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Highlights
® Aclass of robust multi-polar multi-cavity acoustic metamaterials (AMMs) is proposed.

® Mechanisms of multi-polar resonances are accurately elucidated by equivalent LC circuits.
® Explicit relationships governing the double-negative frequency bounds are revealed.

® Asimple, highly-symmetric and intuitionistic 3D AMM is proposed.

® Broadband subwavelength imaging is achieved by 2D and 3D superlens.

Abstract

Acoustic negative-index metamaterials show promise in achieving superlensing for diagnostic medical
imaging. In spite of the recent progress made in this field, most acoustic metamaterials (AMMs) suffer
from deficiencies such as low spatial symmetry, sophisticated labyrinth topologies and narrow-band
features, which hamper their applications for symmetric subwavelength imaging. To overcome the hurdle
of designing practical negative-index metamaterials, in this paper, we propose a novel category of robust
multi-cavity metamaterials and reveal their common double-negative mechanism enabled by multi-polar
(dipole, quadrupole and octupole) resonances in both two-dimensional (2D) and three-dimensional (3D)
scenarios. In particular, we discover explicit relationships governing the double-negative frequency
bounds from equivalent circuit analogy. For the first time, we construct a simple, highly-symmetric and
intuitionistic 3D AMM by exploiting the multi-cavity topological features. This entails the broadband
single-source and double-source subwavelength imaging, which is demonstrated and verified by 2D and
3D superlens both numerically and experimentally. Moreover, the analogical 3D superlens can ensure
the subwavelength imaging in all directions. The proposed multi-polar resonance-enabled robust
metamaterials and design methodology open horizons for easier manipulation of subwavelength waves
and realization of practical 3D metamaterial devices.
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1. Introduction

During the past two decades, choreographed artificial metamaterials (Pendry, 2000; Fang et al., 2006;
Liu et al., 2000) have been explored to manipulate electromagnetic (Pendry, 2000), acoustic (Fang et al.,
2006; Kaina et al., 2015; Cheng et al., 2015; Christensen et al., 2019) and elastic (Zhu et al, 2014; Dong et al.,
2017; Liu et al., 2015; Sridhar et al., 2018; Sugino et al., 2018; Liu, 2019; Nathakumar et al., 2019; Morini
et., 2019) wave propagations. Acoustic metamaterials (AMMs) can lead to diverse subwavelength
functionalities (Ma and Sheng, 2016), such as perfect absorption (Mei et al., 2012), negative refraction
(Liang and Li, 2012; Xie et al., 2013; Kaina et al., 2015; Christensen and de Abajo, 2012), asymmetric
transmission (Li et al., 2017), phase modulation (Xie et al., 2014; Li et al., 2017; Xie et al., 2017; Zhu et al.,
2017; Li et al., 2018; ), etc., showing promise for various applications in sound reconstruction (Ma et al.,
2018), imaging (Zhang et al., 2009; Zhu et al, 2011; Christensen and de Abajo, 2012; Kaina et al., 2015),
energy harvesting (Qi et al., 2016), cloaking (Zigoneanu etal., 2014) and topological transmission (Xia et al.,
2019), etc. Since double negativity is a cornerstone in many applications such as the super-resolution
medical ultrasonic imaging, double-negative AMMSs have been drawing persistent attention and also
synthesized through various means such as coupled Helmholtz resonators (Zhou et al., 2018), membranes
(Yang et al., 2013), combined membranes and Helmholtz resonators (Lee et al., 2010), space-coiling units
(Liang and Li, 2012; Xie et al., 2013) and macroporous silicone rubber microbeads (Brunet et al., 2015).
Anisotropic (Christensen and de Abajo, 2012; Shen et al., 2015) AMMs can also realize the subwavelength
imaging. However, their highly unsymmetrical microstructures make them difficult to be integrated at
large-scale for symmetric imaging applications.

For subwavelength airborne sound, the detuned Helmholtz resonators can be designed to create visible
double negativity (Zhou et al., 2018). With the use of two coupled membranes, double negativity can also be
achieved with tunable monopole and dipole resonances (Yang et al., 2013). Alternatively, combining
membranes and Helmholtz resonators has been shown to enable double negativity in the ultra-low frequency
range (Lee et al., 2010). Furthermore, the space-coiling structures can exhibit double negativity only in a
relatively narrow frequency range (Christensen and de Abajo, 2012). As for the structural forms of
double-negative solid-air microstructures, two bottle-necking problems hamper the practical 3D
subwavelength imaging beyond the proof-of-concept design stage. On one hand, most previously reported
space-coiling metamaterials suffer from the low spatial symmetry and sophisticated labyrinth topologies,
which limit the practical applicability of double-negative AMMSs for subwavelength imaging. Besides, our
previous work showed that highly symmetric space-coiling metamaterials are nearly impossible to acquire
double negativity (Dong et al., 2019). On the other hand, the lack of novel universal double-negative
mechanism and topological feature hinders the 3D broadband subwavelength imaging.

In this article, we design, fabricate and test a novel class of multi-cavity AMMSs featuring broadband
double negativity. The proposed 2D multi-cavity system is demonstrated to be analogous to the
inductor-capacitor circuits (LC) with intrinsic hybridization of quadrupole and dipole resonances. To validate
the 2D multi-polar AMMs, we numerically and experimentally demonstrate the single-source and
double-source acoustic imaging and accomplish the broadband subwavelength properties of the designed 2D
superlens. As an extension, a simple, highly-symmetric and intuitionistic 3D AMM is also realized by
exploiting the typical multi-cavity topological features. Then, we reveal its double-negative mechanism of
intrinsic hybridization of octupole and quadrupole resonances. In particular, we discover explicit
relationships governing the double-negative frequency bounds of multi-polar resonances in both 2D and 3D
AMMs. The unique relationship can not only explain the observed double-negative properties but also
provide simple and universal guidance for the subsequent metamaterial design. Finally, we design a 3D
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superlens to realize the broadband subwavelength single-source and double-source imaging both numerically
and experimentally. The most important feature about this 3D superlens is their ability of ensuring the
subwavelength imaging in all directions. The proposed design concept and the revealed multi-polar
resonance mechanism open new horizons for the design of 3D metamaterial devices.

2. Wave motion and effective medium description of acsoutic metamaterials

Here, we study the wave propagation within periodic arrays of the solid-air microstructures. For the
wave propagation with the acoustic-elastic coupling, the harmonic wave motion inside solids is governed by

V[[A) +24(1)](V - u) |- V[ sl(r)V x U]+ p(r)e?u = O, (1)

where A and u are the Lamé coefficients; r=[x y z]" represents the position vector; p is the mass density;
w denotes the circular frequency; u signifies the displacement vector; and V declares the Laplace operator.
For the air host, the harmonic wave motion with behaviors of only longitudinal waves is governed by

V[ p'Vp(r) ]+ &4 p(r) =0, 2)
where o is the mass density of air; p denotes the acoustic pressure; and A is equivalent to the bulk modulus
Ko of air. Then ¢, =./K,/p, represents the sound velocity in air.

To solve the coupled problem in Egs. (1) and (5), the normal displacement and force in the solid-air
interface should meet the continuous conditions expressed by

u'-n=u®-n, (3)

o-n=-pn, 4)
where n is the normal vector of the interface, pointing to the air; u” and u® are the displacements of fluid
particles and solids, respectively; and o denotes the stress tensor of the solids. In fact, the wave propagation
in a solid-air system is predominant in the background air (Goffaux and Vigneron, 2001). Therefore, the
acoustic governing equation in Eq. (2) is sufficient to characterize the wave motion (Goffaux and Vigneron,
2001). Using the Floquet-Bloch theory, we have p(r)=e*"pk(r) and u(r)=e™u (r) for the pressure and
displacement, where k and pk(r) are the Bloch wave vector of the first Brillouin zone and periodic function
of r. Solving the problem in Egs. (1) and (2), the structural-air coupling conditions in Egs. (3) and (4), and
the periodic boundary conditions, we can derive the dispersion relation (oK) using the commercial finite
element software ABAQUS/Standard solver Lanczos.

To get the steady state response of the periodic solid-air medium under the incident acoustic waves, the
kinematic equation is described by the finite element method in ABAQUS/Standard as

S elbils B
—w T = ' ®)
0 K,|lp —Ssa MallP) (P

where Ks and Ka are the stiffness matrix of the solid and air parts, respectively; Ms and Ma are the
corresponding mass matrices; Ssa is the solid-air coupled matrix; and Pa denotes the acoustic pressure
excitation.

In general, when the operating wavelength is at least 5 times larger than the lattice constant of a
microstructure (Xie et al., 2013), the microstructure with exotic wave properties can be treaded as a typical
metamaterial. Under the long-wavelength assumption, it is common to treat the periodic solid-air
microstructures as homogenized materials characterized by effective constitutive parameters, which can be
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obtained through the classic and commonly used retrieved method (Fokin et al., 2007). In this S-parameter
based approach, the model under a normal incident plane wave can be regarded as a two-port network. If the
homogenized microstructure has the effective mass density perr, bulk modulus Ke and characteristic
impedance Ze, the reflection (R) and transmission (T) coefficients can be extracted from

Z2 -7?
=— > eff - 0 ’ (6)
Zy+ 24+ 22,72 4 COtd
Z,(1+R)
: 7

 Z,C05¢, —iZ SN,

where Zo=pCo expresses the characteristic impedance of the background air; ger=walCerr iS the effective
phase change across the homogenized microstructure; a is the lattice constant of the microstructure; and Cesr
indicates the effective phase velocity of the microstructure.

Conversely, as long as T and R are determined by the four-microphone method (Song and Bolton, 2000),
the effective refractive index nesr and impedance Zesr can be retrieved by

_—=iIn&+27zm ®
eff koa !
n
Zy = ,
T 1-2R+R*-T? ®)

where m represents the branch number of function cos?[(1- R?+T?)/2T]; ko is the wave vector of the
background air; and £and # are given by

1-R*+T%+7
== 10
g T (10)
n=FJ(RP -T2 -1)2 —4T2, (11)

where 7 should be chosen to have the suitable sign so that Re(Ze) is physically positive. Note that only the
subwavelength microstructure can guarantee the zero value of m. However, m should be finite values as
integers for the thick microstructure. Anyway, the retrieved method is robust enough for the acoustic
composite medium if m is correctly given.

As a result, the effective values of perr and Kesr can be obtained by

Pett = PoLei Nett (12)

Keff = KOZeff /neff . (13)

3. Results and discussions

This section firstly presents the results and discussions for the 2D square-latticed AMMs composed of
polylactice acid (PLA) and air. Subsequently, an analogical 3D cubic AMM is constructed for the broadband
double negativity. The material parameters of the 2D and 3D microstructures are: the mass density
pra=1250 kg/m3, p=1.29 kg/m?® bulk modulus Kpa=3.5x10° Pa, K(=149124 Pa, and Poission ratio
vrLa=0.33. For both 2D and 3D AMMs, dispersion relations, effective constitutive parameters and
eigenstates were obtained by ABAQUS 6.14-1. Simulations of subwavelength acoustic imaging through 2D
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and 3D superlens were conducted by COMSOL Multiphysics 4.4. In general, for the coupled problems
between two media with drastically different mechanical properties/impedances such as solid and air (also
called high contrast wave problems), it is very common to treat the solids as a perfectly hard medium. But,
when the microstructure possesses very complex topologies and solids with losses, considering the
acoustic-structure interactions is more realistic than assuming the sound hard boundaries (Gerard et al.,
2018). That is why the fully interaction model was adopted in the current study. Acoustic experiments were
then conducted for demonstrating their broadband subwavelength imaging. All computations were
performed on a Linux cluster with 16 cores of Intel Xeon E5-2660 at 2.20 GHz.

3.1. 2D multi-polar multi-cavity metamaterials

This section presents an inverse-designed 2D multi-cavity AMMs with broadband double negativity.
The abundant numerical results about the effective constitutive parameters, typical eigenstates and the
equivalent LC circuits clearly demonstrate the multi-polar double-negative properties. Meanwhile, the
broadband single-source and double-source subwavelength imaging is adequately verified by simulations
and experiments.

3.1.1. Design of 2D multi-cavity metamaterials

We employ topology optimization (Dong et al., 2017, 2018, 2019) to design the 2D double-negative
microstructure within a target subwavelength range [0, 3000 Hz]. Since the objective function is the kernal of
the topology optimization, it is necessary to construct an objective function including the negative
mechanisms and special structural constraints to obtain the ideal double-negative metamaterials (Dong et al.,
2019). To be specific, both perr and Kesr Should increase simultaneously within the frequency range to capture
the novel topological features different from the existing space-coiling metamaterials. The value of nes
should be large enough to induce the desired resonances. At the same time, the microstructure must contain
just only one air region for ensuring the reasonable topology and wave propagation path. To meet the
manufacturing requirement, we have to introduce constraints for ensuring the processable solid and air
components (Dong et al., 2019). Details of the optimization formulation are given in Appendix A.

To facilitate the optimization, we assume that the primitive microstructure has a square symmetry. An
arbitrary microstructure is divided into 60x60 pixels and treated as a binary chromosome. In the initial stage
of GA, a population consisting of 30 chromosomes is randomly generated. Then, an “abuttal entropy filter”
method (Dong et al., 2017, 2018, 2019) is applied to improve the topological forms of chromosomes. After
determining the fitness of every involved chromosomes, the algorithm adopts the tournament selection
strategy with the size of competition group N=18 to execute the reproduction. To be specific, 18 randomly
selected chromosomes will compete to each other based on their fitness values. Then, the best chromosome
will be put into the mating pool. After 30 times of competitions, the mating pool will contain 30 selected
excellent chromosomes for the next round of genetic operation. Then, the crossover operation with the
crossover probability P.=0.9 and mutation operation with the mutate probability P»=0.02 are carried out to
generate the offspring population. In addition, the elitism strategy is used to accelerate the evolution process.
When the evolution reaches a given iteration number (5000), GA produces an optimized solid-air
microstructure with broadband double negativity within the prescribed frequency range.

Using the above inverse-design methodology, we design and fabricate a 2D microstructure comprising
five big solid blocks, four narrow air channels and four air regions, as shown in Figs. 1(a) and 1(b). The
retrieved normalized effective mass density pei/0o and the bulk modulus Kew/Ko in Figs. 1(c) and 1(d)
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confirm the double negativity within [1682.7 Hz, 2419.5 Hz]. Up to now, for the solid-air metamaterials,
only the work on space-coiling metamaterials claimed the broadband double negativity within [2100 Hz,
2600 Hz] (Xie et al., 2013), corresponding to a relative bandwidth of about 21.3%. The relative bandwidths
reported by other works on solid-air acoustic metamaterials typically range from 8.4% (Zhou et al., 2018) to
16.7% (Liang and Li, 2012). Therefore, compared with the existing results, the designed double-negative
AMM with the relative bandwidth of 35.9% in Fig. 1 can be regarded as a broadband metamaterial.

Notably, the broadband negative range of p.rris much larger than that of K.+; and consequently, the latter
dominates the resulting double-negative range. Importantly, compared with the space-coiling AMMs (Liang
and Li, 2012; Xie et al., 2013; Cheng et al., 2015), the multi-cavity AMMs in Fig. 1 essentially reduce the
structural requirements for double-negative formation. To quantify the effect of viscous loess on double

negativity, we adopt the simplified model of K, = @/Cy—y, X1 @/C, (Cheng et al., 2015), where Hoss

denotes the loss factor. Figures 1(c) and 1(d) also show that the double negativity can be effectively
maintained even when the viscous losses (Cheng et al., 2015) are considered. Despite the obvious shift of the
resonant frequencies, the double-negative range can be significantly extended. Since the loss can affect the
transmission and the resonant frequency (Ward et al., 2015), the large loss can make the resonance around
2.5 kHz disappear in the present case. Therefore, compared with the low-loss cases (loss=0, 0.1), Kershows a
significantly different tendency when the loss factor is very large (Ioss=0.5). Of course, with a narrower air
channel, the double negativity can be further improved on the premise of an acceptable transmission. Figure
1(e) depicts the amplitude and the phase of transmission for one microstructure. It is clear that the
transmission reaches the extremum at the resonant frequency and decreases visibly when frequency further
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FIG. 1. 2D multi-cavity AMMs. (a) A topology-optimized solid-air microstructure. (b) A fabricated sample. (¢)-(d) Effective
parameters with different viscous losses. (e) Amplitude and phase of transmission coefficients for one microstructure without loss.

The shaded regions indicate the negative-index range irrespective of viscous loss (loss=0).

3.1.2. Multi-polar mechanisms of 2D multi-cavity metamaterials
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To understand the underlying physics of the observed double negativity, we scrutinize in Figs. 2(a)-2(c)
three special eigenstates of AMMs in Fig. 1. Figure 2(a) clearly shows a typical quadrupole resonance
behavior. The acceleration distribution is similar with the velocity distribution at k=0. The symmetric and
diametrical distribution along x- and y- axes implies that the average velocity (v) over the microstructure is
equal to zero, i.e. no air flowing through the structure. Besides, the amount of air flowing into or out of the
microstructure can be equivalent to V/ct, i.e. a-v=0V/ot, where 7 and a are the volume and lattice constant
of the microstructure, respectively. Therefore, 0V should be zero as well. In view of the basic definition
Ke=—V0ploV, the resultant effective modulus should be infinite. Hence, the highly symmetric cavities can
provide ideal structural building blocks for negative K.t From the opposite distributions in Figs. 2(b) and
2(c), it is recognized that the average particle acceleration (Ov/ot) over the microstructure is negative,
alongside a negative divergence of the pressure. Negative p.ir can then be deduced from Newton’s equation
—Vp=p.0VIct. Therefore, the eudipleural topological feature of the microstructure ensures the occurrence for
a negative perr.

In view of the conspicuous resonant traits in Figs. 2(a) and 2(b), we can adopt the equivalent LC circuit
(Fang et al., 2006) shown in Figs. 2(d) and 2(e) to analyze the resonant frequencies of the quadrupole and
dipole resonances, respectively. To enable the analogy, the air domain in Fig. 1(a) is divided into four cavities
(Cv, Cr, Cp, Cu) and four air channels (L1, L», L3, Ls). For the eigenstate in Fig. 2(a), the acoustic pressure
fields in the four cavities and channels form a typical quadrupole resonance. Based on the acousto-electrical
analogy, the four air cavities and channels are equivalent to the four capacitors (Cr=Cr=Cp=Cu=Csesr) and
four inductors (Li1=L>=Ls=Ls=Lcr) in Fig. 2(d). For the dipole resonance in Figs. 2(b) and 2(c), the acoustic
pressure is mainly accentuated in the left and right air cavities and four channels. So the equivalent circuit
can be simplified as two capacitors and four inductors as illustrated in Fig. 2(e). As a result, the resonant
frequencies of the quadrupole (f>q) and dipole (f2p) resonances can be estimated by

1
sz =
2”\/L2effC2eff /4 , (14)
and
B 1
o =
2”\/L2effC2eff /2 , (15)

where C,.; =V.a’/K, with Vc being the volume fraction of one cavity; and Ly is calculated by

Lyt =001 /(w.) in which I and wr denote the effective length and cross-sectional width of one channel

normalized to the lattice constant, respectively. The predicted relative double-negative bandwidth is 34.3%
which is very close to 35.9% extracted from Figs. 1(c) and 1(d).

Intriguingly, the two resonant frequencies are directly linked to each other through a constant of V2 .

This specific property is attributed to the typical feature of the multi-cavity AMMs with multi-polar
resonances. We can then surmise that all symmetric multi-cavity metamaterials should have a broadband
double negativity within the ascertainable frequency bounds. Figures 2(f) and 2(g) depict the variations of
the quadrupole resonance frequency with three predominant parameters, V¢, wr and /r. Clearly, narrow and
long air channels combined with large cavities are beneficial to the low-frequency double negativity. When /.
keeps in constant, wi can cause a greater impact on foq than Vc, see Fig. 2(f). However, both Vcand /i can
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have conspicuous effect on f,o when wr is given, see Fig. 2(g). Consequently, one can easily adjust these

three decisive parameters to tune the double-negative property, thus avoiding the complex topology and

multiple parameters involved in the space-coiling metamaterials (Liang and Li, 2012; Xie et al., 2013).

)»—-
(=}

Frequency (kHz)
Frequency (kHz

FIG. 2. 2D double-negative mechanisms. (a) Eigenstate with acceleration distribution at 2419.5 Hz and k=(0, 0). (b)-(c)
Eigenstates with acceleration (b) and velocity (c) distributions at 1682.7 Hz and k=(n/a, 0). (d)-(e) Equivalent LC circuits for the

eigenstates in (a) and (b). (f)-(g) Predicted quadrupole resonance frequencies by the circuit in (d) with three decisive parameters Vc,
wi and /L. Values of /L in (f) and Wi in (g) are 0.43a and 0.0334, respectively.

3.1.3. Demonstrations of broadband subwavelength imaging of 2D metamaterials

To show the potential of the proposed multi-cavity topologies, we demonstrate the broadband
single-source and double-source subwavelength imaging by the designed 2D AMM. Figures 3(a) and 3(b)
depict the experimental setup with a metalens where the nearly closed air cavities distribute symmetrically
around the solid cross blocks.

We first investigate the single-source imaging. Figure 3(c) illustrates the acoustic pressure field due to
an acoustic point source. The acosutic imaging is generated by the metamaterial slab. Undoubtedly, the
imaging is ascribed to the double negativity. Figure 3(d) shows the measured normalized intensity profiles in
which the single peak is consistent with the simulated results in Fig. 3(c). Both the simulated and
experimentally measured half maximum (FWHM) of images in Fig. 3(e) show a breaking-down of the
diffraction limit of 0.54 at 1950 Hz, demonstrating the subwavelength imaging ability. Figure 3(f) clearly
shows the broadband feature of measured imaging. Notably, one can tactically adjust the geometrical sizes of
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the AMM to achieve a broader and lower frequency range. Moreover, most full widths at the half maximum

(FWHM) of measured images as displayed in Fig. 3(g) can break the diffraction limit of 0.54 (Aorefers to

the acoustic wavelength in air) within the measured frequency range, thus manifesting the broadband
subwavelength nature.
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FIG. 3. Subwavelength single-source imaging by 2D AMMs. (a) Experimental setup. (b) Local image of the superlens comprising
21x8 microstructures. (¢) Simulated single-source imaging at 1950 Hz. The acoustic source is located 3 cm away from the left side of
the superlens containing 21x8 microstructures. (d) Measured acoustic amplitude field inside a scanning domain of 9 cmx18 cm
shown in (c). (e) Simulated and measured normalized intensity profiles of the imaging in (c) and (d). (f) Normalized measured
pressure amplitude along the exiting surface of the metamaterial slab within [1600 Hz, 2100 Hz]. For every measured frequency, the

pressure amplitude profile shows the normalized amplitude to the corresponding maximal value. (g) Measured single-source imaging
resolutions within the double-negative range.

Similarly, 2D multi-polar AMMSs can also allow a double-source subwavelength imaging as shown in
Fig. 4(a). The measured acoustic field in Fig. 4(b) basically matches with the simulated results in Fig. 4(a).
However, two asymmetric images may be caused by the manufacturing and processing errors in the
experiments. Two images are effectively separated in Fig. 4(c), thereby forming a subwavelength imaging
resolution of 0.344. To validate the stable imaging ability, we also check the imaging performance by
varying the phase difference between the two sources. As depicted in Fig. 4(d), it can be seen that two ideal
images can always be obtained within a phase shift of w. Of course, from Figs. 4(d) and 4(e), the covered
range will become significantly wider if the distance between the two sources is larger. Figure 4(e) suggests
that two well-separated images can be captured irrespective of the superposition produced by the phase shift
from 50° to 310°. The measured profiles and maps also demonstrate the stable subwavelength imaging
resolutions. In short, two images can be effectively distinguished over the large phase-shift range. All
measured imaging results also demonstrate that the viscous losses can hardly affect the double-negative
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properties, in agreement with the results in Figs. 1(c) and 1(d).
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FIG. 4. Subwavelength double-source imaging by 2D AMMs. (a) Simulation for two point sources (6 cm apart) with a phase shift
of w at 1950 Hz. Dashed region represents the measured domain of 6 cmx36 cm. (b) Measured acoustic amplitude field within a
scanning domain shown in (a) at 1950 Hz. (¢) Simulated and measured sound intensity profiles of imaging under two-point sources
(6 cm apart) with a ©t phase shift at 1950 Hz. (d)-(e) Simulated maps of the intensity distribution in the focal plane with a phase shift

between the two point sources at 1950 Hz under distances of 6 cm (c) and 9 cm (d).

3.2. 3D multi-polar multi-cavity metamaterials

Inspired by the multi-cavity topology of the above designed 2D AMM, we propose an analogical 3D
multi-cavity AMMs with broadband double negativity in this section. Numerical results about the band
structures, effective constitutive parameters, typical eigenstates and the equivalent LC circuits clearly
demonstrate the high-order multi-polar double-negative properties. The broadband single-source and
double-source subwavelength imaging is realized by a very simple 3D superlens. The corresponding imaging
ability is verified through simulations and experiments as well.

3.2.1. Analogical 3D multi-cavity metamaterials

Since the 2D multi-cavity topologies with multi-polar resonances are the intrinsic topological features,
as long as we can capture these features, it should be straightforward to construct the analogical 3D
double-negative AMMs with the simple, highly-symmetric and intuitionistic geometries. We can then
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demonstrate the broadband single-source and double-source subwavelength imaging as well. The analogical
3D AMM is composed of twelve symmetric air cavities, twenty-four air channels and one solid block, see
Figs. 5(a)-5(c). Each facet of the 3D microstructure has a similar topological feature as the 2D model in Fig.
1. As demonstrated below, the proposed multi-polar resonance-enabled topologies really can ensure the
double negativity. Therefore, the multi-polar mechanism and multi-cavity topology are robust for
double-negative solid-air AMMs.

FIG. 5. 3D multi-cavity AMMs. (a) A fabricated 3D solid-air microstructure. (b) Photograph of a 3D superlens containing 8x9x3

microstructures. (¢) Top view of the 3D superlens.

3.2.2. Multi-polar mechanisms of 3D multi-cavity metamaterials

From the band structure in Fig. 6(a), it is observed that the second band becomes a negative band which
clearly shows the broadband negativity within [2436.5 Hz, 3083.4 Hz]. Similar isotropic behavior can be
seen from nearly the same curvatures of the negative bands along the I'X(I'Y) and I'M directions. In
particular, unlike the 2D case, there exists an anisotropic band (the third band) within the same frequency
range. Clearly, the negative group velocity can be realized when the wave propagates along the I'M direction.
However, nearly zero group velocity appears when the wave propagates along the I'’X(I'Y) direction. The
corresponding anisotropic wave motion should be caused by the coupling among the resonances in different
planes. It is relevant to note that this coupling effect is pervasive in the 3D sonic crystals. Fortunately, at least
for the present case, the following simulated and measured results fully prove that the imaging effect which
originated from the double negativity is completely unaffected by the resonance coupling. As shown in Fig.
6(b), the properties of per and Keir clearly reveal a double-negative range that precisely matches the negative
band range in Fig. 6(a). Meanwhile, the negative n.rrand positive Zeroccur in the same range as well, see Fig.
6(c). The single negative properties in Figs. 6(b) can accurately predict a complete bandgap above the
negative band. This property can also be proved by the zero nerand Zerin Fig. 6(c). Figure 6(d) illustrates the
amplitude and the phase of transmission for one 3D microstructure. Obviously, the transmission reaches the
extremum at the resonant frequency and decreases visibly with the increasing frequency.
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FIG. 6. Characterizations of 3D multi-cavity AMMs. (a) Dispersion relations of the microstructure in Fig. 5. (b)-(¢) Performances
of the effective constitutive parameters along the I'X (I'Y) direction. (d) Amplitude and phase of transmission coefficients for one

microstructure without loss. The shaded regions indicate the negative-index range.

For explaining the double negativity, Figs. 7(a) and 7(b) show the octupole and quadrupole resonances,
respectively. Due to the highly symmetrical distribution of sound pressure in Figs. 7(a), it is noted that the
average velocity over the microstructure is equal to zero, leading to an infinite Ker. However, in view of the
symmetrical pressure distribution in Fig. 7(b), zero acceleration can be generated for the entire structure.
Therefore, the resultant p.r should be infinite. Consequently, the hybridization of the quadrupole and
octupole resonances induces a 3D double negativity. Indeed, the eigenstate in Fig. 7(c) shows the hybrid
pressure distribution through the overlapping effect of the octupole and quadrupole resonances. To more
clearly explore the double-negative essence, we evidently shows in Fig. 7(d) the octupole resonance with
zero average velocity over the microstructure. The eigenstate in Fig. 7(e) indicates the quadrupole resonance
with zero accelerations for the whole structure. These properties form the origin of the double negativity for
3D microstructures.
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FIG. 7. 3D double-negative mechanisms. (a)-(c) Representative eigenstates M2 (a) with k=(0, 0, 0) at 3083.4 Hz, M1 (b) with k=(0,
m/a, 0) at 2436.5 Hz and M3 (c) with k=(0, 0.57/a, 0) at 2848.7 Hz. (d) The eigenstate near k=(0, 0, 0) with the velocity distribution.
(e) The eigenstate M1 with the acceleration distribution. (f)-(g) Equivalent LC circuits of eigenstates M2 (a) and M1 (b).

Similarly, we can use an equivalent LC circuit to characterize the resonant behavior. For the octupole
resonance, as shown in Fig. 7(f), eight air cavities and twenty-four tunnels dominate the acoustic pressure
filed and form the typical octupole resonance. So the cavities and tunnels are equivalent to the eight
capacitors (C1=C,...-Cs=C3er) and twenty-four inductors (Li=L...=L:=Lscr), respectively. For the
quadrupole resonance, as displayed in Fig. 7(g), only four cavities and sixteen tunnels are heavily loaded by
the acoustic pressure. So the equivalent circuit has only four capacitors and sixteen inductors. As a result,
the resonant frequency of the 3D octupole (f30) and quadrupole (f3g) resonances can be predicted,

respectively, by
fo 1
30 " 4~ [, ~ A~
27\ LseCierr /6 ) (16)
and

1

foo =—F——
¢ 27y Laerr Coerr /4 (17)

b

where Cserr and Lserare homoplastically defined as C,, =V.a°/K,and L., = p, |, /(1. ?), respectively,

with V¢ being the volume fraction of one cavity; and I, and r_are the effective length and radius of one
tunnel, respectively. The relative double-negative bandwidth is predicted to be 20.2%, fairly close to 23.4%

extracted from the dispersion relations. In particular, a fixed relationship of V15 petween fr0 and f3q is
13



observed. This emphasizes again the unique rule of the multi-polar resonance-enabled multi-cavity
topologies even for 3D metamaterials. If other types of multi-cavity topologies are used, a fixed homologous
relationship is also expected. According to Eqgs. (24) and (25), three decisive parameters Ve, r. and /o
dominate the double-negative range. Similarly, the larger cavities connected with the narrower and longer
channels are favorable to double negativity at the lower frequencies.

Figures. 8(a) and 8(b) show the predicted octupole resonance frequency f3o with the variations of the
three decisive parameters Vc, r_ and /i. Clearly, narrow and long air channels combined with large cavities
are beneficial to the low-frequency double negativity. When /1 is kept constant, 7 exerts greater impact on f3o
than V¢ does. However, both Vcand /. can have conspicuous effect on f3oif 7 is kept constant. Accordingly,
one can easily adjust these three decisive parameters to tune the double-negative property within any desired
frequency range. Compared with the 2D system in Figs. 2(f) and 2(g), the predicted frequency of the 3D case
in Fig. 8 can be modulated to a much lower extent. Obviously, the predicted 2D and 3D resonance
frequencies show the same dependence on three decisive structural parameters. For both 2D and 3D systems,
the proposed multi-polar resonance-enabled multi-cavity topology is robust and suitable for constructing
arbitrary broadband double-negative solid-air AMMs.

Frequency (kH2)

FIG. 8. Predicted octupole resonance frequencies of 3D AMMs. (a)-(b) Freuencies calculating from the equivalent LC circuit in

Fig. 7 with various combinations of decisive parameters Vc, r. and /L. Values of /L in (a) and rv. in (b) are 0.37a and 0.04a.
3.3. Demonstrations of broadband subwavelength imaging of 3D metamaterials

The subwavelength single-source and double-source imaging can also be realized by the proposed 3D
AMM, which is verified both numerically and experimentally. For the 3D imaging, the 3D acoustic
experiments were conducted in a semi-anechoic room, as shown in Fig. 9(a). A loudspeaker was taken as a
single point source and located a certain distance from the input interface of the metalens, while the mounted
microphone recorded the acoustic pressure over the entire scanning area. For the double-source experiments,
two loudspeakers with a given phase delay and distance were used asdouble point sources. Signals obtained
at each position in the scanning area were averaged over four measurements. The whole acoustic filed was
obtained by using the Fourier transform after the scanning measurement.

Figures 9(b) and 9(c) clearly show the simulated and measured ideal imaging at 2650 Hz. In particular,
the thickness of the three layers is already sufficient for the imaging. This idiosyncrasy greatly improves the
effectiveness of the multi-cavity topologies. Figure 9(d) displays the simulated and measured intensity
profiles for the focal plane at 2650 Hz. The obvious peak shows a subwavelength imaging resolution of
0.42 4. Moreover, the ideal broadband imaging can be observed from Fig. 9(e). As shown in Fig. 9(f), the
measured resolutions within the frequency range of [2450 Hz, 2850 Hz] effectively demonstrate the
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broadband subwavelength imaging ability in Fig. 9(e). Because of the high symmetry, the 3D AMM can
safeguard the realization of imaging for acoustic waves perpendicularly incident on every facet of the sample.
Certainly, the higher symmetric 3D AMM is easy to be constructed as long as the multi-polar

resonance-enabled topological features are captured. Furthermore, it is intended to perform 3D topology

optimization and generate some deeply practical resonance mechanism based on the multi-polar 3D AMMs

in the future. These advantages will lay the foundation of deep-subwavelength ultrasound imaging.
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FIG. 9. Subwavelength single-source imaging by 3D AMMs. (a) 3D experimental setup. (b) Simulated single-source imaging at
2650 Hz. The acoustic source is located 3 cm away from the left side of the superlens. (¢) Measured acoustic amplitude field at 2650
Hz. (d) Simulated and measured normalized intensity profiles of the imaging in (b). (¢) Normalized measured acoustic pressure
amplitude field along the exiting surface for a single source within [2450 Hz, 2850 Hz]. For every measured frequency, the pressure

amplitude profile shows the normalized amplitude to the corresponding maximal value. (f) Measured single-source imaging
resolutions within the operating frequency range.

In addition, Figure 10(a) clearly shows the acoustic imaging for two point sources with a phase shift of
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7. The measured imaging filed in Fig. 10(b) is highly coincident with the simulated result in Fig. 10(a).
Meanwhile, the simulated and measured intensity profiles in Fig. 10(c) show a subwavelength imaging
resolution of 0.461. Moreover, whatever the phase shift is, two well separated foci can be obtained
effectively as shown in Fig. 10(d). This testifies the robustness of the double negativity and the stability of
the 3D AMMs for the broadband subwavelength imaging.
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FIG.10. Subwavelength double-source imaging by 3D AMMs. (a) Simulated double-source imaging at 2650 Hz for two point
sources (6 cm apart) with a w phase shift at 2650 Hz. (b) Measured acoustic pressure amplitude field at 2650 Hz. (¢) Simulated and
measured normalized intensity profiles for the imaging in (a). (d) Simulated map of the intensity distribution in the focal plane with

the phase shift between the two sources from 0° to 360°.
4. Conclusions

In conclusion, we propose a new kind of multi-polar resonance-enabled robust topologies to construct
both 2D and 3D broadband double-negative AMMs. Benefiting from the high symmetries, the 2D AMMs
can support the combination of quadrupole and dipole resonances. Similarly, the extension of the proposed
topologies to 3D enables the hybridization of octupole and quadrupole resonances. For either 2D or 3D
AMMs, an explicit relationship governing the double-negative frequency bounds of multi-polar resonances is
revealed. This discovery can be used as a universal criterion for double-negative multi-cavity metamaterial
design. Finally, we demonstrate the broadband single-source and double-source subwavelength imaging of
2D and 3D superlens. The relatively simple, highly-symmetric, intuitionistic and robust multi-cavity
topologies based on the unified multi-polar resonance mechanism are expected to boost the practical
realization of the broadband superlens. The proposed design and methodology offer possibilities for airborne
sound modulation using high practical 3D metamaterials (Kadic et al., 2019). In particular, we reveal a novel
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multi-polar double-negative mechanism and establish equivalent LC models, which provides a sensible
explanation on the observed physical phenomena and may also serve to guide the initial design. Based on the
proposed LC models, it is possible to design the key parameters for the desired frequency range.
Subsequently, we can construct any practical double-negative 2D/3D metamaterials according to the
performance/parameters to be achieved.

It should be stressed that the proposed AMMs cannot realize the double negativity and high
transimission within the entire broadband frequency range simuatensouly. Future work is needed to perform
topology optimization of 3D double-negative AMMs to further increase the performance of the design in
order to cope with the required high efficiency. Moreover, compared with the passive ways, the promising
active approaches (Chen et al., 2018; Li et al., 2018) are expected to enable our proposed metamaterials to
support the wider double-negative bandwidth and intelligently control the desired wave motions.
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Appendix A. Topology optimization formulation

To obtain the sufficiently broadband double negativity within the prescribed frequency range [0, 3000
Hz], the optimization herein with several geometrical constraints is mathematically defined as

max | py(m)| max | K (n)
Maximize : C(z):ND(z)+% _ 1_11 « Max Vmc(l,_z,...n)[ - ] ’ vﬂc(lv.z,___m[ ! J | AD
Vmcr(q,lzq..n)[peﬁ (m)] vncr;rllzr’,]”n)[Keﬁ (n):|
Subjectto:U, =1, A2

mlpzi,.r.].n{[p;ﬁ (2) = pas (1), pe (M) = pege (M _1):|!|:Ke+f‘f (2) = Kg (1), Kgg (M) = Kgg (n _1)]} >0, (A4)
n=12,-11

where the targeted frequency range is represented by 11 uniformly distributed discrete frequencies. All
physical quantities are tabulated in Table Al. In particular, the constraint (A4) can guarantee the
simutaneous increasing mechanism (Dong et al., 2019). If the air channel gets narrower, a larger
double-negative bandwidth should appear in the lower frequency range. However, the limitation in the
manufacturing capability prevents the size of the air channel from being be infinitesimal. Therefore, the
optimal value in the optimization framework is a/30 as shown in Eq. (A3). With increasing Np during the
evolution, microstructure volutes with a wider double-negative range.
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Physical
. Definition
quantity
b Topological distribution within the microstructure
C Obijective function describing the double-negative bandwidth
Nb Number of the discrete frequencies with simutaneous negative petr and Kest
No Quasi-static effective index of the microstructure
Pei Set consisting of serveral values of the positive perrat some discrete frequencies
K Set consisting of serveral values of the positive Kesfat some discrete frequencies
m Serial number of the discrete frequency with the positive peft
n Serial number of the discrete frequency with the positive Kes
Ua Number of the continuous air domains within the microstructure
WA Set consisting of widths of all air connections within the microstructure
ws Set consisting of widths of all sold connections within the microstructure

Table A1l. Definitions of all physical quantities used in optimization formulation.
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