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Abstract

This paper reports the discovery of a special type of second harmonic A0 mode Lamb wave,

which is generated through the mixing of primary S0 and A0 mode Lamb waves in a

PZT-activated weakly nonlinear plate. Owing to the different propagating velocities of the S0

and A0 waves and the finite duration of their corresponding tone-burst wave packets, wave

mixing takes place within a confined area which can be precisely controlled by tuning the

wave excitation durations. When local incipient damage falls into the mixing zone, this

second harmonic A0 mode wave provides higher damage detectability than the commonly

used second harmonic S0 mode wave resulting from the global material nonlinearity.
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Moreover, through a tactic tuning of the mixing zone size, damage detection can be carried

out zone by zone along the transmitter-receiver path to achieve damage localization. Finite

element simulations are first carried out to ascertain the theoretically predicted phenomenon

and the underlying generation mechanism of the second harmonic A0 mode Lamb waves.

Capitalizing on its mode mixing feature between the primary A0 and S0 mode Lamb waves, a

dedicated damage localization strategy alongside the corresponding algorithm is then

proposed. Experiments are finally carried out with a dedicatedly designed inspection system

with mitigated non-damage-related nonlinear interference. Both finite element and

experimental results demonstrate the appealing characteristics and the potential of the second

harmonic A0 mode Lamb waves for local incipient damage detection and localization.

Keywords: mode mixing, second harmonic Lamb waves, incipient damage localization.

1. Introduction

Inspection of incipient damage in thin-walled structures is an important issue for various

applications in aerospace, nuclear and automotive industries, etc., which, in turn, facilitates

maintenance decisions and enhances structural integrity[1]. In virtue of their high sensitivity

to material microstructural changes, nonlinear guided waves show promise for incipient

damage inspections[2-6].

So far, two types of nonlinear guided wave phenomena corresponding to the material

nonlinearity have been widely explored: second harmonic generation[7-9] and nonlinear

wave mixing[10-14]. For the former, most existing studies focus on a single primary wave

propagating in a nonlinear waveguide to generate a nonlinear component at the double of the



primary wave frequency due to its self-interaction[15-20]. Through evaluating the power flux

from the primary to the secondary wave components, it has been shown that the second

harmonic waves should be symmetric Lamb waves, no matter whether the single primary

waves are symmetric or anti-symmetric Lamb or SH waves[21-24]. For the latter, existing

work investigates the mixing of two guided waves, usually at two different frequencies, to

generate a nonlinear wave component at the sum or difference of the two frequency

components as a result of their mutual interaction[12, 13, 25]. Based on these wave

phenomena, experiments have been designed to detect various types of incipient damage

caused by plasticity[26], fatigue[27], creep[28], thermal degradation[29], etc., rather than

their localizations.

As an advanced level to the detection, damage localization is an important issue in

structural health monitoring for further structural safety assessment and maintenance decision

masking[30]. Unfortunately, in the open literature, research on the incipient damage

localization with nonlinear guided waves is relatively scarce[25, 31, 32]. Among some

existing works, Hong et.al. introduced a probabilistic imaging algorithm based on the

analyses of the temporal information of the scattered second harmonic Lamb waves to locate

fatigue cracks in an aluminum plate[31]. However, fatigue cracks usually have strong

wave-scattering feature due to the contact acoustic nonlinearity. For the distributed material

nonlinearity, the second harmonic responses are a result of the averaged effect over the

transmitter-receiver path, which compromises the sensitivity of local damage detection and

makes it extremely difficult for damage localization. Boccardi et.al. used second harmonic

Lamb waves to locate material flaws in a composite plate based on a multi-path scheme[32].



However, the localization resolution of such a method highly relies on the density of the

transducers. In addition, with the use of multi-paths, a switching module is required to

activate different paths to achieve an automatic inspection, which sets up a harsh requirement

on the system. Cho et. al. investigated the mutual guided wave mixing technique and showed

that incipient damage localization can be realized by adjusting the mixing zone[25]. However,

damage localization algorithms as well as the corresponding applications are still lacking and

yet to be demonstrated. In addition, the two independent wave excitation channels need to be

perfectly synchronized, which is quite demanding for equipment in real applications.

In this work, by examining a PZT-activated plate system where multiple primary wave

modes coexist, we discover a second harmonic A0 mode Lamb wave (2nd A0 wave) that is

new to the current state-of-art of the second harmonic guided waves. The underlying

generation mechanism of this 2nd A0 wave is first discussed. Finite element simulations are

then carried out to verify the phenomena and show its appealing characteristics for damage

inspection. Through combining a previously developed theoretical model[33] with the 2nd A0

wave-based measurements, a dedicated algorithm is proposed to achieve a high-resolution

damage localization using a simple measurement system. Experiments are further carried out

using a meticulously designed system in which the influences of the non-damage-related

adhesive nonlinearity are mitigated. After experimentally validating the existence of the 2nd

A0 wave induced by material nonlinearity, localization of thermal damage in a metallic plate

is carried out with the proposed algorithm.

2. Theoretical analyses



A typical plate system activated by a surface-bonded d31-type PZT is considered, as

sketched in Fig. 1(a). Upon applying an electrical voltage on the PZT, multiple Lamb wave

modes, symmetric and antisymmetric, are generated in the plate. Specifically, in the

low-frequency range, only the lowest S0 and A0 mode Lamb waves exist whose

displacement field can be described as

��0/�0 �, �, � = ��0/�0��0/�0 � exp � ��0/�0� − �� # 1

where U(Z) depicts the displacement distribution across the plate thickness of the

corresponding Lamb wave modes represented by subscript S0 and A0, respectively. A

denotes the modal amplitude. k and ω stand for the wavenumber and angular frequency,

respectively.

While the PZT-activated primary S0 and A0 mode Lamb waves (1st S0 and 1st A0 waves)

propagate in a weakly nonlinear plate in a symbiotic manner, nonlinear Lamb waves are

generated alongside the primary wave propagation. In this case, both the 1st A0 and 1st S0

Lamb waves generate the second harmonic S0 mode Lamb waves (2nd S0 waves) as a result

of their self-interactions, as demonstrated in our previous work[33]. In addition, the mutual

interaction between the 1st A0 and 1st S0 waves also takes place for the nonlinear wave

generation, which is to be highlighted hereafter. Note the aforementioned phenomenon can be

regarded as a special case of the nonlinear wave mixing but with two primary components at

the same frequency. Without losing generality, the well-developed normal mode



expansion[12] method can be used to describe this mutual interaction process with the

resultant wave field described as
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where the subscripts (S0, A0) denote the mutual interaction of the 1st S0 and 1st A0 waves.

��� stands for the complex power flow of the mth mode which is expected to be generated.

��
���� and ��

��� are the power flux from the primary waves to the secondary wave caused by

the nonlinear surface traction and volume force respectively. Through analyzing the

symmetric properties of the power flux, the corresponding nonlinear wave should be 2nd A0

wave[12]. This nonlinear wave generation mechanism is referred to as “mode mixing”

hereafter.

According to eq.(2b), the amplitude of the generated 2nd A0 wave will be cumulative if

the phase velocity of the of the 2nd A0 wave matches with its counterparts of the primary

waves. Unfortunately, for a 2mm-thick aluminum plate used for the subsequent analyses, no

mode combination can satisfy this phase matching condition in the low-frequency range



(under 500 kHz), which means the 2nd A0 wave investigated in this work does not have the

cumulative effect. However, as long as generated 2nd A0 wave can be measured, it can be

used to characterize the material changes for damage inspection since it is directly induced by

the material nonlinearity.

The feasibility of using 2nd A0 wave for damage inspection is then evaluated. In practical

applications, tone burst excitation signals with finite cycles are preferred to guarantee

sufficient temporal resolution for distinguishing different wave modes in the responses. As a

result, the propagating A0 and S0 waves generated by PZT actuators will have finite length in

space. At the initial time instant (i.e. t=t1), the 1st A0 and 1st S0 waves mix in the plate to

generate the 2nd A0 waves, as illustrated in Fig. 1(b). As time goes on (i.e. t=t2), the A0 and

S0 waves eventually separate in the spatial domain due to their different wave propagation

velocities, which terminates the 2nd A0 wave generation when the two primary wave

components are detached, as sketched in Fig. 1(c). Therefore, the effective wave mixing zone

for the 2nd A0 wave generation is confined within a certain area surrounding the PZT actuator.

If local incipient damage happens to occur in the same mixing area, the 2nd A0 wave is

expected to provide higher detectability than the commonly used 2nd S0 wave which only

contains an averaged damage information over the transmitter-receiver path. Furthermore, the

size of the wave mixing zone can be precisely controlled by tuning the excitation cycles.

Therefore, through tactically tuning the size of the wave mixing zone, damage detection can

be carried out zone by zone to finally realize damage localization along the wave propagation

path with only one transmitter-receiver pair, which can hardly be achieved by any existing

guided-wave-based methods.



Fig. 1. (a) Schematic of the PZT-driven system; (b) characteristics of nonlinear wave

generation at the beginning (t=t1) when the 1st A0 and S0 waves mix in the plate; (c)

characteristics of nonlinear wave generation as time goes on (t=t2) when the 1st A0 and S0

waves separate in the plate.

3. Finite element investigations

To verify the phenomena and understand the generation mechanism and the

characteristics of the described mode-mixing-induced 2nd A0 waves, finite element (FE)

simulations are carried out using the model illustrated in Fig. 2. Taking advantage of the

symmetric boundaries, only half of the model is used in simulations to reduce the

computational cost. The sizes of the PZT, bonding layer and the aluminum plate used in the

FE model are 5 mm × 0.3 mm, 5 mm × 0.03 mm and 600 mm × 2 mm, respectively. The PZT

is modelled with the piezoelectric elements while the bonding layer and the plate are

modelled with the plane strain elements. The guiding principle we used for choosing the



maximum mesh size is to ensure a minimum of 20 elements per shortest wavelength of

interest. In the current case, the mesh size for different components are 0.5 mm × 0.06 mm

for the PZT, 0.5 mm × 0.006 mm for the bonding layer and 0.5 mm × 0.2 mm for the plate.

The PZT and the bonding layer are treated as linear materials whose parameters can be found

in our previous work[33]. The material parameters of the aluminum plate, in terms of the

Lamé constants and the Landau third-order elastic constants, are listed in Table 1. Four sets

of parameters are used in the simulations to represent different health status of the plate.

Specifically, Set-I represents pure linear aluminum and Set-Ⅱ the intact aluminum with weak

nonlinearity. As the higher order elastic constants are closely related to the material

microstructures, the last two sets in the table are used for two aluminum materials containing

incipient damage of increasing levels, from Set-Ⅲ to Set-Ⅳ, which are taken from literature

[34]. In addition, the plate is divided into four zones (A to D) where the material properties

are selected from the four sets of material data in different simulations.

Fig. 2. The finite element model.

Table 1. Elastic parameters of the aluminum plate.

Set λ (GPa) μ (GPa) �� (GPa) ��(GPa) ��(GPa)
Ⅰ 55.27 25.95 0 0 0



Ⅱ 55.27 25.95 -351.2 -149.4 -102.8
Ⅲ 55.27 25.95 -752.4 -298.8 -205.6
Ⅳ 55.27 25.95 -1053.6 -448.2 -308.4

The first simulation focuses on the nonlinear wave phenomena. The whole plate is set as

intact by attributing material Set-Ⅱ to all four zones. The excitation is a pair of 5-cycle tone

burst signals windowed by the Hann function at 100 kHz with inversed phases. It is worth

noting that this frequency can be rather arbitrary. Since only material nonlinearity was

considered in the numerical simulations, as long as the primary A0 and S0 waves can be

effectively generated, the reported mixing will always take place. The amplitude of the

excitation voltage on the PZT is 200 V. The out-of-plane displacements on the top and

bottom surfaces of the plate at 300 mm from the origin are calculated. By superposing the

two responses by the pair of excitations with inversed phase to eliminate the fundamental

component [35], the second harmonic time-domain responses are extracted and shown in Fig.

3(a), showing two obvious wave packets in each response signal. According to the symmetric

properties of the A0 and S0 mode Lamb waves, the first wave packet corresponds to the 2nd

S0 wave indicated by the out-of-phase feature while the second one is associated with the 2nd

A0 wave evidenced by the in-phase characteristic. This confirms the existence of the reported

2nd A0 wave.

The second simulation is then designed to validate the generation mechanism of the 2nd

A0 wave. Zones A and B of the plate are assumed to be purely linear with the material Set-Ⅰ.

The remaining part is set to be intact with weak material nonlinearity with Set-Ⅱ. Details of

the wave excitation and sensing configurations are the same as those in the first simulation.



This guarantees that the 1st S0 and 1st A0 mode Lamb waves only mix in the linear zone. The

second harmonic out-of-plane displacement responses are extracted and shown in Fig. 3(b).

Only the 2nd S0 mode waves exist in the responses. By comparing Figs. 3(a) and (b), it is

clear that the 2nd A0 waves are generated due to the mode mixing of the 1st A0 and 1st S0

waves in the nonlinear plate.

Fig. 3. The second harmonic out-of-plane displacements at 300 mm on the top and bottom

surfaces of the plate: (a) all the four zones set with Set-Ⅱ; (b) zones A and B set with Set-Ⅰ

and zones C and D set with Set-Ⅱ.

The third simulation is designed to confirm the higher detectability of the 2nd A0 wave to

local incipient damage. Zones B, C, and D are set with the intact material Set-Ⅱ while zone A

is first set with the material Set Ⅱ for the intact case and then Set-Ⅲ and Set-Ⅳ for the

damage cases. The excitation configurations remain identical to those in the previous two

simulations. The second harmonic out-of-plane displacements on the top surface of the plate

at 300 mm in the intact and damage cases are extracted and compared in Fig. 4(a). It can be



seen that the amplitudes of both 2nd S0 and 2nd A0 waves increase from the intact case to the

damage cases. By further extracting their amplitudes and carrying out the normalization to

the intact case in Fig. 4(b), it is clear that the 2nd A0 wave are more sensitive to local incipient

damage comparing to the commonly-used 2nd S0 wave if the damage locates in the mixing

zone, as evidenced by the sharper increase in the 2nd A0 wave amplitudes. As mentioned

before, this is because the 2nd A0 wave is induced by the material nonlinearity of the local

wave mixing zone while the 2nd S0 wave contains the average damage information over the

whole transmitter-receiver path.

Fig. 4. (a) The second harmonic out-of-plane displacements at 300 mm on the top surface of

the plate in the intact and damage cases; (b) the normalized amplitude of the 2nd S0 and 2nd

A0 waves.

The last simulation investigates the feasibility of using the 2nd A0 wave for damage

localization. In the simulation, the central frequency of the excitations is kept at 100 kHz. The

number of the tone burst cycles varies from 4 to 16 stepped by 2, which allows a tactic

control of the size of the mode mixing zone. In this simulation, zone C is first assumed to be



intact with material Set-Ⅱ and then with the damaged material Set-Ⅳ. All other zones are set

with the intact material Set-Ⅱ. The nonlinear out-of-plane displacements are extracted with

the superposition method at 350 mm on the top surface of the plate. The second harmonic

responses in two typical cases with 6-cycle and 12-cycle excitations are presented in Figs. 5(a)

and 5(b), respectively. It can be seen from Fig. 5(a) that the amplitude of the 2nd S0 wave

increases with the presence of damage while the 2nd A0 wave keeps almost unchanged. This

is because mode mixing only occurs in the intact zone in this case. On the contrary, when the

number of the excitation cycles increases to 12, the amplitudes of both the 2nd A0 and 2nd S0

mode increase from the intact case to the damage case as a result of mode mixing, also in the

damage zone C. By further extracting the normalized amplitudes of the 2nd A0 and 2nd S0

waves in the damage cases with respect to the intact cases, results associated with different

excitation cycles are shown in Fig. 5(c). Comparing to the 2nd S0 wave, the 2nd A0 wave is

obviously more sensitive to the excitation cycles. Upon calculating the size of the mixing

zone according to the excitation cycles, precise damage localization can eventually be

realized, which will be realized in the following section. This simulation demonstrates the

ability of the mode-mixing-induced 2nd A0 wave for damage localization using only one

transmitter-receiver pair. It is also worth noting that the damage localization resolution can,

in principle, be very high as the number of the excitation cycles can be tuned with small

steps.



Fig. 5. The second harmonic out-of-plane displacements at 350 mm on the top surface of the

plate in the intact and damage cases associated with (a) 6-cycle excitations; (b) 12-cycle

excitations; (c) the normalized 2nd A0 and 2nd S0 wave amplitudes associated with different

number of excitation cycles.

4. A dedicated damage localization algorithm

After demonstrating the potential of the 2nd A0 wave for incipient damage localization, a

dedicated algorithm is further designed to achieve this goal for practical applications. Based

on the generation mechanism of the mode-mixing-induced 2nd A0 wave, the proposed

algorithm and the corresponding process are illustrated in Fig. 6 with the FE example as

described in the previous section where a series of tone burst cycles Ni is adopted (Ni = 4, 6, 8,



10, 12, 14, 16 with i representing the ith excitation case). Recall that a damage localization

can be theoretically realized by adjusting the duration of the excitation signals to tactically

tune the size of the wave mixing zone. In the proposed algorithm, the first step is to evaluate

the mixing zone of the primary S0 and A0 Lamb waves generated by a PZT actuator by

introducing a mixing-zone estimation function (MEF) for a given excitation cycle Ni as

��� ��, � = Norm
0

∞
abs Hilbert � ��, �, � ∙ abs Hilbert � ��, �, � d�� . # 3

� ��, �, � and � ��, �, � stand for the time-domain responses of the primary S0 and A0

mode Lamb waves at a certain position x away from the PZT actuator, respectively. The

responses are calculated from the previously developed theoretical model which takes

account of the dispersion of Lamb waves [28]. The operations abs(Hilbert()) and Norm()

denote the envelop of a signal obtained from the Hilbert transform and normalization of a

signal with respect to its maximum value, respectively. The MEFs in the specific FE example

are plotted in Fig. 6(a) whose corresponding excitation cycles are marked with the numbers

in the boxes.

Given two different excitation cases, e.g. Ni and Ni-1 (Ni > Ni-1), the wave mixing zone for

the Ni-1-cycle case should overlap with its counterpart for the Ni-cycle case. If directly using

their MEFs for localization, damage information in the overlapped zone will be

double-counted, as shown by the overlapped MEF at low values of x in the two cases in Fig.

6(a). To eliminate such effect, a zone determination function (ZDF) is proposed using the



MEFs to define an effective zone for damage localization for the Ni-cycle case through

comparison with its previous Ni-1-cycle case as

��� ��, � =
��� �1, � ��� � = 1

Norm
��� ��, �

��� ��−1, �
− 1 ��� � ≥ 2 . #(4)

The ZDFs are calculated for the FE example and plotted in Fig. 6(b). With the proposed

function, each excitation cycle case is responsible for a certain independent inspection zone

with a likelihood distribution of damage localization.

After that, a damage index is defined based on the measurement results for a given

excitation cycle case as

�� �� =
�����(��

���������(��
# 5

where Atest and Abaseline are the 2nd A0 wave amplitudes of the specimen under inspection and

intact status, respectively. The DIs for different excitation cycles are obtained from FE

simulation and shown in Fig. 6(c).

Based on the same principle as the definition of the ZDF, an effective damage index (EDI)

is proposed accordingly as

��� �� =
�� �1 − 1 ��� � = 1
�� ��

�� ��−1
− 1 ��� � ≥ 2 . # 6



The corresponding EDIs for the same FE example is shown in Fig. 6(d), which clearly shows

a significant change when the excitation cycles vary from 8 to 10, which indicates the

damage occurrence in the difference part of the mixing zones between the two excitation

cases.

Finally, by synthesizing the ZDF from the theoretical analyses and the EDI from the test,

the probability of damage localization (PDL) can be calculated by

��� � = Norm
�=1

�

��� �� ∙� ��� ��, � . # 7

Based on the above definition, the calculated PDL in the FE example is given in Fig. 6(e),

which shows that the predicted damage localization result matches very well with the actual

damage position, which validates the proposed algorithm.

It is worth noting that a high-resolution damage localization can, in principle, be achieved

by refining the step of the excitation cycles. In addition, although the above detection

strategy/algorithm is designed for the 2nd-A0-wave-based damage localization, the concept

can be extended to other wave-mixing-based inspection techniques.



Fig. 6. Process of the damage localization algorithm with an FE example detailed in the first

part of the work17: (a) mixing-zone estimation function (MEF); (b) zone determination

function (ZDF); (c) damage index (DI); (d) effective damage index (EDI); (e) possibility of

damage localization (PDL).



5. Experimental validations

Experiments are designed and conducted to confirm the existence of the reported 2nd A0

wave in a PZT-activated system on one hand, and to further assess the applicability of the

proposed damage localization strategy/algorithm on the other hand. The experimental setup is

illustrated in Fig.7. Two PZTs are bonded using UHU 2-component epoxy on a 2024-T3

aluminum plate, as the transmitter (30 mm × 16 mm × 0.3 mm) and receiver (5 mm × 5 mm ×

0.3 mm), respectively. In order to keep the consistency of the PZT installation, we use the

same pressure to control the thickness of the bonding layer in different tests. The thickness of

the bonding layer is measured with a micrometer through comparing the thickness changes

before and after the epoxy is applied. In the present case, the thickness is around 0.03 mm. It

is worth noting that apart from the incipient material nonlinearity of interest, other

non-damage-related nonlinear sources like the adhesive nonlinearity (AN) from the bonding

layer may also play a non-negligible role in the system, especially in the actuating part[33,

35], which might seriously jeopardize the operation if it is not properly apprehended. In this

regard, the size of the transmitter is a result of a systematic system design based on our

previous study[33], targeting a twofold objective: first, the primary S0 and A0 mode Lamb

waves can be excited with high amplitude at around 140 kHz which is near the peaks of their

corresponding frequency tuning curves; second, the non-damage-related adhesive linearities

(AN) can be mitigated and reduced to the lowest possible level at around 140 kHz for the 2nd

A0 waves and at around 190 kHz for the 2nd S0 waves since the two frequencies locate near

the valleys of the corresponding frequency tuning curves. A 30 mm × 30 mm metal ceramic

heater is used to heat the plate for two hours to generate thermal changes inside the plate at



different levels. The temperature on the heater surface can reach around 380 °C which is

proven to be effective to entail a microstructural change inside the material[12, 33, 36].

Additionally, heat barriers with flowing water are installed to prevent the bonding layers and

PZTs from being heated. The positions of the transducers and the heating zone are illustrated

in Fig. 7.

Fig. 7. Experimental setup.

Tests are first carried out with 6-cycle tone burst excitations windowed by the Hann

function at different frequencies from 60 kHz to 200 kHz step by 10 kHz. The measurement

system, as well as the experimental process, can be referred to our previous work[35]. Within

the frequency range of interest, the linear wave amplitudes change very slightly (less than

±3%) after the plate is heated (not shown here) so that they will be neglected in the following

analyses. Then, a superposition method is adopted to extract the second harmonic wave

components. The second harmonic responses from the intact and the heated plate in three

typical cases are presented using three excitation frequencies: 60 kHz, 140 kHz, and 200 kHz



respectively as shown in Figs. 8(a), (b) and (c). It can be seen that both the 2nd S0 and A0

wave amplitudes hardly change at 60 kHz in Fig. 8(a). As to 140 kHz, the amplitude of the

2nd S0 wave slightly changes while that of the 2nd A0 wave increases significantly after the

plate is heated. For the 200 kHz excitation case in Fig. 8(c), the 2nd S0 wave amplitude

changes more obviously after the heating treatment than its 2nd A0 counterpart. Complex

Morlet wavelet transform is further applied to extract the amplitudes of both 2nd S0 and A0

waves at different frequencies and the corresponding DIs are calculated and shown in Fig. 8(d)

[37]. The largest DIs for the 2nd A0 and S0 waves can be found at around 150 kHz and 200

kHz respectively. This agrees with the theoretical predictions (140 kHz for the 2nd A0 wave

and 190 kHz for the 2nd S0 wave) that non-damage-related AN is mitigated near the two

frequencies for the corresponding second harmonic wave components. Since the

heating-induced material microstructural changes can be characterized by the 2nd A0 wave, it

evidently demonstrates the existence of the 2nd A0 wave induced by the material nonlinearity

in the PZT-activated plate system. Moreover, through comparing the 2nd S0 and 2ndA0 results,

it is found that the maximum DI for the 2nd A0 wave is about 1.7 while that for the 2nd S0

wave is around 1.3. This proves that the 2ndA0 wave indeed provides a higher detectability to

local incipient damage than the 2nd S0 wave, also in agreement with the theoretical

prediction.

Finally, by fixing the excitation frequency at 140 kHz, damage localization is carried out

with the 2nd A0 wave by setting different wave excitation cycles from 3 to 9 stepped by 0.5.

The second harmonic time-domain responses in two typical cases with 3 and 8 cycles are

presented in Figs 9. (a) and (b). The amplitude changes of the 2nd A0 waves in the 8-cycle



excitation case are much larger than that in the 3-cycle case. This is because the damage is

outside the wave mixing zone for the 3-cycle excitation case but inside for the 8-cycle

excitation case. After that, the DIs for different wave excitation cases are shown in Fig. 9(c),

which shows a strong dependence of the DI on the wave excitation cycles, similar to the

phenomenon observed in the FE studies. Finally, after obtaining the EDIs and ZDFs, the PDL

can be finally calculated using experimental data and shown in Fig. 9(d). It can be seen that

the predicted damage location agrees well with the actual damage position, thus

experimentally validating the proposed damage localization strategy/algorithm in using the

mode-mixing-induced 2ndA0 wave for incipient damage localization.

Fig. 8. The second harmonic responses at different excitation frequencies before and after

heating the plate with 6-cycle excitations: time-domain responses to (a) 60 kHz, (b) 140 kHz



and (c) 200 kHz excitations respectively; (d) the DIs for both 2nd S0 and 2ndA0 waves.

Fig. 9. Damage localization based on the 2ndA0 waves at 140 kHz by adjusting the excitation

cycles: (a) time-domain responses to 3-cycle excitations; (b) time-domain responses to

8-cycle excitations; (c) the DIs for 2ndA0 waves; (d) experimental result of the PDL.

6. Conclusions

A special nonlinear wave phenomenon has been discovered as the mode-mixing-induced

2nd A0 waves in a PZT-activated damage inspection system. Its underlying mechanism is

identified as the mode mixing of the 1st S0 and 1st A0 waves in a weakly nonlinear plate.

Finite element simulations are carried out to ascertain this wave phenomenon and

demonstrate its appealing characteristics for incipient damage detection and localization. A

dedicated damage localization strategy/algorithm is proposed through synthesizing a



theoretical model and measurements. Experiments are carried out by using a dedicatedly

designed system with mitigated non-damage-related adhesive nonlinearities. Through locally

heating a metal plate to create thermal induced material microstructural changes, the

existence of the mode-mixing-induced 2nd A0 wave is confirmed. In addition, the 2nd A0

wave and the proposed damage localization algorithm are confirmed and validated in both FE

and experimental perspectives.

Considering the characteristics of the primary S0 and A0 waves, the wave mixing zone is

confined in a certain area surrounding the PZT actuator, which can be precisely controlled

through changing the duration of the tone bust excitation cycle. This empowers the 2nd A0

wave with some appealing characteristics conducive to incipient damage inspection. First, the

reported 2nd A0 wave exhibits a higher detectability to local incipient damage than the

commonly used 2nd S0 wave resulting from the averaged/global material nonlinearity. Second,

high-resolution damage localization along the wave propagating path can be achieved with

only one transmitter-receiver pair.

The findings of the present work are expected to contribute to the advancement of the

nonlinear-guided-wave-based incipient damage inspection technique in several aspects. First,

a special nonlinear wave phenomenon, new to the current state-of-art of the second harmonic

generation, is discovered as the 2nd A0 wave, which provides an alternative tool for incipient

damage inspection applications. Second, localization of incipient damage associated with

material microstructural changes can be achieved, thus filling the gap left over by most of

existing nonlinear-wave-based detection methods for damage localization. Third, the

inspection system can be significantly simplified to realize high-resolution damage



localization. Moreover, if using multiple sensors or a Laser Doppler Vibrometer for

multi-position sensing, damage localization can be performed in a 2D pattern for the scanning

of an inspection plane with only one fixed transmitter instead of an array and the required

switching modules. Finally, although the present damage localization strategy/algorithm is

designed for the present 2ndA0 wave case, the proposed concept can inspire the development

of other wave-mixing-based methods for different damage localization applications.
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