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Abstract

Structural health monitoring (SHM) techniques with nonlinear Lamb waves offer the

possibility of detecting incipient damages through the second harmonic generation.
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Particularly, the primary S0-secondary S0 Lamb wave mode pair in a weakly

nonlinear plate is promising for SHM due to its appealing characteristics such as the

cumulative second harmonic generation and flexible frequency selection. In a

practical PZT-actuated SHM system, apart from the damage-related material

nonlinearity of the plate (MNP), the adhesive nonlinearity (AN) is also proven to be a

non-negligible nonlinear source, which may jeopardize damage diagnosis if not

properly apprehended. By combining a nonlinear shear-lag model and the normal

mode expansion method, a theoretical model is proposed in this work, which allows

the investigation and the comparison of these two types of important nonlinearities in

the system (AN and MNP). With the developed model, optimized nonlinear Lamb

wave-based SHM systems can be designed with the mitigated influence of the

undesired AN on the system. Finite element simulations are carried out to validate the

proposed model and the effectiveness of the optimized systems through a tactical

adjustment of the different nonlinear sources. The designed optimized system is

verified by experiments, in comparison with an arbitrarily chosen one. The dominance

level of the nonlinear sources in the two systems is evaluated through changing the



MNP, which is realized by a thermal aging treatment. Both finite element and

experimental results demonstrate that the proposed model can effectively guide the

design of SHM systems to mitigate AN so that the MNP can be well measured and

further used as an indicator of the incipient structural damage.

Key works: second harmonic Lamb waves, adhesive nonlinearity, material

nonlinearity of plate, thermal aging

Introduction

Structural health monitoring (SHM) techniques with Lamb waves have been a hot

research topic for years since they provide the capability of enhancing the structural

safety and reducing the maintenance cost in many industrial areas [1-3]. Classical

Lamb-wave-based SHM methods usually rely on the scattering feature of the guided

waves to characterize structural damage. The detection limit of these methods is

dependent on the wavelengths of the Lamb waves in use, typically in the millimeter



range in most cases[4-6]. For more relevant engineering applications, shifting the

detection limit to the microstructural level to achieve an early damage detection can

significantly facilitate the maintenance decisions. This hatches out the

nonlinear-Lamb-wave-based SHM (NLW-SHM) techniques [7-9]. Specifically,

techniques based on the nonlinear second harmonic Lamb waves are widely studied to

characterize the microstructural changes during the processes of fatigue[10], plastic

deformation[11] and thermal aging[9, 12] etc.

As the basis of the NLW-SHM techniques, a good understanding and control of

the propagating characteristics of the second harmonic Lamb waves in a weakly

nonlinear structure, typically a thin-walled plate, are crucial. Previous studies show

that the second harmonic wave modes exist if only the power flux from the primary

wave modes to the second harmonic wave modes is non-zero. In addition, if the phase

velocities of the primary waves and the second harmonic waves match, the amplitude

of the second harmonic waves will be cumulative with respect to the propagating

distance. Otherwise, it will bound [13-16]. The cumulative feature facilitates the SHM

in two aspects. First, the amplitude of the cumulative second harmonic Lamb waves



increases with the propagating distance, thus facilitating their acquisition. Second, as

the cumulative feature is uniquely associated with the distributed material

nonlinearity of the plate (MNP), the slope of the cumulation curve can be used as a

damage indicator for SHM [17]. However, due to the dispersive characteristics of the

Lamb waves, only a limited number of mode pairs in the relatively high-frequency

range can strictly satisfy both conditions for the cumulative second harmonic

generation [15]. This leaves very limited options for the excitation frequency selection,

which hampers the NLW-SHM applications to a certain extent.

Recently, it is reported that the primary S0- secondary S0 Lamb wave mode pair

can approximately satisfy the phase matching condition due to their slightly

dispersive characteristics in the relatively low-frequency range. Thus, the second

harmonic S0 mode Lamb waves can be quasi-cumulative [18]. The choice of the

excitation frequencies to generate this specific mode pair then becomes very flexible.

This offers great convenience for SHM applications like the evaluation of

microstructural changes. For example, Wan et.al. [19] used the low-frequency S0

mode pair to characterize local microscale damage numerically through the reflected



and transmitted second harmonic generation. Sun et.al. [20] studied the case of

plasticity-driven damage in the numerical perspective. All these efforts demonstrate

the promises of using the second harmonic S0 mode Lamb waves to monitor

microstructural changes.

To build a self-contained NLW-SHM system, transducers are usually required to

be permanently bonded on the host structure to realize the online and real-time

monitoring. Piezoelectric wafer transducer (PZT) is the most popular option [21]. In a

typical PZT-driven NLW-SHM system, apart from the MNP, which is supposed to be

specific to damages, there exist other nonlinear sources which are non-negligible or

can even overwhelm the effect of the MNP. If not properly apprehended, these

nonlinear sources are detrimental and may jeopardize the diagnosis results.

Specifically, the material nonlinearity of the bonding layer between the PZT

transducer and the structure under inspection, which is referred as adhesive

nonlinearity (AN), is proven to be non-negligible in a typical SHM system in our

previous work [22, 23]. To realize a reliable damage diagnosis, the influence of the

AN in a typical NLW-SHM system needs to be mitigated through proper system



design. To achieve this, the influence of both the AN and MNP on the system should

be thoroughly understood. This requires a comprehensive model which is capable of

considering both the AN and the MNP under the same roof.

Motivated by this, this paper proposes a theoretical model by combining the

previously developed nonlinear shear-lag solutions and the normal mode expansion

(NME) method to investigate the frequency tuning characteristics of both AN-induced

and MNP-induced Lamb waves in a PZT-driven NLW-SHM system. Guided by the

theoretical model, a system design is carried out to mitigate the undesired AN through

tuning the PZT dimensions. Two systems with mitigated AN are highlighted and

compared to the one with an arbitrary PZT setting which exhibits dominant AN.

Finite element (FE) models are developed to validate both the proposed model and the

designed systems. Finally, experiments are carried out on samples through

thermal-aging treatment. The dominance level of the AN and MNP is assessed in both

systems by tracking the changes of their second harmonic responses before and after

the thermal aging process.



Theoretic basis

The theoretical model considers the 1-D plane wave propagation in an infinitely

large plate, as sketched in figure 1. A PZT transducer with finite width is bonded on

the plate through an adhesive layer. In this model, the PZT is assumed to be linear in

both elasticity and piezoelectricity while the bonding layer and the plate have

nonlinear elastic properties. Previous studies [22] show that the effect of the AN in the

actuating part is more significant than that in the sensing part. Therefore, only the

PZT actuator is considered in this work.

To facilitate the model development, the NME framework is first introduced [24].

Under this framework, the solutions for the linear and AN-induced Lamb waves are

provided by integrating the previously calculated nonlinear shear-lag solutions.

Finally, solutions for the MNP-induced responses are obtained.



Figure 1. Sketch of the theoretical model.

Normal mode expansion method for Lamb wave generation

Consider two sources 1F and 2F which generate two wave fields characterized

by the velocity 1v ,2v and stress 1T , 2T . Subscripts 1 and 2 denote the two systems

while the overtilde represents the complex conjugate. The complex reciprocity theory

[24] states:

             2 1 1 2 2 1 1 2v T v T v F v F (1)

For the Lamb wave generation problems, assume the solution to system 1 is the wave

field by the source and expressed by the modal expansion as
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where vm(y) and Tm(y) are the velocity and stress corresponding to the wave structure



(thickness-across distribution) of the mth Lamb wave modes, respectively, with details

given in Appendix A. am(x) is the modal participation factor. In the equation

derivations, the time-harmonic term i te  is omitted for brevity. The solution to

system 2 is assumed to be homogenous ( 2 =0F ), thus represented by a single Lamb

wave mode as
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Putting the solutions (2a) and (2b) to the complex reciprocity equation (1) and

rearranging with the modal orthogonal relation [24] yield:
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The first term on the right-hand side of equation (3a) is the forcing function due to the

surface traction and external velocity excitation while the second term is related to the

volume force.

Linear and AN-induced Lamb wave responses with PZT excitations



In our previous work [22], the linear and AN-induced Lamb responses were

calculated with the Fourier transform method once obtaining the linear and

AN-induced shear stress distributions on the top of the plate. However, the Fourier

transform method cannot provide the information on the mode participation factor for

the further calculations of the MNP-induced responses. Therefore, the linear and

AN-induced Lamb wave responses are revamped under the framework of the NME

method.

For the linear and AN-induced wave generation problem, the main external

excitation for the plate is the shear stress across the PZT-plate interface. Thus, the

governing equation (3) retreats to:

 4 ( ) ( ) ( )nn n nP i a x d x
x

     
nv τ (4)

The shear stresses, responsible for the excitation of the linear and the AN-induced

wave generation can be found in [22], as:
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Various intermediate terms are expressed as:
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In the above equations, subscripts h, a and ba denote the host structure, actuator and

bonding layer respectively. E and G are the Young’s modulus and shear modulus of

the elements respectively. t denotes the thickness and a is the half-width of the PZT

patch. d31 is the piezoelectric constant and Vin the input voltage. Aba and Bba are the

third-order elastic constants of the adhesive.

The solution to equation (4) can be further expressed as
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Substituting either the linear or the AN-induced shear stress distribution (equation (5)

or (6)) into (8), the corresponding modal participation factor can be obtained,

resulting in the solution to the Lamb wave fields.



MNP-induced Lamb wave responses with PZT excitations

When Lamb waves propagate in the nonlinear-elastic plate, the second harmonic

responses due to the MNP will be generated. According to the Landau-Lifshitz model,

the nonlinear stress-strain relation can be expressed as [15]:

 2 2 2[ ] 2 [ ] [ ] 2 [ ]tr C tr Btr Btr A      T E E E I E I EE E (9)

where λ and μ are Lamé constants, while A, B, C are defined as the third-order elastic

constants (TOECs) of the plate. The operation tr() denotes the trace of a matrix. T is

the second Piola-Kirchhoff stress tensor and E the Lagrangian strain tensor. The

geometric nonlinearity is omitted as it is shown to be negligible in the present case.

Then, the Lagrangian strains retreat to the engineering strains ε and the nominal

stresses σ are used instead of the second Piola-Kirchhoff stresses in the following

analyses.

Based on the perturbation theory, the stresses can be expressed with the linear part

and nonlinear part, as
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It is worth noting that the nonlinear part is calculated with the linear strains of the



Lamb wave field obtained in the previous section. Then, the nonlinear surface traction

S and the body force f which correspond to the second harmonic generation can be

calculated as [15]

ˆ NLS σ y (11a)

   NLf σ (11b)

Using equation (11) in equation (3) gives:
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where k is the wave number of the primary wave field. The solution to equation (12)

can be further obtained as:
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According to equation (13), when the phase velocities of the fundamental and second

harmonic Lamb waves match, the amplitude of the second harmonic Lamb waves is

cumulative. Otherwise, it will bound with respect to the propagating distance. With

the proposed method, the modal participation factors at different frequencies can be

further calculated, resulting in the frequency tuning curves of the MNP-induced Lamb

waves.



To sum up, in the proposed theoretical model, the frequency tuning curves of the

AN-induced and MNP-induced Lamb waves generated by PZT actuators can be

obtained, which allows the direct comparison between the influences of these two

nonlinear sources in the SHM system. This will provide useful guidance for further

system design.

Numerical studies

In this section, numerical studies are carried out with a twofold purpose: to

validate the proposed model on one hand and to ascertain the designed optimal

NLW-SHM systems with mitigated AN on the other hand. First, the frequency tuning

curves of the linear and AN-induced Lamb waves obtained using the current model

with the normal mode expansion method are crosschecked with those obtained from

the Fourier transform method [22]. Then, the frequency tuning characteristics of the

MNP-induced responses are validated with the FE simulations. The dependence of the

frequency tuning characteristics on the wave propagating distances are investigated,



providing physical insights on the frequency tuning phenomenon. After that, system

design is carried out by evaluating three typical NLW-SHM systems with different

widths of the PZT actuators. Through comparing their AN-induced and MNP-induced

responses, the feasibilities of the systems for SHM are discussed. Finally, the

influence of the primary A0- secondary S0 mode pair on the NLW-SHM systems is

briefly analyzed.

The material parameters of the PZT, bonding layer and aluminum plate used in the

simulations are tabulated in table 1. The voltage applied on the PZT actuator is set to

200V.

Table 1. Parameters used in the theoretical and FE models.

PZT 5

Width Thickness E v d31 e33σ

8-40mm 0.3mm 62 Gpa 0.32 -210 pm/V 18.9 nF/m

Bonding layer a



Thickness E v A B C

0.03mm 1.31Gpa 0.4 -20.9 Gpa -8.3Gpa -6.1 Gpa

Aluminum plate b

Thickness E v A B C

2mm 69.56 Gpa 0.34 -351.2 Gpa -149.4 Gpa -102.8 Gpa

a The material parameters of the bonding layer can be referred to [22].

b The TOECs of the aluminum are referred to [25].

Lamb wave tuning with FT and NME method

The frequency tuning characteristics of the linear and AN-induced responses,

which were calculated with the Fourier transform method, were well validated

through both FE and experimental validations [22]. Here, the linear and AN-induced

frequency tuning curves are calculated with the proposed NME method in order to

validate its correctness through comparisons with the previous FT model.

In the validations, the width of the actuator is set to 8mm as a representative case.



Only the frequency tuning curves of the linear and AN-induced S0 mode Lamb waves

are presented since the focus is on the SHM-promising primary S0- secondary S0

mode pair. The strain ε11 is used as the system output. For the linear and AN-induced

responses, the sensing position is not important since neither the linear nor the

AN-induced Lamb wave amplitude will vary with the propagating distance under the

theoretical plane wave assumption. The results are shown in figure 2, which show a

good consistency between the results obtained from the two methods.

(a) (b)

Figure 2. Frequency tuning curve comparison between the Fourier Transform method

and NME method in terms of strain responses: (a) Linear S0 mode response;(b)

AN-induced S0 mode response.



FE validations of the frequency tuning of MNP-induced Lamb wave responses

To validate the MNP-induced responses, an FE model is built in ABAQUS with

symmetric PZT bonding on the top and bottom surfaces of the plate to reduce the

signal complexity. In this case, the S0 and A0 mode Lamb waves can be separately

generated with either symmetrical or anti-symmetrical excitations. The nonlinear

elastic properties of the materials are defined with the UMAT module. The maximum

element size is set to 0.2mm, which ensures more than 20 elements per smallest

wavelength under consideration. Excitation signals with the same duration time are

adopted for different frequencies.

To extract the second harmonic amplitude from the FE results, a superposition

method, which superposes the responses from two inversed excitations, is first used to

obtain the nonlinear signal components in the time domain. Then complex morlet

wavelet transform is applied to further extract their amplitude. Details of the signal

processing method can be found in [22].

Before investigating the frequency tuning curves of the MNP-induced Lamb

waves, a representative case with a 440kHz excitation is presented. The second



harmonic wave amplitude is first calculated with respect to the wave propagating

distance with the proposed theoretical model, as shown in figure 3(a). It can be

observed that the amplitude of the MNP-induced responses bounds with respect to the

wave propagating distances at this specific frequency. Similar trend can be found

from the time-domain signals received at different locations in the FE simulations

(figure 3(b)). Taking the FE-calculated amplitudes of the five-time traces from figure

3(b) and putting them back to figure 3(a) show a nice agreement with the results

calculated using the present model. This indicates that the MNP-induced frequency

tuning curves will vary with the wave propagating distances, which is different from

the AN-induced responses.

For further model validation, the wave propagation distances are set at 50 and 100

mm as two representative cases. The normalized frequency tuning curves obtained

from both the proposed model and the FE simulations are shown and compared in

figure 4. In both cases, the general tendency of the frequency tuning curves from both

methods agrees well. In addition, the dependence of the MNP-induced frequency

tuning characteristics on the wave propagating distances is evident, especially in



terms of the peak and valley locations. To conclude, the effectiveness of the proposed

method is confirmed by FE results.

(a) (b)

Figure 3. The MNP-induced Lamb wave responses at 440 kHz: (a) bounding

amplitude of the nonlinear strains with propagating distances from the theoretical

results; The five points marked in “o” represent the amplitudes taken from FE

simulations. (b) nonlinear strains in time domain at different propagating distances

from FE results.



(a) (b)

Figure 4. Comparison between the theoretical and FE-calculated frequency tuning

curves of the MNP-induced Lamb waves for different wave propagating distances: (a)

50 mm; (b) 100 mm.

System design to mitigate the AN

The validated theoretical model is further applied to design an NLW-SHM system

through exploiting the dominance level of the MNP-induced and AN-induced

responses. Prior to the system design process, it is worth noting that the shear-lag

solutions are only valid in the low-frequency range since the dynamic characteristics

of the actuators are not taken into account. This simplification was shown to be

acceptable when the shear-lag parameter Γ is larger than 2 /a aE  [26]. This gives



the corresponding upper limit of the model in terms of a frequency fup which can be

estimated by

21
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a
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where ρa is the mass density of the PZT actuator. This limit also applies to the

calculations on both linear and MNP-induced responses. However, for the

AN-induced responses, as the AN-induced solutions are basically the extension of the

classic shear-lag solution to the second order, the upper limit of frequency should be

accordingly reduced to fup/2. Consequently, the frequency range in the system design

process should be capped below fup/2.

The goal of the design is to mitigate the adverse effect of the AN through

adjusting the various system parameters such as the width or the thickness of the PZT

actuators, thickness of the bonding layers, or their material properties and so on.

Among all these parameters, the width of the actuator is probably the easiest one to

change in the practical perspective, which is also the most effective one according to

the frequency tuning curves. Therefore, the width of the PZT is taken as the tuning

parameter here to illustrate the process. Three typical PZT width cases are considered:



8mm, 18mm and 40mm. In each case, the frequency tuning curves of the second

harmonic S0-mode Lamb waves induced by AN and MNP can be calculated with the

proposed model to find the effective excitation frequency. Then, the corresponding FE

models with the obtained actuator widths and the corresponding excitation

frequencies are built to further validate the designed systems. The wave propagating

distance is set to 100mm in all cases. Both theoretical and FE results are illustrated

from figure 5 to figure 7 for the three different cases.

For the first case, based on the frequency tuning curves (figure 5(a)), the

AN-induced second harmonic response is more significant than the MNP-induced one

within the frequency range of interest. This means that, irrespective of the excitation

frequency, the influence of the AN is always dominant in the system, overwhelming

that of the MNP. As a simple validation case, we take the excitation frequency at

160kHz and carry out the FE simulations in which the AN and MNP are separately

introduced to the model. The corresponding nonlinear strains (shown in figure 5(b))

are extracted with the superposition method. It can be seen that the amplitude of the

AN-induced second harmonic S0 Lamb waves is indeed larger than its counterpart



induced by MNP, which agrees with the theoretical predictions. In the second case

with the 18mm-wide PZT, theoretical results (figure 6(a)) show that in the specific

frequency range around 160kHz, the AN-induced response reaches the minimum

around the valley of the frequency tuning curves, which is a preferred scenario for

SHM applications. In this case, the wavelength of the AN-induced S0 mode Lamb

waves is close to the PZT width. Similarly, the corresponding FE simulations are also

carried out at 160 kHz, with the results shown in figure 6(b). Again, the FE results are

consistent with the theoretical results, showing the mitigated and much reduced AN as

compared with its MNP counterpart. Similarly, for the last case with the 40mm-wide

PZT, theoretical results indicate that around 70kHz, the AN can be mitigated in the

system, as depicted in figure 7(a), again confirmed by the FE results in figure 7(b).

In the last two cases, the excitation frequency is selected near the valley of the

frequency tuning curves of the AN-induced responses to minimize the influence of

AN in the system. In these cases, the PZT widths are close to the corresponding

wavelengths of the AN-induced Lamb waves. If defining the ratio between the

amplitude of MNP-induced response and that of the AN-induced response (AMNP/AAN)



as the mitigation efficiency, the mitigation efficiency of the third system is lower than

that of the second system, as evidenced by the FE results in figures 6(b) and 7(b).

This can be attributed to the influence of the excitation bandwidth on the frequency

tuning characteristics. More specifically, in the FE simulations or the further

experiments, the excitation signals are tone-burst signals, which inevitably have a

certain bandwidth near the selected center frequency in the spectrum. The frequency

components near the central frequency in the frequency tuning curves will also affect

the final responses. With the increase of the PZT width, the gaps between the peaks in

the frequency tuning curves become narrower. When the excitation frequency band is

located near the valley of the AN-induced frequency tuning curve, the narrower gap

leads to the larger amplitude of the AN-induced wave components at the frequencies

near the valley, as sketched in figures 6(a) and 7(a). As a result, the mitigation

efficiency is compromised in the last case.

To sum up, the width of the PZT should be carefully designed when developing

NLW-SHM systems. Generally, the PZT width should be selected to match the

wavelength of the AN-induced S0 mode Lamb waves. In real applications, if the PZT



is very narrow, AN may not be effectively mitigated due to the frequency upper limit.

In addition, a very wide PZT in the NLW-SHM system may compromise the

mitigation efficiency of AN since the gaps between the peaks of the AN-induced

frequency tuning curves are narrow.

(a) (b)

Figure 5. Evaluation results for the system with 8mm-wide PZT: (a) theoretical

frequency tuning curves; (b) FE results of the second harmonic responses with

160kHz excitations.



(a) (b)

Figure 6. Evaluation results for the system with 18mm-wide PZT: (a) theoretical

frequency tuning curves; (b) FE results of the second harmonic responses with

160kHz excitations.

(a) (b)

Figure 7. Evaluation results for the system with 40mm-wide PZT: (a) theoretical

frequency tuning curves; (b) FE results of the second harmonic responses with 70kHz

excitations.

Influence of A0-S0 mode pair on the system

In most practical applications, PZT actuators can be bonded only on one side of the



plate. In this case, A0 mode Lamb waves will also be generated alongside the S0

waves in the low-frequency range. In principle, the A0 mode Lamb waves can also

generate the second harmonic S0 mode Lamb waves since the power flux from the

primary A0 mode Lamb waves to the secondary S0 mode Lamb waves is non-zero.

However, due to the large differences between the phase velocities of the primary A0

and second harmonic S0 mode Lamb waves in the low-frequency range, the

cumulative characteristic of this specific mode pair is significantly impaired so that

such induced second harmonic S0 mode Lamb waves can be negligible in most cases.

To confirm this, the second system with the 18mm-wide PZT used in the previous

section is revisited. The frequency tuning results are calculated using the presently

proposed model, corresponding to the three different second harmonic generation

mechanisms, as shown in figure 8(a). It can be seen that the A0 mode induced

responses are non-negligible only at very low frequencies. Above roughly 50kHz, the

influence of the primary A0 mode Lamb waves can indeed be neglected, which

should be the case for most NLW-SHM systems used in practice. Upon extracting the

different second harmonic components at 160 kHz, FE simulations also demonstrate



the same phenomenon as shown in figure 8(b).

(a) (b)

Figure 8. Influence of the primary A0 mode Lamb waves on the second harmonic

generation for the system with 18mm-wide PZT: (a) theoretical predictions of the

frequencies tuning curves; (b) FE results of the second harmonic responses with

160kHz excitations.

Experimental investigations

Experiments are carried out to further validate the systems designed in the

previous section. Specifically, two systems are highlighted: one as the “optimized



system” with a 18mm-wide actuator and the other one as an “arbitrary system” with

an 8mm-wide actuator.

Experimental strategy with thermal aging test

Consider the two sets of transducers bonded on an aluminum plate (2024-T3), of

600mm*500mm*2mm in size, as shown in figure 9. Actuator A1 and A2 are,

respectively, 18mm and 8mm in width corresponding to the two systems that were

defined previously. The length and the thickness of both actuators are identical as

30mm and 0.3mm respectively. The dimensions of the sensors S1 and S2, 300mm

away from the actuators, are 5mm*5mm*0.3mm. Thus, actuator A1 and sensor S1

correspond to the so-called optimized system while A2 and S2 are associated with the

so-called arbitrary system. To keep the PZT edges as parallel as possible, we first

drew parallel lines in the plate and then bonded the PZTs by making reference to these

lines. This way, we believe the PZT installation error was minimized so that the

influence of unparallelism is negligible. It is worth noting that in the previous section

on system design, the wave propagation distance is set to 100mm. However, as the



AN-induced frequency tuning curves are independent of the wave propagating

distances, the AN is still expected to be mitigated in the optimized system.

In order to evaluate the dominance level of the nonlinear sources in the systems,

material nonlinear properties of the plate are tactically changed. If the MNP is

dominant in the system, a change in the material nonlinear properties will induce

significant changes in the captured nonlinear responses. Otherwise, the changes in the

nonlinear responses will be hardly observed. Thermal aging is a well-known and

effective process to change the microstructures and material nonlinear properties [25,

27]. The technique is adopted in the present experiment. Specifically, the center area

(100mm*100mm) of the plate was heated to around 350°C for 4 hours. To prevent the

heat transfer from the heating area to the transducer-plate interfaces, which would

cause changes in the material properties of the bonding layers or even jeopardize their

normal operation to the extreme case, heat barriers were installed. These heat barriers,

shown in figure 9, were realized with continuously flowing water to keep the bonding

layers at the room temperature. It is worth noting that even at a lower heating

temperature, the use of a heat barrier is still essential to prevent changes in the



material properties of the bonding layers, especially their nonlinear behavior. Without

the heat barriers, changes in the captured nonlinear responses would result from both

AN and MNP. Consequently, their respective contributions cannot be separated and

evaluated.

Figure 9. Experimental configuration and thermal aging treatment.

Tests were performed before and after the heating. The experimental set-up and



procedure are identical to our previous work [22]. A pair of 5-cycle tone burst

excitation signals of 200V at 160 kHz with inversed voltage was applied to the

actuators. The same signal extraction method, which is detailed in the previous

section, was used to extract the amplitude of the nonlinear components. Four sets of

tests were conducted: before and after the thermal aging using the optimized system

and the arbitrary system, respectively. For each test, 100 signals were recorded and

averaged to reduce the measurement noise. In addition, the process was repeated four

times to further calculate the variation range of the results.

Results and discussions

Results for the arbitrary system are first presented in figures 10 (a) and (b), which

correspond to the linear and nonlinear signals averaged with 100 signals before and

after the heating. The signal to noise ratio is good even for the nonlinear responses.

After extracting the amplitude of the signals for the four repetitive tests and

normalizing to the intact case, the corresponding mean amplitudes (bars) with

variation plots (lines on the top of the bars) are shown in figures 10(c) and 10(d).



Results show very slight changes in both the linear (0.6% decrease) and nonlinear

responses (0.59% increase) despite the heating which theoretically should change the

MNP. This demonstrates the overwhelming effect and the dominance of the AN in a

system which is not optimized. By the way, it is relevant to note that the variation

among various tests is very small, which also demonstrates that the transducers and

the corresponding bonding layers are well protected by the designed heat barrier.
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Figure 10. Experimental results for the arbitrary system before and after thermal

aging: (a) linear time-domain responses; (b) second harmonic time-domain responses;

(c) linear amplitude with error bars; (d) second harmonic amplitude with error bars.

Following the same procedure, test results for the optimized system are illustrated

in figure 11. Results indicates a slight decrease (7.6%) in the linear responses, as

shown in figures 11(a) and (c). By contrast, there is a dramatic increase (254%) in the

nonlinear responses in figures 11(b) and (d). Since the transducers are shown to be

well protected by the heat barriers, this dramatic increase in the nonlinear responses in

the system can only be attributed to the changes in the MNP as a result of the thermal

aging treatment. In addition, comparing the changes in the linear (figure 11(c)) and

nonlinear (figure 11(d)) responses in the optimized system, it can be concluded that

the nonlinear Lamb waves are indeed much more sensitive to the microstructural

changes induced by the thermal aging process than linear Lamb waves are, as one

might expect. Most importantly, the significant changes in the nonlinear responses in

figure 11(d) confirm that the MNP becomes dominant in the system owing to the



effective mitigation of the AN.
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Figure 11. Experimental results for the effective system before and after thermal

aging: (a) linear time-domain responses; (b) second harmonic time-domain responses;

(c) linear amplitude with error bars; (d) second harmonic amplitude with error bars.



To sum up, experiments clearly establish the fact that AN can be effectively

mitigated so that the MNP can be detected and monitored as an indicator of the

structural damage. This can be achieved through a proper system design with the help

of the proposed model, which is of great significance for guiding the design of

NLW-SHM systems.

Conclusions

This paper proposes a comprehensive theoretical model by combining a nonlinear

shear-lag model and the normal mode expansion method to investigate both the AN

and the MNP in a PZT-activated NLW-SHM system. The model allows embedding

both the AN and MNP under the same roof, thus enabling direct comparisons between

the two types of important nonlinearities in the system. Moreover, endowed with the

capability of scrutinizing various nonlinear components and simulating the entire

wave propagation process, the model is further used to design practical NLW-SHM

systems to mitigate the undesired and adverse effect of the AN. FE simulations are



used to validate and confirm the proposed model as well as various physical

phenomena. In particular, the frequency tuning curves of the MNP-induced Lamb

waves and the effectiveness of the designed systems are verified by tactically

adjusting different nonlinear sources. Finally, the designed optimized system is

verified by experiments, in comparison with an arbitrarily chosen one. The dominant

level of the nonlinear sources in the two systems is evaluated through a thermal aging

treatment which effectively changes the MNP-related microstructures in the plate.

Both FE simulations and experimental results demonstrate that AN can be effectively

mitigated through proper system design so that the MNP can be detected and

monitored as the indicator of the structural damage.

The proposed theoretical model enables insightful understandings on the

PZT-driven NLW-SHM systems as it systematically includes both AN and MNP.

Specifically, the frequency tuning characteristic of the AN-induced Lamb waves is

independent on the wave propagating distances as opposed to that of the

MNP-induced Lamb waves. In addition, the influence of the primary A0-secondary

S0 mode pair due to the MNP is negligible in real SHM applications due to the severe



phase velocity mismatching between the primary and secondary waves. The

theoretical model also indicates AN can be mitigated if the PZT width is close to the

wavelength of the AN-induced Lamb waves. Nevertheless, the PZT width should not

be neither too small nor too large. For the former, the excitation frequency

corresponding to the matched wavelength may exceed the frequency range of interest,

whilst for the latter, the mitigation efficiency of the AN could be compromised since

the gaps between the peaks of the AN-induced frequency tuning curves are narrow.

The understandings revealed by the current investigation can provide useful

guidance to the design of an NLW-SHM system in terms of selection of the optimal

system configurations, like the PZT width and excitation frequencies. With the design

of an effective system, SHM actions will be further carried out to detect incipient

damages in our future work.
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Appendix A: Lamb wave structures

For the nth symmetric or antisymmetric mode Lamb waves, the velocities and stress

across the thickness can be expressed as[24]:
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In the equations, the subscripts S and A represent the symmetric and anti-symmetric

Lamb wave modes, respectively. d is the half plate thickness. cp and cs are the

longitudinal and shear wave speeds, respectively. ξ denotes the wave number for

either symmetric or antisymmetric modes according to its subscript.
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