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Abstract. This paper considers a class of nonsmooth nonconvex-nonconcave min-max problems in machine
learning and games. We first provide sufficient conditions for the existence of global minimax points
and local minimax points. Next, we establish the first-order and second-order optimality conditions
for local minimax points by using directional derivatives. These conditions reduce to smooth min-
max problems with Fréchet derivatives. We apply our theoretical results to generative adversarial
networks (GANSs) in which two neural networks contest with each other in a game. Examples are
used to illustrate applications of the new theory for training GANs.

Key words. min-max problem, nonsmooth, nonconvex-nonconcave, optimality condition, generative adversarial
networks

MSC codes. 90C47, 90C15, 90C33, 65K15

DOI. 10.1137/22M1482238

1. Introduction. Consider the following min-max problem:

1.1 minmax f(x,

(1.1) minmax f(z,y),

where X C R™ and Y C R™ are nonempty, closed, and convex sets, f : R" x R™ — R is a
locally Lipschitz continuous function. Define an envelope function

p(x):= I;leagf(w,y)'

In this paper, we assume that ¢(z) is finite-valued for any = € X. We say problem (1.1) is
nonconvex-nonconcave if for a fixed z € X, f(x,-) is not concave, and for a fixed y €Y, f(-,y)
is not convex.

The min-max problem (1.1) has many applications in machine learning and games [20, 30,
35], for instance, the popular generative adversarial networks (GANs) in machine learning
[2,9,16,17,26]. Let D :R™ xR — (0,1) be a parameterized discriminator, let G : R™ x R%2 —
R% be a parameterized generator, and let &; be a s;-valued random vector with probability
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distribution P; and support Z; C R% for i = 1,2. Then the plain vanilla GAN model can be
formulated as

(1.2) ;nei)r(lryng Ep, [log (D(y,&1))] + Ep, [log (1 — D(y, G(z,82)))],

where x and y are the parameters to control D and G with ranges X and Y, respectively.
Here Ep,[-] denotes the expected value with probability distribution P; over Z; for ¢ = 1,2.
We assume that the expected values are finite for any fixed x € X and y € Y. Since the range
of D is (0,1), for any fixed x,

p(r) = max Ep, [log (D(y,£1))] +Ep, [log (1 — D(y, G(2,§2)))]

is real-valued. The functions D and G are usually defined by deep neural networks (see
section 4 for a specific example). It is noteworthy that unconstrained min-max problems
for training GANs are widely used, while constrained min-max problems are also used for
improved GANs, Wasserstein GANs and some games. One can refer to [2, 3, 19] for more
details.

Since the pioneering work [29] by Von Neumann in 1928, convex-concave min-max prob-
lems have been investigated extensively, based on the concept of saddle points (see, e.g.,
[6, 28, 35, 36] and the references therein). In recent years, driven by important applications,
nonconvex-nonconcave min-max problems have attracted considerable attention [21, 22,24, 31].
However, it is well-known that a nonconvex-nonconcave min-max problem may not have a sad-
dle point. How to properly define its local optimal points and optimality conditions has been
of great concern. In [1, 12, 25], the concept of local saddle points was studied, but it is pointed
out in [21] that the concept of local saddle points is not suitable for most applications of min-
max optimization in machine learning. A nonconvex-nonconcave min-max problem may not
have a local saddle point (see Example 2.7 in this paper). In [21], the authors argued that
a local solution cannot be determined just based on the function value in an arbitrary small
neighborhood of a given point. For that reason, they proposed the concept of local minimax
points of unconstrained smooth nonconvex-nonconcave min-max problems and studied the
first-order and second-order optimality conditions.

Optimality conditions for minimization problems have been extensively studied [7, 32].
Moreover, the study of optimality conditions for simultaneous games has a long history, whose
solutions are commonly described as the Nash equilibrium. According to the definition of Nash
equilibrium, the optimality conditions are the combination of each player’s optimality condi-
tion when the rivals’ decisions are fixed. Therefore, optimality conditions for simultaneous
games can be viewed as an extension of those for minimization problems. For more details, one
can refer to [4, 7, 14, 27, 32]. However, optimality and stationarity of nonsmooth nonconvex-
nonconcave min-max problems are not well understood. Necessary optimality conditions for
unconstrained weakly-convex-concave min-max problems and their application in machine
learning were studied in [23, 31]. In [21], from the viewpoint of sequential games, the local
minimax points and the first-order and second-order optimality conditions for unconstrained
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smooth nonconvex-nonconcave min-max problems were defined. Based on the concept of
the local minimax points proposed in [21], necessary and sufficient optimality conditions for
the local minimax points of constrained smooth min-max problems were studied in [11]. It
is worth noting that the min-max problem can be viewed as a specific bilevel optimization
problem. The general practice to solve a bilevel optimization problem is to replace the lower
level optimization by its first-order optimality conditions, so that the bilevel optimization
problem becomes a mathematical programming with equilibrium constraints (MPEC) and
its optimality conditions are derived based on the MPEC formulation [13]. However, opti-
mality conditions for global/local minimax points of nonsmooth bilevel problems where the
upper level problem is nonconvex and the lower level problem is nonconcave have not been
studied yet.
The main contributions of this paper can be summarized as follows.

e We define the first-order and second-order optimality conditions of local minimax
points of constrained min-max problem (1.1) by using directional derivatives. Our op-
timality conditions extend the work [21] for unconstrained smooth min-max problems
to constrained nonsmooth min-max problems. These conditions reduce to smooth
min-max problems with Fréchet derivatives. Moreover, we rigorously describe the re-
lationships between saddle points, local saddle points, global minimax points, local
minimax points, and stationary points defined by these first-order and second-order
optimality conditions. The relationships among these points is illustrated by interest-
ing examples and summarized in Figure 1.

e We establish new mathematical optimization theory for the GAN model with both
smooth and nonsmooth activation functions. In particular, we give new properties
of global minimax points, local minimax points and stationary points of problem
(1.2) under some specific settings. Examples with the sample average approximation
approach show that our results are helpful and efficient for training GANSs.

Figure 1. Venn diagram for saddle points, minimaz points and stationary points: a saddle point = a local
saddle point (Definitions 2.1 and 2.2), a global (local) minimaxz point # a local saddle point (Example 2.7), a
local saddle point = a local minimaz point (Definitions 2.2 and 2.4), a local minimax point = a first-order or
second-order stationary point (Theorems 3.11 and 3.17), a first-order stationary point # a local minimazx point
(Ezample 3.24), a second-order stationary point = a first-order stationary point (Definition 3.22).
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The reminder of this paper is organized as follows. In section 2, we give some notations and
preliminaries. In section 3, we study the first-order and second-order optimality conditions of
nonsmooth and smooth min-max problems, respectively. In section 4, we apply our results
to GANs and use examples to show the effectiveness of our results. Finally, we make some
concluding remarks in section 5.

2. Notations and preliminaries. In this paper, N denotes the natural numbers. R’} de-
notes the nonnegative part of R". ||-|| denotes the Euclidean norm. cl(€2), int(Q2), and bd(£2)
denote the closure, the interior, and the boundary of set 2, respectively. o(]t|) denotes the
infinitesimal of a higher order than |t| as t — 0. O(|t|) denotes the same order as [t| as t — 0.
B(z,r) denotes the closed ball centred at  with radius » > 0. Denote (-)1 := max{0,-} the
ReLU activation function. The indicator function of a set €2 is denoted by dq, i.e., do(z) =0 if
z € Q and do(x) = co otherwise. The extended-valued functions are functions that are allowed
to be extended-real-valued, i.e., to take values in RU {z+o0}.

Let © CR" be a closed and convex set. The tangent cone [32, Definition 6.1] to Q at z € Q,
denoted by Tq(z), is defined as To(z) = {w: 3 2* 8 x,tF | 0such that limy ‘f”kt—,jz =w}.

The normal cone [32, Definition 6.3] to Q at z € 2, denoted by Nq(x), is

Na(z):={yeR": (y,w—x) <OVweQ}.

It also knows from [32, Proposition 6.5] that Nqg(x)={v: (v,w) <0 for Vw € To(z)}.
Definition 2.1. We say that (Z,9) € X XY is a saddle point of problem (1.1) if

(2.1) f(Ey) < f(2,9) < fz,9)

holds for any (z,y) € X x Y.

Definition 2.2. We say that (Z,35) € X XY is a local saddle point of problem (1.1) if there
exists a § >0 such that, for any (z,y) € X XY satisfying ||z — Z|| <6 and ||y —g|| <4, (2.1)
holds.

In the convex-concave setting, saddle points are usually used to describe the optimality of
min-max problems. However, one significant drawback of considering (local) saddle points of
nonconvex-nonconcave problems is that such points might not exist [21, Proposition 6]. Also,
(local) saddle points correspond to simultaneous game, but many applications (such as GANs
and adversarial training) correspond to sequential games. In view of this, we consider in what
follows global and local minimax points proposed in [21], which are from the viewpoint of
sequential games.

Definition 2.3. We say that (z,9) € X XY is a global minimax point of problem (1.1) if

f(&,y) < f(E,9) < g}ggf(w,y’)

holds for any (z,y) € X X Y.
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Definition 2.4. We say that (&,9) € X XY is a local minimax point of problem (1.1) if
there exist a o > 0 and a function 7: R4 — Ry satisfying 7(6) — 0 as 6 — 0, such that for
any § € (0,00] and any (z,y) € X XY satisfying ||x — z|| <0 and ||y — g|| <, we have

z,y) < f(2,9) < ma, z,y).
f@y<f@ps o max, oyl @y)

Remark 2.5. Tt is noteworthy that the function 7 in Definition 2.4 can be further restricted
to be monotone or continuous without changing Definition 2.4 [21, Remark 15]. Hereafter, we
always assume that 7 is monotone and continuous.

Global or local minimax points are motivated by many practical applications and the
probable nonconvexity-nonconcavity of the min-max problem. Obviously, a saddle point is a
global minimax point and a local saddle point is a local minimax point. However, problem
(1.1) may not have a local saddle point. The following proposition gives some sufficient
conditions for the existence of global (local) minimax points. Note that the existence of a
global (local) minimax point does not imply the existence of a local saddle point.

Proposition 2.6.

(i) If &y :={z € X : p(x) < u} is nonempty and bounded for some scalar w and {y €Y :
f(z,y) > 1z} is bounded for every x € @, and some scalar l,, then problem (1.1) has
at least a global minimaz point.

(ii) (See 21, Lemma 16].) (z*,y*) € X XY is a local minimax point if and only if y* is a
local maximum of f(x*,-) and there exists a dg >0 such that x* is a local minimum of
ps(x) :=maxy e(yey|y—y-|<s} [ (x,y) for any & € (0,00].

Proof. (i) According to the continuity of f(x,y), ¢ is lower semicontinuous. We know
from [32, Theorem 1.9] that argmingexp(z) C @, is nonempty and compact. Let z* €
arg minge x(x) and consider the set arg maxycy f(z*,y). Since {y € Y : f(a*,y) > =} is
bounded, we know from the continuity of f(z*,-) that the maximum can be achieved. Let
y* € argmaxycy f(x*,y). It is easy to check that (z*,y*) is a global minimax point. [ |

Specifically, if both X and Y are bounded, then all conditions in (i) of Proposition 2.6
hold. Thus problem (1.1) has a global minimax point. However, a local minimax point may
not exist even X and Y are bounded (see Example 3.24). Also, a global minimax point may
not be a local minimax point (see Example 3.24). The following example tells that the global
and local minimax points exist but (local) saddle points do not.

Example 2.7 (see [21, Figure 1]). Let n = m =1 and X =Y = [—1,1]. Consider
f(x,y) = —2 4+ bzy — y?. Note that

—2*—br—1, ze[-1,-2];

_ 2 2y _ ) 21 2 2 27.

w(rv)—yg[ljtf”(—w +5xy —y°) = G, x € [2—5,5],
—2? 45z —1, we[g,l].

It is not difficult to examine that minge[_; 1) (2) =0 when z =0. In this case, y = 0. There-
fore, (0,0) is a global minimax point. Moreover, let §y = % and 7(0) = 2(5 in Definition 2.4.
Then for any § <y, (z,y) € [—1,1] x [—1,1] satisfying |z| <¢ and |y| < J, we have
21
max  f(zy) = >
y'e{yeY:ly|<2s} 4
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when y = %az Thus, we obtain

—y*=f(0,y) <f(0,0)=0<  max _ f(x,y)=""a
y'e{yeY:|y|<56} 4

which implies that (0,0) is also a local minimax point.
Note that the solutions of max,c|_s 5 minge(—s4 f(z,y) are (4,0) and (—4,0) for any ¢ €
(0,1]. Thus, we have

. ) .

22 5l {50 == 0= iy ez, o
which implies that (0,0) is neither a saddle point (i.e., (2.2) holds with § = 1; see Definition 2.1)
nor a local saddle point (i.e., (2.2) holds with a sufficiently small d, see Definition 2.2).

Example 2.7 gives a nonconvex-nonconcave min-max problem that has global and local
minimax points, but does not have a local saddle point. Thus, global and local minimax
points defined in Definitions 2.3 and 2.4, respectively, are good supplements of (local) saddle
points, especially in the nonconvex-nonconcave setting.

3. Optimality and stationarity. In this section, we first discuss the first-order and second-
order optimality conditions when f in problem (1.1) is nonsmooth. The smooth case is
considered as a special case of the nonsmooth ones when the directional derivatives can be
represented by Fréchet derivatives. Our results extend the study of necessary optimality
conditions of unconstrained smooth min-max problems in [21]. In particular, in the nonsmooth
case, our results extend [21] from unconstrained smooth ones to constrained nonsmooth ones
and in the smooth case, our results extend [21] from unconstrained ones to constrained ones.
We also illustrate these theoretical results by three examples.

To proceed further, we give the description of tangents to convex sets.

Lemma 3.1 (see [32, Theorem 6.9]). If Q CR" is convexr and T € Y, then
To(Z) =cl{w:IN> 0 withz + Aw € Q}, int (To(z)) = {w : 3 > 0 withZ + Aw € int(2) }.
Denote

To(Z) :={w:3IXN>0withz + lw € Q}.

It is not difficult to verify that To(Z), int(7a(Z)), and 73 (Z) are convex cones if €2 is convex.
Moreover, we have the following relationship int (7q(z)) C 75 (Z) C Ta(z). If © is polyhedral,
then 75(Z) = Ta(Z).

3.1. Nonsmooth case. In this subsection, we consider problem (1.1) when f is not dif-
ferentiable. For this purpose, we introduce some definitions for nonsmooth analysis.

Let g:R™ — R. The (first-order) subderivative dg(z)(v) at x € R™ for v € R" is defined as
[32, Definition 8.1]

.. g+t —g(x)
d := liminf .
g(x)(v) U’l—wl,%[) t
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The function g is semidifferentiable at = for v [32, Definition 7.20] if the (possibly infinite)
limit

/ [e—
g ) ()
v’ —v,t0 t

exists. Further, if the above limit exists for every v € R", we say that ¢ is semidifferentiable
at z. It is easy to see that if g is Lipschitz continuous in a neighborhood of z, then this limit
is finite.

There are two types of second-order subderivatives [32, Definition 13.3]. The second-order
subderivative at € R" for w and v is

r+tw') —g(x) —t{v,w)
t2 '

d%g(z|v)(w) := liminf 9

w’ —w,t0

N[

The second-order subderivative at z € R" for w (without mention of v) is

2g(2)(w) = Timin LEF1) —9(@) — tdg(@)(w)
w’' —w,t]0 %t2

We say that g is twice semidifferentiable at x if it is semidifferentiable at = and the
(possibly infinite) limit

g(x +tw') — g(x) — tdg(x)(w')

lim 2

w’—w,t]0

N[

exists for any w € R".
The one-side directional derivative g'(x;v) at @ € R™ along the direction v € R™ is defined
as

t —
g (x;v) :==lim 9(z +tv) g(m)
t10 t

The function g is directionally differentiable at x if ¢'(z;v) exists for all directions v € R™.
If ¢ is locally Lipschitz continuous near z, then semidifferentiability at x is equivalent to
directional differentiability at x.

The second-order directional derivative of g at x € R™ along the direction v € R™ is defined
as [32, Chapter 13.B]

_ —ta (-
0@ (210) 1= lim ST g(w) tg' (z;v)
t}0 §t2

Obviously, if g is semidifferentiable at z, then dg(z)(v) = ¢'(x;v); if g is twice semidiffer-
entiable at z, then d?g(x)(w) = ¢? (z;w).

As a generalization of classical directional derivatives, the (Clarke) generalized directional
derivative of g at x € R™ along the direction v € R™ is defined as [7, section 2.1]

/ t _ /
9°(x;v) := limsup 9@’ +tv) — g@ )
' —x,t]0 t
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We say that g is Clarke regular at x [7, Definition 2.3.4] if ¢’(x;v) exists and ¢°(z;v) = ¢'(x;v)
for all v. By using the generalized directional derivative, we can define the (Clarke) generalized
subdifferential as

dg(z) :={z€R": (z,v) < ¢°(z;v) Vv € R"}.
In turn, we know from [7, p. 10] that
(3.1) 9°(z;v) =max{ (¢, v) : ¢ € dg(z)}.

The generalized second-order directional derivative of g at x € R™ along the direction
(u,v) € R™ x R™ is defined as (see [8, Definition 1.1] and [32, Theorem 13.52])

+9 tv) — "+ 0u) — ¢ /
6°° (5, v) = limsup S 0U ) — 9@ EtU) g(x' + tv) + g(z')

t10,510

Especially, when u = v, we write ¢g°°(z;v,v) as g°°(z;v) for simplicity.

Remark 3.2. When f is continuously differentiable at (Z,7), fo(Z,9;v) = da f(2,79)(v) =
Vo f(2,9) Tvand f(2,9;w) =dy f(2,9)(w) = Vy f(&,7) "w (see [32, Exercise 8.20]). Moreover,
if f is twice continuously differentiable at (Z,y), we know from [32, Example 13.8, Proposi-
tion 13.56] that f2°(,9;v) = d3 f(#,9)(v) = v Vi f(#,9)v and f°(2,9;w) = dj f (&, 9)(w) =
w V2 ().

Example 3.3. Consider a two-layer neural network with the ReLU activation function as
follows:

E(W,b) :=p(Wo(Wi€ + b1)+ + ba)

for a fixed £ € R®, where W7 € R%1%5 by € R%:, Wy € R%2%%1 phy € R%2, p: R%2 — R is a
continuously differentiable function, W = (W, Ws) and b = (b1,b). Obviously, F is locally
Lipschitz continuous. For fixed W = (W1, W32) and b= (by,bs2), we consider

F(W 4+ tW,b+tb) — F(W,b)
t

— im p((Wa + tWa) (Wy + tW1)€ + by + thy) 4 + ba + thy) — p(Wa (W1 + br)4 + ba)
tl0 t

F'(W,b;W,b) = lim
10

and
lim (Wy + th)((W1 + th)f + by + t51)+ + by + thy — (Wo(W1€ +b1)4 + be)
tl0 t
i Wa (W1 +tW1)€ + by + thy) 4 — (Wi€ +b1)4) + ¢ (Wa((Wit tW1)E+ by + thy) 4+ ba)
©to t
— W, <h¢%l (W1 +tW )€+ b thtbl)+ — (Wi +0b1)+
t

> + Wo(Wh€ + b1)4 + ba.

Fori=1,...,s;, denote Wll and Wf the ith row vectors of W1 and Wy, and Bli and bﬁ the ¢th
components of by and by, respectively. Then, for i =1,...,s; and sufficiently small ¢ > 0, we
have

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/24/24 to 158.132.161.52 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

NONSMOOTH NONCONVEX-NONCONCAVE MIN-MAX PROBLEMS 701

((Wf )T+ b +t6i) - ((W{')Tg+ bﬁ)+

HW) € + tb, 1f(Wf)T§+b§>o;

)0 if (W) "¢+ b) <0; ,

) tw )T§ + tbl 1f(W1i)T§ + b} =0and (W;)Té + b > 0;
0 if (WHT€ 4+ b =0and (W) €+ bl <0.

Hence we obtain

(Wi + W) T+ b+ thy)4 — (W T+ b))

lim

t}0 t

V) TE+B i (WHTE+B > 00r (W) TE+ ) =0and (W DTe+b >0
0 if (W)TE +bi < 0or (Wi)TE+bi =0and (W})T€+bi <0.

Thus, we have that the limit

T .= W2 <111’I1 ((Wl +tW1)€ + bl + t51)+ — (ng + b1)+

w b b
i " )+W2(W1§+ 1)4 + b2

exists. Therefore, we have that F' is semidifferentiable based on the locally Lipschitz continuity.
If, moreover, p is twice continuously differentiable, we have

W5 = liming LOV W b+ 8) = FW.b) —tdF(W,5) (W, )

t10 lt2
W/ W,b —b 2

=Y V2p(Wa(Wi€ + b))y +b2)7T,

which implies that F' is twice semidifferentiable.

The following lemma tells the necessary optimality conditions for an unconstrained mini-
mization problem by using subderivatives.

Lemma 3.4 (see [32, Theorems 10.1 and 13.24]). Let g : R® — (—o0,+00| be a proper
extended-valued function. If T is a local minimum of g over R™, then dg(z)(v) > 0 and
d%g(z]0)(v) >0 for any v € R™.

The following lemma shows that we can replace d2g(z|0)(v) > 0 by d?¢(z)(v) > 0 under
certain mild conditions.
Lemma 3.5. Let g:R"™ — (—o00,+00] be twice semidifferentiable at z. If dg(z)(v) =0, then
29(2|0)(v) = d*g(z) (v).
Proof. Let dg(z)(v) =0. Note that

(2 +t) —g(@) —tdg(@)(v') _ |, 9@+ 1) —g(z) — tdg(2)(v)

_ .. g
d2 =1 f
9(z)(v) v}invl,ﬁo 1 U/_ium,uo 12
9@ +tv)—g(@) —tdg(T)(v) .. g(T+tv)—g(T)
iy 1 T e S

2 2
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where the second equality follows from the twice semidifferentiability of g at = and the third
equality follows from the existence of the limit. |

Lemma 3.6 (see [32, Theorem 8.2]). For the indicator function dx of a set X CR™ and
any point x € X, one has déx(z)(v) = d7, (2)(v) for any v ER™.

A function g: R™ — R is called positively homogeneous of degree p > 0 if g(Aw) = NPg(w)
for all A >0 and w € R" (see [32, Definition 13.4]).
The following lemma shows the expansion of a function via subderivatives.

Lemma 3.7 (see [32, Theorem 7.21 and Exercise 13.7]). Let g: R™ —R. Then
(i) g is semidifferentiable at T if and only if

9(x) =g(z) + dg(z)(x — ) + o (|| — z[]),

where dg(Z)(-) is a finite, continuous, positively homogeneous function.
(ii) Suppose that g is semidifferentiable at . Then g is twice semidifferentiable at T if and

only if
() = 9(2) + dg(2) (& — ) + 50 (E)w — ) + 0 |}z ~ 2/)

where d2g(z)(-) is a finite, continuous, positively homogeneous of degree 2 function.

The following lemma gives the first-order and second-order optimality conditions for min-
imizing a semidifferentiable function, which extends a subresult of [10, Proposition 2.3] from
a polyhedral set to a general convex and closed set.

Lemma 3.8. Let X CR"” be a closed and convez set, let g: R™ — R be semidifferentiable at
T € X, and let T be a local minimum point of g over X. Then dg(z)(v) >0 for all v € Tx(Z).
Moreover, if g is twice semidifferentiable at Z, then d%g(z)(v) > 0 for all v € T2(Z) N {v :
dg(z)(v) = 0}.

Proof. Since  is a local minimum point of g over &', we know from Lemma 3.4 that
dg(z)(v) > 0and d?g(z|0)(v) > 0 for any v € R", where g = g+ dx. From Lemma 3.6, we have
for all v € Tx(z) that

T N — a7 = N _
0<dg(z)(v) = liminf 9(z + ') — g(7) +t<5x(w + 1) — 8x(7)
v =,

— / _ —
= liminf 9@ +1') = 9(7) =dg(z)(v),
v’ —=v,tl0 t

where the second equality follows from the observation that dx(Z) =0 due to Z € X and v’ is
selected such that dx(Z + tv') =0 (see Lemma 3.1) for sufficient small ¢ to achieve the limit
inferior.

Based on the above results, for v € T3(Z) C Tx(z), dg(z)(v) = 0 if and only if dg(z)(v) = 0.
Thus, T(#) N {v:dg(z) (v) = 0} = T¢(7) N {v: dg(a)(v) = 0}.

We know from Lemma 3.5 that for v € To(z)N{v:dg(z)(v) =0}, d*g(z]0)(v) = d%G(z)(v).
Therefore, for v e T¢(z) N{v:dg(z)(v) =0}, we have
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0 < )(0) @ timing LTI+ 0@+ ) = 0(2) = b2(&) = 103 (@) )

v —0,tl0 %tz
(b) 7 7 N sy o
< limine SE 1) + 0@ F 1) —9(@) — 0x(2) ~ tdg(@)(v)
t}0 §t2
© . g(Z+tv) — g(Z) — tdg(z)(v) @) o
= o 1 d%g(z)(v),

where (a) follows from the definition of the second-order subderivative d2g(z)(v), (b) follows
from the definition of limit inferior (see [32, Definition 1.5]), (c) follows from Z € X and z+tv €
X for sufficiently small ¢ due to v € T3(Z), and (d) follows from the twice semidifferentiability
of g at T. |

The following lemma gives a description of the generalized second-order directional deriv-

ative by using directional derivatives.

Lemma 3.9 (see [8, Proposition 1.3]). Let g:R™ = R be a continuous function that admits
a directional derivative at every point near x. Then g°°(z;u,v) is the generalized directional
derivative of ¢'(-,v) at x along direction u, that is

N+t v) — o (2
goo($§u,v):11msupg(x + u71;) g(-T,U).

tl0

Remark 3.10. Note that

6°°(z:0) > Tim gz +tv+tv) — g(xz +tv) — g(x + tv) + g(x)

10 2 =9%wv).

Recall that g: R"™ — R is twice subregular at x [8, Definition 3.1] if the limit

lim g(x 4 du +tv) — g(x + du) — g(x +tv) + g(x)
10,610 ot

exists and the above limit equals to ¢°°(z;u,v). Thus, we know that ¢°°(z;v) = ¢ (z;v) if ¢
is twice subregular at x.
Now we are ready to give the main results of this subsection.
Theorem 3.11. Let the tuple (&,9) € X XY be a local minimaz point of problem (1.1).
(i) If f is semidifferentiable at (Z,7), then
(3.2a) (@, g;0) >0 for allv € Tx (&),
(3.2b) dy f(2,9)(w) <0 for all w e Ty (7),
where fo(&,7;v) denotes the generalized directional derivative of f with respect to = at
Z along the direction v for fized g.

(ii) Assume, further, that f is twice semidifferentiable at (&,9) and f is Clarke regular in
a neighborhood of (&,y). Then
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(3.3a)  foo(&,9;v) >0 for allv e TR (2)N{v:30 >0,d, f (2,9 )(v) =0 Vy € B(g,0) NY},
(3.3b)  dyf(&,9)(w) <0 for allw € Ty (§) N {w: dy f(%,§)(w) = 0},

where f2°(Z,7;v) denotes the generalized second-order directional derivative of f with respect
to x at & along the direction (v,v) for fixed .

Proof. Equations (3.2b) and (3.3b) directly follow from Lemma 3.8. Therefore, we only
focus on (3.2a) and (3.3a), respectively.

(i) Since (&,7) is a local minimax point, there exist a dp > 0 and a function 7: R, — R
satisfying 7(6) — 0 as § — 0, such that for any ¢ € (0,d0] and (z,y) € X x Y satisfying
lx — Z|| <0 and ||y — 9| < J, we have

A~ A oA /
(3.4) fEy) <f@ps<  max o f@y).

For any v € Tx (), according to the convexity of X, there exist {vF};>; with v* — v as
k — oo and {t;}x>1 with ¢ | 0 as k — oo, such that 2F =& + 10" € X (see Lemma 3.1). Let
O = ”mk — :i‘H and §* be defined by
(3.5) it e arg max f(zF ).

v e{yeY:lly—9glI<7(5x)}
Obviously, d; — 0 and Hgk — @H — 0 as k — oco. According to the second inequality of (3.4),
we have (for sufficiently large k) that

0< f(a*,3%) — f(&.9) = F", %) — £(&,57) + f(2,5%) — £(2.9)
< f(a*,5%) — f(&,5%).

z
Note from the mean-value theorem [7, Theorem 2.3.7] that there exists an #* lying in the
segment between z* and & such that

ek - staty e (osat . ().

It indicates that there exists an element contained in

(e ()

such that it is not less than 0. Thus, by dividing ; in both sides and letting k£ — oo, due to
the upper semicontinuity of 9f(-,-) (see [7, Proposition 2.1.5]), we obtain

o< s (¢(5)) 216 5n0=r6 0,

ceof(z,9

(3.6)

where (a) follows from (3.1) and f7(Z,y;v) denotes the Clarke generalized directional deriva-
tive of f with respect to x at Z along the direction v for fixed g.

(ii) Let v € Tg(z) N {v:36 >0, dxf(x y')(v) =0Vy € B(y,0) NY}. Then there exists a
sequence {tj}r>1 with #; | 0, such that ¥ := 3 +tpv € X. Let & = H:):]C — iH, and let §* be
defined in (3.5).
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From the mean-value theorem, there is (; € (0,;) such that
s dt) - .39 €0+ o) (M)
Similar to (3.6), we have f(Z + tyv,3*) — f(&,7*) > 0. Thus, we have

(3.7) PE+Go 00 = sup <e, (§>> >0,
)

0€0f (&+Ckv,g"

Then, according to the Clarke regularity of f near (Z,7), we have from (3.7) that

(b) ofA ~k. c (4 ~k.
0 < limsup f (‘T+Ckv’y ,’U,O) (:)hmsup f (x+Ckv7y 77)70)
k—s00 Ck k00 Ck
1( 5 ~k. el s Sk ow; /. el (A ).
k—o0 k o' =i,y =g

t10
( ) OO0 [/~ ~ OO0 ([~ ~
= [o@,§50,0) = £°(, 3 0),
where (b) follows from (3.7), (c) follows from the Clarke regularity of f near (Z,7), (d) follows
from f'(&,7%;v,0) = 0 for sufficiently large k, (e) follows from Lemma 3.9 and f2°(%,3;v)
denotes the generalized second-order directional derivative of f with respect to z at & along
the direction (v,v) for fixed g. [ ]

We illustrate Theorem 3.11 by Example A.1 in Appendix A.

Remark 3.12. We know from (3.1) that for any v, f7(Z,9;v) = max,cg, f(3,9) (#,v). Thus,
(3.2a) can be equivalently reformulated as max.ep, f(z,9) (2,v) > 0 Vo € Tx (%), which, based
on the definition of normal cone, is equivalent to 0 € 9, f(,9) + Nx (Z).

Generally, (3.2b) implies the Clarke stationary condition 0 € —9,f(Z,7) + Ny (), but
not vice versa. Moreover, by using the (generalized) directional derivatives, we can establish
the second-order necessary optimality conditions for the nonsmooth case. Therefore, the
(generalized) directional derivatives are employed in Theorem 3.11.

Remark 3.13. It is noteworthy that the necessary optimality conditions (3.2a)—(3.2b) and
(3.3a)—(3.3b) with respect to = and y are not symmetric. Generally, (3.2a) and (3.3a) are
weaker than

(3.8) dg f(&,79;v) > 0for allv € Tx (&)
and
(3.9) d2f(&,9;v) > 0for allv € T(2) N {v:dyf(2,7)(v) =0},

[e]e]

respectively, because f2(&,9;v) > do f(£,9;v), £2°(2,9;v) > d2f(#,9;v) (Remark 3.10) and

TL(@)N{v:35>0,d.f(Z,y)(v) =0Vy €B(4,5) NY} C Tx(2) N{v:dsf(2,9)(v) =0}.
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The main reason is that a local minimax point may not be a local saddle point. If we replace
(3.2a) and (3.3a) by (3.8) and (3.9), respectively, the necessary optimality conditions for local
saddle points are derived. Indeed, if (Z,3) € X x Y is a local saddle point of problem (1.1),
then Z is a local minimum of mingecx f(x,y) and ¢ is a local maximum of maxy,cy f(Z,y) by
Definition 2.2. Hence by Lemma 3.8, we obtain that (3.8) and (3.9) are necessary optimality
conditions for local saddle points of problem (1.1).

If, in addition, f is Clarke regular at (z,¢), then

22 50) 2 2@ 5:0,0) Y £, 9:0,0) L df@,9) (0.0) L du f(2,5) (v),

where (a) follows from the definition of f2, (b) follows from the Clarke regularity, (c) follows
from [10, section 2.1], and (d) follows from the definition of d, f. Thus, (3.2a) can be replaced
by (3.8).

If, in addition, f is twice subregular at (z,7), then

(8, 3:0,0) L a2 £ (2,9) (0,0) L a2 £ (2,9) (v),

where (e) follows from [10, section 2.1] and (f) follows from the definition of d2f. Thus (3.3a)
can be replaced by

A2 f(2,9)(v) >0 Yo e Te(2)N{v:30>0,d. f(&,¢)(v) =0y €B(7,6) NY}.

Remark 3.14. Suppose that f is twice semidifferentiable, Clarke regular, and twice sub-
regular. Then we have f2(2,9;v) = d.f(2,9)(v) and £2°(2,9;v) = d2f(2,9)(v). Based on
Lemma C.4 and (3.3), we can have

[22(2,9;v) >0for all0 # v € Tx (2) N{v:d, f(Z,9)(v) =0},

(3.10) A2 f(2,9)(w) > Ofor all 0 # w € Ty (§) N {w : dy f (&, §) (w) = 0},

with (3.2) as a second-order sufficient condition for a local saddle point. Since a local saddle
point is a local minimax point, (3.10) together with (3.2) is also a sufficient condition for a
local minimax point.

Based on Theorem 3.11, we define the first-order and second-order d-stationary points of
min-max problems.

Definition 3.15. We call that (z,9) € X XY 1is a first-order d-stationary point of problem
(1.1) if it satisfies (3.2a)—(3.2b). If (Z,7) also satisfies (3.3a)—(3.3b), we call it a second-order
d-stationary point of problem (1.1).

3.2. Smooth case. In this subsection, we consider the necessary optimality conditions of
problem (1.1) when f is (twice) continuously differentiable. For any (z,y) € X X Y, denote

(z,y) ={veTx(z):0lV.f(z,y)}, Ti(z,y) ={veTx(z):vLlV.f(z,y)},
Dy(z,y) ={w e Y (y) :wlVyf(z,y)}, Ta,y)={weTy(y): wlV,f(z,y)}.

It is noteworthy that cl(I'{(z,y)) #I'1(x,y) and cl(I'S(x,y)) # I'2(x,y) generally even if we
have cl(7T¢(z)) = Tx(x) and cl(Ty(y)) = Ty (y). We summarize their relationships as follows.
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Lemma 3.16. Let (z,y) € X xY. ThenT'{(x,y), I'i(x,y), I'S(x,y), and I'y(z,y) are convex
cones, and we have clI'Y(z,y) C T'1(z,y) and cll'S(z,y) C Ta(z,y). Moreover, if X and 'Y are
polyhedral, then I'S(x,y) =cll'{(z,y) =T1(z,y) and T'S(z,y) =cll'$(z,y) =Ta(z,y).

Proof. Since X and Y are closed and convex, we know from Lemma 3.1 that 7y (), and
Ty (y) are convex cones, Tx(x) and Ty (y) are closed convex cones, and

cTx () CTx(Z) and Ty (7) C Ty (9)-

Thus, we obtain that I'{(x,y), I'1(z,y), I'5(z,y), and I'2(z,y) are convex cones. Moreover, we

have
cdl'f(z,y) =c{v e Tx(x) : v LV, f(z,y)} C{vecTx(z): vLV,f(z,y)}

C{veTx(z):vLlVaf(z,y)} =T1(z,y).

Similarly, we can verify clI'S(x,y) C I'a(z,y).
If, further, X and Y are polyhedral, we have 73 (Z) = Tx(z) and 7y2(y) = Ty (7). Thus,

cdlS(z,y) CTy(z,y) ={v e Tx(x) :vLV,f(x,y)}
={veTx(@):vLlV,f(z,y)} =T7(z,y),

which implies that I'{(z,y) = cll'{(z,y) = I'i(z,y). Similarly, we can verify I'§(z,y) =
cll’S(z,y) =Ta(z,y). [ ]

Theorem 3.17. Let f be continuously differentiable and the tuple (Z,9) € X XY be a local
minimazx point of problem (1.1).
(i) Then it holds that

(3.11a) 0€ Vauf(d,9) +Nx(&),
(3.11b) 0€ =V, f(&,9) + Ny ().
(ii) Assume, further, that f is twice continuously differentiable. Then
(3.12a) (v, V2, f(&, §)v) > 0for allvec{v:30>0,0€I5(2,y) Vy €B(9,6)},
(3.12b)  (w, szf(ﬁc, §w) <0 for allw € cll'5(, 7).

Proof. (i) The proof is similar to Theorem 3.11. Here we give a simple proof of (3.11a) and
(3.12a) for completeness. For any z* Xiask— 00, denote 0 = Hl‘k - i‘H and §" is defined
in (3.5). Obviously, d; — 0 and Hgk — QH — 0 as k — co. From the continuous differentiability
of f, we have

k A
0< flab, i) = f(@,5") = V(@) (;‘k ) ;;) = Vo f(8,9) (" = &) +o ([[o* 2] ).
where z* is some point lying in the segment between # and z*. Thus, we obtain

Vo f(5,9) (" — 7)< o( H:ck _% )
We know from [32, Definition 6.3] that —V, f(Z,9) € Nx(Z), which verifies (3.11a).
(ii) We need only prove that (3.12a) holds with v € T'{(#,/) for all ¥’ € B(7,) and some
d > 0. According to the definition of 7 (&), there exists a sequence {tj}y>1 with ¢ | 0 as
k — 0o, such that 2% := & +tpv € X. Let 6, =t ||v||, and §* is denoted in (3.5). Similarly, we
have that
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05 SR — 10,59 DV @ (@ = )+ 56 - )T VLA ) - 2)
D910 @ - )+ 5 - 0) VRS @i -0+ o[ 3] ).

where (a) follows from Taylor’s theorem for multivariate functions with Lagrange’s remainder,
and #* is some point lying in the segment between # and z¥; (b) follows from the twice
continuous differentiability of f and #*¥ — & as k — co. Thus, we obtain

. 1 .
UV (0,7 o+ 50TV (90 + ol Polid) 2 0.

Since V., f(z,7") v = 0 for sufficiently large k, dividing by t% in both sides and letting k — oo,
we complete the proof. |

Remark 3.18. The asymmetry between (3.12a) and (3.12b) mainly arises from the asym-
metry between x and y in a local minimax point. Conversely, if the conditions in (ii) of
Theorem 3.17 hold except that cl{w:3§ > 0,w € I'{(Z,y") Vy' € B(y,0)} and cll'5(Z, J) are re-
placed by T'1(Z#,y) and T'2(Z,7), respectively, and the inequality is strict when v # 0 and
w # 0, then (Z,9) is a local saddle point. In that case, (3.12) together with (3.11) are the
so-called second-order sufficient condition for a local saddle point. This fact can be easily de-
rived by using the sufficient optimality condition for minimization problems (see [32, Example
13.25]) and the definition of local saddle points (see Definition 2.2). Specifically, by invoking
Lemma C.3 (ii), these conditions imply that ¢ is a local maximum of maxyecy f(&,y) for fixed
Z, and Z is a local minimum of min,cx f(x,7) for fixed . Hence (Z,7y) is a local saddle
point.

Corollary 3.19. Let f be twice continuously differentiable. If, further, for local minimax
point (&,94), there exists an T such that 7(0) =0(d) as § | 0, then (3.12a) can be replaced by
(v, V2, f(&,9)v) >0 for all v € cll'}(, 7).

Proof. Let 0# v € I'{(2,9). According to the definition of 7y (Z), there exists a sequence
{tx}x>1 with ¢, [ 0 as k — oo, such that ¥ := & + tyv € X. Let 0y := Ha:k — i“, and let ¥ be
denoted in (3.5). Since 7(8) = o(0) as 6 | 0, we have ||7* — f/” =0 (Ha:k — 2|) for sufficiently
large k. We know from the twice continuous differentiability of f that

F(@*,5°) = f(2,9) + Vo f(2,9) T (2" = 2) + Vy £(2,9) " 7"~ 9)
(a8 = 2) V2, f(2,9) (" — &) + (" — 2) 'V, f(2,9)(5" - 9)

=

£, = F9) + Vo f @) G~ 5) + 36— )T V2,0 9)6 )
2
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Using t,V, f(&,9) "o =Vaf(2,9) " (z¥ — &) =0 for v € T'$(&,7), we have
0< f(=*,§") - f(2,3")
= = DTV @0 - 8) + (@~ ) V2,00~ 9)
wo( o =l 7o) —o (5 ~4])

@ L ok TV )k - 2) + (o — 2)TV2 F(&,9)(F" —9)+o (ka - xH2>

b) o1
T

where (a) follows from the fact that Hﬂk - g)H =0 (ka — :)EH) for sufficiently large k& and (b)
follows from the fact that

(e = &) V2,1 @) 9)| < ||o — 2| |2,/ @.9)

|~ ] = ottd).

Finally, dividing by ti in both sides and letting ¢ — 0, we complete the proof. |

Remark 3.20. In Corollary 3.19, the asymmetry of optimality conditions between on x and
on y has been removed. The main reason lies in restricting the scope of the local minimax
points by requiring 7(d) =0(d) as § } 0 in Definition 2.4.

The following example illustrates cl{w: w € I'{(z,y’) Yy’ € B(¢,6)} for some ¢ > 0.

Ezample 3.21. Let n=m=1, X =Y =[—1,1]. Consider

min = max f(z,y):= -zt + 422y® — .
ze[—1,1]ye[—1,1]
We have
A s 9 4 3z4, x € [—72, g} (y* = £v22);
o) = max (—ot+ sy =" e
yel—1,1] ot da? -1, [-1,1)\ [—7,7} (y* =1),
which is not a convex function over [—1,1]. Moreover, it can be examined that (0,0) is a

global minimax point. In fact, it is also a local minimax point. Let 7(d) = 262 and dp = @

Then, for any d € (0,8] and any (x,y) € [~1,1]? satisfying |z| <6 and |y| < §, we have

4 / 4
-y = f(0,y) < f(0,0) < max T,y )=3x".
y" = f(0,y) < £(0,0) y,e{yeyzly&(d)}f( y)

Therefore, for any 6 € (0, 1],
cl{w:weT5(0,y") Vy €B(0,6)} =cl ﬂ {wi1 €72, 4(0): w1 LV, f(0,9)} | =R.
y’€B(0,)

Similarly, we have clI'5(0,0) = {wz € T2, 1)(0) : w2 LV, f(0,0)} =R.
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In this case, the second-order optimality condition (3.12) means VZ,f(0,0) > 0 and
vz, f(0,0) <0.

In Theorem 3.17, the first-order and second-order optimality necessary conditions are
given in a sense of geometry. In particular, for the case that X and Y are polyhedral, we
derive the corresponding Karush—-Kuhn—Tucker (KKT) systems in Appendix B.

Definition 3.22. We state that (Z,y) € X x Y is a first-order stationary point of problem
(1.1) if it satisfies (3.11a)—(3.11b). Moreover, if (&,4) also satisfies (3.12a)—(3.12b), we call
it a second-order stationary point of problem (1.1).

The existence results of the first-order stationary points can be obtained by using existing
results in [15, Proposition 2.2.3, Corollary 2.2.5]. Let F(z,y) = <_Vv”;c;i;y;)>.
(i) If there exist a bounded open set Z C X x Y and a point (z,7) € (X x Y)N Z such

that
<F(x,y), @ - ;’>> >0 ¥(z,y) € (X x ¥) Nbd(Z),

then problem (1.1) has at least a first-order stationary point.
(ii) In particular, if X and Y are bounded, the first-order stationary point set of problem
(1.1) is nonempty.

We know from [21, Proposition 21] that a global minimax point can be neither a local
minimax point nor a stationary point. However, some global minimax points can be the
first-order stationary points.

The following proposition claims that under mild conditions a class of global minimax
points are first-order stationary points.

Proposition 3.23. Let f be continuously differentiable over X XY, and let (Z,3) be a global
minimazx point of (1.1) satisfying

¢ € lim sup <arg maxf(fﬁ,y/)> )

=T y' ey
where “limsup” denotes outer limit [32, Definition 4.1]. Then (Z,9) is a first-order stationary
point.

Proof. Since (&,9) is a global minimax point, we have for any (z,y) € X x Y that

(2) (b)

(3.13) f@,y) < f(@,9) < max f(z,y).
y' ey

The inequality (a) of (3.13) implies (3.11b). In what follows, we only consider (3.11a) through
inequality (b) of (3.13). Since

T—T y' ey

7 € limsup (arg max f(%?/)) )
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without loss of generality, we know from the definition of outer limit that there exist a sequence
{2*} and §* € argmax, ey f(z*,9) such that §* — § as k — co. By a similar procedure to
the proof for (i) of Theorem 3.17, we have

0V f(@,5") (e = &) +o Jl* - 2]))
= Vaf @2,5) (2 = 8) + (Vaf (0,7°) = Vi (@.9)) (%~ &) +0(Jla* - 2]
= Vaf (@.9) @ = &) + o Jla* ).

which implies that —V, f(Z,9) € Nx(&). [ |

In general, a global minimax point can be neither a local minimax point nor a stationary
point [21, Proposition 21]. Moreover, a first-order stationary point may not be a local minimax
point. We use the following example to show this assertion.

Ezample 3.24 (see [21, Figure 2]). Let n=m =1, X =[-1,1], and Y = [-5,5]. Consider
the following minimax problem:

3.14 i =y — .
(3.14) Lopin | max f(z,y) =zy —cos(y)

By direct calculation, we have

(m — arcsin(—=z)) — cos(m — arcsin(—=x)), z €[0,1];

y€[-5,5] (—m — arcsin(—z)) — cos(—m — arcsin(—x)), z€[-1,0],

x .
pla) = max (oy —cosly) = { |
where the optima is achieved when y = 7 — arcsin(—x) and y = —m — arcsin(—x), respectively.
It can be observed from the definition of ¢(z) that z =0 is the minimum. In this case, (0, —7)
and (0,7) are two global minimax points. However, they both fail to satisfy (3.11a)—(3.11Db),
that is,

Oey +M_1,1] (),
0 €z +sin(y) +N_s55(¥),

which has a unique solution (0,0). Thus, neither (0, —7) nor (0,7) is a first-order stationary
point, which implies from Theorem 3.17 that they cannot be local minimax points either.
Therefore, a global minimax point can be neither a local minimax point nor a first-order
stationary point.

Next, we show that even (0,0) is not a local minimax point. For any y satisfying 0 < |y| <9
with any sufficiently small 6§ > 0, we have — cos(y) = f(0,y) > f(0,0) = —1, which, according
to the definition of local minimax points in Definition 2.4, concludes that (0,0) is not a local
minimax point. Therefore, problem (3.14) here does not have a local minimax point even
both X and Y are bounded.

Sometimes we can find that a global minimax point may be a stationary point (Exam-
ple 2.7). In the following proposition, we conclude some sufficient conditions such that a
global minimax point is a local minimax point.
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Proposition 3.25. Let (Z,9) be a global minimaz point, and let f be Lipschitz continuous
over X xY. Assume that for each x in a neighborhood of &, maxycy f(z,y’) has a unique
and uniformly bounded solution. Then (Z,y) is a local minimax point.

Proof. Since maxycy f(z,y’) has a unique solution for all z in a neighborhood of z, we
use y(z) to denote this unique solution. Consider

AN S / ~ AN /
max g(y):=f(2,¢)) and  max §y) = f(z,y).
Note that f(z,-) is continuous and y(z) is uniformly bounded for z in a neighborhood of
Z. Then, by using Lemma C.1, we know that ||g(x) —g|| — 0 as + — 2, which implies that
there exists a dp > 0 such that for any z € X satisfying ||z — Z|| < § < g, 7(d) — 0, where
7() = SUP(gex.|o—z| <o} 19(x) —9[l. As (2,7) is a global minimax point, we have for any
reX and y €Y that f(2,y) < f(&,9) <maxycy f(z,y’). This indicates that for x satisfying
|z — 2] <0(< dp) and y satisfying ||y — g|| < 7(0), we have

2,9) < f(&,9) <max f(z,y) = f(z,j(x)) = max x,79).
F6) < F(6.0) S max (o)) = Flagla) = max - flay)
Thus, (#,7) is a local minimax point based on Definition 2.4. [ ]

Obviously, when f(x,-) is strictly concave for all z in a neighborhood of Z, the condition
for the uniqueness of the maximization problem holds.

To end this section, we summarize relationships between saddle points, local saddle points,
global minimax points, local minimax points, and first-order and second-order stationary
points in Figure 1.

4. Generative adversarial networks. In this section, we consider the first-order and second
order optimality conditions of the GAN using nonsmooth activation functions, which can be
formulated as nonsmooth nonconvex-nonconcave min-max problem (1.1).

The GAN is one of the most popular generative models in machine learning. It is comprised
of two ingredients: the generator, which creates samples that are intended to follow the same
distribution as the training data, and the discriminator, which examines samples to determine
whether they are real or fake. For more motivations and advantages of GANs, one can refer

o [17]. Recently, Wang gave a mathematical introduction to GANs in [34].

The plain vanilla GAN model can be formulated as (1.2), where D and G are given by
feedforward neural networks with parameters x and y, respectively. The activation function
is a function from R to R that is used to compute the hidden layer values and introduce
the nonlinear property. There are several commonly-used activation functions, such as ReLLU
o(z) =max{0, z}, the logistic sigmoid o(z) =1/(1+exp(—=z)), the softplus activation function
o(z) =In(1 4 exp(z)), etc.

We give an intuition for D and G which are consist of linear models with activation
functions in the following example.

Ezample 4.1. Consider that the discriminator D is a single-layer network with a logistic
sigmoid activation function [18] and the generator G is a two-layer network with an activation

function o as follows: G(z,&2) := Wao (W1&s + b1) + by and D(y,&) = m, where
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x = (vec(Wy) T, vec(Ws)T,b] ,bJ )T and vec(-) denotes the columnwise vectorization operator
of matrices, W1 € R%*%2, b € RS, Wy € R%2*5 by € R%1, and o : R®* — R®. Here, o is a
separable vector activation function that aggregates the individual neuron activations.

In this case, the GAN model (1.2) can be explicitly written as

. 1
minmax f(z,y) = (EH [log ( Tl 6) )}
(4.1)

+Ep, |:]og (1 —7 _l_exp(yT(WQO-(lWlfg +b1) +b2))>] >

If X and Y are compact and o is continuous, by Proposition 2.6, problem (4.1) has a global
minimax point.

Obviously, if D(-,&1) and G(+,&2) are smooth (i.e., o is smooth), the necessary optimality
conditions in Theorem 3.17 hold. Next, we focus on the nonsmooth case with the ReLU
activation function.

Proposition 4.2. Let f be defined in (4.1) with o(-) = (-)+. Assume that support sets =;
and Zg are bounded. Then the following statements hold.

(i) f is locally Lipschitz continuous and twice semidifferentiable in X x Y.

(ii) If, in addition, f is Clarke regular and twice subregular at (x,y), we have

(422)  f2ayiv) =Ep [Vo, (Wa(Wiga+b1)s +0) T(0,)]
(4.2b) I (x,y;v) =Ep, [T(%§2)TV2P@,(WQ(W1§2 +b1)y + b2)T(U,§2)} ,

— 7 7T 7T
W) T vee(W2) 7,51 By ) €R™, py(-) i=log (1 = pregitirry; ) and
(W1 +tW1)és + by +tby)y — (Wi€ + b1)+>

where v = (Vec(

T(’U, {2) :ZWQ <hm

(4.3) t10 t
+ Wo (Wi + b1) 4 + ba,
and
(4.4a) dyf(@,y)(w)=(Ep, [Vylog(D(y,&))] +Ep, [Vylog (1 — D(y,G(z,&))]) " w,
(4.4D)

& f(z,y)(w)=w" (Ep, [Vilog(D(y,&1))] +Ep, [Vilog (1 - D(y,G(z,%)))]) w,
where w € R™,

Proof. (i) Let p1(y) = Ep, [log(D(y,&1))], p2(x,y) = Ep, [log (1 — D(y,G(x,£2)))] . Since
for any fixed & € 2o, G(z,&2) and log (1 — m) are locally Lipschitz continuous
in X x Y, the local Lipschitz continuity of f(z,y) = p1(y) + p2(z,y) follows the continuous
differentiability of log and exp functions. Moreover, the twice semidifferentiability follows
directly from Example 3.3.
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(ii) Since py(-) is twice continuously differentiable, we have

(®)

@) 4 =Ep, {pr (Wa(Wi& +b1)y +b) " T(U’&)} ’

fo(@,y30) = fo(z,y30)
where (a) follows from the Clarke regularity, (b) follows from Fatou-Lebesgue theorem, and
Example 3.3 and Y (v,&2) is defined in (4.3). Again, by twice subregularity, we have

2 (@, y0) = £ (@, y50) = B, | T(0,6) V20, (Wa(Wiga +bu)s +b2) T(0,62)]

Note that, for given z, &, and &, D(y,&1) and D(y,G(z,&2)) are continuously differen-
tiable with respect to y. By Lemma C.2 and the boundedness of Z; and Zs, we know that
f(z,y) is continuously differentiable with respect to y. Moreover, we have (see Remark 3.2)

.
Ay f(2,9) () = Vy f,9) "w = (Vypr(y) + Vypa(a,y) ) w
= (Ep, [V, log (D(y,1))] + B, [Vylog (1 - D(y, G(z.&))] ) w.

where the last equality follows from Lemma C.2. Analogously, by applying Lemma C.2 to
Ep, [Vylog(D(y,&1))] and Ep, [Vylog (1 — D(y,G(x,&2)))], we can derive that f(x,y) is twice
continuously differentiable with respect to y and (see Remark 3.2)

& f(z,y)(w) =w' Vi f(z,y)w
=w' (Epl [Vilog (D(y,£1))] + Ep, [Vilog(1 - D(y,G(z,£)))] )w-

The proof is complete. u
By directly using Proposition 4.2, we can apply Theorems 3.11 and 3.17 to problem (4.1).

Proposition 4.3. Let (Z,9) be a local minimaz point of problem (4.1).

(i) Suppose the assumptions of Proposition 4.2 hold with (x,y) = (&,9). Then the first-
order necessary optimality conditions (3.2a)—~(3.2b) hold at (Z,y) with f7(Z,y;v) and
dy f(Z,9)(w) being given by (4.2a) and (4.4a). If, in addition, f is Clarke regular in
a neighborhood of (Z,7), then the second-order necessary optimality conditions (3.3a)—
(3.3b) hold at (%,7) with f3°(&,y;v) and dgf(:%,@)(w) being given by (4.2b) and (4.4b).

(i) If o(+) is twice continuously differentiable, then the first-order and second-order nec-
essary optimality conditions (3.11a)—(3.11b) and (3.12a)—(3.12b) hold at (z,7).

In Appendix D, we discuss the sample average approximation of the first-order and second-
order stationary points of problem (4.1).

5. Conclusions. Many nonconvex-nonconcave min-max problems in dada sciences do not
have saddle points. In this paper, we provide sufficient conditions for the existence of global
and local minimax points of constrained nonsmooth nonconvex-nonconcave min-max problem
(1.1). Moreover, we give the first-order and second-order optimality conditions of local mini-
max points of problem (1.1), and use these conditions to define the first-order and second-order
stationary points of (1.1). The relationships between saddle points, local saddle points, global
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minimax points, local minimax points, stationary points are summarized in Figure 1. Several
examples are employed to illustrate our theoretical results. To demonstrate applications of
these optimality conditions, we propose a method to verify the optimality conditions at any
given point of generative adversarial network (4.1).

Appendix A. Example.
Ezample A.1. Let X =[—1,1] and Y = [—1,1]. We consider

3
' m 9 3113 5
min ax f(z,y):=—|z 2 '
we[—l,uye[_l,uf( v) "+ 2 el lyl™ — 1]

Taking 7(8) = 2(v/6)3, for any |z| <& and |y| <& with sufficiently small § € (0,1), we have

3 2 (3\*

5 9 31,13 5 9 15
—ly|”=f(0,y) < f(0,0) < max  —|x|7+ = |z]7 |y — |y|°=—|= +<> x|)™?,
WP =FO.D SO0 max ol + 2 laf Iyl — P = ol + 2 (2) (V2]
where +2(y/[z])? is the maximum of the above maximization problem. This implies that
(0,0) is a local minimax point. Obviously, f(z,y) is not differentiable at (0,0). In what
follows, we examine the necessary optimality conditions in Theorem 3.11. Since Tx(0) =R
and Ty (0) =R, we have for any v € Tx(0) that

— |z ¢ 9 19
£2(0,0;v) = imsup —& T FT
x'—0,t]0 t

0,

which implies that f2(0,0;v) = f.(0,0;v), i.e., the Clarke regularity holds.
Similarly, we have for any w € Ty (0) that

dy f(0,0)(w) = liminf 10, twr) = £(0,0) = liminf

w’' —w,t]0 t w’' —w,t]0

Next, consider the second-order optimality conditions. Note that 73 (0) =R and for any
fixed v/, we have

d,f(0,y")(v) = liminf f@'sy') = f(0,9)

v’ —w,t]0 t
O+ 28 WP WP =1+ |y
timing T EE T - T T
v’ —=v,t]0 t

for any v, which implies that {v:d,f(0,y")(v) =0} =R. Thus, for any § >0
T (0)N{v:d, f(0,7)(v) =0Vy €B(0,5)NY}=R.

Notice that

’ . / _ ’ ’
£2°(0,0: ) = limsup f(@' +0v+1tv,0) — f(x —1—5;;,0) f(@" +tv,0) + f(2',0)

t10,6l0

, — |2’ + v+ tv]” + |2/ + 00|’ + |2’ + tv] — ||
= limsup 5

10,540

>0
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for any v € R. Similarly, we have 7 (0) N {w:d, f(0,0)(w) =0} =R and

—[tw'|?

=0

tw') — —td !
d2£(0,0)(w) = liminf J(0, tu) f(o’?) oI OO _ i k
w’ —w,t}0 §t2 w’ —w,t)0 §t2

for any w € R.

Appendix B. The polyhedral case. If both X and Y are polyhedral, we can replace
c{w:36 >0,w e (z,y) Yy €B(79,0)} and cll'5(Z,§) in Theorem 3.17 by cl{w:30 > 0,w €
I'1(z,y") Vy' € B(g,0)} and T'y(&, ), respectively (see Lemma 3.16). In particular, we consider
that X and Y are defined as follows:

(B.1) X={zeR": Az <b} and Y ={yeR™:Cy<d},

where A € RP*", b RP, C € R7*™, and d € RY.
The following proposition establishes the relationship between tangent/normal cones and
algebra systems when X and Y are defined in (B.1).

Proposition B.1 (see [15]). Let X and Y be defined in (B.1). Then we have

T (z) = {/\ER” L ATA>0 VieAX(x)}, Ty (y) = {MER’” O >0V eAy(y)},

p q
NX@):{—ZaiAi:aeNm(b—Ax)}, Nyr(y)=1{ =" 6,C;: BENay (d—C) 3

i—1 j=1

where A; is the ith row vector of matriz A and C; is the jth row vector of matriz C, respectively,
fori=1,....,pand j=1,...,q, and Ax(x) and Ay (y) are active sets of X at x and Y at vy,
respectively.

Theorem B.2. Let the tuple (z,9) € X x Y be a local minimax point of problem (1.1) with
X and 'Y being defined in (B.1). Then there exist multipliers o € RP and 5 € R? such that

(B2) {W (8,9) = X0y aidi =0, =V, f(3,9) = X4y 8,05 =0,

a € Npp (b— Ai), §€Ng:(d—C9).
If, moreover, f is twice continuously differentiable, we have, for any 6 >0, that
<’U, v?cxf(i'vg)v> >0 for all

(B.3) ve{AeTx(2):36>0, ANV f(&,9)=0fory € B(g,0)},
(w, V2, (&, §)w) <0 for allwe {peTy(§): n' Vyf(2,9)=0}.

Proof. We know from (3.11) of Theorem 3.17 that the following first-order optimality

necessary condition holds: 0 € V, f(Z,9)+Nx (&) and 0 € =V, f(%,9) + Ny (§). This, together

with the specific reformulations of Nx(z) and Ny (y) in Proposition B.1, we obtain (B.2)
directly.
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Next, we focus on (B.3). Analogously, we know from (3.12) of Theorem 3.17 that
(v,V2,f(&,9)v) >0for allvecl{v:36 >0,0€T9(2,y) Vy €B(9,0)},
(w, ngf(ﬁ:, §)w) < 0for allw € cll'§(&, )

holds. Since X and Y are polyhedral, we know from Lemma 3.16 that I'{(x,y) = clI'{(x,y) =
I'i(z,y) and T'§(x,y) = cll'S(x,y) =T2(z,y). Thus, (B.4) can be equivalently rewritten as

(B.5) {<U, V2. f(&,9)v) >0for allvecl{v:30 > 0,0 €T1(2,y') Yy € B(7,6)},

(B.4)

(w, V2, f(2,§)w) <0for allw € Ta(Z, 7).
Note that I'1(z,y) = {v € Tx(x) : vLV,f(x,y)} and Ta(x,y) = {w € Ty (y) : wLV,f(z,y)}.

This, together with (B.5) and the reformulations of 7x(z) and 7y (y) in Proposition B.1,
verifies (B.3). ]

We call (B.2) the first-order KKT system of problem (1.1) and (B.2)—(B.3) the second-
order KKT system of problem (1.1).

Appendix C. Four lemmas. Consider the minimization problem

(C.1) min g(),

where X CR"™ is a compact and convex set and g: X — R is continuous, and its a sequence of
perturbation problems
C.2 min gi(x
( ) X gk( )7
where g : X — R are continuous for k € N.

Lemma C.1. Let v*, §*, and vy, S denote the optimal values and the optimal solution
sets of problems (C.1) and (C.2), respectively. Assume sup,cy |gr(z) — g(z)] = 0 as k — oo.
Then (i) v*, vy, are finite and S*, S}, are nonempty; (ii) sup,cgs: d(z,8%) =0 as k — occ.

Proof. (i) It follows from that X is a compact and convex set and g,J, are continu-
ous. (ii) We give the proof by contradiction. Assume that there exists an ¢y > 0 such that
SUPges; d(z,8%) > €, where {S} }i>1 is a subsequence of {S;}r>1. Thus, we can select a
sequence {x, }i>1 with zy, € S such that d(z,,§*) > ¢ VI € N. Due to the boundedness of
feasible set X', we know that the sequence {z, };>1 is bounded, and without loss of generality,
we assume that xx, — ¥ as | = co. We have that

UZZ _g(i) :gkz(‘rkz) _g((z-) :gkz(xkz) _g($k1> +g<‘rk1) _g(i‘)

Since limsup;_, o, v, = limy 0 vy, = v*, we have
v* — g(Z) =limsup (v,’; — g(i“)) > liminf (g, (zg,) — g(xr,)) + liminf (g(zg,) — 9(Z)) .
=00 l—o00 l—o00

Note that
liminf (g, (xr,) — g(zk,))| < sup |Gk, (z) —g(x)| =0 and liminfg(xy,)—g(Z) >0,
l—o00 zeX l—o00

which implies that v* — g(Z) > 0 and thus € §*. This contradicts with ¢ < d(xy,,S*) —
d(z,8") = 0. Therefore, sup,cg- d(z,5%) — 0 as k — oco. [ |
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Lemma C.2 (see [33, Theorem 7.57]). Let U CR"™ be an open set, let X be a nonempty com-
pact subset of U, and let F:U x E— R be a random function. Suppose that (1) {F(x,&)}rex
is dominated by an integrable function; (ii) there exists an integrable function C(§) such that
|F(a',&) — F(z,8)| < C(§) |2’ — x| for all 2’,x € U and a.e. & € Z; (iii) for every x € X
the function F(-,§) is continuously differentiable at x w.p.1. Then (a) the expectation func-
tion f(x) is finite valued and continuously differentiable on X, and (b) for all x € X the
corresponding derivatives can be taken inside the integral, i.e. Vf( )=E[V.F(x,£)].

Lemma C.3. Suppose that g is twice differentiable at T € X. Let I'°(z) := {w € T(Z) :
wlVg(z)} and T'(z) :={w € Tx(Z) : wlVyg(Z)}. Then I'°(Z) and I'(Z) are conver cones and
(i) If T is a local minimum point of (C.1), then

(C.3) 0€Vg(z)+Nx(z) and {(w,Vg(Z)w)>0 for all w € cll°(Z).

(i) If the conditions in (C.3) hold by replacing clI'°(z) by I'(Z) and “>" by “>” for w # 0,
then T is a local minimum point of (C.1).

Proof. (i) For any w € I'°(z) with ||w| =1, there ex1sts a sequence {tk}k>1 with ¢ ] 0 as
k — oo such that 0 < g(Z + tpw) — g(Z) = tx Vg(Z) Tw + wTV2 9(Z)w + 2 |w||® o(1). Dividing
t2 in both sides gives w' V2g(Z)w > 0, since Vg(z) w = 0 Hence (C.3) holds.

(ii) We assume by contradiction that z is not a local minimum point. Then there
exists a sequence {mk}k>1 C & with ¥ — 7 as k — oo such that g(;vkz < g(z). Let
= € T3(®). Then g(a*) = g(z) + 6 Vg(®) "w + Fw/ V2g(z)wi+
t2 ||lw 1% 0(1). Without loss of generality, we assume that w; — @ as | — co. Then w € cll°(z) C
I'(z).

If there exists a subsequence {kl}lzl such that Vg(z)Tw; =0, then fw," V?g(Z)w; >0 and

w ' V2g(z)w > 0, which implies g(z¥) > g(#). This leads to a contradiction.

If there exists a subsequence {k;};>1 such that Vg(Z) Tw; > 0, then we have g(z*) > g(z) if
Vg(z)Tw>0,and w' V2g(z)w > 0if Vg(z) "w =0 (i.e., w € ['(z)), which implies g(z*) > g(z )
This also leads to a contradiction.

t; = kal —(EH and w; =

Lemma C.4. Suppose that g is twice semidifferentiable at x € X and X is a nonempty,
closed, and convex set. If dg(z)(v) >0 for allv € Tx(Z) and 0 # v € Tx(Z)N{w : dg(z)(w) = 0}
implies that d®g(z)(v) >0, then T is a local minimum point of problem (C.1).

Proof. Let g:= g+ dx. Consider the unconstrained minimization problem mingeg» g(x),
which is equivalent to constrained minimization problem (C.1). By applying [32, Theorem
13.24] to the unconstrained minimization problem, we complete the proof. |

Appendix D. The sample average approximation. We discuss the sample average ap-
proximation (SAA) of first-order and a second-order stationary points of problem (4.1).

To this end, we assume that o(-) is twice continuously differentiable. Let X = [a,]
and Y = [¢,d], where a,b € R",¢,d € R™, a < b, and ¢ < d with n = (s + 1)(s1 + s2) and
m=si.

Denote {{J ', and {52 ", the independent identically distributed (iid) samples of &;
and &o, respectlvely We con81der the following min-max problem:
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1 1
irél)l(lglea;( fn(z,y) ﬁz ( <1+6Xp(yT§i))

(D.1) i=1

1
Floe (1 T Tt exp(yT (Wao (Wig + by) + b2>>> )

Use the existing automatic differentiation technique, such as back-propagation, we can
compute V. fn(2,y), Vyfn(z,y), Vi, fn(z,y), szfN(a;,y). Moreover, we have

[0,00) ifz; =a;
Tx(x)=Tx(x)=<veR" : v; € ¢ (—o0,00) ifa; <z; <b; ¢,
(—00,0] ifx;=0b;

[0,00) ify; =c¢;
Ty(y)=Ty(y)=qweR™:w;€q (—o0,00) ife;<y;j<d; ¢,
(—00,0] ify;=d;

and

I{(z,y) =Ti(z,y) = {v € Tx(z) :v LV fn (2, )},
T5(z,y) =Ta(e,y) = {w € Ty (y) :wlVyfn(z,y)}.

By Theorem 3.17, if (Z,9) is a local minimax point of problem (D.1), then (Z,3) must satisfy
the first-order and second-order optimality conditions:

(Vafn(@,9))i >0 ifz; = a; (Vyfn(#,9)); <0 ify;=cj;

(Vafn(2,9))i=0 ifa;<x; <b;; and (Vyfn(2,9);=0 ifc; <y; <dj;

(Vafn(2,9))i <0 ifx; =b; (Vyfn(2,9)); 20 ify; =d,
fori=1,...,n,j=1,...,m, and

<v, vgfo(ge,y)v> > 0for allve {7:36> 0,0 €Ty (2,y) vy € B(§,0)},
<w, vgyf“N(fc,g)w> < 0for allw € T'a (2, §).
The following proposition tells that the above procedures can ensure an exponential rate

of convergence with respect to sample size N.

Proposition D.1. Let o(-) be twice continuously differentiable. If (xN,yN) s a ﬁrst order
(second-order) stationary point of problem (D.1) with iid samples {fj ", and {52 ., of &
and &, respectively, then (xn,yn) converges to a first-order (second- order) statzonary point
of problem (4.1) exponentially with respect to N.
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Proof. Denote

— fof(x’y) _ SUPyeV (2, )< :mvf Z y U>
= (Selfen) e (supwem o w, V F

s f fanl Sup'l} x .'E{L‘f z y

=g A= | o {0 =Thiy
—VyIn(z,y) SUPweW(z,y) <w Vyy N z,y)w

B(y

where z = (z",y")7, V(z,y) := B(0,1) N Ussocl{v:35 > 0,0 € TS(z,y) Vy' €
W(z,y) :=B(0,1) Ncll'$(x,y).

According to the twice continuous differentiability of f (see Proposition 4.2) and the
boundedness of Z; and =y, we have hy(z) — h(z) and Hy(z) — H(z) exponentially fast
uniformly in any compact subset of Z C Z := X x Y [33, Theorem 7.73]. That is, for any
given € > 0, there exist C'=C(¢) and = f(¢), such that

9)}, and

Prob {sup HiLN(Z) —h(z)
2€Z

26} <Ce NP and Prob{sup ﬁN(Z)—H(Z)
2€Z

26} SC’e*Nﬁ.

Without loss of generality, we assume that zy = (m}, y;)T € Z. Denote the following general
growth functions:

P1(7) :=inf{d(0,h(z) + Nz(2)): z € Z,d(2,851) > 7},
1/}2(7—) = lnf{H(H(z))-i-H 1ZEZ, d(2782) > T}7

where S; and Sy are the sets satisfying (3.11a)—(3.11b) and (3.12a)—(3.12b), respectively,
and “d” denotes the distance from a point to a set. Let the related functions ¥;(t) :=
Py H(t) +tand Wa(t) := by (t) +t, where ¥ (t) := sup{T : ¢;(7) <n} for i = 1,2, which satisfy
U,;(t) >0as t]0fori=1,2.
Then, by a conventional discussion (see, e.g., [5]), we have

Thus, we have Prob{d(zy,S1) > ¥1(e)} < Ce ™ and Prob{d(zn,S2) > Us(e)} < Ce VB,
which shows that zy converges to a first-order stationary point in S; (or a first-order stationary
point in Sy) exponentially with respect to N. |

z2€Z

d(zn,S1) < U, (i‘éE Hiw(z) ~h(2)

> and d(zn,S2) < Wy <sup fAIN(z) — H(z)
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