
Fatigue crack detection in pipes with multiple mode nonlinear guided 

waves 

Ruiqi Guan1, Ye Lu1, *, Kai Wang2, Zhongqing Su2 

1Department of Civil Engineering 

Monash University 

Clayton, VIC 3800, Australia 

2 Department of Mechanical Engineering 

 The Hong Kong Polytechnic University 

 Kowloon, Hong Kong SAR 

* To whom all correspondence should be addressed

Email: ye.lu@monash.edu (Dr Ye LU) Fax: +61-3-9905-4944 

This is the Pre-Published Version.

This is the accepted version of the publication Guan, R., Lu, Y., Wang, K., & Su, Z. (2019). Fatigue crack detection in pipes 
with multiple mode nonlinear guided waves. Structural Health Monitoring, 18(1), 180–192. Copyright © The Author(s) 
2018. DOI: 10.1177/1475921718791134.



Abstract 

This study elaborates fundamental differences in fatigue crack detection using nonlinear guided 

waves between plate and pipe structures and provides an effective approach for analysing 

nonlinearity in pipe structures. For this purpose, guided wave propagation and interaction with 

microcrack in a pipe structure, which introduced a contact acoustic nonlinearity (CAN), was 

analysed through a finite element analysis in which the material nonlinearity was also included. 

To validate the simulation results, experimental testing was performed using piezoelectric 

transducers to generate guided waves in a specimen with a fatigue crack. Both methods 

revealed that the second harmonic wave generated by the breathing behaviour of the 

microcrack in a pipe had multiple wave modes, unlike the plate scenario using nonlinear guided 

waves. Therefore, a proper index which considered all the generated wave modes due to the 

microcrack was developed to quantify the nonlinearity, facilitating the identification of 

microscale damage and further assessment of the severity of the damage in pipe structures. 

 

 

 

 

 

 

 

 



Introduction 

With their advantages of long propagation distance and high sensitivity, guided waves are 

effective for pipeline inspection [1]. Different types of wave modes propagate in pipe-like 

structures, and the interaction between these modes and damage can be used to detect the 

location and size of the damage. Much research has been directed towards detecting cracks 

with different orientations, including radial depth extent [2], circumferential extent [3, 4] and 

axial extent [5-7] of the crack, corrosion pits [8, 9] and cracks in pipe welds [10]. In practice, 

longitudinal modes and torsional modes are commonly selected, having the advantages of non-

dispersion over a wide frequency range and ease of excitation. However, guided wave based 

methods using linear wave characteristics are limited by the excited wavelength being capable 

of detecting only gross damage. In some circumstances, microscale damage such as initiation 

of fatigue cracks, early stage corrosion and material degradation need to be detected with high 

sensitivity techniques. Guided wave based methods using nonlinear wave characteristics are 

therefore preferred for these cases. These techniques focus on the nonlinear distortion of 

excited waves caused by the damage, including higher harmonic generation, mixed frequency 

responses, subharmonic generation, etc. 

In this respect, theoretical analyses and numerical simulations in terms of material nonlinearity 

and contact acoustic nonlinearity (CAN) have shown great progress in plate structures. De 

Lima [11] ascertained two conditions, phase velocity matching and non-zero power flux, which 

need to be satisfied for the generation of the cumulative second harmonic using perturbation 

method and modal analysis. These conditions were further analysed by Müller et al. [12] with 

analytical asymptotic solutions to Lamb waves in plates with material nonlinearity. For the 

theory of CAN, Richardson [13] provided a model containing two semi-infinite elastic 

materials with intimate contact without traction forces on the interface to understand this type 

of nonlinearity. Rudenko and Vu [14] considered a model with traction forces between contact 



surfaces. A bilinear stiffness model [15] with changeable stiffness under different phases of a 

wave was also an attractive analytical model. Among numerical methods for simulating 

material nonlinearity or CAN, the local interaction simulation approach (LISA) [16, 17], the 

finite element method (FEM) [18, 19] and the time-domain spectral finite element method (SFE) 

[20] are representative methods. Many experimental studies have also been conducted on plate 

structures, focusing on material nonlinearity [21, 22] and CAN induced by fatigue crack [23-

29]. 

Due to the curvature of a pipe structure, the wave properties are more complex than in a plate. 

Theoretical and numerical analyses of higher harmonic generation have been conducted in 

nonlinear waveguides with arbitrary cross-section [30], in weakly nonlinear cylinders [31-33] 

and from plates to large radius pipes [34]. Simulation has shown that the cumulative second 

harmonic generation with longitudinal, torsional or flexural mode excitation was also observed 

in pipe structures when those two conditions, phase velocity matching and non-zero power flux, 

as in a plate structure were satisfied. Moreover, the simulation method of material nonlinearity 

in plate structures can also be applied to pipe counterparts. Experiments concerning material 

nonlinearities in pipes [35, 36] have also confirmed the phenomenon of cumulative second 

harmonic generation with longitudinal or circumferential wave excitation. 

In terms of CAN, however, limited studies are found in pipe structures, where the presence of 

flexural wave modes makes interpretation of the second harmonic wave more difficult. The 

objective of this paper is to simulate material nonlinearity and “breathing” crack in an 

aluminium pipe as well as to carry out experimental testing for exploration of the second 

harmonic generation caused mainly by CAN. 

This paper is organised as follows. Proper mode selection based on the dispersion curve is first 

introduced for prediction of the wave characteristics and understanding of numerical and 

experimental studies, where the methodology adopted in the simulation is also demonstrated. 



Then, investigations including both numerical analysis and experiment testing are presented, 

followed by relevant results and comparisons with cases of plate structures. An appropriate 

nonlinear index suitable for pipe structures is provided after analysing the simulation and 

experimental results. The conclusion suggests future relevant work. 

Mode selection 

To select an appropriate wave mode for second harmonic generation, the dispersion curve of 

an aluminium pipe with 30 mm outer diameter and 4 mm wall thickness was plotted, as in 

Figure 1. To avoid the cumulative effect induced by material nonlinearity and highlight the 

second harmonic generated by CAN, wave mode L(0, 2) at 300 kHz was selected, which would 

be converted to L(0, 3) at 600 kHz but with a different group velocity as shown in Figure 1. 

Therefore, the cumulative effect of material nonlinearity would be minimised due to the group 

velocity difference. Meanwhile, from the dispersion curve, it could be observed that the lower 

order flexural wave modes, F(n, 2), had group velocities close to the longitudinal wave L(0, 2). 

In this case, more than one wave mode would be generated from the same group, unless a 

specific arrangement of wave excitation was designed. For convenience, a notation from Rose 

[37] was adopted in the subsequent study, in which L(n, m) was defined as a longitudinal mode 

group, including axisymmetric modes L(0, m) and non-axisymmetric modes F(n, m). The 

integer m is the circumferential order of a mode and the integer n denotes the group order of a 

mode. In this study, therefore, the fundamental waves were a group of waves L(n, 2) consisting 

of longitudinal mode L(0, 2) and flexural modes F(n, 2) (n=1,2,3…). 

Simulation model 

Different numerical techniques are usually used to investigate the interaction between guided 

waves and damage, such as spectral element method [38] and finite element method [39] , also, 

similar numerical methods used to simulate different microcrack models were discussed in [40]. 



In this study, a 3D model simulated by Abaqus/Explicit with a seam crack was utilised to 

analyse the propagation of longitudinal and flexural wave modes and the nonlinearity caused 

by both the material and the “breathing” crack.  

An aluminium pipe 4 mm thick, 30 mm outer diameter and 1 m long was modelled. A through-

thickness notch 8 mm long and 2 mm wide was prepared in the middle of the pipe for fatigue 

crack initiation. The central excitation frequency was selected as 300 kHz and a 6-cycle tone 

burst signal was excited. The excitation signal was applied as a pointed load at four edges of 

the transducer along the direction of the axis of the pipe. As only one actuator was used in the 

model, L(n, 2) consisting of both longitudinal mode L(0, 2) and flexural modes F(n, 2) at the 

selected frequency were generated. Two monitoring points were located in front of and behind 

the notch for receiving transmitted and reflected signals respectively. The arrangement of the 

actuator, notch and monitoring points is shown in Figure 2. 

Three-dimensional eight-node brick elements (C3D8R) were utilised and the maximum 

element size in the model was 1 mm, which was roughly 18 elements per wavelength for L(0, 

2) mode and 9 elements per wavelength for L(0, 3) mode. A time step of 5e-8 s based on the 

equation ∆𝑡 ≤ 𝐿𝑚𝑎𝑥/𝑐𝑔  [41] was selected for stability of calculation, where 𝐿𝑚𝑎𝑥  is the 

maximum element size in this model and 𝑐𝑔 is the fastest group velocity among all wave modes. 

To introduce the material nonlinearity which exists homogeneously in the simulation model, 

third order elastic constants [30] were considered for material properties and then imported into 

the model with a user subroutine VUMAT file [18]. The material properties are listed in Table 

1. To model the “breathing” crack in the model, the seam crack definition was used on each 

surface of the crack, as illustrated in Figure 3, to enable the breathing behaviour when waves 

interacted with the crack. Meanwhile, a surface-to-surface contact interaction and associated 

properties were defined on the crack interface to achieve the modelling of CAN [18]. The crack 



was through-thickness and 1 mm long in the circumferential direction, located at both tips of 

the notch.  

Experimental validation 

Experimental testing was performed for validation of the simulation results. An aluminium 

pipe with the same material properties and dimensions as in the simulation model was used in 

the experiment. To induce a microcrack, a steel frame was designed to hold the pipe and was 

combined with the fatigue machine. The pipe was therefore under three-point bending with a 

cyclic load in the middle, as in Figure 4. The cyclic load ranged from 0.2 kN to 2 kN with a 5 

Hz load frequency. Rectangular piezoelectric transducers 5 mm×10 mm acting as both actuator 

and receivers were attached on the pipe in a line with the same locations as in the simulation 

model (in Figure 2). A signal generating and collecting system (see Figure 5) including Ritec 

RAM-5000 SNAP and an Agilent digital oscilloscope was used to generate and receive the 

signals. The system also contained a high-power low-pass filter which could suppress 

harmonics higher than 300 kHz from the source before the signal was input to the transducer.  

A 6-cycle tone burst signal at a central frequency of 300 kHz was applied on the actuator and 

the reflected and transmitted signals were monitored by sensors until the second harmonic wave 

appeared in received signals when fatigue cycles reached 22000. All the received signals were 

averaged 1024 times with the sampling frequency of 200 MHz before recording. Also, the load 

from the fatigue machine was removed during signal collection to prevent any influence of 

external load on the “breathing” behaviour of the fatigue crack. To ensure that the nonlinearity 

monitored was induced by the opening and closing behaviour of the fatigue crack, application 

of the cyclic load was continued until the nonlinearity in the signal disappeared at about 42000 

fatigue cycles, which indicated that the crack had developed to macro size. In the final stage, 

the pipe side with the fatigue crack was turned 180° to face downwards and then a static load 



was applied upwards to the middle of the bottom of the pipe to close the crack, to observe 

whether the “breathing” behaviour still existed in the crack. 

Results 

Signal processing method 

A similar signal processing method was used for the numerical and experimental analyses. 

After each signal was received, a 180° out-of-phase signal was input to the pipe again at the 

same location, followed by the same signal collection procedure. These two received signals 

were then superimposed to reduce the fundamental component contribution and enhance the 

second harmonic [42]. Subsequently, the short-time Fourier transform (STFT) was performed 

on each of the combined signals, and the component slices at double frequency were extracted 

and converted back to the time domain using the inverse fast Fourier transform [18]. 

Meanwhile, the STFT was also applied on the original signals before they were superimposed 

with the 180° out-of-phase signals and the slices at fundamental frequency were also extracted. 

Finally, signals of fundamental and double frequencies in the time domain were obtained and 

interpreted. The processing procedure is flowcharted in Figure 6. 

Results from numerical simulation 

For the transmitted signal, the signal received directly from simulation is shown in Figure 7. 

Due to the single transducer excitation, more than one wave packet appears in the received 

signal. The arrival time of the first wave packet is 83 μs, which is consistent with the theoretical 

velocity of L(0, 2) from the dispersion curve, followed by flexural wave modes. Signals after 

processing for the case with material nonlinearity only are shown in  , which are in the time 

domain at fundamental frequency and at double frequency. It is obvious that the second 

harmonic wave arrives at the same time as the fundamental wave. The average amplitude level 

at double frequency is about 0.01% of that at 300 kHz. 



Figure 9 shows the case with a seam crack, in which the signal at fundamental frequency 

displays no great difference from that with material nonlinearity only, while the second 

harmonic wave arrives later than the fundamental one, since the group velocity of L(0, 3) at 

double frequency was slower than that of L(0, 2) at fundamental frequency, reflecting the fact 

that the nonlinearity was induced by the microcrack. There are also multiple waves generated 

at double frequency before the arrival time of L(0, 1), which contains longitudinal mode L(0, 

3) and flexural modes from the same group F(n, 3). The average amplitude of the second 

harmonic wave is approximately 1.3% of the fundamental wave. This phenomenon differs from 

that reported from a similar experiment in plate-like structures [25], where only one wave 

packet was generated at double frequency. The present results may be caused by multiple input 

wave modes, and with more than one mode generated at double frequency when a single wave 

mode was input. 

For the reflected signal (Figure 10), the first arriving wave packet is L(n, 2) directly from the 

actuator, followed by reflected L(n, 2) from the notch and the direct L(n, 1). In the case with 

material nonlinearity at double frequency, the waves arrive at almost the same time as the 

fundamental wave, and the average amplitude level at double frequency is also around 0.04% 

of that at fundamental frequency. As for the model with the seam crack in Figure 11, the first 

arriving wave at double frequency is at 72 μs, which indicates the arrival of L(0, 3). There are 

also multiple wave packets before the arrival of L(0, 1) at 107 μs, with the average amplitude 

approximately 1.2% of the fundamental wave, which is much higher than the amplitude caused 

by material nonlinearity. 

Results from experiment 

The received transmitted signal from experiments is shown in Figure 12. The arrival time of 

the first wave packet is around 86 μs, which is very close to the velocity in simulation. There 

were also similar multiple wave packets within the period of interest from 86 μs to 126 μs, 



which contains L(0, 2) and F(n, 2) modes as a group of L(n, 2). The shape of the received wave 

was slightly different from that obtained in the simulation results, due to the unavoidable 

differences between simulation and experiments, e.g. the efficiency of the transducer and 

certain flexural modes that were not generated appropriately. For the case without the 

introduction of fatigue crack in the pipe, some material nonlinearities existed and the signals 

after processing are plotted in Figure 13(a). From the figure, it can be seen that the second 

harmonic wave arrives at approximately the same time as the fundamental wave. However, the 

average amplitude of the second harmonic wave is about 0.8% of that in fundamental signal, 

which is much higher than in the corresponding simulation results. This difference is acceptable 

since ideally in practice the material is not homogeneous and there are also inherent nonlinear 

sources from the equipment and environment.  

During the fatigue test, signal collection was stopped at 22000 fatigue cycles when an obvious 

increase in the second harmonic wave was observed in the signals. Comparison of the signals 

before and after fatigue testing is shown in Figure 14(a).  As in the simulation results, the 

second harmonic wave (red line) arrives later than the benchmark signal in experiments and 

more than one generated wave packet is higher than the wave packets caused by material 

nonlinearity. The average amplitude level is above 2% of the signal at the fundamental 

frequency. To confirm that the results from the experiment is repeatable, another specimen 

with the same configuration was also studied, and the result of the transmitted signals is shown 

in Figure 14(b), where the average amplitude of second harmonic wave in benchmark signal is 

about 0.9% of that in the fundamental signal and the average amplitude of the second harmonic 

wave in damage case is about 1.8% of the signal at the fundamental frequency, similar to the 

results from the first specimen. 

For the reflected signals (Figure 15), the received signal also contains direct wave L(n, 2), 

reflected L(n, 2) and direct L(n, 1), and the velocities of these wave packets are approximately 



the same as those in the simulation results. The signal at double frequency shows that the first 

second harmonic wave arrived at 58 μs when there was only material nonlinearity and at 78 μs 

for the case of fatigue crack, which is close to the theoretical group velocity of L(0, 3) mode. 

Compared with the transmitted signal, the multi-mode second harmonic waves were not that 

apparent due to the short distance from the sensor to the micro crack, where the different wave 

modes have not been separated completely. 

To confirm that the nonlinearity in the experiments was caused by the opening and closing 

behaviour of the fatigue crack under tension and the compression phase of guided waves, the 

pipe side with the crack was faced downwards for the first specimen after the nonlinearity was 

minimised to noise level in the collected signal. Then a static load at 100 N was applied 

upwards in an attempt to close the crack. The transmitted signals before and after applying the 

static load were recorded and processed with the same procedure as before, as illustrated in 

Figure 16. In the time period of interest, during which the second harmonic wave packet is 

expected to arrive, there is an obvious difference between the signals before and after applying 

the static load. The blue line shows that at the end of the fatigue test, the nonlinearity decreases 

to the noise level and the amplitude of second harmonic wave is much lower than that seen in 

Figure 14. In the red line, however, which represents the case where the static load was applied 

to close the crack, the amplitude of wave packets increases significantly at 97 μs, although it is 

still lower than that shown in Figure 14. Thus it was confirmed that the nonlinearity shown in 

Figure 14 and Figure 15 was caused by the fatigue crack. By the end of fatigue testing, however, 

the crack was too large to close entirely although its tip still evidenced breathing behaviour, 

which made a marginal contribution to the nonlinearity when the static load was applied.  

Discussion 

Compared to pipe structures, plate structures feature relatively simple dispersion curves, where 

fewer wave modes co-exist at a given frequency. Results from a previous study [43] of fatigue 



crack detection using nonlinear guided waves in an aluminium plate are briefly introduced here 

to clarify the differences. The aluminium plate was 300 mm×450 mm and 3.18 mm thick, with 

a rivet hole in the middle for fatigue crack initiation. The excitation was a 15.5-cycle Hanning-

windowed sinusoidal tone burst at the frequency of 1130 kHz and the fundamental wave was 

selected as S1. Circular PZTs were used as actuator and receiver respectively and only 

transmitted signals were considered. Details of the sensors and crack locations can be found in 

[43]. The simulation method of the seam crack was the same as that in the pipe model, and 

material nonlinearity was also introduced in the plate model.  

From the simulation results shown in Figure 17, with one actuator excitation, a single wave 

mode S1 arrives at t1 at fundamental frequency in the time domain and there is no great 

difference compared with the benchmark. At the double frequency, for the benchmark case 

there are already some nonlinearities from the material itself, similar to the pipe model case. In 

the case with fatigue crack, however, there is only one mode S2 at time t2, which was induced 

by the damage. In contrast, in the case of pipe structures also with one actuator excitation, more 

than one wave mode was induced by the fatigue crack at double frequency, with close group 

velocities. The reason may be attributed to the fact that the group velocities of different wave 

modes, such as the antisymmetric mode and symmetric mode in plate structures, are distinct 

from each other and can be separated easily after a certain propagation distance. Therefore, the 

second harmonic wave from plate structures is generally simple with only one mode induced, 

whereas there would be multiple wave modes in pipe structures.  

When nonlinearity in a plate structure is measured, a nonlinear parameter β is usually used, 

which is the ratio of the peak value of the amplitude of the second harmonic wave to the square 

of the peak value of the amplitude of the fundamental wave. However, when more than one 

wave packet presents at both fundamental and double frequencies, calculation of this parameter 

could not be carried out precisely and a new parameter is required to measure the nonlinearity. 



In this circumstance, a parameter considering all generated wave packets was used, which was 

the envelope of the second harmonic wave within a time period divided by the envelope of the 

fundamental wave. The time window for the transmitted signal was selected from the arrival 

time of the first wave packet to the theoretical arrival time of wave mode L(0, 1), as shown in 

Figure 18. Therefore, the new nonlinear index was calculated by 

                                     𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑛𝑑𝑒𝑥 =  
𝐴𝑟𝑒𝑎 2

𝐴𝑟𝑒𝑎 1
       (1) 

Following equation (1), the nonlinear indices were calculated. The trend line in Figure 19 

illustrates the nonlinear indices under the different conditions considered in this study for the 

pipe in experimental testing, i.e. (1) before fatigue testing as benchmark, (2) after 22000 cycles, 

(3) at the end of fatigue testing, and (4) with a static load. From the figure, it can be observed 

that the nonlinearity for both specimens shows the same trend. In detail, the index clearly 

increases at 22000 cycles compared with the benchmark and then drops to a level similar to 

that at the beginning after about 42000 cycles. It is understood that the difference in the index 

values for both specimens is mainly attributable to the unavoidable difference in test setting 

and installation conditions of transducers. With the application of a static load which closes 

part of the crack, the nonlinearity increases again but it is still much lower than that at 22000 

cycles, indicating that the crack has developed into an open crack and only its tip had breathing 

behaviour under the static load. 

Conclusions 

This study provided comprehensive analyses of guided wave propagation and interaction with 

microcrack in a pipe structure through numerical and experimental approaches. Third order 

elastic constant and a seam crack were considered in the simulation model for material 

nonlinearity and CAN respectively. Piezoelectric transducers working with a nonlinear signal 

collecting system were adopted in the experimental testing for wave nonlinearity acquisition. 



Both modelling and experimental results showed the nonlinearity caused by a “breathing” 

crack, and observation of multiple second harmonic waves was different from the results from 

a previous study in a plate structure. A new nonlinear index was proposed to measure the 

nonlinearity in pipe structures, which can be used to quantify microcrack severity for its 

propagation.  

The phenomenon of multiple wave modes may be due to the influence of flexural waves in 

pipe structures, a proposition which will be verified by analytical studies in future work. 

Further study considering the quantitative assessment of the fatigue crack in pipes and the 

influence of other factors such as the sensor distance from the microcrack will be conducted as 

well. 
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(b) 

Figure 1 Dispersion curve of 20 mm diameter and 4 mm wall thickness aluminium pipe. (a) Phase velocity; (b) 

Group velocity. 

 

 



 

Figure 2 Actuator and sensors arrangement (unit: mm) 

 

 

 

 

Figure 3 Seam crack in simulation model 



 

Figure 4 Steel frame combined with fatigue machine for three-point bending fatigue test 

 

 

Figure 5 Signal collection system 

 



 

 

 

 

 

Figure 6 Signal processing procedure 

     

Figure 7 Transmitted signal from simulation model 



   

Figure 8 Transmitted signal from model with material nonlinearity after STFT (a) at fundamental frequency; (b) 

at double frequency. 

  

Figure 9 Transmitted signal from model with CAN after STFT (a) at fundamental frequency; (b) at double 

frequency. 

  

Figure 10 Reflected signal from model with material nonlinearity after STFT (a) at fundamental frequency; (b) 

at double frequency. 



 

Figure 11 Reflected signal from model with CAN after STFT at double frequency. 

 

 

Figure 12 Transmitted signal from experiment 



 

Figure 13 Transmitted signal from experiment before fatigue test after STFT (a) at fundamental frequency; (b) 

at double frequency. 

  

Figure 14 Transmitted signal from experiment before fatigue test (blue line) and after 22000 fatigue cycles (red 

line) at double frequency (a) specimen 1; (b) specimen 2. 

 

 



 

Figure 15 Reflected signal from experiment after 22000 fatigue cycles after STFT (a) at fundamental frequency; 

(b) at double frequency. 

 

Figure 16 Signals after 42000 fatigue cycles and with static load 



 

(a) 

 

(b) 

Figure 17 Transmitted signal from plate specimen in simulation (a) at fundamental frequency; (b) at double 

frequency [43]. 

 

 



 

Figure 18 Calculation of nonlinear index 

  

 

 

 

Figure 19 Nonlinear indices under different conditions 

 

 



Table 1 Material properties for simulation model 

Material properties  

Density (kg/m3) 2700 

Young’s modulus (GPa) 68.9 

Poisson’s ratio 0.33 

Third order elastic 

constants (GPa) 

A -320 

B -200 

C -190 

 




