain responses based on the proposed 

model agree well with the experimental data of gradient-nanotwinned composite 

copper. The proposed model is further applied to predict the strength and ductility of 

such gradient-nanotructured composite metals with various gradient function of 
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microstructural size and with different parameters in microcrack distribution function. 

It is believed that the present results could be helpful to achieve the improved 

mechanical properties of the gradient-nanotwinned metals with the bimodal 

microstructures by optimizing the size and distribution of microstructures. 

 

2. A setup of theoretical model 

To simulate the gradient-nanotwinned metals with a bimodal grain size 

distribution, the starting point of the model is to figure out the constitutive framework. 

The gradient-nanotwinned bimodal metals can be regarded as a superposition of 

N-layers of nanotwinned metals with a bimodal grain size distribution as shown in Fig. 

1. The microstructural size and volume fraction change gradually along the depth. 

When the number of layers N is large enough, the properties of the 

gradient-nanotwinned structure can be approximated to vary continuously between 

each layer. Since the gradient-nanotwinned composite metal plane prepared by SMAT 

process is a symmetrical structure, it is only needed to analyze half of the SMATed 

plane. To describe the overall mechanical properties of such gradient-nanotwinned 

composite materials, the stress-strain relation of each phase and each layer must be 

identified. Therefore, the mechanism-based plasticity model is adopted to describe the 

stress-strain response for each phase, and the micromechanical method is used to 

reveal and predict the mechanical properties of each layer of nanotwinned composite 

metals. Due to the distinct deformation mechanisms in the nanograined phase, 
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coarse-grained phase, and the twin lamellae in the grains, it is necessary to present the 

elasto-plastic constitutive relation of each phase. In the gradient-nanotwinned metals 

with a bimodal microstructure, the total strain rate of each phase in the composite 

microstructure of each layer is composed of two parts: elastic strain rate and plastic 

strain rate: 

pe
εεε   .                           (1) 

The elastic strain rate is obtained from the stress rate in a linear elastic relation as: 

:e ε M σ ,                           (2) 

where M is elastic modulus of elasticity. Plastic strain p
ε  can be expressed as  

(3 / 2 )p p

eσ ε σ ,                         (3) 

in which 

0( / )
mp

e filow    .                         (4) 

Here, 
0m  is the rate related parameter. ' ' 1/2(2 / 3)ij ij    is the equivalent strain, in 

which 3/'

ijkkijij    . ' ' 1/2( / 2)
ije ij    is the von Mises stress, and 

3/'

ijkkijij   . 
flow  represents the flow stress of each phase, which will be 

given in the next section as below. 

 

2.1 Flow stress in constituent phases of nanotwinned composite 

   For the coarse-grained phase, the volume occupied by the grain boundary is small 

in the total volume of the materials. Therefore, the contribution of grain boundaries on 

the flow stress can be negligible compared with the crystal internal dislocations 

activity. Thereby, the flow stress of the coarse-grained phase can be expressed as 
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1/2

0flow I bM b       ,                  (5) 

where 
0  is the lattice friction stress, M  represents the Taylor constant,   the 

empirical constant,   the shear modulus, and b  the Burgers constant. 
I  is the 

dislocation density in the crystal interior of grains, given by [65,66]  

1/2

1 2p
( )

( )

I
I I

G

k
M k k

d z


 




  


.               (6)  

Here, 01/np

1 2 20 01/ ; / ; ( / )k b k b k k   
   ,   is a proportionality factor, 

20k , 
0  

and 
0n  are the constants. )(/ zdbNM Gbb    is back stress, in which 

Gd  is the 

grain size varying with the depth z, and Nb is the number of dislocations blocked at 

the grain boundaries, following the evolution of the law as: 

)1(
0N

N

bd

dN b

p

b 



,                       (7)

 

where 
p  is a plastic strain,   and 0N  are the average distance of the slip zone 

and the maximum number of dislocations blocked at grain boundaries, respectively.  

Since nanoscale twins exist in the nanograined phase, the effects of twin 

boundaries and grain boundaries should be taken into account in the mechanical 

performance. During the plastic deformation, the dislocations activities occur in the 

region of crystal interior, grain boundaries, and twin boundaries. Hence, the flow 

stress can be described by Taylor's expression as: 

1/2

0 ( )flow I GB TBM b         ,                      (8) 

where GB  is the density of dislocations related to the grain boundaries, given as  

/GB GB

GB k b  .                               (9) 
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Here, 6 / ( )GB GB

GBDPZ Gk d d z . 
TB  is the dislocation density related to the twin 

boundaries and expressed as [26, 28]
 

31 2

2 2
( )

( ) ( ) ( ) ( )

TT T

TB

G G TB TB

cc c
z

d z d z d z d z
    ,             (10) 

where TBd  is the twin spacing, and ( 1,2,3)T

ic i   are the size-independent constants. 

The work hardening of the material consists of the isotropic strain hardening from

I  and the dynamic strain hardening from the back stress. The back stress is mainly 

due to the movement of the dislocations at the grain boundary. During the plastic 

deformation in the nanograined phase, there are few dislocations blocked at the grain 

boundaries so that the back stress can be neglected. However, in the case of the 

bimodal grain size distribution, the grain boundaries of the nanograined phase will 

produce a large number of nano/microcracks during the deformation, leading to a 

sudden increase in the number of dislocations blocked at the grain boundaries. 

Therefore, the back stress effect induced by the nano/microcracks in the nanograined 

phase should be considered in the flow stress of nanograined phase, which is modified 

as: 

1/2 *

0 ( )flow I GB TB bM b           .               (11) 

Here,
 

*

b  is back stress originated from the nano/microcracks [38, 41]. In addition, 

the nano/microcracks can also change the stress-strain state near the cracks. Using the 

microcracks-based equivalent medium method [67], the equivalent modulus of the 

nanocrystalline phase can be given as 

2 1 1

0 0 0 0 0[1 16(1 ) /3] ; [1 8(1 ) / 3(1 / 2)]E E v G G v v         ,       (12) 
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where 
0E  is the elastic modulus, 

0G  shear modulus, and 
0  Poisson's ratio of 

nanograined phase.   is the density of microcracks generated during deformation, 

which can be expressed as the function of plastic strain )](1[)( 00 pww ffp   .
 

Here, 
0  is a reference density of nano/microcracks, and ))/(exp()( 0

m

ppwf  

is Weibull distribution function with m the Weibull modulus. 

 

2.2 Composite model 

The modified mean field method is applied here for developing a theoretical 

framework to describe the plastic deformation of bimodal nanotwinned layers in the 

gradient-nanostructured metals. The Young's modulus and Poisson's ratio of the 

i-phase are expressed as follows 

0

( ) ( )
1 111

( ) ( )
[1 ( ) ]

i i
ms i

i i i i

flow flow

E
E E

 

 

   , )
2

1
(

2

1

i

s

i
i

s

i
E

E
           (13) 

which i=0 represents the nanograined phase, i=1 represents coarse-grained phase.

flow  is the flow stress of each phase presented above. The corresponding bulk 

modulus and shear modulus for each phase can be given by 

)21(3 s

i

s

is

i

E
k


 , 

)1(2 s

i

s

is

i

E





 .                (14) 

According to the modified mean field approach for two-phase metals, the relation 

between total hydrostatic strain and partial strain is 

kkkk aa  )(3 200

)0(  ,  )1(

21

'

200

)'0( )(2 p

ijij
s

ij bcbb    

kkkk a  0

)1(  , )1(

10

'

0

)'1( p

ijijij bcb   ,                       (15) 

Here, ( =0,1)ic i is the volume fraction of ith phase. The relation between the total 
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hydrostatic stress and the partial stress is 

kkkk aa  )(3 200

)0(  ,  )1(

21

'

200

)'0( )(2 p

ijij
s
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kkkk a  10
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00

'

2

0
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2 p

ij

s
ijs

s

ij cb 



  ,             (16)

 

where 
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Finally, the relation between stress and strain is obtained: 

  kkkk aac  )(13 0110  , 








 )1(

0

11
'

0

21
0

'
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s
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


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


.      (17) 

  Suppose that the gradient-nanostructured metals are subjected to uniaixal uniform 

strain during tensile testing, the rule of mixtures (ROMs) of Voigt model is applied to 

calculate the effective stress in gradient-nanostructured metals [58, 68]. Owing to the 

equal strain in each layer of structures, the total stress 
xx  of gradient-nanotwinned 

bimodal metal plate can be written as 

GN

=1

=( ) /xx j xx j

j

H H  ,                          (18) 

where j denotes the jth layer, NG is the number of layers. 
j xx  is the stresses applied 

on jth layer which is given by Eq. (17). G(= / N )jH H  and H  are the thickness of 

jth layer and the entire gradient-nanostructured metals, respectively.  

 

2.3 Numerical framework of the model 
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Since the mechanical properties of gradient nanotwinned metals were measured 

by the uniaxial tensile testing, the axial loading conditions are applied to derive the 

stress-strain relation in each phase of the nanotwinned composite from Eqs. (1-4)[69]. 

The flow stresses in Eqs. (5) and (8) need to be substituted into Eq. (4). Here, the 

finite difference method is utilized to solve the differential equations in Eqs. (6) and 

(7) when we derive the flow stress in each phase. When the strain in each layer of the 

gradient structures applied, the stresses of each phase can be obtained as well as the 

effective stress of the composite microstructure from Eqs. (16-17), in which the 

corresponding elastic modulus can be calculated from Eqs. (13) and (14). Afterwards, 

substituting these effective stresses in each layer in Eq. (18), the overall stress of the 

gradient nanotwinned composite metals can be calculated. 

Even though the nanotwinned metals have an essential anisotropy at the 

microscopic scale, the random orientation of crystals and nanotwins leads to the 

isotropic mechanical behavior in the macroscopic scale. Since the proposed model is 

applied to describe the mechanical properties of the bulk samples, it is reasonable to 

assume the isotropic mechanical performance of nanotwinned composite in each layer 

of gradient-nanotwinned metals. 

 

3. Numerical results and discussion 

  We make use of the proposed model to simulate the mechanical properties of 

gradient-nanotwinned metals with bimodal microstructure. The material parameters 

used in all calculations are listed in Table 1. The existing experimental data of 
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gradient-nanotwinned composite copper are provided to make a comparison with 

simulations [26, 64]. There are two sets of the gradient-nanotwinned coppers samples 

prepared by SMAT technique with the process time of 15 s and 30 s. The 

experimental results demonstrated that with the increase of the process time of SMAT, 

the percentage of nanotwinned region increases, and the twin spacing decreases [64]. 

With the decrease in the size of the twin lamellae, the strength and plasticity of the 

material are improved at the same time [64]. Fig. 2 shows the calculated results based 

on the proposed model and the experimental data. One can find that the model can 

describe the stress-strain relation of the gradient-nanotwinned metals with bimodal 

microstructures, and the theoretical results are in a good agreement with the 

experimental data of gradient-nanotwinned bimodal copper [64], including the yield 

strength, strain hardening, and the uniform elongation. 

  As described in the Section 2, the influence of microcracks is taken into account on 

the mechanical properties during the deformation, including the back stress effect 

caused by microcracks and the change of the stress/strain state of the 

microcracked-nanograined phase. Therefore, we examine the contribution of 

microcrack density in stress-strain relation of gradient-nanotwinned bimodal copper. 

Since the microcrack density is related to the parameters of reference density 0  and 

the Weibull modulus m, Figs. 3a and 3b plot the stress-strain curves for different 

reference microcrack density and different Weibull modulus, respectively. It can be 

seen from the figures that, due to the microcracks only appearing during the plastic 

deformation, the reference microcrack density and Weibull modulus have no effect on 
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the elastic property and yield strength of the material, but only on the failure strain 

and ultimate strength. With the increase of microcrack density and the decrease of 

Weibull modulus, the uniform elongation and ultimate strength are significantly 

reduced, as shown in Figs. 3c and 3d. 

  Since the microstructural sizes in gradient-nanotwinned bimodal metals are 

involved in the proposed constitutive model, we further analyze the effects of the size 

of the twin lamellae in the nanograined phase on the mechanical properties of this 

gradient-nanostructured copper. Suppose the twin spacing changes with the depth z as 

a function of                         nm, the corresponding stress-strain 

responses are shown in Fig. 4a. It can be noted that the yield strength of the material 

is improved and the ductility becomes better with the twin spacing reduced. Fig. 4b 

shows the yield strength and ultimate strength vary with the parameter B in the 

function of twin spacing. One can find that with the increase of B, the yield strength 

and ultimate strength are both reduced. Fig. 4c depicts the quantitative relation 

between the ductility and the parameter B. The ductility of the gradient-nanotwinned 

metals decreases with increasing the value of B. This is because with the increase in 

parameter B, the twin spacing in the gradient nanostructures becomes much larger, 

resulting in a decrease in material strength and toughness. 

  Due to the existence of two different grain size distributions in the gradient 

nanostructured metals with the bimodal microstructure, varying the volume fraction 

of each phase can change their mechanical properties. Therefore, we explore the 

influence of the gradient distribution of volume fraction of the constituent phases on 
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the mechanical properties of the gradient-nanotwinned bimodal metals. Fig. 5a depicts 

the stress-strain curves with the volume fraction of coarse-grained phase following the 

gradient distribution function of                    . It can be noticed that 

with the increase of the coarse-grained volume fraction, the strength of the 

gradient-nanotwinned bimodal metals turns weaker while the ductility is improved. 

Fig. 5b shows the quantitative relation between the yield strength and the parameter A 

in the function of the coarse grains volume fraction. It can be found that the volume 

fraction of the coarse-grained phase increases with the increase of A, leading to the 

strength of the material decreased. Fig. 5c further plots the ductility of the material 

varied with A. That is, with the increase of A, the uniform elongation of the material is 

enhanced slightly. Interestingly noted from Fig. 5 is that with a decrease in the 

volume fraction of coarse-grained phase a higher yield strength with good ductility 

can be achieved. 

 

4. Conclusions 

In summary, a micromechanical model is developed to analyze the size and 

volume fraction-dependent mechanical properties of gradient-nanotwinned metals 

with a bimodal microstructure. In the proposed model, the effects of the gradient 

distribution of microstructures, the bimodal grain size distribution, and the 

nano/microcrack on the mechanical performance are taken into account. The 

numerical results showed that the proposed model can describe the experimental 

results of the gradient-nanotwinned bimodal copper satisfactorily, and a good 
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agreement between the simulations and experimental data is obtained. Moreover, we 

further analyze the influence of the parameters related to the microcracks density on 

the mechanical properties, and predict strength and ductility under different gradient 

distributions of volume fraction and various twin spacings in the gradient- 

nanotwinned bimodal metals. Our calculations demonstrate that the good combination 

of higher strength and good ductility can be achieved by reducing the twin spacing or 

decreasing the volume fraction of the coarse-grained phase in the 

gradient-nanotwinned metals with bimodal microstructures. 
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Table caption 

Description, symbol, magnitude, and equation in which the different parameters of the 

models appear 

Figure captions 

Fig. 1. Schematic drawings of the gradient-nanotwinned metals with a bimodal 

microstructure separated into N layers. In each layer, a bimodal composite 

consists of the large-grained phase and the nanotwinned 

ultrafine/nanograined phase.  

Fig. 2. Comparisons between the calculated stress and strain response and the 

experimental data [55] for the gradient-nanotwinned bimodal copper. 

Fig. 3. Effects of reference microcrack density (a,c) and Weibull modulus (b,d) on 

stress-strain relation and mechanical properties of gradient-nanotwinned 

bimodal copper. 

Fig. 4. Effects of gradient distribution of twin spacing on the strength and ductility of 

the gradient-nanotwinned bimodal copper. B is the parameter in the gradient 

function of twin spacing. The different value of B induces to the various 

gradient distribution of twin spacing. 

Fig. 5. Stress-strain relations under different gradient distributions of volume fraction 
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of coarse-grained phase (a), and the yield strength (b) and ductility (c) 

varying with the volume fraction relevant parameter A. 

 

 

Table 1. 

Description, symbol, magnitude, and equation in which the different parameters of the 

models appear 

Parameter Symbol Ultrafine grain Coarse grain 

Elastic modulus E 128 GPa   128 GPa 

Shear modulus   47.1 GPa 47.1 GPa 

Poisson’s ratio   0.36 0.36 

Burgers Vector b 0.256 nm 0.256 nm 

Taylor factor M 1.732-3.06 1.732-3.06 

Taylor constant   0.33 0.33 

Dynamic recovery constant n 21.25 21.25 

Reference strain rate 0  1
1s  1

1s  

Maximum number of dislocation 0N  13 300 

Reference density of nanomicrocracks 0  0.04  
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Fig. 1 Schematic drawings of the gradient-nanotwinned metals with a bimodal 

microstructure separated into N layers. In each layer, a bimodal composite consists of 

the large-grained phase and the nanotwinned ultrafine/nanograined phase. 
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Fig. 2 Comparisons between the calculated stress and strain response and the 

experimental data [55] for the gradient-nanotwinned bimodal copper. 
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Fig. 3 Effects of reference microcrack density (a,c) and Weibull modulus (b,d) on 

stress-strain relation and mechanical properties of gradient-nanotwinned bimodal 

copper. 
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Fig. 4 Effects of gradient distribution of twin spacing on the strength and ductility of 

the gradient-nanotwinned bimodal copper. B is the parameter in the gradient function 

of twin spacing. The different value of B induces to the various gradient distribution 

of twin spacing. 
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Fig. 5 Stress-strain relations under different gradient distributions of volume fraction 

of coarse-grained phase (a), and the yield strength (b) and ductility (c) varying with 

the volume fraction relevant parameter A. 
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Abstract 

Nanotwinned metals with a gradient microstructure have attracted a great deal of 

attention due to their excellent mechanical performance of combining high strength 

and high ductility. In this work, a micromechanical model is developed to describe the 

stress-strain response of gradient-nanotwinned metals with a composite 

microstructure. The deformation mechanisms originated from bimodal grain size 

distribution in nanostructured materials and nanoscale twin lamellae in a grain are 

involved in derivation of flow stress. The contributions from the gradient distribution 

of microstructural size and the microcracks during plastic deformation are taken into 

account in simulating the mechanical properties such as the yield strength and 

ductility. Using the proposed model, we figure out the stress-strain relation of gradient 

nanostructured metals and analyze the quantitative relation between the mechanical 

properties and the geometrical/physical parameters related to the 

gradient-nanotwinned composite copper. Numerical results show that, the strength 

and ductility of the gradient-nanotwinned bimodal metals are both improved as twins 

spacing decreases. With the volume fraction of coarse-grained phase decreased, the 

strength is improved significantly accompanied by slight reduction of the ductility. In 

addition, the simulated results are in a good agreement with experimental results. The 

present work could be helpful to describe and predict the elastic-plastic deformation 

behavior of gradient nanostructured composite -metals. 

Keywords: Nanotwins; Bimodal grain size distribution; Gradient nanostructures; 

Yield strength; Ductility; Micromechanical modeling; Flow stress. 
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1. Introduction 

As suggested by the Hall-Petch relation, refining grains is a useful method to 

realize the strengthening of metals [1]. When the grain size falls into nanoscale 

regime, the volume ratio of grain boundary increases sharply and grain 

boundaries-mediated plasticity becomes the primary deformation mechanism. 

Experiments have shown that compared with coarse-grained metals, the 

nanostructured and ultrafine-grained metals possess superior mechanical strength 

[2-4]. However, nanostructured metals have no strain hardening with rapid stress 

concentration, resulting in a significant reduction in the ductility. Some other 

strengthening methods such as strain hardening, solid solution strengthening can also 

improve the strength but greatly weaken the plasticity properties of the metals [5-7]. 

Therefore, it is important to find an effective methodology to achieve both high 

strength and high ductility in metallic materials.  

Ultrafine-grained metals with nanoscale twins embedded in individual grain have 

recently been synthesized, achieving a strength increase to conventional 

coarse-grained metals. Twin boundaries are a special kind of low energy state 

coherency, each side lattice of which presents symmetry. They are major obstacles to 

dislocations movement for strengthening the nanotwinned metals [8-10]. Studies have 

addressed that both strength and ductility of the nanotwinned metals are improved as 

the twin-boundary spacing shrinks to nanometer scale [11-13]. Although both the twin 

boundary and the grain boundary are the interface defects, there are some differences 

in the aspects of the dislocation nucleation, propagation, and slipping [14-16]. In the 
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process of increasing stress, the dislocations at the grain boundary will continue to 

accumulate until the new dislocations are generated in adjacent grains, leading to 

microcracks appearing at the grain boundaries with maximum stress concentration. 

For the twin boundaries, the partial dislocations can slip along the twin boundaries, 

and the interactions between the dislocations and the twin boundaries can 

significantly increase the number of the dislocations piled-up along the twin 

boundaries and improve the plastic properties of the metals. Theoretical models have 

been developed to explain the effects of dislocation nucleation and motion on plastic 

deformations in nanotwinned metals [17-19]. The grain size, twin spacing, and twin 

density are the important factors affecting the strength and plasticity of metals [9, 20, 

21]. MD simulations [22-25], mechanism-based modeling [18, 19, 26-28] and 

numerical investigations based on finite element methods [29-31] were carried out to 

explore the deformation mechanisms and mechanical properties in nanotwinned 

metals. 

Embedding the coarse grains into nanograined matrix to form a bimodal 

nanostructured metal is also an effective method to achieve high strength and high 

ductility in metallic materials [32-34]. Zhang et al. changed the cryomilling time to 

obtain bimodal nanostructured metals consisting of coarse grains and nanograins [32]. 

This bimodal metal combines the strengthening from the nanograins along with the 

strain hardening capability provided by dislocation activity in the coarse grains. Due 

to the coarse grains in the matrix of nanograins can prevent the propagation of 

microcracks along the grain boundaries, more microcracks could be produced in the 
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nanograined matrix phase, which is beneficial to the plasticity when maintaining the 

high strength in bimodal metals [33-35]. According to the plastic deformation 

mechanism of each phase in bimodal nanostructured metals, the micromechanical 

models and finite element methods were proposed to describe and predict the 

mechanical properties of bimodal nanostructured materials [36-41]. 

 In recent years, experimental studies showed that through altering the uniform 

distribution of microstructures into the gradient distribution in nanostructured metallic 

materials, the yield strength is improved significantly while keeping a good capability 

of strain hardening [42]. These gradient nanostructured metals can be prepared 

through surface mechanical attrition treatment (SMAT) [43, 44] and surface 

mechanical grinding treatment [45, 46]. With these techniques, the sizes of 

microstructures are in the nanometer scale on the topmost surface layer and 

increase gradually with an increasing depth from the treated surface. The 

microstructures in gradient-nanostructured metals include nanograins, nanotwins, 

nanolamellae, as well as the composite nanostructures. The strengthening mechanisms 

from these nanoscaled microstructures and the hardening mechanism of gradient 

distribution of microstructures attribute to the good combination of high yield strength 

and high ductility in gradient-nanostructured metals [47-50]. For example, the plastic 

deformation process of the gradient nanograined metals is gradually transited from 

coarse grains to nanograins, leading to reducing the possibility of stress concentration 

between neighboring grains [51]. Gradient changes of microstructural size in 

nanostructured metals produce additional strain hardening, which comes from the 
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more geometrically necessary dislocations (GNDs) during the plastic deformation 

process [52-54]. These GNDs interact with the other dislocations during deformation, 

resulting in increasing the dislocations storage capacity to enhance the hardening 

behaviors [55]. For the mechanical performance of gradient-nanostructured metallic 

metals, some theoretical studies have been addressed to analyze the relation between 

the mechanical properties such as the strength and ductility, and the gradient 

distribution of microstructural size [56-58].  

Since the metallic materials play an important role in infrastructural and 

overall economic development [59, 60], and the good combination of formability, 

hardenability, and ultimate strength is often expected [61-63]. The gradient 

nanostructured metals possess the excellent mechanical properties such as high 

yield strength and good ductility, to meet the increasing demands for 

high-performance materials. Recently, the topologically controlled SMAT was 

applied to fabricate a gradient-nanotwinned copper with a bimodal microstructure, 

which performs the improved yield strength while keeping a good ductility [64]. 

Inspired by this experimental study, a micromechanical model combining the above 

three strengthening mechanisms is developed in this work to describe the mechanical 

properties of gradient-nanotwinned metallic materials with a bimodal distribution of 

microstructural size. The simulated stress-strain responses based on the proposed 

model agree well with the experimental data of gradient-nanotwinned composite 

copper. The proposed model is further applied to predict the strength and ductility of 

such gradient-nanotructured composite metals with various gradient function of 
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microstructural size and with different parameters in microcrack distribution function. 

It is believed that the present results could be helpful to achieve the improved 

mechanical properties of the gradient-nanotwinned metals with the bimodal 

microstructures by optimizing the size and distribution of microstructures. 

 

2. A setup of theoretical model 

To simulate the gradient-nanotwinned metals with a bimodal grain size 

distribution, the starting point of the model is to figure out the constitutive framework. 

The gradient-nanotwinned bimodal metals can be regarded as a superposition of 

N-layers of nanotwinned metals with a bimodal grain size distribution as shown in Fig. 

1. The microstructural size and volume fraction change gradually along the depth. 

When the number of layers N is large enough, the properties of the 

gradient-nanotwinned structure can be approximated to vary continuously between 

each layer. Since the gradient-nanotwinned composite metal plane prepared by SMAT 

process is a symmetrical structure, it is only needed to analyze half of the SMATed 

plane. To describe the overall mechanical properties of such gradient-nanotwinned 

composite materials, the stress-strain relation of each phase and each layer must be 

identified. Therefore, the mechanism-based plasticity model is adopted to describe the 

stress-strain response for each phase, and the micromechanical method is used to 

reveal and predict the mechanical properties of each layer of nanotwinned composite 

metals. Due to the distinct deformation mechanisms in the nanograined phase, 
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coarse-grained phase, and the twin lamellae in the grains, it is necessary to present the 

elasto-plastic constitutive relation of each phase. In the gradient-nanotwinned metals 

with a bimodal microstructure, the total strain rate of each phase in the composite 

microstructure of each layer is composed of two parts: elastic strain rate and plastic 

strain rate: 

pe
εεε   .                           (1) 

The elastic strain rate is obtained from the stress rate in a linear elastic relation as: 

:e ε M σ ,                           (2) 

where M is elastic modulus of elasticity. Plastic strain p
ε  can be expressed as  

(3 / 2 )p p

eσ ε σ ,                         (3) 

in which 

0( / )
mp

e filow    .                         (4) 

Here, 
0m  is the rate related parameter. ' ' 1/2(2 / 3)ij ij    is the equivalent strain, in 

which 3/'

ijkkijij    . ' ' 1/2( / 2)
ije ij    is the von Mises stress, and 

3/'

ijkkijij   . 
flow  represents the flow stress of each phase, which will be 

given in the next section as below. 

 

2.1 Flow stress in constituent phases of nanotwinned composite 

   For the coarse-grained phase, the volume occupied by the grain boundary is small 

in the total volume of the materials. Therefore, the contribution of grain boundaries on 

the flow stress can be negligible compared with the crystal internal dislocations 

activity. Thereby, the flow stress of the coarse-grained phase can be expressed as 
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1/2

0flow I bM b       ,                  (5) 

where 
0  is the lattice friction stress, M  represents the Taylor constant,   the 

empirical constant,   the shear modulus, and b  the Burgers constant. 
I  is the 

dislocation density in the crystal interior of grains, given by [65,66]  

1/2

1 2p
( )

( )

I
I I

G

k
M k k

d z


 




  


.               (6)  

Here, 01/np

1 2 20 01/ ; / ; ( / )k b k b k k   
   ,   is a proportionality factor, 

20k , 
0  

and 
0n  are the constants. )(/ zdbNM Gbb    is back stress, in which 

Gd  is the 

grain size varying with the depth z, and Nb is the number of dislocations blocked at 

the grain boundaries, following the evolution of the law as: 

)1(
0N

N

bd

dN b

p

b 



,                       (7)

 

where 
p  is a plastic strain,   and 

0N  are the average distance of the slip zone 

and the maximum number of dislocations blocked at grain boundaries, respectively.  

Since nanoscale twins exist in the nanograined phase, the effects of twin 

boundaries and grain boundaries should be taken into account in the mechanical 

performance. During the plastic deformation, the dislocations activities occur in the 

region of crystal interior, grain boundaries, and twin boundaries. Hence, the flow 

stress can be described by Taylor's expression as: 

1/2

0 ( )flow I GB TBM b         ,                      (8) 

where 
GB  is the density of dislocations related to the grain boundaries, given as  

/GB GB

GB k b  .                               (9) 
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Here, 6 / ( )GB GB

GBDPZ Gk d d z . 
TB  is the dislocation density related to the twin 

boundaries and expressed as [26, 28]
 

31 2

2 2
( )

( ) ( ) ( ) ( )

TT T

TB

G G TB TB

cc c
z

d z d z d z d z
    ,             (10) 

where TBd  is the twin spacing, and ( 1,2,3)T

ic i   are the size-independent constants. 

The work hardening of the material consists of the isotropic strain hardening from

I  and the dynamic strain hardening from the back stress. The back stress is mainly 

due to the movement of the dislocations at the grain boundary. During the plastic 

deformation in the nanograined phase, there are few dislocations blocked at the grain 

boundaries so that the back stress can be neglected. However, in the case of the 

bimodal grain size distribution, the grain boundaries of the nanograined phase will 

produce a large number of nano/microcracks during the deformation, leading to a 

sudden increase in the number of dislocations blocked at the grain boundaries. 

Therefore, the back stress effect induced by the nano/microcracks in the nanograined 

phase should be considered in the flow stress of nanograined phase, which is modified 

as: 

1/2 *

0 ( )flow I GB TB bM b           .               (11) 

Here,
 

*

b  is back stress originated from the nano/microcracks [38, 41]. In addition, 

the nano/microcracks can also change the stress-strain state near the cracks. Using the 

microcracks-based equivalent medium method [67], the equivalent modulus of the 

nanocrystalline phase can be given as 

2 1 1

0 0 0 0 0[1 16(1 ) /3] ; [1 8(1 ) / 3(1 / 2)]E E v G G v v         ,       (12) 
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where 
0E  is the elastic modulus, 

0G  shear modulus, and 
0  Poisson's ratio of 

nanograined phase.   is the density of microcracks generated during deformation, 

which can be expressed as the function of plastic strain )](1[)( 00 pww ffp   .
 

Here, 
0  is a reference density of nano/microcracks, and ))/(exp()( 0

m

ppwf  

is Weibull distribution function with m the Weibull modulus. 

 

2.2 Composite model 

The modified mean field method is applied here for developing a theoretical 

framework to describe the plastic deformation of bimodal nanotwinned layers in the 

gradient-nanostructured metals. The Young's modulus and Poisson's ratio of the 

i-phase are expressed as follows 

0

( ) ( )
1 111

( ) ( )
[1 ( ) ]

i i
ms i

i i i i

flow flow

E
E E

 

 

   , )
2

1
(

2

1

i

s

i
i

s

i
E

E
           (13) 

which i=0 represents the nanograined phase, i=1 represents coarse-grained phase.

flow  is the flow stress of each phase presented above. The corresponding bulk 

modulus and shear modulus for each phase can be given by 

)21(3 s

i

s

is

i

E
k


 , 

)1(2 s

i

s

is

i

E





 .                (14) 

According to the modified mean field approach for two-phase metals, the relation 

between total hydrostatic strain and partial strain is 

kkkk aa  )(3 200

)0(  ,  )1(

21

'

200

)'0( )(2 p

ijij
s

ij bcbb    

kkkk a  0

)1(  , )1(

10

'

0

)'1( p

ijijij bcb   ,                       (15) 

Here, ( =0,1)ic i is the volume fraction of ith phase. The relation between the total 
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hydrostatic stress and the partial stress is 

kkkk aa  )(3 200

)0(  ,  )1(

21

'

200

)'0( )(2 p

ijij
s

ij bcbb    

kkkk a  10

)1( 3 ,  )1(

00

'

2

0

0)'1( )1(
2 p

ij

s
ijs

s

ij cb 



  ,             (16)
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00100

0
0

)( 






sc
a , 

00100

1
1

)( 






sc
a , 

00100

010
2

)(

)(










s

s

c
a  

sss

s

c
b

0100

0
0

)(
0






 , 

sss

s

c
b

0100

10
1

)(
0






 , 

sss

ss

c
b

0100

010
2

)(

)(

0







  

)1(3/)1( 000

sss   , )1(15/)54(2 00

s

o

ss  
.
 

Finally, the relation between stress and strain is obtained: 

  kkkk aac  )(13 0110  , 








 )1(

0

11
'

0

21
0

'

)1(2 p

ijsijs

s
ij

bcbc








.      (17) 

  Suppose that the gradient-nanostructured metals are subjected to uniaixal uniform 

strain during tensile testing, the rule of mixtures (ROMs) of Voigt model is applied to 

calculate the effective stress in gradient-nanostructured metals [58, 68]. Owing to the 

equal strain in each layer of structures, the total stress 
xx  of gradient-nanotwinned 

bimodal metal plate can be written as 

GN

=1

=( ) /xx j xx j

j

H H  ,                          (18) 

where j denotes the jth layer, NG is the number of layers. 
j xx  is the stresses applied 

on jth layer which is given by Eq. (17). G(= / N )jH H  and H  are the thickness of 

jth layer and the entire gradient-nanostructured metals, respectively.  

 

2.3 Numerical framework of the model 
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Since the mechanical properties of gradient nanotwinned metals were 

measured by the uniaxial tensile testing, the axial loading conditions are applied 

to derive the stress-strain relation in each phase of the nanotwinned composite 

from Eqs. (1-4)[69]. The flow stresses in Eqs. (5) and (8) need to be substituted 

into Eq. (4). Here, the finite difference method is utilized to solve the differential 

equations in Eqs. (6) and (7) when we derive the flow stress in each phase. When 

the strain in each layer of the gradient structures applied, the stresses of each 

phase can be obtained as well as the effective stress of the composite 

microstructure from Eqs. (16-17), in which the corresponding elastic modulus 

can be calculated from Eqs. (13) and (14). Afterwards, substituting these effective 

stresses in each layer in Eq. (18), the overall stress of the gradient nanotwinned 

composite metals can be calculated. 

Even though the nanotwinned metals have an essential anisotropy at the 

microscopic scale, the random orientation of crystals and nanotwins leads to the 

isotropic mechanical behavior in the macroscopic scale. Since the proposed 

model is applied to describe the mechanical properties of the bulk samples, it is 

reasonable to assume the isotropic mechanical performance of nanotwinned 

composite in each layer of gradient-nanotwinned metals. 

 

3. Numerical results and discussion 

  We make use of the proposed model to simulate the mechanical properties of 

gradient-nanotwinned metals with bimodal microstructure. The material parameters 



14 
 

used in all calculations are listed in Table 1. The existing experimental data of 

gradient-nanotwinned composite copper are provided to make a comparison with 

simulations [26, 64]. There are two sets of the gradient-nanotwinned coppers samples 

prepared by SMAT technique with the process time of 15 s and 30 s. The 

experimental results demonstrated that with the increase of the process time of SMAT, 

the percentage of nanotwinned region increases, and the twin spacing decreases [64]. 

With the decrease in the size of the twin lamellae, the strength and plasticity of the 

material are improved at the same time [64]. Fig. 2 shows the calculated results based 

on the proposed model and the experimental data. One can find that the model can 

describe the stress-strain relation of the gradient-nanotwinned metals with bimodal 

microstructures, and the theoretical results are in a good agreement with the 

experimental data of gradient-nanotwinned bimodal copper [64], including the yield 

strength, strain hardening, and the uniform elongation. 

  As described in the Section 2, the influence of microcracks is taken into account on 

the mechanical properties during the deformation, including the back stress effect 

caused by microcracks and the change of the stress/strain state of the 

microcracked-nanograined phase. Therefore, we examine the contribution of 

microcrack density in stress-strain relation of gradient-nanotwinned bimodal copper. 

Since the microcrack density is related to the parameters of reference density 
0  and 

the Weibull modulus m, Figs. 3a and 3b plot the stress-strain curves for different 

reference microcrack density and different Weibull modulus, respectively. It can be 

seen from the figures that, due to the microcracks only appearing during the plastic 



15 
 

deformation, the reference microcrack density and Weibull modulus have no effect on 

the elastic property and yield strength of the material, but only on the failure strain 

and ultimate strength. With the increase of microcrack density and the decrease of 

Weibull modulus, the uniform elongation and ultimate strength are significantly 

reduced, as shown in Figs. 3c and 3d. 

  Since the microstructural sizes in gradient-nanotwinned bimodal metals are 

involved in the proposed constitutive model, we further analyze the effects of the size 

of the twin lamellae in the nanograined phase on the mechanical properties of this 

gradient-nanostructured copper. Suppose the twin spacing changes with the depth z as 

a function of                         nm, the corresponding stress-strain 

responses are shown in Fig. 4a. It can be noted that the yield strength of the material 

is improved and the ductility becomes better with the twin spacing reduced. Fig. 4b 

shows the yield strength and ultimate strength vary with the parameter B in the 

function of twin spacing. One can find that with the increase of B, the yield strength 

and ultimate strength are both reduced. Fig. 4c depicts the quantitative relation 

between the ductility and the parameter B. The ductility of the gradient-nanotwinned 

metals decreases with increasing the value of B. This is because with the increase in 

parameter B, the twin spacing in the gradient nanostructures becomes much larger, 

resulting in a decrease in material strength and toughness. 

  Due to the existence of two different grain size distributions in the gradient 

nanostructured metals with the bimodal microstructure, varying the volume fraction 

of each phase can change their mechanical properties. Therefore, we explore the 
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influence of the gradient distribution of volume fraction of the constituent phases on 

the mechanical properties of the gradient-nanotwinned bimodal metals. Fig. 5a depicts 

the stress-strain curves with the volume fraction of coarse-grained phase following the 

gradient distribution function of                    . It can be noticed that 

with the increase of the coarse-grained volume fraction, the strength of the 

gradient-nanotwinned bimodal metals turns weaker while the ductility is improved. 

Fig. 5b shows the quantitative relation between the yield strength and the parameter A 

in the function of the coarse grains volume fraction. It can be found that the volume 

fraction of the coarse-grained phase increases with the increase of A, leading to the 

strength of the material decreased. Fig. 5c further plots the ductility of the material 

varied with A. That is, with the increase of A, the uniform elongation of the material is 

enhanced slightly. Interestingly noted from Fig. 5 is that with a decrease in the 

volume fraction of coarse-grained phase a higher yield strength with good ductility 

can be achieved. 

 

4. Conclusions 

In summary, a micromechanical model is developed to analyze the size and 

volume fraction-dependent mechanical properties of gradient-nanotwinned metals 

with a bimodal microstructure. In the proposed model, the effects of the gradient 

distribution of microstructures, the bimodal grain size distribution, and the 

nano/microcrack on the mechanical performance are taken into account. The 

numerical results showed that the proposed model can describe the experimental 
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results of the gradient-nanotwinned bimodal copper satisfactorily, and a good 

agreement between the simulations and experimental data is obtained. Moreover, we 

further analyze the influence of the parameters related to the microcracks density on 

the mechanical properties, and predict strength and ductility under different gradient 

distributions of volume fraction and various twin spacings in the gradient- 

nanotwinned bimodal metals. Our calculations demonstrate that the good combination 

of higher strength and good ductility can be achieved by reducing the twin spacing or 

decreasing the volume fraction of the coarse-grained phase in the 

gradient-nanotwinned metals with bimodal microstructures. 
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Table caption 

Description, symbol, magnitude, and equation in which the different parameters of the 

models appear 

Figure captions 

Fig. 1. Schematic drawings of the gradient-nanotwinned metals with a bimodal 

microstructure separated into N layers. In each layer, a bimodal composite 

consists of the large-grained phase and the nanotwinned 

ultrafine/nanograined phase.  

Fig. 2. Comparisons between the calculated stress and strain response and the 

experimental data [55] for the gradient-nanotwinned bimodal copper. 

Fig. 3. Effects of reference microcrack density (a,c) and Weibull modulus (b,d) on 

stress-strain relation and mechanical properties of gradient-nanotwinned 

bimodal copper. 

Fig. 4. Effects of gradient distribution of twin spacing on the strength and ductility of 

the gradient-nanotwinned bimodal copper. B is the parameter in the gradient 

function of twin spacing. The different value of B induces to the various 

gradient distribution of twin spacing. 

Fig. 5. Stress-strain relations under different gradient distributions of volume fraction 

of coarse-grained phase (a), and the yield strength (b) and ductility (c) 

varying with the volume fraction relevant parameter A. 

Table 1. 
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Description, symbol, magnitude, and equation in which the different parameters of the 

models appear 

Parameter Symbol Ultrafine grain Coarse grain 

Elastic modulus E 128 GPa   128 GPa 

Shear modulus   47.1 GPa 47.1 GPa 

Poisson’s ratio   0.36 0.36 

Burgers Vector b 0.256 nm 0.256 nm 

Taylor factor M 1.732-3.06 1.732-3.06 

Taylor constant   0.33 0.33 

Dynamic recovery constant n 21.25 21.25 

Reference strain rate 0  1
1s  1

1s  

Maximum number of dislocation 0N  13 300 

Reference density of nanomicrocracks 0  0.04  
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Fig. 1 Schematic drawings of the gradient-nanotwinned metals with a bimodal 

microstructure separated into N layers. In each layer, a bimodal composite consists of 

the large-grained phase and the nanotwinned ultrafine/nanograined phase. 

 

 

 

 

 

  



29 
 

 

 

 

Fig. 2 Comparisons between the calculated stress and strain response and the 

experimental data [55] for the gradient-nanotwinned bimodal copper. 
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Fig. 3 Effects of reference microcrack density (a,c) and Weibull modulus (b,d) on 

stress-strain relation and mechanical properties of gradient-nanotwinned bimodal 

copper. 
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Fig. 4 Effects of gradient distribution of twin spacing on the strength and ductility of 

the gradient-nanotwinned bimodal copper. B is the parameter in the gradient function 

of twin spacing. The different value of B induces to the various gradient distribution 

of twin spacing. 
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Fig. 5 Stress-strain relations under different gradient distributions of volume fraction 

of coarse-grained phase (a), and the yield strength (b) and ductility (c) varying with 

the volume fraction relevant parameter A. 
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Click here to download high resolution image
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