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ABSTRACT

A new hybrid vibration absorber (HVA), with detached passive and active parts, is designed,
analyzed and tested. This is an alternative approach in case the traditional bundled HVA with
collocated active and passive control elements cannot be applied. In fixed-free structures like
buildings and towers, passive dynamic vibration absorber (DVA) is very popular for vibration
control at or near the free-ends. Active control may be introduced to improve performance but spaces
or weights may be limited in some applications. It may not be practical to attach an actuator near the
passive part. The new approach provides more flexibility to retrofit a passive DVA into a high
performance HVA by installing the actuator at a more suitable location than collocating with the
passive part. The proposed HVA is based on the pole placement control strategy. Its controller is able
to deal with a possible non-minimum phase secondary path caused by non-collocated
actuator-sensors. This feature does not exist in a bundled HVA with collocated actuator-sensors.
Performance of the new HVA is analyzed in this study. Experiment and simulation results are used
to verify the theoretical results and demonstrate the excellent performance of the new HVA for
vibration control at multiple points. A bundled HVA with collocated passive and active elements is
compared with the proposed HVA with detached control elements using experimental and simulation
results. It was found that the vibration attenuation performance of the proposed HVA can be better
than the traditional bundled HVA. The optimal actuator location that is not necessarily the coupling
point of the passive resonator can be selected numerically by a proposed procedure. One could miss a
better solution for vibration control if he/she only uses the bundled HVA without considering the

detached HVA as a possible alternative.
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1. INTRODUCTION

Dynamic vibration absorber (DVA) is a well known device for vibration suppression (Hermann,
1909). It is very effective in suppressing narrowband vibration at the expense of an additional vibration
peak in the closed-loop vibration power spectrum. Conventionally, a DVA is pre-tuned to a frequency
for significant vibration suppression (Inman, 1994). Recently, there has been significant improvement
in DVA design. It is theoretically possible to optimize one (Jacquot, 2003; Cheung and Wong, 2009)
or multiple DVA’s (Sun et al. 1995; Dayou and Brennan, 2002; Cha and Zhou, 2006; Cheung and
Wong, 2008) to suppress multi-modal vibrations in flexible structures.

A possible way to improve the performance of DVA is to add an active element to form a hybrid
vibration absorber (HVA) (Chang and Soong, 1980; Nishimura et al. 1989; Watanabe and Yoshida,
1994). Active control provides better capability on broadband vibration suppression. A HVA may be
implemented as an inertial actuator when its passive part acts as a DVA, so that its active power
consumption may be reduced (Watanabe and Yoshida, 1994; Lesieutre et al., 2003). An example of
inertial actuator is a voice-coil. Inside the sealed case, the active element is mounted between the case
and passive mass in parallel with the passive spring and damper (Chen et al., 2005). In practice, HVA
and inertial actuators are popular for vibration control (Nonami et al., 1996). They are installed at those
points without rigid supports within near ranges, such as tip or near tip positions of fixed-free
structures. However, it is very important to reduce the mass ratio of DVA or HVA when one design
these devices. If the suspended mass is reduced, actuation effects would also be reduced no matter
how powerful an actuator is. A possible alternative may be to install the actuator at a point with rigid
support nearby, so that it can exert maximum force/torque and achieve better control effects. There
are other reasons, such as space or weight limits, for one to install the actuator at a better location than
collocating with the suspended mass. It would be useful to engineers to have an alternative option to
the traditional bundled HVA. The main contribution of this study is the exploration on how to design a
detached HVA, how to select feedback sensor and actuator locations and how to design an active
controller to deal with possible non-minimum-phase secondary path due to the un-collocated feedback

sensor and actuator pair.

In the literature of HVA designs, most of them (Kosut, 1970; Nishimura et al., 1989) require
accurate availability of eigen-functions and eigen-states of the primary structures. In reality, the
eigen-functions may not be easily obtained with sufficient accuracy due to irregular shape and
complicated boundary conditions of primary structures. Eigen-states with sufficient accuracy are also
difficult to recover and require high cost as multi-channel signals are required (Balas, 1978). To avoid

these practical problems, one may design an output feedback controller with collocated
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sensor-actuators (Chang and Soong, 1980; Burdisso and Heilmann, 1998; Yuan, 2000). If collocated
actuator-sensor is not permitted due to some unforeseeable problems or harsh environment (Daley
and Wang, 2008) then the secondary control path may have a non-minimum phase problem. This
problem can be solved with a pole placement controller. Its minimum requirement is a single
actuator-sensor pair. This is a positive feature of the detached HVA. Many researchers apply a single
HVA to attenuate vibration at a single point (Burdisso and Heilmann, 1998; Fujita et al., 1993; Olgac
and Hansen, 1994; Kumagai et al. 1993), or multiple HVAs to attenuate vibration at multiple points
(Yuan, 2001). It has been demonstrated recently the possibility of applying a single HVA with
collocated passive and active elements for broadband and global structural vibration control (Tso et
al., 2012 and 2013). To the best knowledge of the authors, this is the first report on HVA with
detached active and passive parts for broadband and global vibration control of continuous structures.
Both the detached HVA and its active control methodology are original results. A detached HVA
may out-perform a bundled HVA, as demonstrated in our experimental and simulation verifications.
A numerical procedure is proposed here to select the optimal actuator location that is not necessarily
the coupling point of the passive resonator. One may miss a better solution for vibration control if
he/she only uses the bundled HVA without considering the detached HVA as a possible alternative.

The organization of this paper is as follows. In Section 2, the governing equations of motion for
the proposed HVA are derived. In Section 3, the design of the pole placement controller is addressed
in detail. Experimental setup and results are presented in Sections 4 and 5 respectively, together with
simulation results. Both experimental and simulation results verify the theoretical derivations and
demonstrate good performance of the detached HVA for broadband and global structural vibration

control. Finally, the conclusions are drawn in Section 7.

2. Configuration

The detached HVA consists of both active and passive elements. While the passive part may be
a translational or rotational DVA, a rotational passive DVA is studied here. It is a pendulum-like
device with a flexible beam as a rotational spring. A proper mechanism may be designed to adjust
the distance between the suspended mass and the coupling point X=X, on a primary structure as

shown in Fig. 1a. Such a mechanism can be used to tune the DVA resonant frequency.

Similar to the typical installation of DVA in general fixed-free structures, the passive part of the
detached HVA is coupled at the free end of a cantilever beam in the experimental study, i.e. xp,=L,

where L is the length of the primary cantilever beam. The active element is a piezoelectric moment
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bender which is detached from the passive element and may be installed on the beam at any suitable
position Xx=xa. The feedback sensor is a single axis translational accelerometer for measurement of
transverse vibration. It is placed at xp, the coupling point of the passive DVA, where vibration
attenuation is most desired. Since amplitudes of all modes of the cantilever beam are in their
maximum values at the structural tip position, the feedback signal measured at x,=L is a reasonable

choice in the experimental study.

For the system in Fig. 1a, transverse linear displacement of the primary structure is represented

by w(x,t). An equivalent disturbance r(t)s(x—x,) exerts on the primary structure at position
x=xq Where r(t) is a stationary random time function and &(x—x,) is a Dirac delta function.
Similarly, z,(t) and z,(t)describes the temporal effect of active and passive moments generated

by the actuator and the DVA on the primary structure at x=xa and x=Xp respectively. The primary
structure is assumed to satisfy the Euler-Bernoulli hypothesis for displacement and Kelvin-Voigt

damping hypothesis, with a dynamic equation
N Frddds 1117 a a a .
PW(X, 1) +CIW" (X, t) + EIW""(x,t) = = [r®)Ss(x—x, )]+ = [rp ®s(x— X, )]+ = [z, ©5(x—x,)];

O<x<L; (1)

where p, C, | and E denote the mass per unit length, structural damping coefficient, second moment
of cross sectional area of the primary structure and Young’s modulus. Let ¢(t) and @(x,t) denote

angular displacements of the DVA and the primary structure respectively. The coupling moment
between the primary structure and the DVA is described by

7,(t) =k[g(t) - 6, (V)] )
where k is the spring stiffness and o, (t) = 0(x,.t). Coupling moment z,(t)also drives the

(rotational) motion of the pendulum such that
7,(t) == 4(t) @)

where J is the mass moment of inertia of the pendulum. One may express the linear displacement of

the primary structure in modal space as

W(x,t) = Z(p )71 (42)



where ¢, (x) is the i" eigen-function of the primary structure. Angular displacement of the primary

structure can be derived as

ow(x,t)

o(x,t)=- rank

> 0m) (4)

d . . : :
where ¢i (X) = d_gf . The translational velocity of the primary structure can be written as

V() = (X1 = 3 (007 0) (40)

The working principle of the new HVA can be explained with the help of Fig. 1 and Egs. (1-4).
For fixed-free structures like a cantilever beam, magnitude of vibration is maximum at the free-end,
where vibration suppression is mostly desirable. Therefore the passive DVA is attached here. If an
actuator is also mounted at the free-end, it is usually installed between the suspended mass and the
primary structure. Typically, increasing the mass ratio will make the suspended mass approaching to
a rigid support while reducing the mass ratio has an opposite effect. Therefore, the actuator may not
be able to exert its maximum force/moment if reducing mass ratio is one of the design objectives. In
the detached HVA, the actuator is allowed to be installed at another location. A possible choice of
actuator location is as near any rigid support as possible, so that the actuator is able to exert stronger
forces/moment for vibration suppression. For this reason, Eq. (1) contains two coupling moments,
one passive and the other active, at separated locations. The passive coupling moment only applies to
the suspended mass via Egs. (2) and (3). The active coupling moment is explained in the next
paragraph.

Besides location of the actuator, control algorithm is another issue. State feedback controllers
are popular in active vibration control. It is not adopted here because state feedback 7;(t) requires
multiple feedback sensors and accurate knowledge of eigen-functions ¢;(x) . In real applications, it

is very difficult, if not impossible, to obtain accurate eigen-functions for the primary structures like
buildings of towers with irregular shapes (cross-sections) or complicated boundary conditions. In this

study, a translational velocity v (t) =W(xp,t) (measured at position x=xp of the primary structure)

is used as feedback to synthesize the active moment via an output feedback controller. In Laplace

transform domain, the control law is

Ta(8)=G(s)V, (s) (%)



where Ta(s) and v, (s)are the Laplace transform of r,(t)and W(X,,t) respectively. G(s) is the

controller transfer function to be discussed in later sections. For the closed-loop control system under

V(x,s)
R(s

active control, one may use to represent the transfer function from the disturbance to any

point x of the primary structure. In reality, R(s) can be either considered as an equivalent static wind
load acting on a building or represented by a stationary random time function (Solari, 1988; Chen
and Kareem, 2004). It is derived as Eqg. (A14) in Appendix A and presented here in the following

form:

V(x,5) —SK(s)B,(s)+ 33\/_ Jo ABxk (5) + G(S)[s2K (5)AB 4 () + 5* VkI 0,AB, . ()]
R(s) K(s)A(s) +s°vk (8) + G(S)[SK (5)B,,,.(5) + $*VkI @,AB,s (5)] (62)

app

Detailed definitions of K(s), A(s), B,.(s), AB,(s), AB,g(S), AB,s(s), B,,(s), B,.(5)

and AB,.(s) are given as in Appendix A. One may focus on

D(s) = K(s)A(s) + s*vVkI@,B,..(s) + G(S)[SK (5) B, (5) + $*VkI ®,AB; ()] (6b)
and D(s) =Q(s) + G(s)M (s) (60)

where Q(s) = K(s)A(s) + s’ Vkl@,B,.,.(s), M(s) =[sK(s)B,.(s) +s°VkI@,AB(s)], and D(s) is
the denominator polynomial of Eq. (6a) or the closed-loop characteristic equation. Its components,
K(s), A(s), B,,(s), B,.(S) and AB,.(s), are all independent of spatial variable x. Dynamics
of the primary structure, under active control, can have the same set of closed-loop poles
(eigen-values), but different numerators with respect to different monitor positions x. This is seen in
the closed-loop numerator in Eq. (6a) where B,,.(s), AB,,(s), AB,s(s), AB,(s) are functions
of spatial variable x. In view of the above fact, it is possible to impose global damping effect to the
closed-loop control system by designing a prototype polynomial D(s) with prescribed poles and

proper damping effects. Selection of closed-loop poles for prototyping polynomial D(s) is discussed

in next section.

3. CONTROLLER DESIGN

In the new HVA, the active controller is a discrete-time one implemented in a digital signal
processor (DSP) chip. For controller design and stability analysis in the discrete-time domain, it is

recommended to transform Eq. (6a) from s-domain to z-domain as



V(x2) _ —K(2)B(2) + Ykl ,AB,, (2) + G(2)[K (2)ABys (2) + VK 0,AB 5 (2)]
R@  K@A@)+VK®,B,,(2)+G@)K(2)B,,(2) +KwsBs ()]

a—p'p'

For better focus on the discussions, one may introduce Q(z):K(z)A(z)+\/Ha)aBp.p.(z),

M (z) = K(2)B,.(2) + k] 0,AB,.(z) and re-write Eq. (7) in the following way

V(x,2) —K(2)B,(2) + vkl ,AB,, (2) + G(2)[K (2)AB,s (2) + VK] 0,AB  (2)]
R(z) Q(2) +G(2)M (z) (8a)

and D(2) =Q(2) +G(z)M (2) (8b)

such that the closed-loop denominator looks simpler. The secondary path transfer function (open
loop transfer function from actuator to feedback sensor) may be non-minimum phase if the actuator
is not collocated with the feedback sensor. That may be a reason for most researchers to favor the
bundled structure when integrating active control with a passive absorber like Fig. 1b and Fig. 2b
(Tso et al., 2013). The pole-placement controller is able to deal with non-minimum phase secondary
path transfer functions, and allow a designer more flexibility to choose a better location for the
actuator than collocating with the passive part. Parameter polynomials Q(z) and M(z) play important
roles in the closed-loop denominator. They can be identified with sufficient accuracy via off-line
system identification (Hsia, 1977). One may be interested in the sensitivity of a closed-loop transfer
function with respect to some degrees of parameter uncertainties or identified model errors.
Controller design and its response based on model with parameter uncertainties were thoroughly

discussed in one of the co-author’s technical report (Yuan, 2004) and will not discuss in this paper.

The controller transfer function G(z) is a rational function with numerator and denominator

polynomials

_P@®
“@D=70 9)

n-1 ) n-1 )
where P(2) = Z p.z', U(z)=1+ Zuiz" , and n is the order of the secondary control path transfer
i=1

i=0
function. Substituting Eq. (9) into Eq. (8a), the closed-loop transfer function from disturbance to any

points of the primary structure becomes

V(x,2) U(2)[-K(2)B,y(2) + VkI 0,AB,, (2)] + P(2)[K (2)AB s (2) + Vk) 0,AB  (2)]
R(z) U(2)Q(z) + P(2)M (2) (10)




In EQ. (10), the closed-loop denominator is modified by numerator P(z) and denominator U(z) of the

2n-1
controller transfer function G(z). One may select a prototype polynomial W (z) =1+ Zwiz‘i with
i=1

stable poles and imposed it to the denominator of Eq. (10) such that a Bezout equation is satisfied
W(z)=U(2)Q(z) + P(z)M (2). (11)
Since K(z), A(z), B,,(2), B,(z) and AB,(z) are independent of spatial variable X,

polynomials Q(z) = K(z)A(z) + Vkl@,B,(z) and M(z) =K(2)B,,(z) + Vkl@,AB(z) are

independent of spatial variable x. Therefore W(z) is independent of spatial variable x. The pole
placement controller can introduce damping effect to all the positions of the primary structure
(instead of a single control point) by assigning closed-loop poles with proper damping effect to the
closed-loop characteristic equation. Active damping can be achieved by placing closed-loop poles at
desired positions within a unit circle. It is free from any negative effects arising from non-minimum

phase secondary control path.

The control objective is to introduce damping effect to whole primary structure for control of
global vibration. While the active controller G(z) is turned on, it matches a prototype polynomial W(z)
to the closed-loop denominator of the control system shown in Eg. (10), and hence making the
denominator to possess the desired properties granted by the user. Therefore, it is critically important
to choose the roots (or closed-loop poles) of the prototype polynomial W(z). In digital control theory
(Ogata, 2001), a discrete-time system is stable if all poles are inside a unit circle centered at the origin
of the complex plane. The closer its poles to the origin of the complex plane, the faster its impulse
response converges. Smaller magnitudes of poles imply heavier damping. Selection of prototype

polynomial W(z) is based on the principle described in (Tso et al., 2013).

In the detached HVA, the feedback sensor may be placed at a proper location such that all
vibration modes are observable. For a cantilever beam, the best location of a translational feedback
sensor is the free-end point with maximum displacements for all modes. The passive resonator may
be mounted at the location where vibration suppression is mostly desirable. In the case of cantilever
beam, the best location is also the free end as all modal responses are maximized here. Generally
speaking, a passive resonator with weak damping ratio (such as pendulum-like device in the derived
model) can create a significant suppression dip at its pre-tuned frequency at the local coupling
location but at the expense of inducing two extra sandwich high peaks along the whole coupled
structure. With the help of the proposed pole placement controller, active damping can be introduced

to the coupling system through prescribed prototype polynomial W(z) at Eq. (11) and damped down
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all remaining peaks at any locations of the coupled structure. This control strategy can keep the
desired dip at the interested attenuation location created by the passive resonator as well. The
actuator may be attached to the primary structure at a proper location such that all modal dynamics
are controllable by the actuator. The rule of thumb is to avoid selecting nodal points of spatial

derivative of the i eigen-function of the primary structure such as ¢/(x,) =0 since all the spatial

derivative of eigen-functions at the actuating point are multiplied with the active control moment

7,(t) as shown in Eq. (Al). Active control element will be ineffective or even incapable to damp

down corresponding peaks in case of attaching an actuator to any of the captioned nodal points. Once

the mounting location of the passive resonator confirmed, one may choose the best location of the

actuator, xa*, by calculating the minimum spatial average mean square response, o ., of the

coupled structure.

2
& . =min| - J'+T|V(X’S)| dxde |; 0<x, <L (12)

“ 2715 | R(s) |

Practically, this approach offers more flexibility to engineers on selecting locations of actuators or

sensors in real applications.

It may be difficult to minimize vibration response at multiple points (equivalent to minimize
multiple sets of Hz or H. norms of multiple local transfer functions corresponding to multiple points)
with a single actuator. However, it is possible to implement the pole placement controller to damp
global structural vibration since the closed-loop denominator is the same for all closed-loop transfer
functions from the disturbance to different position x. The controller introduces damping effect to the
entire primary structure by assigning one set of closed-loop poles to the closed-loop denominator to
achieve the goal of global structural vibration control. In the literature, there are many reports of the
bundled HVA for single-point structural vibration control. However, there are few reports on the
feasibility of implementing a HVA with a single feedback sensor for structural vibration control of
multiple points over a wide band frequency excitation. In this study, our objective is to design a
detached HVA for global structural vibration control over a wide frequency band. To the best of
Authors' knowledge, this is the first report to address such kind of control approach and absorber
design in the literature.



4. EXPERIMENTAL SETUP

The active controller and detached HVA were verified by experimental results. The controller
was implemented in a dSpace rapid prototype controller board — ds1104 (integrated with A/D and D/A
converters). All analog signals were filtered by the Alligator anti-alias filter board — AAF-3PCI (with
AAF-3F modules) before being sampled into the digital system. The feedback sensor was a Briel &
Kjeer Accelerometer — type 4374; and the monitor sensor was a Picomin Accelerometer — model 22.
The acceleration signals were amplified by a Bruel & Kjar 4-channel NEXUX charge conditioning
amplifier — type 2692 (with double integration function). The actuator was a Noliac Piezoelectric
bender — CMBPO06. It was driven by a Noliac 1-channel voltage amplifier - NDR 6110.

Vp(2) _M(2)
Ta(z)  Q(2)

identification. Roots of Q(z)andM (z)can be modified and damped down by the pole placement

The secondary path transfer function, , is available from off-line system

controller. One may apply a signal generator to generate pseudo white noise as the input to the
secondary control path and collect the output signals via one or more monitor sensors placed at
different points. The number of output channels equals to the number of transfer functions to be
identified. In the experimental study, only the secondary path transfer function from the actuator to
the feedback accelerometer is identified and the output channel number is one. It is important to
place the actuator at a proper point on the primary structure such that all modal dynamics are
controllable by the actuator. It is also important to place the feedback sensor at proper point such that
all vibration modes are fully observable by the sensor. In our experiments, the feedback
accelerometer is attached at the free-end of the primary structure from which all vibration modes are

observable. Such a configuration avoids possible common roots shared by polynomials Q(z) and

M (z) to ensure that the Sylvester resultant in Eq. (11) would be non-singular.

The sampling frequency of the control system was set to 1720Hz and the cut-off frequency of the
anti-aliasing filter was tuned to 600Hz. In the experiment, the maximum frequency of interest was
520Hz which is reasonably less than the anti-aliasing frequency. According to Nyquist sampling
theory, the sampling frequency should be at least twice the maximum frequency of interest. In practice,
oversampling is necessary in order to cover the transition band of the anti-aliasing filter. The sample
size of each experiment was 40,000. The controller is mathematically given by Eqg. (9) and was
programmed with the help the dSpace ControlDesk. The controller program was compiled via the

MatLab Realtime workshop and loaded into the dSpace ds1104 via the dSpace ControlDesk.
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A cantilever beam shown in Fig. 2a was used in the experiments as the primary structure. Its
dimensions are 150mm (length) x 30mm (width) x 3mm (thickness) with a weight of 0.095kg and
fabricated with mild steel. The stainless steel absorber, which is actually a distributed mass system,
has dimensions of 85mm (length) x 20mm (width) x 1mm (thickness) with a weight of 0.015kg or a
mass ratio of 15.8%. The passive resonance was tuned to the first resonant peak of the primary
structure by adjusting the position of the screw-washer-nut set in the slot of the absorber. The passive
part of the detached HVA was mounted at the free-end of the primary cantilever beam while its
active element, a piezoelectric bender, was attached on the primary structure at position x=25mm.
Both coupling locations of passive DVA and active element were not nodal points to ensure that all
vibration modes were fully controllable. As space was limited in the small scale of the primary
cantilever beam, the active element of the absorber was also used as the disturbance source in the
experiments. Practically, it is not necessarily to add an extra actuator as the disturbance source since

disturbance may excite the primary structure at any positions in real applications.

In Eq. (11), the prototype polynomial W(z) and parameter polynomials Q(z) and M(z) of the
secondary path transfer function are all independent of polynomial Bxq>. That means location of the
disturbance would not affect the performance of the pole-placement controller. An accelerometer
was used as feedback sensor and mounted at the free-end of the primary cantilever beam in Fig. 1a to
ensure that all vibration modes were fully observable. Another accelerometer sensor was used as a
monitor sensor to measure the structural linear velocity response at five more different locations as
shown in Fig. 1a. Measurements of the monitor sensor were collected sequentially at multiple points to
evaluate performance of the detached HVA. Signals from both accelerometers were integrated by the
4-channel charge conditioning amplifier to obtain linear velocity signals for control and monitor
purpose. The dSpace ds1104 controller board was used to capture monitor sensor signals for further

analysis, to generate white noise signals and to synthesize control signals for the piezoelectric bender.

In the experiments, three sets of experimental data were collected to compare the performance
of the proposed hybrid absorber under three different control conditions. Those conditions were (i)
primary beam structure without any control (raw beam), (ii) primary structure with passive control
by switching off the active controller and (iii) primary structure with the proposed HVA control by
switching on the controller. Under each of the experiment conditions, transversal linear velocities of
the beam was measured with a monitor sensor sequentially at x=50mm, 70mm, 90mm, 110mm,

130mm and 150mm as shown in Fig. 1a. That means six sub-sets of monitor data were collected

under each experiment condition. Each sub-set contains two sequences {r(l) r2) ... r(N)} and
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v, v.(2) ... v .(N)} withthe same sample size of N=40,000 where the first sequence is white

noise disturbance signals and the second one is the linear velocity signals measured at x =50mm,
70mm, 90mm, 110mm, 130mm and 150mm. The captured signals were transformed to the frequency

domain using MatLAB command “pwelch” and then plotted as the normalized power spectral

V e—j(u&l’ X

densities (PSDs) ‘ . (in dB scale) with 6T denoted as the sampling time. The frequency

response can be used to visualize the control performance of the passive absorber or hybrid vibration

absorber on structural vibration at multiple monitor points.

5. EXPERIMENTAL AND SIMULATION RESULTS

A passive dynamic vibration absorber was used to compare with the detached hybrid vibration
absorber on their suppression performance over global structural vibration. The difference between
passive and hybrid absorber is only switching off and on the active controller. Frequency responses
of position x, for x=150mm, 90mm and 50mm were measured and plotted in Figs. 3, 4 and 5
respectively. These responses reveal the respective attenuation performance of the two control

devices on structural vibration at multiple monitor locations of the primary structure.

Figure 3 plots power spectrum densities (PSD’s) of the velocity signal subject to three
respective conditions: (i) a raw beam without vibration control, (ii) vibration control with passive
resonator and (iii) vibration control with the detached HVA all measured at x=150 mm. The resonant
frequency of the passive resonator was tuned to 78 Hz to match the first resonant peak of the raw
beam. When coupled with the beam, the passive resonator caused an attenuation dip over 40 dB at 78
Hz and also suppressed the second resonant peak (at 520 Hz) of the raw beam. As a side effect, the
resonator pushed the first resonant peak of the raw beam at one side and introduced an extra peak at
another side in the frequency domain. The two strong peaks sandwiched the attenuation dip, which is
typical drawback of passive absorbers. These peaks were stronger than the first resonant peak of the
raw beam. Generally, a passive resonator introduces attenuation to the primary structure at a
pre-tuned frequency, however, such attenuation is only effective at the coupling point of the
resonator and have no effects to other locations of the primary structure (refer to Figs. 4 and 5).
Besides, the attenuation level is directly linked to the damping ratio of the passive resonator. A
resonator with weaker damping ratio can introduce deeper attenuation to the primary structure at the
expense of stronger peaks at other frequencies. Therefore, trade-off between keeping a deep

attenuation dip (with weak damping ratio) and reducing all peaks (with stronger damping ratio) is a
12



dilemma faced by designers of passive absorbers. The control performance of the detached HVA is
plotted as the black and thick solid curve. One can see that the attenuation dip of the passive
resonator can still be kept by active control while the first two peaks of the coupled system can be
damped down effectively. That is one of the features of the detached HVA. Active damping can be
introduced to suppress the vibration peaks without affecting the attenuation dip. Users can tune the
attenuation dip to the desired frequency by adjusting the frequency of passive resonator.
Experimental results show that the extra peak caused by the passive resonator can be damped down
by over 20 dB.

Figure 4 presents the control performance of the passive resonator and the detached HVA on
structural vibration at position x=90mm. The passive resonator attenuated the first two resonance
peaks of the raw beam but introduced an extra peak, making a total of four peaks in the frequency
range of interest. Similar to Fig. 3, the first peak in the coupled system was as strong as the first peak
of the raw beam. The other three peaks of the coupled system were weaker but no attenuation dip in
the frequency range of interest. Similarly, the detached HVA can damp down all the peaks, with the

first peak damped down by as much as 20 dB.

Figure 5 demonstrates the control performance of passive resonator and the detached HVA at a
location far away from the coupling point (x=50mm). The passive resonator can attenuate the first
two resonant peaks of the raw beam at the expense of an extra peak, with the first peak of the
coupled system 10 dB higher than the first peak of the raw beam. When the detached HVA was
turned on, the first two peaks of the coupled system were damped down by as much as 30 dB. A
possible reason may be that location x=50mm was very close to the actuator attached at x=25mm.
The actuator was more effective attenuating vibration at this point than at the other two monitor

points x=150mm and 90mm respectively.

From the experimental results and the above observations, one can see that the detached HVA
provides excellent attenuation effect to the peaks of the coupled system at multiple points of the
primary structure. It is able to keep the attenuation dip of the passive absorber while introducing

active damping to the primary structure for vibration suppression.

Experimental results of the detached HVA are compared with experimental data of the bundled

. 1\,
HVA (Tso et al., 2013). Mean square velocity, P, = (szvf(l) of the beam structure measured at
i=1
X =150mm, 130mm, 110mm, 90mm, 70mm, 50mm and the spatial average value were plotted in Fig.
6. The beam structure were under three cases of control condition such as (i) raw beam without
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control (black bar), (ii) control with proposed detached HVA (gray bar) and (iii) control with
bundled HVA (white bar). Fig. 6 showed that the values of mean square velocity of the detached
HVA were generally smaller than the bundled HVA at all monitor positions except at the tip of the
primary structure. This is because the tip position was the coupling point of the bundled HVA, so the
attenuation performance of the bundled HVA was more effective than the detached HVA. However,
the suppression power of the bundled HVA was gradually weakened with monitor locations far away
from its coupling point such as x = 70mm and 50mm. While observing the detached HVA, it was
found that the detached HVA can mitigate structural vibration effectively on all monitor positions
and hence the detached HVA has a smaller spatial average value than the bundled HVA. The reason
is as the passive resonator and active actuator were mounted respectively at the tip and a point with
rigid support nearby, the mitigation power on structural vibration can distribute evenly along the
whole structure. This superiority demonstrates the merit of the detached design of the proposed
detached HVA.

Simulations were also conducted to compare the detached HVA with the bundled HVA when
both were applied to suppress vibration of a cantilever beam. All boundary conditions and external
disturbance were the same in the simulation. The only difference was locations of the actuators used
in the simulation. Passive resonators of the HVA’s were located at xp=L. The feedback and monitor
sensors were the same in the simulations at xm=L. The only difference was actuator location with
Xa=0.143L for the detached HVA and xa=L for the bundled HVA. The numerical simulation results
were calculated based on Egs. (6a) and (6b) as closed-loop transfer function from disturbances to any
point x of the primary structure under control of the detached HVA. Detailed derivations of Eqgs. (6a)
and (6b) are given in the appendix. Calculation formulations of the bundled HVAs are shown in the
appendix of authors’ previous paper (Tso et al., 2013) and the respective numerical results were
calculated based on Eg. (A13). The damped poles of the closed-loop denominator used in the
simulation were selected based on Eg. (21) of the authors’ another paper (Tso et al., 2012). A-plot
was generated from the simulation results and shown in Fig. 7. The detached HVA was able to damp

down vibration in a wider frequency range than the bundled HVA, as shown in Fig. 7.

Simulation and experimental results of the detached HVA with respect to Fig. 7 and Fig. 3 were
compared. Both results show the significant attenuation dip created by the passive resonator can be
kept at the tip position of the primary structure while all resonant peaks of the couple system are
damped down by the active controller. The proposed detached HVA was verified both theoretically
and experimentally to demonstrate its excellent performance on global vibration control within a
broadband frequency.
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To select the actuator location, one may use the spatial average mean square response,

V(e x)°

Aleio dxdw, of the primary structure under detached HVA control as an objective

1 p+opL
PR

function. This is the function of actuator location in our simulation and plotted in Fig. 8. The
actuating location was the spatial variable along the primary structure with length L such as

0<x, <L. The primary structure was equally separated with 1000 intervals. The passive resonator

and sensor were mounted at the tip position of a cantilever beam at the beginning. A minimum value
of spatial average mean square response was achieved when the actuator was mounted at
approximate 0.143L. This is the optimal location of the actuator in the numerical simulation. A
number of peaks corresponding to different locations of actuating point were found in Fig. 8 as well.
The objective function reached those peaks because the actuator was located at the nodal points of
spatial derivative of eigen-functions or at the vicinity of these points. For example, the high peaks
located at approximate 0.2L and 0.29L is respectively near the nodal points of the spatial derivative

of the 4™ and 3™ eigen-functions.

6. CONCLUSIONS

A new HVA with detached active and passive control elements is proposed as an alternative
design to the traditional bundled HVA with collocated active and passive control elements for
vibration suppression of dynamic structures. HVA is effective in controlling structural vibration of
cantilever like structures such as buildings and towers. However, space or loading limits may impose
restrictions on the applications of the traditional bundled HVA. The proposed HVA with detached
elements provides engineers with more flexibility to retrofit a passive DVA into a high performance
HVA by installing the actuator at a more suitable location. In this study, active part of the new HVA
is regulated by a pole placement controller. It is free from any negative effects arising from possibly
non-minimum phase secondary path due to non-collocation or mismatch of actuator-sensor pairs.
This feature does not exist in a bundled HVA with collocated actuator-sensor pairs. The detached
HVA and active controller are analyzed thoroughly in this paper. Experimental and simulation
results are used to verify the theoretical controller and demonstrated the excellent performance of the
proposed HVA on vibration control of a flexible structure. A traditional bundled HVA is compared
with the proposed one using previously available experimental results and in fresh simulations. It is
found that the detached HVA can be outperformed the bundled HVA in some applications like the

one shown in our experimental and simulation results. A numerical procedure is proposed here to
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select the optimal actuator location that is not necessarily the coupling point of the passive resonator.
This new finding may lead to a better alternative on HVA design for vibration engineers, one may
miss a better solution by neglecting the detached design of HVA.
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Appendix A:
Modal decomposition may be applied to Eq. (1) by inner product with the i eigen-function to

obtain

7 (1) + 28 @73, (1) + 071, (1) = —r (O] (%) =7, () 9/ (X,) — 7. (O @[ (x,) 1=1.2,3... (Al)
where & and o, denotes the i modal damping ratio and natural frequency of the primary
structure respectively.

Let Hi(s), R (s), @(s) and éXs) denote the Laplace transforms of 7i(t), r(t), #(t) and 6a(t) respectively,
one may apply Laplace transform to Egs. (Al), (2) and (3) to obtain

— ¢i(Xg)R(S) = 9 (Xp) Tp (s) — 9 (Xa) Ta ()

H;(s) = 12t st i=123... (A2

T, (s) = K[D(s) — O, (s)], (A3)

T,(s) = —s?Jd(s) (A4)
Substituting Eq. (A4) into Eq. (A3), one may eliminate @®(s) to have

T, =20, £ 50,0 (A5)

where K(s) = % +%. One may further substitute Eqgs. (A5) and (5) into Eq. (A2) to eliminate T, and

Ta. The result is

~ Gl K()R(S) + 5%kgip®  (5) = G(S)K () @iV p (5)

Hi(s) =
) K(s)[s2 + 2&wis + a)iZ]

_—PKE)R(S) +5* VKl 0,0,,0, (5) ~G()K ()Y, (5) (A6)
- K(s)[s? +2& w5+ 7]

where gfq =@{(Xq), ¢lp =i (xp) and @fa =gf(xy) for i =1,23.. and k= \/ﬁ\/%: Vo,
and w, is the pre-tuned resonance of the passive part of the detached HVA.

Linear velocity of the beam at the sensor location is given in Eq. (4a), with Laplace transform

V (x,s) = sW(x,s). One may substitute Eq. (A6) into Laplace transform domain of Eq. (4a) to write

K(S)[s* +2&m,5 + @]

i=1

Vi (S) = SW (x,5) _ g {i%{—@; K(S)R(s) +5° mwawi'p@)p(s)—G(s)K(s)qo;aV,)(s)H
(A7a)
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_ [~B(K©E)R(s) +5°VkI@,B,,(5)0, (5) - G(5)K(3)B,,. (S)V,,(5)
=° K (s)A(s)

where @y, = ¢;(X),

A(s) =1_[i°il(s2 +2§ia)is+a)i2), (ATD)
Byg'(s) = I_l{(p.x Pl _kl;li(s2 + 28 @S+ a)%)}}’ (ATc)
Byp:(s) = {‘/’Ix Pip _kl;li(sz + 25 xS + of )}} : (A7d)
Bear(5) = .=1{""X o kl;li(sz 1 25+ ol )}} - (ATe)

Angular displacement of the beam at the sensor location is given in Eq. (4b), with Laplace
transform ©(x,,s). One may substitute Eq. (A6) into Laplace transform domain of Eq. (4b) to write

K(s)[s® +2& w8 + o]

i=1

©,(5) = O(x,,5) :_i%,p{—co{d K(s)R(s) +s* vkl waco;pcap(s)—G(s)K(s)co;avp(s)}

B, (S)K(S)R(s) — s*VkI®,B,..(5)® , (5) + G(S)K (5) B, (S)V, (5)

aKD(Z)A(S)
- B”“'(S)K}igﬁg)fjf)—}(af:;i R OLORENOAD (Ag)
where
Bpa(s) = é{(ﬂ{p Pid Ll;[i(s2 + 28y S + wf)}} ’ (A8b)
Bp-p-(s)=§1{¢fp ol Lﬁ $2 4 28 axs + of }} (A8c)
Bya (s)—f{w.p (/f.a[k r1(s? +2§ka)ks+a)|§)}} (A8d)
PO A ‘:’fﬁZBpp , (ASe)

For the linear velocity of the beam, at the sensor location V (x,s) = sW(x,s), one may focus on

the feedback sensor location by substituting x=xp into Eq. (A7) to write
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i=1

e [-0KE)RE) +5° VK 0,0,0,(5) - G(S)K(5)pLV, (5)
Ve(s) = S{Zq)“’{ K(S)[S? + 28 @5 + ] H

- B,a (S)K(S)R(s) + SZ\/Ea)aBpp. (8)©,(s)=G(s)K(8)B . (S)V, ()
=° K(s)A(s)

=3B, (S)K(S)R(5) +5°VKI®,B,,(5)0 , (5)
- K(s)A(s) +SG(s)K(s)B,, (s)

where Pip = i (Xp),

Bpa:(s) = E{%p Pid [l’[_(s2 + 20k ax s+ 601%)}} :

i=1 k#i
Bpp'(s) = 'Zl{(olp (0|,p |:kH'(SZ + 20k axs + wl?)i” !
i= #1

Bpa(s) = '%j:l{@ip Pia |: H(52 +20 S+ wl?):” :

k#i

=B pg(s)K(s)

Pir(s)= '
K(s)[A(s) + sG(s)Bpa ()]
Ry S VB, )

K(S)[A(S) +5G(5)Byy ()]
One may substitute Egs. (A8a) into (A7a) to obtain
O (s) = Par (S)R(S) + Py (S)[R;r (S)R(S) + R,9()O p ()]
which is equivalent to

Por () + Py ($)Ryr (5)
1-Pa (8)R9(s)

After substituting Egs. (A8e), (A8f), (A9e) and (A9f), one obtains
K(5)B,yq: (8) +SK(s)G(s)ABy (s)

®p(s)=

R(s) -

©,(s)

= IDvr (S) R(S) + PVH (S)@ p (S)’

" [K()A(S) + SG(S)K(5)B, () + s*VkI @, B,
where
AByg(s) = Bpa’ (S)Bp'p'(s) - Bp'a'(S)Bpp'(S) J

ABkg (5) =Bpa(8)Bpg'(s) = Bpar(s)Bpg:(s) -

The next step is to eliminate ®p(s) by substituting Egs. (A8a) into (A9a) to obtain

Vp () = Rir ()R(s) + R,9 (S)[Par (S)R(S) + Poy (S)Vp (8)]

which is equivalent to

(5)]+5°Vkd @,G(S)AB,; (S) R(s

(A9a)

(A9D)

(A9c)

(A9d)

(A9e)

(A9f)

(A10)

(Alla)

(Al1b)

(Allc)
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_ R (8) + Rp(s)Pa (s) Al2
T R A2

After substituting Egs. (A8e), (A8f), (A9e) and (A9f), one obtains
— K (5)B 4. () +5° vk ,AB, (s)

) A13
e [K(S)A(S)+SG(S)K(S)Bpa-(s)+52\/Gwa8p.p.(s)]+sWHwaG(s)ABkG(s)R(S) (Al32)
where
ABy (5) = Bpp(8)Bpg'(8) — Bpg:(s)Bprpr(5) - (A13b)

At any location, linear velocity of the beam can be obtained by substituting Egs. (A10) and
(Al12) into Eq. (8a). The result is

V(x,9) B, ()K(S)R(5) +5*VkI ,B,,(5)@,,(5) ~G(S)K(S)B,x (S)V, (S)}

S _{
T K(S)A(S)

|88 () SVKI0B ()P () + Py (R, (5)] _ SG(9)B,u (B)IR,(9)+ Py (8)Pw (9] | o o
A(S) K(S) AL Py (5P ()] AS)L=P, (S)Ps (9)]

which is equivalent to

V(x,5)  —SK(3)B,(S)+ 52K (S)G(S)AB s (5) + $°vVkI 0,AB,, (5) + 5* VkJ 0,G(S)AB 4 (S)
R(S)  [K(S)A(S) +SG(S)K(8)B,x () + 52 vkl @,B,,.(5)] + ° VK] 0,G(5)AB 4 ()

a—p'p'

_ = SK(8)B,(s) + $°VkI ,AB,, (5) + G(3)[5°K (5)AB,s (5) + 5“ VI ,AB, (5)]
 K()A@S) +5*VkI@,B,.,.(5) + G(S)[SK (5)B,, () + $° VK @,AB, ()]

p'p’

(Al4a)
after substituting Eqgs. (A8e), (A8f), (A9e) and (A9f). This is the closed-loop transfer function from

disturbance R(s) to any measurement location x on the primary structure, where
ABykG (S) = Bxa'(5)Bpg'(s) — Bxg'(S)Bpar(s) » (Al4Db)

ABy () = Byp(8)Bpra*(8) = Byd'(8)Bprp:(8) - (Al4c)
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Figure Captions:

Fig. la

Fig. 1b

Fig. 2a

Fig. 2b

Fig. 3

Fig. 4

Fig. 5

Cantilever beam and detached HVA with locations of actuator (x = Xa), resonator (x =
Xp), disturbance (x = xq), feedback and monitor sensors.

Cantilever beam and bundled HV A with collocated actuator and resonator at location (x

= Xa), disturbance (x = Xq), feedback and monitor sensors.

Experimental rig (a cantilever beam coupled with a detached HVA).

Experimental rig (a cantilever beam coupled with a bundled hybrid vibration absorber).

—jodl
Comparison of PSD, ‘\ARH‘ measured at x=150mm of the primary structure:
e

with detached HVA

------------- raw beam; with passive absorber;

. V(e‘j”‘sr , x) a . _
Comparison of PSD, ‘W , measured at x=90mm of the primary structure:

------------- raw beam; with passive absorber; with detached HVA
. V(e‘j’"‘sr , x) a . _
Comparison of PSD, (e ) | measured at x=50mm of the primary structure:
e
------------- raw beam; with passive absorber; with detached HVA
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Fig. 6

Fig. 7

Fig. 8

: 1\, -
Mean square velocity, P, =(WJZV5(I), of the beam structure in Fig. 1a measured at

x=150mm, 130mm, 110mm, 90mm, 70mm, 50mm and the spatial average value for the

cases of

i) . raw beam (Px_geam),

(ii.) . Control with proposed “detached hybrid absorber (Px_detached Hva) and

(ii.) [ ] Control with “bundled hybrid absorber (Py bundied_rva)-

V e—j(ubT X

Simulated vibration velocity PSD, ‘ Ak measured at xm=L of the
e

primary structure: - - --- raw beam; with bundled HVA,;

- With detached HVA.

|V e Ja)&l’
jwé)T

Spatial average mean square response, J'M.[ | dxdw, of the

primary structure under detached HVA control with respect to different

locations of actuator.
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Figure(s):

A1) Tunable passive resonator

Disturbing Actuator

force ;

Monitor sensors
Feedback sensor
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- | | | | |

Xp Xd
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N

Fig. 1a  Cantilever beam and detached HVA with locations of actuator (x = Xa), resonator (x =

Xp), disturbance (x = xq), feedback and monitor sensors.
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Bundled HVA

Collocated
Actuator

Disturbing
force
o
Monitor sensors/v/'
Feedback sensor
x=150mm x=130mm x=110mm Xx=90mm x=70mm x=50mm <+—X
’ 20mmJ 20mm ’ 20mm ‘ 20mm ‘ 20mm ‘ 25mm ‘ 25mm
XE1 Xd

N

4

Fig. 1b  Cantilever beam and bundled HVA with collocated actuator and resonator at location

(X = xa), disturbance (x = xq), feedback and monitor sensors.
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Tunable passive resonator

Fig. 2a  Experimental rig (a cantilever beam coupled with a detached hybrid vibration absorber).
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Moment
disturbance -

Fig. 2b  Experimental rig (a cantilever beam coupled with a bundled hybrid vibration absorber).
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Fig. 6

Mean square velocity of the beam

160

140

120

—
=
<

(mms1)?
2]
[e]

40

20

150mm 130mm 110mm S0mm 70mm 50mm Average
Position, x

Sensor positions

..................................
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Mean square velocity, P, =(%]va(l) of the beam structure in Fig. 1a measured at
i=1

x=150mm, 130mm, 110mm, 90mm, 70mm, 50mm and the spatial average value for the
cases of

(i.) . raw beam (Px_geam),

(ii.) . Control with proposed “detached hybrid absorber (Px_detached_Hva) and

(iii.) |:| Control with “bundled hybrid absorber (Px_bundied_Hva).
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