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Abstract The atmospheric aerosol dynamics model (AADM) has been widely used in both
comprehensive air quality model systems and chemical transport modeling globally. The AADM consists
of Smoluchowski's coagulation equation (SCE), whose solution undergoing Brownian coagulation in the
free molecular regime is a challenge because it is inconsistent with aerosols whose size distribution cannot
exactly follow the lognormal size distribution. Thus, a new method for solving the SCE without assuming
lognormal size distribution is proposed and developed. The underlying principle of this method is that
the hybridization of the well‐established method of moments with the assumed lognormal size
distribution (log MOM) and Taylor‐series expansion method of moments (TEMOM) is implemented. This
method shows excellent agreement with the sectional method (SM) which is used as reference. The
accuracy of these two specific models closely approaches that of the TEMOM, but overcomes the
limitation of the classical log MOM. The computational time of this scheme is considerably lower than
that of the SM. The new method was successfully implemented to reveal the formation and growth of
secondary particles emitted from a vehicle exhaust tailpipe. It was found that the formation of new
particles only occurs in the interface region of the turbulent exhaust jet (which is very close to the tailpipe
exit), whereas no new particles are formed in the mixture of the exhaust jet plume and the surrounding
cold air downstream. The new method is verified as an efficient and reliable numerical scheme for
studying atmospheric aerosol dynamics.

1. Introduction

The contribution of aerosols to both climate change (Rosenfeld, 2006; Rosenfeld et al., 2014, 2019) and air
pollution (Huang et al., 2014; Kumar et al., 2014; Wang et al., 2019; Yao et al., 2018; Yuan et al., 2019) has
received increased recognition. Correspondingly, aerosol dynamics models have been included in both
global chemistry and transport simulations and regional air quality simulations for over half a century
(Gama et al., 2019; Hass et al., 2003; Herzog et al., 2004; Jasor et al., 2005; Karydis et al., 2007; Lauer
et al., 2005; Sportisse, 2007; Vignati et al., 2004; Whitby & McMurry, 1997; Zhou et al., 2016). In all devel-
oped aerosol dynamics models, aerosol dynamics—which dominate the evolution of particle size distribu-
tion—are managed separately to meet the requirement of numerical simulation. These aerosol dynamics
processes usually include nucleation, coagulation, condensation‐evaporation, and deposition. Brownian
coagulation is an important mechanism that leads to instability of aerosols and has attracted more inter-
est from scientists compared with other aerosol dynamics because of its mathematical complexity. The
end result of coagulation is a continuous decrease in particle number concentration and an increase in par-
ticle size. The theory for illustrating this phenomenon was originally introduced based on Smoluchowski's
equation and then followed by Muller's development (Müller, 1928; Petitti et al., 2013). Muller's equation
is expressed as

∂n v; tð Þ
∂t

¼ 1
2
∫
v

0β v1; v − v1ð Þn v1; tð Þn v − v1; tð Þdv1 − n v; tð Þ∫∞0 β v1; vð Þn v1; tð Þdv1; (1)

where particle volume, v, is used rather than particle diameter because the volumes are additive. The
first term on the right‐hand side of Equation 1 is the rate of formation of particles of size v by smaller
particles of sizes v1 and v − v1. The factor 1/2 is introduced because collisions are counted twice in the
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integral. The second term of Equation 1 accounts for the loss of particles of size v by collisions with all
other particles. Equation 1 was known as Smoluchowski's coagulation equation (SCE), which was
further developed in the aerosol community to include other aerosol dynamics processes including
nucleation, condensation‐evaporation, and deposition, and also to couple with climate models by consid-
ering air convection and diffusion. The developed Equation 1 is now recognized as the particle general
dynamics equation (PGDE), which is the key equation of all weather and air pollution forecast codes,
including the Weather Research and Forecasting model coupled to Chemistry (WRF‐Chem), the
University of Helsinki Multicomponent Aerosol model, and the European Air Pollution Dispersion mod-
eling system (EURAD; Ackermann et al., 1998; Grabowski et al., 2019; Korhonen et al., 2004; Kukkonen
et al., 2012).

In theory, almost all important aerosol quantities, which determine the property of aerosols as well as its
direct or indirect effects on air pollution and climate, such as number concentration, mass concentration,
and size distribution of particles, can be obtained by solving the PGDE numerically (Wright et al., 2001).
The PGDE is usually solved by numerical methods. There have been some important achievements, includ-
ing the development of the sectional method (SM; Bruns & Ezekoye, 2012; Gelbard et al., 1980;
Kostoglou, 2007; Landgrebe & Pratsinis, 1990), method of moments (MOM; Fox et al., 2008; Liu, Chan,
Lin, et al., 2019; McGraw, 1997; Petitti et al., 2013; Pratsinis, 1988; Rani et al., 2014; Tang & Lin, 2013; Yu
et al., 2008), Monte Carlo method (Kraft, 2005; Morgan et al., 2006), and stochastic particle method
(Debry et al., 2003; Kruis et al., 2012; Menz et al., 2014; Rani et al., 2014; Sabelfeld, 1998). These four different
types of numerical methods have been widely applied in weather and air pollution forecast codes. Among
these, the MOM is usually regarded as the most economical and is also the most suitable for coupling with
an air transport equation, such as the Navier‐Stokes equations (McGraw et al., 2008; Passalacqua et al., 2018;
Yu & Lin, 2018). It should be noted that the MOM with predefined lognormal size distribution is still the
classic method used in the most common weather and air pollution forecast codes, such as the
WRF‐Chem and EURAD (Cai et al., 2016; Gama et al., 2019). Furthermore, the SM is also used for modeling
aerosol dynamics in nuclear reactor safety applications (Herranz et al., 2018).

The key to the MOM is to implement a transformation from particle size distribution (PSD) function
space, {n(v)} in Equation 1, to the space of moments, {mk}. When transferring from {n(v)} to {mk}, the clo-
sure problem for ordinary differential equations (ODEs) appears, which needs to be resolved using closure
schemes. There have been several schemes to achieve closure, which can be divided into two categories,
namely quadrature‐based MOM (QBMOM) and nonquadrature‐based MOM (NBMOM). The predefined
particle size distributed method, pth‐order polynomial MOM, MOM with interpolative closure, and
Taylor‐series expansion MOM (TEMOM) all belong to the NBMOM. An advantage of the NBMOM is that
the transferred moment ODEs can be written as their explicit form (Yu & Lin, 2018). It should be noted
that the QBMOM, especially the Gaussian quadrature MOM (QMOM and direct QMOM [DQMOM];
Marchisio & Fox, 2005; Robert McGraw, 1997) has been the most widely used MOM to couple with com-
putational fluid dynamics until very recently. Among all NBMOMs, the predefined lognormal MOM was
the first to be proposed for solving the PGDE (Cohen & Vaughan, 1971), and it now governs the establish-
ment of atmospheric aerosol models, including the WRF‐Chem and EURAD. When implementing the
lognormal MOM by transferring from the PSD function space, {n(v)}, to the space of moments, {mk},

the collision kernel must be written as an equivalent linear expression for vpvq1 (p and q are arbitrary real
numbers). This requirement limits the application of log MOM because some kernels cannot easily be

obtained with an equivalent linear expression for vpvq1. Although the QBMOM is currently the most widely
used of the MOMs owing to contributions from the research teams of Fox (Heylmun et al., 2019; Kong &
Fox, 2017; Marchisio & Fox, 2005; Vikas et al., 2013) and McGraw (McGraw, 1997; McGraw et al., 2008),
the NBMOM, such as the log MOM and TEMOM, still has wide applications. This is because such meth-
ods have high numerical efficiency and do not require the calculation of eigen systems and have no
ill‐conditioned matric problems.

Brownian coagulation in the free molecular regime is a key mechanism affecting the evolution of aerosol

size distribution with particle Knudsen number (Kn =
λ
r
; where λ is the mean free path of air, and r is the

particle radius) larger than 10 (Friedlander, 2000). The collision kernel in this regime includes a term (1/v
+1/v1)

1/2, which is a major obstacle for expressing the kernel by an equivalent linear expression, as it does
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for the transfer of SCE to the moment ODEs. Some effort has been made to overcome this technical diffi-
culty. The most successful outcome is the strategy proposed by Lee et al. (1984), in which the factor (1/v
+1/v1)

1/2 is substituted by b[(1/v)1 / 2+(1/v1)
1/2]; the SCE can then be transferred tomoment ODEs with both

implicit and explicit moments. In order to achieve the final closure of moment ODEs, Equation 11 is needed.
Unfortunately, the value of b is an unmanageable issue in Equation 9, which has to be obtained by solving
integral equations with varying initial PSDs. Pratsinis (1988) further developed and expressed the term, b, as
a function of geometric standard deviation of PSD. However, both the studies by Lee et al. (1984) and
Pratsinis (1988) have the limitation that the expression of the value b has to be determined numerically in
advance, which inevitably leads to uncertainty in mathematics. Hence, a highly efficient and precise method
becomes essential to approximate this collision kernel.

The TEMOM was proposed by Yu et al. (2008) to solve SCE. The key to the TEMOM is to approximate any
expressions using their truncated Taylor expansion series with adjusted errors; thus, the technical difficulty
in the log MOMmight be overcome by the TEMOM.Whether the TEMOM and log MOM can be hybridized
for the solution of SCE remains an open question.

In this study, a new method to explicitly solve the SCE undergoing Brownian coagulation in the free mole-
cular regime is presented. The underlying principle of this method is that the approximations of collision
kernel and explicit moments are achieved by the hybridization of the well‐established log MOM and
TEMOM. In order to distinguish from other methods of moments, the new approach is referred to as
“hybrid‐TEMOM‐LogMOM.” The newmethod is also different from some promising analytical or semiana-
lytical methods for solving the SCE (Anand & Mayya, 2011; Turco & Yu, 1997). Since there are two different
hybrid processes involved, the terms hybrid TEMOM‐log MOM (I) and hybrid TEMOM‐log MOM (II) are
used to distinguish them. The SM as a reference is used to validate this new scheme of hybrid
TEMOM‐log MOM, which is regarded as an exact solution of SCE by the Aerosol Society (Otto et al., 1999)
as well as our previous work (Yu et al., 2016; Yu & Lin, 2017a). In addition, the results from both TEMOM
and logMOMare presented for comparative studies. Themoment ODEs obtained from the proposed scheme
have explicit expressions and are thus more easily programed than the well‐established log MOM. The pro-
posed hybrid TEMOM‐log MOM (I) is further utilized to study the formation and growth of secondary par-
ticles emitted from a vehicle exhaust tailpipe, in which an advanced parameterized model for binary
homogeneous nucleation of sulfuric acid‐water vapors is introduced. The competing processes of binary
nucleation, condensation, and coagulation are clearly revealed.

The paper is organized as follows. In section 2, a model description of the hybrid TEMOM‐log MOMmethod
is presented, and the numerical errors are fully analyzed. In section 3, the numerical details of studied cases
are provided and all the governing equations are dealt with using a normalized method. In section 4, the
results and discussion are presented for comparisons among the new hybrid TEMOM‐log MOM,
TEMOM, log MOM, and SM, and the validation of the new method is carried out. In this section, the new
scheme is further utilized to study the exhaust particles emitted from the vehicle tailpipe. The factors affect-
ing secondary nanoparticle formation and subsequent growth in a turbulent jet exhaust plume are revealed.

2. Materials and Methods

In the present study, Brownian coagulation in the free molecular regime is considered because it is the most
difficult to deal with using the MOM (Pratsinis, 1988). For the studied case, the coagulation kernel is given
by (Friedlander, 2000):

β v; v1ð Þ ¼ B1 1=vþ1=v1ð Þ1=2 v1=3þv1
1=3

� �2
; (2)

where B1 = (3 / 4π)1/6(6kBT / ρp)
1/2, kB is the Boltzmann constant, T is the gas temperature, and ρp is the

mass density of the particles.

To implement theMOM, the system of Equation 1 is transferred to a system ofmoment ODEs with respect to
the moment. The moment transformation involves multiplying Equation 1 by v and then integrating it over
the entire particle size distribution to obtain themoment‐transformed equations of the PSD (Lee et al., 1984):
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dmk

dt
¼ 1

2
∫
∞
0 ∫

∞
0 κ v; v1; kð Þn v; tð Þn v1; tð Þdvdv1; (3)

where κ(v, v1, k) = [(v+v1)
k − vk − v1

k] β(v, v1). The moment mk is defined by

mk ¼ ∫
∞
0 vkn vð Þdv: (4)

The dynamic behavior of an aerosol can be described from the rate of change of its first three moments
(Pratsinis, 1988). According to the present study on the log MOM and TEMOM, only the first three
moments are considered here,

κ v; v1; kð Þ ¼ vþv1ð Þk − vk − v1
k

h i
β v; v1ð Þ ¼

−β v; v1ð Þ; k¼0;

0; k¼1;

2vv1β v; v1ð Þ; k¼2:

8><>: (5)

2.1. Two Technical Difficulties in the MOM

If only k = 0, 1, and 2 are involved, Equation 3 can be written as follows:

dm0

dt
¼ −

1
2
∫
∞
0 ∫

∞
0 β v; v1ð Þn v; tð Þn v1; tð Þdvdv1;

dm1

dt
¼ 0;

dm2

dt
¼ ∫

∞
0 ∫

∞
0 vv1β v; v1ð Þn v; tð Þn v1; tð Þdvdv1:

8>>>>>>>><>>>>>>>>:
(6)

The purpose of the MOM is to remove an integral operator on the right‐hand sides of Equation 6.
Unfortunately, two essential technical difficulties arise from the PSD function space, {n(v)}, to the space
of moments, {mk}, that is, the binary polynomial approximation and the closure function for any order
moment.
2.1.1. Binary Polynomial Approximation
To introduce Equation 4 into Equation 6, the collision kernel, β(v, v1), must be expressed as a binary additive
form, that is,

eβ v; v1ð Þ ¼ ∑
p ∈ R

∑
q ∈ R

apqv
pv1

q ≈ β v; v1ð Þ; (7)

where p and q are arbitrary real numbers and apq is the coefficient. Unfortunately, the presence of the
term (1/v + 1/v1)

1/2 in Equation 2 makes the binary additive form unavailable.
2.1.2. Closure Function
Even if Equation 7 is available and the terms on the right‐hand sides of Equation 6 can be expressed as func-
tions of moments, these moments are usually not explicit, which results in the nonclosure of transferred
moment ODEs. A general closure function that can be used to replace any kth moments becomes necessary.
In Equation 6, only the first three moments, namely m0, m1, and m2, are explicit, and thus the general clo-
sure function can be expressed as

mk ¼ f closure m0;m1;m2ð Þ; (8)

where k is an arbitrary real number.

It should be noted that both log MOM and TEMOM have the same aforementioned problems, and the cor-
responding solutions to them are given by direct and explicit formulations as Equations 7 and 8.
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2.2. Two Polynomial Approximations to the Kernel in the Free Molecule Regime
2.2.1. Lognormal Kernel (Log‐Kernel)
In previous work by Lee et al. (1984), the term (1/v + 1/v1)

1/2 is approximated as

1
v
þ 1
v1

� �1
2

≈ b
1

v
1
2
þ 1

v

1
2
1

0BBB@
1CCCA; (9)

where

b ¼ ∫
∞
0 ∫

∞
0 vkβ v; v1ð Þn v; tð Þn v1; tð Þdvdv1 × ∫

∞
0 ∫

∞
0

1
v1=2þ 1

v1=21

� �
vþv1ð Þ1=2

2664
3775×vkβ v; v1ð Þn v; tð Þn v1; tð Þdvdv1

8>><>>:
9>>=>>;

−1

: (10)

To obtain the coefficient b in Equation 10, the numerical calculation must be carried out. In addition, b is a
value dependent on the initial geometric standard deviation, σ0 in the work of Lee et al. (1984) and
Pratsinis (1988). It implies that b has different values for different PSD. This defines the approach to dealing
with the uncertainty of (1/v + 1/v1)

1/2 in mathematics. Although Pratsinis (1988) tried to write b as a func-
tion of σ0, the relative errors of the real values of such an approach cannot be obtained. Furthermore, for cal-
culating the value of b, many hypotheses and simplifications have to be involved, including the assumption
of time‐dependent lognormal size distribution. It led to the motivation to develop a more reliable way to deal
with the approximation of (1/v + 1/v1)

1/2 in the present study.The collision kernel in the free molecular
regime, that is, Equation 2, can be further expressed if the log MOM is implemented as follows,

β v; v1ð Þ ¼ Kbk v
2
3v

−1
2

1 þ 2v
1
3v

−1
6

1 þ v
1
6
1 þ v

1
6 þ 2v−

1
6v

1
3
1 þ v−

1
2v

2
3
1

� �
≜eβLog v; v1ð Þ: (11)

Here, the approximating kernel eβLog v; v1ð Þ is called a lognormal kernel (Log‐kernel).

2.2.2. Binary Taylor Expansion Kernel (Taylor‐Kernel)
In the TEMOM, the term (1/v+ 1/v1)

1/2 is approximated with a binary additive form by implementing a bin-
ary Taylor‐series expansion technique (Yu et al., 2008) Without loss of generality, f(v, v1) = (v + v1)

1 / 2 can
then be defined as

f v; v1ð Þ ¼ f u; uð Þ þ v − uð Þ ∂
∂v

þ v1 − uð Þ ∂
∂v1

� �
f u; uð Þ þ 1

2!
v−uð Þ ∂

∂v
þ v1−uð Þ ∂

∂v1

� �2
f u; uð Þ þ⋯

þ 1
n!

v−uð Þ ∂
∂v
þ v1−uð Þ ∂

∂v1

� �n
f u; uð Þ

þ 1
nþ 1ð Þ! v−uð Þ ∂

∂v
þ v1−uð Þ ∂

∂v1

� �nþ1

f uþ θ v − uð Þ; uþ θ v1 − uð Þð Þ; 0 < θ < 1ð Þ: (12)

here, the [u,u] are binary Taylor‐series expansion points, which can be defined as u = m1/m0. The error
Rn is denoted as

Rn ¼ 1
nþ 1ð Þ! v−uð Þ ∂

∂v
þ v1−uð Þ ∂

∂v1

� �nþ1

f uþ θ v − uð Þ; uþ θ v1 − uð Þð Þ; (13)

and the absolute error|Rn| is denoted as

Rnj j ≤ M
nþ 1ð Þ! v−uj jþ v1−uj jð Þnþ1 ¼ M

nþ 1ð Þ! ρ
nþ1 cos αj jþ sin αj jð Þnþ1 ≤

ffiffiffi
2

p	 
nþ1

nþ 1ð Þ!Mρnþ1; (14)

where M is a positive number and ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v−uð Þ2 þ v1−uð Þ2

q
. cos α ¼ v − u

ρ
, sin α ¼ v1 − u

ρ
:When ρ → 0, that

is, v → u and v1 → u simultaneously, the absolute error |Rn| → 0 and the rate of convergence is O(ρn+1). It
implies that the binary additive form in Equation 12 is theoretically reasonable when the volume of
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aerosol particles approaches the average value. If the Taylor series expansion point is u, the term (1/v +
1/v1)

1/2 is approximated by the following expression,

vþv1ð Þ1=2 ≈ 3
ffiffiffiffiffi
2u

p

8
þ 3

ffiffiffi
2

p
v

8
ffiffiffi
u

p þ 3
ffiffiffi
2

p
v1

8
ffiffiffi
u

p −

ffiffiffi
2

p
v2

32u3=2
−

ffiffiffi
2

p
vv1

16u3=2
−

ffiffiffi
2

p
v12

32u3=2
: (15)

Then, the collision kernel in the free molecule regime can now be approximated as follows:

β v; v′
	 
 ¼ B1 φ1ϕ1 þ φ2ϕ2 þ φ3ϕ3ð Þ≜eβTaylor v; v1ð Þ (16)

where

φ1 ¼ v
1
6v

−1
2

1 þ 2v−
1
6v

−1
6

1 þ v
1
6
1v

−1
2

φ2 ¼ v
7
6v

−1
2

1 þ v−
1
2v

7
6
1 þ 2v

5
6v

−1
6

1 þ 2v
5
6
1v

−1
6 þ v

1
2v

1
6
1 þ v

1
6v

1
2
1

φ3 ¼ 4v
5
6v

5
6
1 þ 2v

7
6v

1
2
1 þ 2v

1
2v

7
6
1 þ v

3
2v

1
6
1 þ v

1
6v

3
2
1 þ v

13
6 v

−1
2

1 þ v−
1
2v

13
6
1 þ 2v

11
6 v

−1
6

1 þ 2v−
1
6v

11
6
1

ϕ1 ¼
3

ffiffiffi
2

p

8
u0

1=2

ϕ2 ¼
3

ffiffiffi
2

p

8
u0

−1=2

ϕ3 ¼ −

ffiffiffi
2

p

32
u0

−3=2

In the implement of TEMOM, φ1, φ2, and φ3 can be simplified to be the following expression given the
symmetric in v, v1 (Yu et al., 2017),

φ1 ¼ 2v1=6v′−1=2 þ 2v−1=6v′−1=6

φ2 ¼ 2v7=6v′−1=2 þ 4v5=6v′−1=6 þ 2v1=2v′1=6

φ3 ¼ 4v
5
6v′

5
6 þ 4v

7
6v′

1
2 þ 2v

3
2v′

1
6 þ 2v

13
6 v′

−1
2 þ 4v

11
6 v′

−1
6

Here, the approximating kernel eβTaylor v; v1ð Þ is called the binary Taylor expansion kernel (Taylor‐kernel).

Substituting the log‐kernel into Equation 11 and the Taylor‐kernel in Equation 16 into the moment ODEs of
Equation 5 results in the following systems, respectively,

dm0

dt
¼ −

1
2
∫
∞
0 ∫

∞
0
eβ
Log

v; v1ð Þn v; tð Þn v1; tð Þdvdv1
dm1

dt
¼ 0

dm2

dt
¼ ∫

∞
0 ∫

∞
0 vv1eβ

Log
v; v1ð Þn v; tð Þn v1; tð Þdvdv1

:

8>>>>>><>>>>>>:
(17)

and

dm0

dt
¼ −

1
2
∫
∞
0 ∫

∞
0
eβ
Taylor

v; v1ð Þn v; tð Þn v1; tð Þdvdv1
dm1

dt
¼ 0

dm2

dt
¼ ∫

∞
0 ∫

∞
0 vv1eβ

Taylor
v; v1ð Þn v; tð Þn v1; tð Þdvdv1:

8>>>>>><>>>>>>:
(18)

2.3. Two Closure Functions in the MOM

Both log MOM and TEMOM are widely considered to be promising methods for solving SCE with very few
computational costs. As discussed in section 2.1, both Equations 17 and 18 need to be further closed using
suitable closure functions. In the log MOM, the closure function is obtained based on an assumption of
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time‐dependent lognormal size distribution, whereas in the TEMOM the closure function is obtained by
expanding vk within a manageable error. If the log MOM closure function (Lee et al., 1984) is applied to
Equation 17 and the TEMOM closure function (Yu et al., 2008) is applied to Equation 18, the new schemes
are presented as that found below.
2.3.1. Hybrid TEMOM‐Log MOM (I)
In the TEMOM, the closure function has the following expression:

mk ¼ uk−2k2

2
−
uk−2k
2

� �
m2 þ −uk−1k2 þ 2uk−1k

	 

m1

þ uk þ ukk2

2
−
3ukk
2

� �
m0 ≜ mkTaylor; u ¼ m1

m0

� �
: (19)

As Equation 19 is applied to Equation 17, a new scheme of hybrid TEMOM‐log MOM (I) is derived:

dm0

dt
¼ B1b

m11=6
0 41m2

0m
2
2 − 190m0m2

1m2 − 2443m4
1

	 

648m23=6

1

dm1

dt
¼ 0

dm2

dt
¼ −B1b

65m2
0m

2
2 − 670m0m2

1m2 − 1987m4
1

324m
1
6
0m

11
6
2

:

8>>>>>>>>><>>>>>>>>>:
(20)

It should be noted here that Equation 19 can be replaced with its developed version shown for acquiring
more accurate approximated accuracy (Yu et al., 2015).
2.3.2. Hybrid TEMOM‐Log MOM (II)
In the log MOM, the closure function is obtained by assuming the lognormal PSD (Lee et al., 1984),

mk¼m
1−3

2kþ1
2k

2

0 m2k−k2
1 m

−1
2kþ1

2k
2

2 : (21)

The derivation of Equation 21 is shown in section A.3. As Equation 21 is applied to Equation 18, another
new scheme of hybrid TEMOM‐log MOM (II) for solving SCE can be expressed as:

dm0

dt
¼ −

B1

2

ffiffiffi
2

p
m

59
36
0m

5
9
1

16m
7
36
2

ð−g

11
6 þ 12g

2
3 þ 11g

1
2 þ 12g

7
18 þ 24g

2
9−2g

1
6 − 2g

19
18 − 2g

1
18 þ 12Þ

dm1

dt
¼ 0

dm2

dt
¼ −

B1

2

ffiffiffi
2

p
m

22
9
1

8m
11
36
0m

5
36
2

ðg
31
9 − 24g

5
6 − 12g

23
18 þ 2g

16
9 þ 2g

8
3 þ 2g

5
3þg

19
9 − 12g

1
9 − 12g

11
18 − 12Þ

8>>>>>>>>>><>>>>>>>>>>:
(22)

where, g¼m0m2

m2
1
. To be noted here, the same as the log MOM, the hybrid TEMOM‐log MOM (II) can be

only applied to aerosols with lognormal size distribution because of its closure function shown in
Equation 21, while the hybrid TEMOM‐log MOM (I) has no such limitation.

2.4. Family of TEMOM‐Log MOM

According to the aforementioned schemes, four MOMmodels can be classified for solving SCE by adjusting
the combination of the binary polynomial kernels and the closure functions, which constitutes a family of
TEMOM‐log MOM as shown in Figure 1.

Both the log MOM and TEMOMhave been verified as reliable methods for solving SCE. However, the newly
proposed and developed hybrid TEMOM‐logMOM (I) and (II) have never been verified before. Equations 20
and 22 have explicit expressions; thus, the numerical algorithms can be written using a very simple
approach. In the well‐established log MOM widely used in the atmospheric aerosol dynamics model
(Pratsinis, 1988); however, the ODEs have to be closed using a lognormal size distributed assumption.
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3. Computational Description

The SM is selected as a reference and is implemented under the same con-
dition as the hybrid TEMOM‐log MOM (I) and (II) models. The relative
errors of the hybrid TEMOM‐log MOM (I) and (II) models to the SM are
discussed in section 4. In the present study, the SM model is mainly used
for validating MOMs and is solved using the same computer code as that
used in (Yu & Lin, 2017b). The logMOM and TEMOM are also implemen-
ted for comparison purposes. The solution with the assumption of an
initial lognormal PSD is used (Barrett & Jheeta, 1996). Hence, the kth
moment can be represented by

mk ¼ Mk N0v
k
g0

� �
; (23)

where vg0 is the initial geometric mean volume. When the normalized terms are implemented in the

moment ODEs, as shown in Equations 20 and 23, N0 and vg0 are included in the normalized time.

Under this condition, the dimensionless time with respect to the coagulation kernel in the free molecular
regime is

τ ¼ B1N0v
1=6
g0

t: (24)

When Equation 25 is introduced into Equations 20 and 22, the normalized equations for the hybrid mod-
els (I) and (II) are obtained, as presented in section A.4. The initial moments can be expressed as

Mk0 ¼ χk
2

; (25)

where χ ¼ e 3lnσg0ð Þ2=2. The normalization using Equations 23–25 are applied in sections 4.1 and 4.3. To be
consistent with that used in Yu et al. (2009), N0 = 5.0 × 1019 #/m3 and dg0 = 0.4 × 10−9 m. The parameter
dg0 is selected for the diameter of the H2SO4 molecule. It should be noted here that the selection of both
N0 and dg0 is only to implement the normalization of both Equations 20 and 23; it does not mean that the
model validation is implemented relying on H2SO4 molecular coagulation.

4. Results and Discussion

Both the numerical precision and efficiency of the newly proposed method for solving SCE are evaluated to
verify its reliability in sections 4.1 and 4.2. In section 4.3, the application of the newly proposedmethod to the
study of the formation and growth of secondary particles in a turbulent exhaust jet plume is discussed.

4.1. Model Validation

The purpose of this section is to verify the numerical precision of the newly proposed and developed hybrid
(I) and (II) models. To achieve this, the hybrid models (I) and (II), logMOM, TEMOM, and SM are applied to
solve the same SCE under the same conditions. Four crucial moments, namely M0, M1/3, M2/3, and M2, are
evaluated. The relative errors of the kth moments of the investigated methods of moments to the SM are
expressed as follows:

RE ¼ Mk MOMð Þ −Mk SMð Þ
Mk SMð Þ ; (26)

where Mk (MOM) is the kth moments obtained from the investigated MOM and Mk (SM) is the corre-
sponding moments obtained from the referenced SM. All numerical calculations are implemented using
the fourth‐order Runge‐Kutta method with a fixed time step of 0.001. The SM, log MOM, and TEMOM
were verified in Park et al. (1999), Yu et al. (2008, 2015), and Yu and Lin (2017b).

Figure 2 provides a comparison of the variances of four essential moments with respect to time among these
two new hybrid models, log MOM (Lee et al., 1984), and TEMOM (Yu et al., 2008). In the numerical calcula-
tion, the initial geometric standard deviation of particle number distribution, σg0 = 1.2. The zeroth moment,

Figure 1. Spanning map of the family of TEMOM‐log MOM.
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M0, represents the particle number concentration; the 1/3th moment, M1/3, is a quantity characterizing
particle diameter; The 2/3th moment, M2/3, is a quantity characterizing particle surface area
concentration. The 2nd moment (M2) have no actual physical meanings, but it is an essential part to get
other important physical quantities of aerosols such as geometric standard deviation of particle number
distribution is given in Equation 27. For three investigated moments, namely M0, M1/3, and M2/3, all
curves overlap with each other, while for M2 only the hybrid TEMOM‐log MOM (II) deviates slightly
from the other three models. The comparison implies that the hybrid TEMOM‐log MOM (I), log MOM,
and TEMOM have almost the same numerical precision for solving SCE undergoing Brownian
coagulation in the free molecular regime. The hybrid TEMOM‐log MOM (II) has only a slight difference
compared with the other three models.

For a better evaluation of the reliability of the new method, the relative errors (REs) of the four moments of
the TEMOM‐log MOM family to the referenced SM were investigated, as shown in Figure 3. The SM is
usually considered as an exact numerical solution to the SCE (Otto et al., 1999). It is clear that these four
methods in the TEMOM‐log MOM family have almost the same variance trend and the maximum relative
error of the hybrid TEMOM‐log MOM (II) found in M0, M1/3, M2/3, and M2, respectively. In addition, the
other three methods almost overlap with each other, especially for M2/3. The REs of these four methods
almost overlap with each other again as τ→ 102 forM0,M2/3, andM2, respectively. It is therefore concluded
that the newly proposed and developed hybrid models, especially TEMOM‐log MOM (I), have nearly the
same numerical accuracy as the TEMOM and log MOM. Compared with the models of TEMOM‐log
MOM (I) and (II), the TEMOM‐log MOM (I) has higher numerical accuracy.

Figure 2. Variance of kth moments ((a) M0, (b) M1/3 and M2/3, and (c) M2) with time produced by the family of
TEMOM‐log MOM.
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The geometric standard deviation, σg, of the particle number distribution is a crucial indicator for character-
izing the properties of PSD. The log MOM has the capability to directly produce the value of σg according to
the first three moments (Lee et al., 1984). The other MOMs, such as QMOM and TEMOM, were verified to
have the same capability of producing σg, using the samemoments as the logMOM (Yu et al., 2008). Thus, σg
can be used as an indicator to verify the investigated methods. If an aerosol can be assumed to have a lognor-
mal PSD, σg can be expressed as a function of the first three moments (Pratsinis, 1988):

ln2σg ¼ 1
9
ln

M0M2

M2
1

� �
: (27)

In Figure 4, the values of σg for various investigated methods are presented and compared. The values of
σg from all MOMs of the TEMOM‐log MOM family achieve their own asymptotic values. The asymptotic
value of σg of TEMOM is 1.345, which is the closest to the value produced by the QMOM with six nodes
(1.346; Yu et al., 2008). As expected, both the hybrid TEMOM‐log MOM (I) and (II) models achieve their
asymptotic values. The values of σg of the log MOM and the hybrid TEMOM‐log MOM (I) and (II) models
are 1.355, 1.365, and 1.315, respectively (Yu et al., 2008). The hybrid TEMOM‐log MOM (I) model gener-
ates nearly the same σg as the TEMOM and log MOM, whereas the hybrid TEMOM‐log MOM (II) model
deviates from the other three investigated methods. By evaluating the four moments and their geometric
standard deviations, it is concluded that the hybrid TEMOM‐log MOM (I) model is a more precise method

Figure 3. Relative errors of kth moments ((a) M0, (b)M1/3, (c) M2/3, and (d)M2) of the TEMOM‐log MOM family to the
referenced SM in the free molecular regime.
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than the hybrid TEMOM‐log MOM (II). The TEMOM‐log MOM (I)
model has very nearly the same numerical precision as the TEMOM
and log MOM in numerical precision.

4.2. Numerical Efficiency

Numerical precision and efficiency are equally important to deter-
mine the feasibility of any numerical models. Here, all four investi-
gated moment models, as well as the SM, are implemented to
τ = 100. The numerical efficiency of investigated models is also eval-
uated by comparing their computational times. For the SM, the sec-
tion number is 500, which ensures the high numerical accuracy of
this SM method.

Table 1 shows the computational time consumed by different investi-
gated models. The ODEs are all solved numerically by executing the
fourth‐order Runge‐Kutta method with a fixed time step, 0.001, using
an Intel(R) Core (TM) i7‐3,820 CPU andMicrosoft Visual Studio. The
0.001 time step is selected because the numerical accuracy under the
same time step was validated in our previous study (Yu et al., 2008).
Relative to all the MOMs, the SM consumes a relatively very large
computational time. The consumed time of the TEMOM‐log MOM
(I) model is almost the same as TEMOM, but is smaller than the log

MOM and TEMOM‐log MOM (II) models. Comparing Equation 22 with 20 reveals that the mathematical
form of the TEMOM‐log MOM (II) is much more complex than that of the TEMOM‐log MOM (I); thus,
the former requires more numerical calculations at each time step. Therefore, it is concluded that the numer-
ical efficiency of the TEMOM‐log MOM (I) model is clearly greater than the SM, log MOM, and TEMOM‐log
MOM (II) models and is even greater than the well‐known TEMOM. It should be noted that SM has una-
voidable advantage to give the detailed size distribution and to estimate the fraction of particles exceeding
a given size (Anand et al., 2012), which is not possible by MOMs.

In conclusion, the TEMOM‐logMOM (I) model was found to be a promising model for solving SCE, in terms
of both numerical efficiency and accuracy. In addition, this model has wider applications than the current
log MOM because it overcomes the shortcoming of the log MOM with the prerequirement of assumed log-
normal PSD. In the following section, the TEMOM‐log MOM (I) model is utilized to study the secondary
nanoparticle formation and subsequent growth in a turbulent jet plume.

4.3. Application of TEMOM‐Log MOM (I) Model

It has been determined that in the atmospheric environment, most nanoparticles come from a multicompo-
nent route, that is, a binary homogeneous nucleation process of water‐sulfuric acid vapors. A complete the-
oretical understanding of this phenomenon is still a challenge due to its complicated chemical/physical
processes (Chan, Liu, & Chan, 2010; Chan, Zhou, et al., 2010; Harrison et al., 2018; Liu & Chan, 2018;
Maurya et al., 2018; Nagpure et al., 2011; Olin et al., 2019; Zhou & Chan, 2011). Because of the undoubted
contribution of gaseous and particulate emissions to air pollution emitted from power plants and motor
vehicles into the atmosphere (Chan, Liu, & Chan, 2010; Chan, Zhou, et al., 2010; Chan & Ning, 2005;
Ning et al., 2005; Wang et al., 2006; Zhou & Chan, 2011), a lot of attention has been focused on secondary

particles. Most particles emitted by engines are in the nanoparticle range
(i.e., dp<50 nm), especially with the improvement of advanced engine
technologies and after‐treatment devices. More and more evidence sug-
gests that nanoparticles have a more negative effect on human health
than particles of micrometers or larger (Gnach et al., 2015; Harrison
et al., 2018). This has raised the important question of how to control
the emission of nanoparticles before and after emission conditions.
Hence, it is essential to have a better understanding of the dynamic pro-
cesses of nanoparticle formation and subsequent growth in the atmo-
spheric environment.

Table 1
Computational Time Taken to Execute the Fourth‐Order Runge‐Kutta
Method With a Fixed Time Step, 0.001

Method Computational time Predefined PSD

SM ~72.00 hr No
TEMOM ~5.05 s No
Log MOM ~6.00 s Yes
TEMOM‐log MOM (I) ~5.00 s No
TEMOM‐log MOM (II) ~8.08 s Yes

Figure 4. Geometric standard deviations of the particle number distributions
derived from the family of TEMOM‐log MOM.
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The evolution of secondary particles in exhausts is a complicated physical–chemical process, which involves
momentum, heat and mass transfer, binary homogeneous nucleation, Brownian coagulation, Brownian and
turbulent diffusions, condensation, and thermophoresis (Liu, Chan, & Liu, 2019). To determine this, the
appropriate numerical model is coupled with the Navier‐Stokes equations for flows and the general dynamic
equation for particles. One‐way coupling is implemented since nanoparticles have very little effect on the
surrounding continuum. It should be noted that only secondary particle formation and growth emitted from
a tailpipe exist is concerned.
4.3.1. Governing Equations
4.3.1.1. Governing Equations for Fluid Flow
Nanoparticles have a very small Stokes number in fluid flows, which suggests that particles can follow the
fluid without disturbing it. In the present study, the Navier‐Stokes equations for incompressible flows are

∂ui
∂xi

¼ 0; (28a)

∂ui
∂t

þ uj
∂ui
∂xj

¼ −
1
ρ
∂p
∂xi

þ ∂
∂xj

ν
∂ui
∂xj

� �
; (28b)

∂ρh
∂t

þ ∂ρhuj
∂xj

¼ ∂
∂xj

kt
Cp

∂h
∂xj

� �
; (28c)

where ui is the velocity, p is the filtered pressure, h is the specific enthalpy, kt is the thermal conductivity,
and Cpis the specific heat at a constant pressure. The indexes i, j are taken as 1, 2 and refers to the x and y
directions, respectively. The k − ε turbulent model scheme is utilized to solve Equations 28a–28c regarding
the effect of turbulence on the flow.
4.3.1.2. Governing Equations for Particles
Within the Smoluchowski mean‐field theory, the particle number concentration, n(v,t), is represented as a
function in terms of particle volume, v, and time, t. Taking into consideration the physical terms of fluid con-
vection, thermophoretic drift, Brownian and turbulent diffusion, Brownian coagulation, condensation, and
nucleation, the governing equation for n(v,t) can be expressed as

∂n v; xif g; tð Þ
∂t

þ ∂ ujn v; xj
� �

; t
	 
	 

∂xj|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

convection

þ
∂ uthð Þjn v; xj

� �
; t

	 
� �
∂xj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

thermophoresis

¼ ∂
∂xj

Γ
∂n v; xj

� �
; t

	 

∂xj

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

diffusion

þ 1
2
∫
v

v*β v − v′; v′
	 


n v − v′; xif g; t	 

n v′; xif g; t	 


dv′ − n v; xif g; tð Þ∫∞v*β v; v′
	 


n v′; xif g; t	 

dv′|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

coagulation

þ ∂Gn v; xif g; tð Þ
∂v|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

condensation

þ J v*; xif g; t	 

δ v − v*
	 
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

nucleation

;

(29)

where Γ is the sum of the turbulent diffusion and Brownian diffusion coefficients (Γ = Γt + ΓB), β(v,v′) is
the coagulation kernel between particles of two volumes as shown in Equation 2, J is the nucleation rate,
v* is the volume of a stable sulfuric acid‐water (H2SO4‐H2O) monomer, δ is the Kronecker Delta function,
and uth is the thermophoretic velocity. G is the growth rate of the nucleus volume due to condensation. In
atmospheric environment, the growth rate due to condensation process can be obtained by first finding
out impinging rate of H2SO4 molecules onto to the particle and then calculating the H2SO4 content in
the aerosol using the generalized Kelvin equation for binary mixtures. Under the condition, the particle
growth rate takes the following form (Van Dingenen & Raes, 1991)

G ¼ dv
dt

����
SA

×
xva þ 1 − xð Þvw

xva
; (30)

where dv
dt

��
SA ¼ πdp2va p1 − pdð Þ

2πmkbTð Þ2 in the free molecular regime, dp is the diameter of existing particle, m is the

mass of H2SO4 molecular, p1 is the partial pressure of H2SO4 vapor in the gas, va is the volume of a H2SO4

molecule, pd is the partial pressure of H2SO4 vapor at the particle surface given by the Kelvin equation,
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vw is the volume of water molecule, and the mole fraction of sulfuric acid, x, is taken from Kelvin
equation.

Equation 29 is usually called the general dynamics equation (GDE), which cannot be directly coupled with
Equations 28a–28c for calculation because it has too many degrees relative to the particle volume v. In order
to overcome the shortcoming of the GDE, a suitable numerical scheme is to transfer Equation 29 with
respect to {n(v,t)} to the moment {mk}. The moment transformation involves multiplying Equation 29 by v
and then integrating it over the entire PSD. Then, the governing equation for the kth moment is expressed as

∂mk xif g; tð Þ
∂t

þ
∂ uj þ uthð Þj
� �

mk xj
� �

; t
	 


∂xj
¼ ∂

∂xj
Γ
∂mk xj

� �
; t

	 

∂xj

� �
þ kB1ℏmk−1

3
xif g; tð Þ1

α

þ J v*
	 


xif g; tð Þv*k þ ∂mk xif g; tð Þ
∂t

� �
coag

k ¼ 0; 1; 2ð Þ;

(31)

where
1
α
¼ xva þ 1 − xð Þvw

xva
, ∂mk xif g;tð Þ

∂t

h i
coag

is calculated using the harmonic mean of the two regimes,

namely Equation 20 of the TEMOM‐log MOM (I) model in the free molecular regime and TEMOM's model
in the continuum regime, to obtain a solution over the entire size regime, which has been verified a reli-
able scheme for solving SCE (Otto et al., 1999). For the unresolved moment, mk − 1/3, in Equation 31, the
closure model in Equation 19 needs to be used to achieve the final closure of equations. In the implemen-
tation of the TEMOM‐log MOM (I) model, only the first three order moments need to be explicitly solved.

Many studies have indicated that sulfuric acid tends to gather water molecules to form hydrates. These
hydrates are considered to stabilize the vapor and reduce the nucleation rate by a factor of 103–
108 (Vehkamaki et al., 2003). In the present study, the advanced parameterization model of Vehkamaki
et al. (2003) is used, which accounts for high‐temperature emissions and has been verified to be suitable
for the study of particulate matter emitted from engines (Yu et al., 2009). In this new model, the key vari-
ables, such as nucleation rate J(v*), mole fraction, and the total number of molecules of sulfuric acid in a cri-
tical cluster are taken as functions of temperature, relative humidity, and total gas‐phase concentration of
sulfuric acid.

In the model proposed by Vehkamaki et al. (2003), the mole fraction of sulfuric acid x* in a critical cluster is
given by

x* ¼ 0:847012 − 0:0029656T − 0:00662266ln Nað Þ þ 0:0000587835T ln Nað Þ
þ0:0592653ln RHð Þ − 0:000363192T ln RHð Þ þ 0:0230074 ln RHð Þð Þ2

þ0:0000851374T ln RHð Þð Þ2 þ 0:00217417 ln RHð Þð Þ2
−7:923 × 10−6T ln RHð Þð Þ3;

(32)

where Na is the total gas‐phase concentration of sulfuric acid, T is the absolute temperature, and RH is the
relative humidity in percentage form. The nucleation rate is given by an exponential of a third‐order poly-
nomial of ln(RH) and ln(Na),

J v*
	 
 ¼ exp½a T; x*

	 
þ b T; x*
	 


ln RHð Þ þ c T; x*
	 


ln RHð Þð Þ2 þ d T; x*
	 


ln RHð Þð Þ3 þ e T; x*
	 


ln Nað Þ
þ f T; x*

	 

ln RHð Þln Nað Þ þ g T; x*

	 

ln RHð Þð Þ2ln Nað Þ þ h T; x*

	 

ln Nað Þð Þ2

þ i T; x*
	 


ln RHð Þ ln Nað Þð Þ2 þ j T; x*
	 


ln Nað Þð Þ3; (33)

where the coefficients a(T,x*) … j(T,x*) are functions of temperature T and critical cluster mole fraction x*.

The total number of molecules in the critical cluster N*
tot is given by

N *
tot ¼ exp½A T; x*

	 
þ B T; x*
	 


ln RHð Þ þ C T; x*
	 


ln RHð Þð Þ2 þ D T; x*
	 


ln RHð Þð Þ3

þE T; x*
	 


ln Nað Þ þ F T; x*
	 


ln RHð Þln Nað Þ þ G T; x*
	 


ln RHð Þð Þ2ln Nað Þ
þH T; x*

	 

ln Nað Þð Þ2 þ I T; x*

	 

ln RHð Þ ln Nað Þð Þ2 þ J T; x*

	 

ln Nað Þð Þ3;

(34)

where the coefficients A(T,x*)… J(T,x*) are also functions of temperature T and critical cluster mole frac-
tion x*. Detailed definitions of these coefficients can be found in Vehkamaki et al. (2003).
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In addition, several key functions or parameters, including the velocity of thermophoresis, uth, subgrid‐scale
turbulent diffusivity coefficient, Γt, Brownian diffusion coefficient, Γb, and the growth rate of particle size
due to the arrival and loss of sulfuric acid (H2SO4) molecules to the entire droplet surface, G, can be found
in Liu, Chan, & Liu (2019).
4.3.1.3. Governing Equations for Gas Species
During numerical simulation, the evolution of gas species, including sulfuric acid and water vapors, must be
determined before calculating the moment ODEs. Based on the moment transformation in Equation 4, the
differential equations for the evolution of gas species, including sulfuric acid, Y1, water vapors, Y2, and CO2

tracer, Y3 are expressed as follows:

∂Y 1

∂t
þ ∂ujY 1

∂xj
¼ ∂

∂xj
D1

∂Y 1

∂xj

� �
þ R − J v*

	 

k* −

B1

v*
ℏm2=3; (35a)

∂Y 2

∂t
þ ∂ujY 2

∂xj
¼ ∂

∂xj
D2

∂Y 2

∂xj

� �
; (35b)

∂Y 3

∂t
þ ∂ujY 3

∂xj
¼ ∂

∂xj
D3

∂Y 3

∂xj

� �
; (35c)

where k* is the number of sulfuric acid molecules in the critical cluster denoted by k*¼N*
tot · x

*, and R is the
birth rate. D1, D2, and D3 are molecular diffusion coefficients of sulfuric acid, water vapors, and CO2 tra-
cer, respectively. The parameter k*is obtained from the nucleation model of Vehkamaki et al. (2003).
4.3.2. Configuration of Computational Domain
Figure 5 shows the Cartesian coordinate system (x, y, z) used in the numerical simulations for the vehicle
exhaust plume, which is consistent with the experimental setup shown in Ning et al. (2005) and the same
as the numerical calculation shown in Yu et al. (2009). The diameter of the vehicle tailpipe is D = 0.03 m.
The computational domain is 1,000D in x coordinate×333D in y coordinate. In order to make a comparison
with the experimental data and the previous numerical calculation data using the TEMOM model, the tail-
pipe exit velocity used was 4.8 m/s and the exhaust temperature used was 400 K; H2O and CO2 account for
6% and 12% in mole fraction, respectively. The velocity of the surrounding air is taken as 0 m/s for the pre-
sent numerical simulation. The numerical calculation is simplified to be a two‐dimensional axisymmetric
model in which the vehicle tailpipe is a circular pipe.

All governing equations are discretized using the finite‐volume method. The Quadratic Upwind
Interpolation for Convective Kinematics scheme is adopted for the convective terms in Equations 28a,
28b, 28c, 30, and 34. For the governing equations accounting for particles and gas species in Equations 30
and 34, user‐defined functions in ANSYS Fluent software were utilized. The TEMOM‐log MOM (I) in
Equation 20 was utilized to calculate the evolution of nanoparticle dynamics due to Brownian coagulation.
The calculation time step, t, was fixed at 0.001 s for all numerical simulations for both numerical efficiency
and accuracy. In the numerical simulation, all calculations were implemented using normalized parameters;
the details for the normalization are the same as in our previous work (Liu, Chan, Lin, et al., 2019; Yu
et al., 2009).
4.3.3. Results and Discussions for the Application of the TEMOM‐Log MOM (I)
Figure 6 shows the distribution of (a) the velocity magnitude, (b) normalized secondary particle number
concentration, (c) normalized particle volume concentration, and (d) nucleation rate of secondary parti-
cles. It should be noted that both M0 and M1 shown in Figures 6b and 6c are normalized values according
to the normalized equation presented in Equation 23. In the turbulent jet flow, the evolution of the large
vortex is found to dominate the distribution and evolution of particle quantities, including the particle
number concentration, particle volume concentration, average particle size, and geometric standard
deviation of particle number distribution in the surrounding air condition (Garrick & Khakpour, 2004;
Lin et al., 2016).

The effect of the large vortex on the distribution of statistical moment quantities are represented in
Figures 6b and 6c, where the maximum value of particle number concentration appears at the near
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tailpipe exit x ≈ 0.25–0.35 m due to the strong mixture that occurs between the exhaust jet flow and the
surrounding cold air. In the jet region, the exhaust jet plume temperature decreases to a lower level due
to mixing with the surrounding cold air, causing binary homogeneous nucleation to occur. It also leads to
a high nucleation rate of H2SO4‐H2O monomers to occur there, resulting in the high particle number
concentration as shown in Figure 6b. However, it is not surprising to observe that the main nucleation
rate appears only at the near tailpipe exit region, as shown in Figure 6d, especially as the region is much
closer to the tailpipe exit than the high particle number concentration region shown in Figure 6b. Further
downstream of the exhaust jet flow, eddies form and entrain the surrounding cold air into the main
exhaust jet flow, which decreases the gas temperature in the mixing region but no high particle number
concentration is formed.

Figure 5. Cartesian coordinate system (x, y, z) of the computational domain.

Figure 6. Contours of (a) velocity magnitude (m/s), (b) normalized secondary particle number concentration, M0, (c) normalized particle volume concentration,
M1, and (d) nucleation rate of secondary particles, J(v*) (#/(s·m3).
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In Figure 6c, it can be observed that the particle mass concentration reaches the maximum value away from
the tailpipe exit at x≈ 0.50–0.70 m. Contrary to the particle number distribution and nucleation rate, particle
mass distribution mainly distributes in the centerline of the exhaust jet flow rather than at the jet interface.
The evolution and distribution of particle dynamics obtained in this study is consistent with the results
obtained from the transient method, such as large eddy simulation (Yu et al., 2009). This is the result of exter-
nal effects such as convection, diffusion and thermophoresis, and internal dynamic processes (i.e., nuclea-
tion, condensation, and coagulation). In Garrick's research team on nanoparticle‐laden jet and boundary
flows (Garrick, 2011; Miller & Garrick, 2004; Murfield & Garrick, 2013), the new formation of particles on
the turbulent interface in boundary layers is also observed, which is considered to be the main source of par-
ticle formation in a turbulent flow.

The radial distance of normalized M0 and M1 and nucleation rate at different axial exhaust jet distances,
and streamwise distance of particle mean diameter dp, from the tailpipe exit are shown in Figure 7. Both
the newly proposed TEMOM‐log MOM (I) model and the widely recognized log MOM model are imple-
mented for comparative study. There are no obvious differences in the four physical quantities investi-
gated of the two MOMs. It should be noted that the log MOM is still the most widely used method in
atmospheric aerosol dynamics due to its high numerical efficiency, for example, WRF‐Chem in the field
of earth science. In Figures 7a and 7b, it is clear that in the region very close to the tailpipe exit, that is,
x = 0.1 m, the values of both M0 and M1 reach their maximum at the region away from the centerline of
the exhaust jet flow. Further downstream of the exhaust jet flow where x = 0.5 to 2.0 m, the values of
both M0 and M1 in the centerline region are larger than that in the surrounding region. This implies that
in the downstream region, the surrounding air is entrained by large vortices into the nanoparticle‐laden
multiphase system, which dominates the evolution of particle dynamics rather than the nucleation pro-
cess. In Figure 7c, the nucleation process only appears at x = 0.1 and 0.2 m, while further downstream
at x = 1.0 m and 2.0 m, no new particle formation takes place. This further supports the conclusion from
Figure 6d that the only region in which new particles can be formed is the region very near to the tailpipe
exit. In addition, it is clear that the nearer to the tailpipe exit, the higher the rate of nucleation formed.
This finding is contrary to the commonly held understanding that new particles are mostly formed in
the region where the jet and the surrounding cold air can be strongly mixed in the downstream exhaust
jet flow region (Lin et al., 2016). In the present study, only new particle formation is observed in the jet
flow boundary, which is very close to the tailpipe exit, while in the downstream exhaust jet flow region
where the strong mixture is achieved, no new particle formation is observed. This should contribute to
the understanding that the particle number concentration formed of new particles by the main precursor
(i.e., H2SO4 vapor) cannot meet the minimum requirement to achieve a thermally stable H2SO4‐H2O
monomer in the downstream exhaust jet flow. The mean particle diameter along the axis is shown in
Figure 7d, which is calculated from the following formula,

dp ¼ 6M1

πM0

� �1=3

× dg0: (36)

It is obvious that the mean particle diameter increase from its lowest value to its highest value (~30 nm)
within the region very close to the tailpipe exit, that is, x = 0.1 m. Further downstream of the exhaust jet
flow, the mean particle diameter attains its value, which implies that the particle growth mainly takes
place very close to the tailpipe due to the both contributions from coagulation and condensation. The
model gives the same results from observations that most particles emitted by engines are in the nanopar-
ticle range (i.e., dp<50 nm) (Harrison et al., 2018; Kittelson, 1998).

5. Conclusions

In all the current atmospheric aerosol dynamics models, the SCE must be included to describe the
growth in size of atmospheric aerosols and cloud droplets due to coagulation. However, the numerical
solution to the SCE undergoing Brownian coagulation in the free molecular regime is a direct challenge.
In this study, a new mathematical method for solving the SCE undergoing Brownian coagulation in a
free molecular regime is proposed and developed. In this method, the concept of well‐established
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TEMOM and log MOM for approximating the collision kernel and implicit moments are hybridized. The
numerical precision and efficiency of the new method are evaluated by comparing it to the SM as well as
the TEMOM and classic log MOM. The results imply that the new method, in which the collision kernel
is approximated with the concept of log MOM and the implicit moments are closed by the concept of
TEMOM, has almost the same numerical precision and efficiency as the TEMOM and log MOM. This
new method is then successfully applied to the study of secondary nanoparticle formation and
subsequent growth of H2SO4‐H2O in a turbulent jet plume. With the new method, the formation of
new particles only appears in the interface region of the turbulent exhaust jet, which is very close to
the tailpipe exit. No new particle was formed in the mixture of the exhaust jet plume and the
surrounding cold air downstream. The new method overcomes the limitation of the classical log
MOM, that is, that the PSD must follow lognormal particle size distributions with respect to time.
Thus, this new method will have wide applications where the atmospheric aerosol size distribution is
typically bimodal or multimodal. As one of MOMs, the new method shares a common feature with
other MOMs that the computational efficiency is lower than some analytical methods when
addressing open systems with large spatial gradients, including the methods presented in Turco and
Yu (1997) and Anand and Mayya (2011), due to the additional calculation of Navier‐Stokes equations,
but it provides higher resolution spatial and temporal maps of aerosols and cloud droplets during
dynamic evolution.

Figure 7. Radial distance y of (a) the normalized secondary particle number concentration, M0, (b) normalized particle
volume concentration, M1, and (c) nucleation rate of secondary particles at the axial tailpipe exit, x/D = 3.33, 16.67,
33.33, and 66.66. The red dotted line = 3.33, pink dotted line =16.67, green dotted line = 33.33, and blue dotted
line = 66.66 in Figures 6a–6c; streamwise distance x of (d) the mean particle diameter, dp.
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Appendix A

A.1 Derivation of Equation 11

β v; v1ð Þ ¼ K 1=vþ1=v1ð Þ12 v
1
3þv1

1
3

� �2

¼ K vþv1ð Þ12 v
1
6v

−1
2

1 þ 2v−
1
6v

−1
6

1 þ v−
1
2v

1
6
1

� �
≈ Kbk v

1
2 þ v

1
2
1

� �
v
1
6v

−1
2

1 þ 2v−
1
6v

−1
6

1 þ v−
1
2v

1
6
1

� �
¼ Kbk v

2
3v

−1
2

1 þ 2v
1
3v

−1
6

1 þ v
1
6
1 þ v

1
6 þ 2v−

1
6v

1
3
1 þ v−

1
2v

2
3
1

� �
≜ eβLog v; v1ð Þ

(A1)

A.2 Derivation of Equation 16

β v; v1ð Þ ¼ B1 1=vþ1=v1ð Þ12 v
1
3þv1

1
3

� �2

¼ B1 vþv1ð Þ1=2 v1=6v1
−1=2 þ 2v−1=6v1

−1=6 þ v−1=2v1
1=6
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(A2)

A.3 Derivation of Equation 23

The kth moment with closure function takes the following expression by assuming the lognormal PSD:

mk ¼ ∫
∞
0 eky ·

N0

3
ffiffiffiffiffiffi
2π

p
lnσ

e−
y−lnvgð Þ2
18ln2σ dy ¼ N0

3
ffiffiffiffiffiffi
2π

p
lnσ

∫
∞
0 e−

y2−2 lnvgþ9kln2σð Þyþln2vg

18ln2σ dy

¼ eklnvgþ
9
2k2ln2σ ·

N0

3
ffiffiffiffiffiffi
2π

p
lnσ

∫
∞
0 e−

y−lnvg−9kln2σð Þ2
18ln2σ dy¼m0e

kln vgð Þþ9
2k2ln2σ;

(A3)

where N0(=m0) is the initial total number of particles and vg is the geometric mean volume. Equation A3
can be further expressed in terms of m0, m1, and m2:

mk ¼ m
1−3

2kþ1
2k

2

0 m2k−k2

1 m
−1

2kþ1
2k

2

2 :

A.4 Normalized Moment ODEs

When Equation 25 is introduced into Equations 20 and 22, the normalized equations for the hybrid models
(I) and (II) are obtained respectively as
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and
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