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Abstract—Distributed computing is the mainstream for large-
scale machine learning and big data analytics, but its perfor-
mance usually suffers from unpredictable stragglers, i.e., very
slow nodes. Recently, coded computing has emerged as a new
distributed computing paradigm that uses coding-theoretical
approaches to mitigate the effect of stragglers. Most existing
coding schemes only use the results from a certain number
of fastest worker nodes to recover the output and completely
ignore the partial work done by other worker nodes, leading
to inferior performance. In this paper, for scenarios where each
worker node transmits its local result to the master node only
after it has finished the whole local computation, we introduce
communication at full speed to characterize the full utilization
of all the communication links between each worker node that
has finished its local computation and the master node, and
for scenarios where each worker node computes out the local
result piece by piece and can forward each piece once available,
we introduce computation at full speed to characterize the full
utilization of the work done entirely or partially by all the
worker nodes. Considering a general polynomial-based coding
framework which encapsulates many advanced coding schemes
for a variety of fundamental computing tasks, we propose a
randomized approach where each worker node partitions its
local result into pieces, generates and forwards random linear
combinations of these pieces to the master node sequentially, and
theoretically demonstrate that it can lead the coding framework
to achieve communication at full speed. For some typical task
scenarios, we further show that computation at full speed can be
achieved by mapping the encoding operations in the randomized
approach into a part of encoding on the input dataset. Experi-
ments conducted on Alibaba Cloud as well as simulations show
that our approaches can reduce the total runtime significantly.

Index Terms—distributed computing, coded computing,
polynomial-based coding, straggler tolerance

I. INTRODUCTION

A. Background
In recent years, distributed computing has become the

mainstream for large-scale machine learning and big data
analytics [1]–[3]. One major issue in distributed computing is
the existence of stragglers, i.e., the worker nodes that are very
slow (can be 5 to 8 times slower than the average [4]) due to
several factors including varying network condition, resource
contention, etc., which are very common and unpredictable in
modern distributed computing systems [5], [6]. Because the
master node has to wait for all the worker nodes to finish, the
whole computation can be much prolonged by the stragglers.

Recently, coded computing has become a new distributed
computing paradigm to deal with the effect of stragglers [7].
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By using coding-theoretical approaches to introduce proper
redundant subtasks, the whole computation can be finished
without waiting for the results from stragglers. Since then,
many coding schemes have been proposed for a variety of
computing tasks that are fundamental for large-scale ma-
chine learning and big data analytics, including matrix-vector
multiplication [7]–[13], high-dimensional matrix-matrix mul-
tiplication [11], [14]–[19], distributed gradient descent [20]–
[26], convolutions [16], [27], and multivariate polynomial
evaluation [28], [29], etc.

One theme in the design of coding schemes is to bring
down the recovery threshold under certain resource constraints,
which is the number of local results of worker nodes required
by the master node for recovering the desired output in the
worst case, such that higher tolerance of stragglers can be
provided. In these designs, only the results from the fastest
k worker nodes are used by the master node for decoding,
where k is the recovery threshold, while the partial work done
by other worker nodes is completely ignored, even if they
are slightly slower than the fastest k ones, leading to inferior
performance.

B. Related Work

There are some very recent works focusing on exploiting
the work done by those worker nodes that are not the fastest,
but only for some specific computing tasks.

For matrix-vector multiplication, both Das et al. [10] and
Kiani et al. [11] considered a fine grained model and take the
sequence order of local computations at each worker node into
account for the design of codes. However, in these schemes,
it is inevitable that some redundant partial results would be
forwarded to the master before decoding, which are wasteful.
Mallick et al. [12] considered the use of rateless codes [30]
which can leverage all the work done by worker nodes with
small overhead. The approach of Kiani et al. [11] was also
applied to product code [14] based high-dimensional matrix-
matrix multiplication, but it has similar drawback as in the
matrix-vector multiplication scenario. Besides, product code
itself is not optimal in terms of recovery threshold [15].

One important idea in exploiting the work done by the
worker nodes that are not the fastest is that, when the number
of stragglers is less than that a coding scheme can tolerate,
there would be redundant results among these non-stragglers
which can be leveraged to reduce the communication cost per
non-straggler. Ye and Abbe [21] first implemented this idea
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in distributed gradient descent, and proposed a new gradient
coding scheme that can achieve the best tradeoff between
straggler tolerance and communication cost per non-straggler.
Raviv et al. [29] applied the same idea to the Lagrange coding
based multivariate polynomial evaluation, and proposed a
technique named ideal decoding to reduce the communication
cost per non-straggler. However, both schemes assume a fixed
number of non-stragglers, which are not adaptive since the
number of non-stragglers during execution is hard to predict
accurately, so they cannot fully exploit all the non-stragglers.
Besides, both schemes only exploit the non-stragglers that
have finished their local computations. Hence, in scenarios
where a worker node computes out the local result piece by
piece, the partial computation results of other worker nodes
will be completely ignored.

C. Our Contribution

In this paper, we target at fully utilizing all the work
done, possibly partial, by each worker node to optimize
the performance of coded computing. Two typical modes of
performing the distributed computation are considered. One is
called communication-after-computation mode, or after-mode
for short, where each worker node starts the transmission of
its local result to the master node only after it has finished the
whole local computation. The other is called communication-
while-computation mode, or while-mode for short, where the
worker node computes out the local result piece by piece and
can forward each piece to the master node once the piece is
available.

We first introduce two important concepts to characterize
the full utilization of all the work done by each worker node.
One is referred to as communication at full speed, which
characterizes the full utilization of all the communication
links between each worker node that has finished its local
computation and the master node in the after-mode. The other
is called computation at full speed, which characterizes the
full utilization of the work done entirely or partially by all the
worker nodes in the while-mode.

Instead of focusing on some specific computing task,
we consider a general polynomial-based coding framework
that encapsulates many advanced coding schemes for a
variety of fundamental computing tasks, including Reed-
Solomon codes for matrix-vector multiplication [7], Polyno-
mial codes [15], MatDot codes [17] and PolyDot codes [17]
for high-dimensional matrix-matrix multiplication, Lagrange
coding for multivariate polynomial evaluation [28], and Reed-
Solomon codes for distributed gradient descent [23]. All these
mentioned coding schemes are optimal in terms of recovery
threshold under some certain constraints.

For the after-mode, we propose a randomized approach that
can be applied to any polynomial-based coding scheme, where
the local result of each worker node is partitioned into pieces
and the worker nodes forward random linear combinations of
these pieces to the master node sequentially, instead of the o-
riginal ones. By analyzing the corresponding coefficient matrix
underlying our approach, which is random but exhibits some

inner structure posed by the polynomial-based coding scheme,
we theoretically demonstrate that our approach can lead the
polynomial-based coding scheme to achieve communication at
full speed with probability 1 if the computation is over the real
field or close to 1 if the computation is over a large finite field.
Also, the extra computation cost incurred by our randomized
approach is usually negligible.

For the while-mode, we show that, in many polynomial-
based coding schemes, we can further map the linear combina-
tion operations on the local results in the proposed randomized
approach into a part of the encoding on the input dataset,
which is preprocessed before the computation starts, such that
the pieces forwarded to the master node are the same as
the ones in the after-mode with the randomized approach. In
this way, all the partial results of worker nodes can be fully
utilized, achieving computation at full speed.

The main contribution of this paper is summarized as
follows:
• We introduce communication at full speed and compu-

tation at full speed to characterize the full utilization of
works done entirely or partially by every worker node in
the after-mode and in the while-mode, respectively.

• For general polynomial-based coding schemes applied in
the after-mode, we propose a randomized approach that
can lead the coding schemes to achieve communication
at full speed, while the incurred extra computation cost
is usually negligible.

• For polynomial-based coding schemes for some typical
task scenarios applied in the while-mode, we propose
an improvement on the randomized approach such that
computation at full speed is achieved.

• We evaluate our proposed approaches by conducting
experiments on Alibaba Cloud [31] as well as some addi-
tional simulations. The results show that our approaches
can reduce the total runtime significantly.

The rest of the paper is organized as follows. Sec. II presents
the model of coded computing and the formalization of two
key concepts. Sec. III introduces the general polynomial-based
coding framework. In Sec. IV and Sec. V, we introduce
approaches for achieving communication at full speed and
computation at full speed, respectively. Sec. VI is dedicated
to the proof of our main theorem. Sec. VII presents the
experimental results. Finally, Sec. VIII gives the concluding
remarks.

II. MODEL AND OBJECTIVES

In this section, we introduce the basic model for coded
computing, and then formalize the two important concepts,
communication at full speed and computation at full speed,
towards fully utilizing the results, entirely or partially, at each
worker node.

A. The Model of Coded Computing

For any positive integer j, let [j] denote the set {1, 2, . . . , j}.
Let F be a field, that could be a finite field Fq with size q or the
real field R that depends on the specific application scenario.
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Fig. 1: An illustration of coded computing over a distributed
master-worker system.

Given an input dataset (X1,X2, . . . ,Xd) where Xi ∈
Fv×w, we consider the task of computing a function over
the dataset, denoted by f(X1,X2, . . . ,Xd), in a distributed
computing environment with a master node and n worker
nodes. See Fig. 1 for an illustration.

Let W = {W1,W2, . . . ,Wn} denote the set of worker
nodes. Prior to computation, each worker node Wi stores
a possibly coded fraction of the dataset, denoted by X̃i =
ei(X1,X2, . . . ,Xd), where ei is referred to as the encoding
function of worker node Wi. Then worker node Wi computes
a function of X̃i, denoted by Yi = h(X̃i) ∈ Fr×s, and
returns Yi to the master node. We refer to h as the local
computing function and Yi the local result of worker node
Wi. After collecting a subset of (possibly partial) local results
from these worker nodes, the master node finally decodes
f(X1,X2, . . . ,Xd) by using some decoding algorithm A. The
tuple ({ei}i∈[n], h,A) is referred to as a coding scheme.

The use of coded computing provides the capability of toler-
ating stragglers, which are worker nodes that are much slower
than other nodes in their computations or communications with
the master node. One key concept about such capability of a
coding scheme is as follows [15], [17], [24].

Definition 1 (Recovery Threshold). The recovery threshold of
a coding scheme Ψ = ({ei}i∈[n], h,A), denoted by rec(Ψ), is
defined as the minimum number j such that the master can
uniquely decode the desired result f(X1,X2, . . . ,Xd) from
the local results of any j workers.

In other words, a coding scheme Ψ can tolerate any n −
rec(Ψ) arbitrary stragglers.

B. Computation Modes

Note that the above coded computing model does not
specify how the worker nodes perform local computation of
function h and how the worker nodes send their local results to
the master node. Regarding this, there are two typical modes
as follows.
• Communication after computation mode (after-node),

where each worker node starts the transmission of its
local result to the master node only after it has finished
the whole local computation of Yi = h(X̃i). This mode
is very common, as in many cases the local result is
computed out as a whole.

• Communication while computation mode (while-mode),
where the worker node computes out the local result piece
by piece and can forward each piece to the master node
once the piece is available.

Here gives an example to illustrate the two modes.

Example 1. Consider that a worker node is to compute
P = MN for two matrices M and N, which happens in
many task scenarios. One approach is to partition M along
the row side into m pieces M1, . . . ,Mm, and then compute
P1 = M1N, . . . ,Pm = MmN sequentially, which put
together gives P. In this way, the worker node can forward
each piece Pi of the local result to the master once the piece
has been computed out, no need for waiting others. Such
computation is in the while-mode. If the worker node adopts
the faster Strassen algorithm [32] to perform the matrix-
matrix multiplication, then the result of P will be computed
out as a whole other than piece by piece. Then it is in after-
mode.

C. Design Objectives

As mentioned in Sec. I, in most of the existing coding
schemes for distributed computing, the master node only uses
the local results from the fastest k worker nodes for decoding
where k is the recovery threshold of the scheme, which ignores
the partial work done by other worker nodes. One promising
approach to improving the performance is to leverage the
work done by every worker node, no matter the work done
is complete or partial. To capture the full utilization of the
work done by every worker node, we will formalize two design
objectives: communication at full speed for the after-mode and
computation at full speed for the while-mode.

1) Communication at Full Speed: We first consider a cod-
ing scheme Ψ used in the after-mode. Most often the number
of worker nodes that have completed their local computations
is larger than rec(Ψ) before the master node collects the entire
local results from rec(Ψ) worker nodes. One way to improve
the performance is to leverage all the communication links to
forward useful information to the master for recovering the
output result. Since there are redundancies among the local
results of such worker nodes, one key issue is to keep the
worker nodes from sending redundant data before the master
node can decode.

To deal with this issue, two important features should be
taken into account. One is that, which worker nodes and
how many worker nodes would finish their local computations
before the master can decode are unknown beforehand. The
other is that, during execution, the worker nodes can have
various computation and communication speeds, even if they
are not stragglers [7]. In order to be adaptive to different
situations that may happen during execution, one natural
approach is to split the local result of each worker node
into multiple pieces. One desired property about the pieces
forwarded to the master node before the master can decode
is that there is no information redundancy among them. This
leads to the following definition.



Definition 2 (Communication at Full Speed). Suppose a
coding scheme Ψ is performed in the after-mode, where each
local result is split into m (m > 1) equal-sized pieces. If the
master can recover the output result from any m·rec(Ψ) pieces
of the total mn ones (with probability p, resp.), then we say
that Ψ achieves communication at full speed (with probability
p resp.).

Note that if there are only rec(Ψ) non-stragglers, each of
them should send the whole local result to the master node.
Hence, m · rec(Ψ) is the minimum number of pieces required
by the master node to decode successfully in the worst case.
So, if a coding scheme Ψ achieves communication at full
speed, then it can fully utilize all the parallel communication
links between the master node and the worker nodes that
have completed their local computations, while no redundant
transmission is incurred before the master node can recover
the result.

2) Computation at Full Speed: For the while-mode, we aim
at fully exploiting all the partial results computed out by all
the worker nodes. The desired property, which is very similar
to the one in the after-mode, is defined as follows.

Definition 3 (Computation at Full Speed). Consider a coding
scheme Ψ performed in the while-mode, where the local
computation process consists m homogeneous consecutive
sub-processes each of which produces an equal-sized piece of
the local result. If the master can recover the output result from
any m ·rec(Ψ) pieces of the total mn ones (with probability p,
resp.), then we say that it achieves computation at full speed
(with probability p, resp.).

It is worth mentioning that, if a coding scheme achieves
computation at full speed in the while-mode, then applying it
in the after-mode, it can achieve communication at full speed.
But the converse does not hold in general.

III. POLYNOMIAL-BASED CODING FRAMEWORK

In this paper, we are not going to design completely new
coding schemes, but focus on improving many existing nicely-
behaved coding schemes for a variety of task scenarios such
that they can achieve communication at full speed, and in some
cases achieve computation at full speed. Specifically, we will
consider a general polynomial-based coding framework, where
the encoding functions ei and the local computing functions
hi, i ∈ [n], satisfy the following properties:
• for each Wi ∈ W , its local result Yi is equal to the

evaluation of a polynomial given as

Yi = g(α) = Z1 + Z2α+ · · ·+ Zkα
k−1 (1)

for some integer k (which is its recovery threshold as
explained below) over a point αi ∈ F, i.e., Yi = g(αi),
where Zi ∈ Fr×s and αi, i ∈ [n], are distinct and non-
zero, and

• the required output f(X1,X2, . . . ,Xd) can be de-
coded uniquely and efficiently from the coefficients
Z1,Z2, . . . ,Zk of the polynomial.

In fact, Y1, . . . ,Yn can be viewed as a codeword of an
(n, k) Reed-Solomon code corresponding to the source word
Z1, . . . ,Zk. So Z1,Z2, . . . ,Zk can be decoded by applying
any decoding algorithm of Reed-Solomon codes, or equiva-
lently, by interpolating of a polynomial with degree k − 1.
Hence, the master node only needs to collect the local results
of any k out of n worker nodes. In other words, a coding
scheme that follows this framework has a recovery threshold
of k, and we refer to such a coding scheme as an (n, k)
polynomial-based coding scheme.

The above framework encapsulates many advanced coding
schemes for a variety of computing tasks that are fundamental
to large-scale machine learning and big data analytics, includ-
ing:
• Reed-Solomon codes for matrix-vector multiplication or

matrix-matrix multiplication [7];
• Polynomial codes [15], MatDot codes [17], and PolyDot

codes [17] for high dimensional matrix-matrix multipli-
cation, where both matrices are too large to store in a
single worker node.

• Lagrange coding for multivariate polynomial evalua-
tion [28];

• Reed-Solomon codes for distributed gradient descent
[23].

Here we introduce the Polynomial codes [15] for high-
dimensional matrix-matrix multiplication as an example,
which will be further considered in Sec. V.

Example 2. Consider the task of computing MN for two
matrices M and N, where both M and N are too large to
store in a single worker node. A Polynomial code works as
follows. The matrix M is partitioned along the row side into
M parts M1, . . . , MM , and the matrix N is partitioned along
the column side into N parts N1, . . . ,NN . Each worker node
Wi, i ∈ [n] is assigned with M̃i and Ñi, where

M̃i =

M∑
j=1

Mjα
j−1
i , Ñi =

N∑
`=1

N`α
(`−1)M
i ,

and computes

Yi = M̃iÑi =

M∑
j=1

N∑
`=1

MjN`α
j−1+(`−1)M
i .

Since Yi can be viewed as an evaluation of a polynomial with
degree MN −1 and coefficients {MjN`}j∈[M ],`∈[N ] at point
αi, when αi are all distinct, {MjN`}j∈[M ],`∈[N ], which put
together is just MN, can be recovered uniquely from any (and
at least) MN local results. So the recovery threshold is MN ,
which is proven to be optimal when each worker node can
only store 1

M -th of M and 1
N -th of N, and its communication

traffic is at most 1
MN -th of MN [15], [17].

IV. ACHIEVING COMMUNICATION AT FULL SPEED

In this section, we will present a randomized approach
that can be applied to any (n, k) polynomial-based coding
scheme so that the coding scheme can achieve communication



at full speed. The total runtime, i.e., the time required for the
master node to recover the output, is also analyzed under a
probabilistic model.

A. Description of the Randomized Approach
Consider an (n, k) polynomial-based coding scheme. Sup-

pose that worker node Wi has completed its local computation
and got Yi. Instead of sending Yi directly to the master,
worker i first partitions Yi into m equal-sized pieces for some
positive integer m.1 The partition of Yi can be done along the
row side, along the column side or in other ways. For ease of
presentation, we consider a partition of Yi along the row side,
i.e., Yi = [YT

i,1,Y
T
i,2, . . . ,Y

T
i,m]T, where the superscript T

denotes the transpose of a matrix. For each i ∈ [k], we write
Zi = [ZT

i,1,Z
T
i,2, . . . ,Z

T
i,m]T and for each j ∈ [m], define

gj(α) = Z1,j + Z2,jα+ · · ·+ Zk,jα
k−1.

Then we have Yi,j = gj(αi).
Encoding for communication: Instead of forwarding Yi,j

directly to the master node, worker node Wi will generate m
coded pieces that are random linear combinations of pieces
Yi,j defined as

Ỹi,` =

m∑
j=1

ci,`,jYi,j , ` ∈ [m],

where ci,`,1 = 1 for each i ∈ [n], ` ∈ [m], and each ci,`,j ,
i ∈ [n], ` ∈ [m], j ∈ [m] \ {1} is independently and uniformly
chosen from F at random if F = Fq or from the interval (0, 1)
if F = R. This encoding procedure can be integrated into the
local computation function.

Decoding at the master node: Since

Ỹi,` =

m∑
j=1

ci,`,j

(
k∑
p=1

Zp,jα
p−1
i

)
=

m∑
j=1

k∑
p=1

ci,`,jα
p−1
i Zp,j ,

each coded piece can be viewed as a linear combination of
all {Zi,j}i∈[n],j∈[m]. Hence, when the master node collects
enough coded pieces from all the workers, it can recover
{Zi,j}i∈[k],j∈[m] by solving the corresponding linear system,
which is formally explained in the following.

For a row vector r = [r1, . . . , rp] and a matrix M =
[mT

1 , . . . ,m
T
p ]T with p rows, define

r ◦M = [r1m
T
1 , . . . , rpm

T
p ]T.

Let

A =

α
0
1 α1

1 · · · αk−11
...

...
...

α0
n α1

n · · · αk−1n

 (2)

be an n × k Vandermonde matrix defined over points
α1, α2, . . . , αn. Further define

B =

A c1,2 ◦A · · · c1,m ◦A
...

...
...

A cm,2 ◦A · · · cm,m ◦A

 , (3)

1We assume that m can be divided by the number of elements in Yi. If
not, the assumption can be satisfied by appending some zeros.

where ci,j = [c1,i,j , c2,i,j , . . . , cm,i,j ], i ∈ [m], j ∈ [m] \ {1}.
It is straightforward to check that

[ỸT
1,1, Ỹ

T
2,1, . . . , Ỹ

T
n,1, . . . , Ỹ

T
1,m, Ỹ

T
2,m, . . . , Ỹ

T
n,m]T

= B[ZT
1,1, . . . ,Z

T
k,1, . . . ,Z

T
1,m, . . . ,Z

T
k,m]T,

(4)

which is a linear system containing mk unknowns, i.e., Zi,j ,
i ∈ [k], j ∈ [m]. Note that each piece received by the master
corresponds to an equation in the linear system. When the
master receives enough pieces, it can recover {Zi,j}i∈[k],j∈[m]

by solving (4) using Gaussian elimination.
Additional computation cost: It is straightforward to see that

the above encoding for communication scheme incurs a com-
putation cost of O(m|Yi|), where |Yi| denotes the size of Yi,
and the Gaussian elimination based decoding of Zi, i ∈ [k],
will incur a computational cost of O((mk)3+mk2|Zi|), where
the first term is the time cost for inverting a matrix and the
second term is the time cost for using the matrix inverse to
recover the result. As demonstrated by our experiments (c.f.
Sec. VII), it is usually good enough to set m as a very small
integer (e.g., 10). Hence, the computation cost for encoding is
usually much lower than that of the local computing function
and thus negligible. On the other hand, compared to the
original polynomial-based scheme which admits an efficient
decoding algorithm with complexity O(k|Zi| log2 k log log k)
based on polynomial interpolation [33], our scheme increases
the computational cost of decoding roughly by a factor of
O( mk

log2 k log log k
). When k is not large as in many practical

scenarios, this will not cause a significant delay on the whole
computation.

B. Theoretical Result

Despite its simplicity, our randomized approach is very
powerful since it can lead the polynomial-based coding scheme
to achieve communication at full speed with probability 1
(close to 1, resp.) if F = R (if F = Fq and q is large enough,
resp.), as formally stated in the following theorem, where rk(·)
denotes the rank of a matrix.

Theorem 1. Let B̃ be a matrix formed by any arbitrary mk
rows of B.

• If F = Fq , then Pr(rk(B̃) = mk) ≥ 1− (m−1)(2k−1)
q .

• If F = R, then Pr(rk(B̃) = mk) = 1.
This implies that an (n, k) polynomial-based coding scheme,
after applying our approach, achieves communication at full
speed with probability at least 1− (m−1)(2k−1)

q if F = Fq , or
with probability 1 if F = R.

Proof. Since the proof of the main result is technical and
lengthy, Sec. VI is dedicated to presenting the proof.

Remark 1. As mentioned earlier, it is good enough to choose
m as a small integer. So when k is not large and a large
finite field is used, the probability of achieving communication
at full speed can be very close to 1. For example, consider
k = 50, m = 10. If we use a field size of 264, this probability
is at least 0.99945.



C. Analysis of the Total Runtime

In this subsection, we analyze the total runtime of our
approach based on a widely used probabilistic model. Same
as [7], [21], we assume that both the computation time and
the communication time for the whole result follow shifted
exponential distributions, each of which is the sum of a
constant and an exponential random variable, and for each
worker node, the communication time for different pieces of
the result is the same. Formally, for worker node Wi, let T comp

i

and T comm
i denote its computation time and its communication

time for transmitting the whole result. Their distributions are
characterized by

T comp
i − τ1 ∼ E(λ1), and T comm

i − τ2 ∼ E(λ2) (5)

where E(λ) denotes the exponential distribution with mean
1/λ. Also, T comp

i and T comm
i , i = 1, 2, . . . , n are mutually

independent. Moreover, the time cost for worker node Wi

transmitting a single piece of the result is given by T comm
i /m.

Let T total denote the total runtime. To ease the presentation,
we assume that the master node can recover the desired
output upon receiving mk pieces of the results according to
Theorem 1. In other words, T total is the time required for the
master node to collect mk pieces of the results from all the
worker nodes. Let Ni(t) denote the number of pieces received
by the master node from worker node Wi before time t. Define
σ(t) = min

{
t−τ1
τ2

, 1
}

. It is straightforward to check that
Ni(t) ≤ bσ(t)mc. For any positive integer j ≤ bσ(t)mc, let
tj = t− τ1 − jτ2/m. We have

Pr(Ni(t) ≥ j) = Pr(t ≥ T comp
i + jT comm

i /m)

=

∫∫
0<x+jy/m<tj

λ1e
−λ1xλ2e

−λ2ydxdy

= 1− λ1je
−λ2mtj/j − λ2me−λ1tj

λ1j − λ2m

Since Ni(t) only takes non-negative integer values,

E[Ni(t)] =

∞∑
j=1

Pr(Ni(t) ≥ j) =

bσ(t)mc∑
j=1

Pr(Ni(t) ≥ j)

=

bσ(t)mc∑
j=1

(
1− λ1je

−λ2mtj/j − λ2me−λ1tj

λ1j − λ2m

)
It is straightforward to show that E[Ni(t)] satisfies the follow-
ing properties:
• E[Ni(t)] is continuous over (τ1,∞).
• E[Ni(t)] is strictly increasing over (τ1,∞).
• When t goes to infinity, E[Ni(t)] approaches m.

Hence, there must be a unique t∗ > τ1 such that

E[Ni(t
∗)] = mk/n. (6)

In practice, the recovery threshold k and the number of worker
nodes n have the same order. Without loss of generality, we
assume that δ = k/n is a fixed constant. Then we can have

a tight characterization of T total as stated in the following
theorem.

Theorem 2. For any positive constant ε, there exists some
constant ε′ > 0 that depends on τ1, τ2, λ1, λ2, δ but not n,
such that

Pr(|T total − t∗| > εt∗) ≤ 2e−2ε
′2δ2n. (7)

Proof. Without loss of generality, we can assume that ε <
1− τ1t∗ . Since E[Ni(t)] is continuous and strictly increasing over
(τ1,∞), for any positive constant ε < 1− τ1/t∗, there exists
some constant ε1 > 0 that may depend on τ1, τ2, λ1, λ2, δ but
not n such that E[Ni((1 + ε)t∗)] = (1 + ε1)mk/n. By the
linearity of expectation, we have

E

[
n∑
i=1

Ni((1 + ε)t∗)

]
= (1 + ε1)mk.

Since Ni((1 + ε)t∗), i ∈ [n] are identically and independently
distributed, and 0 ≤ Ni((1 + ε)t∗) ≤ m, by the Hoeffding’s
inequality, we have

Pr

(
n∑
i=1

Ni((1 + ε)t∗) < mk

)

= Pr

(
n∑
i=1

Ni((1 + ε)t∗)− E

[
n∑
i=1

Ni((1 + ε)t∗)

]
< −ε1mk

)

≤ exp

(
−2(ε1mk)2

nm2

)
= e−2ε

2
1δ

2n.

Equivalently,

Pr(T total > (1 + ε)t∗) ≤ e−2ε
2
1δ

2n.

Similarly, we can show that there exists some constant ε2 > 0
that may depend on τ1, τ2, λ1, λ2, δ but not n such that

Pr(T total < (1− ε)t∗) ≤ e−2ε
2
2δ

2n.

By setting ε′ = min{ε1, ε2} and applying the union bound,
we can get (7). The proof is accomplished.

V. ACHIEVING COMPUTATION AT FULL SPEED

In the approach proposed for achieving communication at
full speed in Sec. IV, every transmitted piece is a linear
combination of all the pieces. Evidently, this requires all the
pieces to be computed out. So this approach cannot lead the
polynomial-based coding scheme to achieve computation at
full speed in the while-mode. Nevertheless, in this section,
we show that for some typical task scenarios, we can modify
this approach to achieve computation at full speed. The total
runtime of such coding scheme is also analyzed.

A. The Approach

The key idea of our approach is that, for some computing
tasks, the linear encoding of the pieces of the local result
can be mapped into a part of the encoding on the dataset,
so that each piece of the new local result can be viewed
as a linear combination of the pieces of the original local



result. In the following, we will take the Polynomial code
for high dimensional matrix-matrix multiplication described
in Example 2 as an example to elaborate on this idea. Our
approach can also be applied to other coding schemes, e.g.,
Reed-Solomon codes for matrix-vector multiplication/matrix-
matrix multiplication [7], MatDot codes and PolyDot codes for
high dimensional matrix-matrix multiplication [17], and the
Lagrange coding for evaluation over some proper multivariate
polynomials [28], in almost the same way.

Consider the approach proposed in Sec. IV to make the
coding scheme achieve communication at full speed. We
will further use the related notations given in Sec. III and
Sec. IV-A. Now suppose that each Mj , j ∈ [x] and M̃i,
i ∈ [x] are partitioned along the row side into m pieces de-
noted by Mj,1,Mj,2, . . . ,Mj,m, and M̃i,1, M̃i,2, . . . , M̃i,m,
respectively. It is straightforward to see that, for any ` ∈ [m],

Yi,` = M̃i,`Ñi =

 x∑
j=1

Mj,`α
j−1
i

 Ñi.

Then for each ` ∈ [m], Ỹi,` is equal to

Ỹi,` =

m∑
j=1

ci,`,j

(
x∑
p=1

Mj,pα
j−1
i

)
Ñi

=

 m∑
j=1

x∑
p=1

ci,`,jMj,pα
j−1
i

 Ñi.

Denote
∑m
j=1

∑x
p=1 ci,`,jMj,pα

j−1
i by M̄i,` so that Ỹi,` =

M̄i,`Ñi. Note that M̄i,` can be obtained by linearly encoding
the input of M. Now we achieve at the following coding
scheme: each worker node Wi is assigned with {M̄i,`}`∈[m]

and Ñi, and it computes and forwards M̄i,`Ñi sequentially.
As the pieces each worker node Wi forwards to the master
node are just Ỹi,1, Ỹi,2, . . . , Ỹi,m, the decoding can be done
in the same way as in the randomized approach for commu-
nication at full speed.

Theorem 3. The above coding scheme for matrix-matrix
multiplication in the while-mode achieves computation at full
speed with probability at least 1− (m−1)(2k−1)

q if F = Fq , or
with probability 1 if F = R.

Proof. According to the above analysis, this is a direct con-
sequence of Theorem 1.

1) Comparison with a Finer Granularity Approach: There
is another finer granularity approach for achieving computation
at full speed: each of the n worker nodes is viewed as a
set of m virtual worker nodes, and we apply an (mn,mk)
polynomial-based coding scheme to the mn virtual worker
nodes. Hence, each worker is assigned with m pieces of encod-
ed data, and each worker computes over each piece of data and
sends the result to the master sequentially. It is straightforward
to see that this scheme can achieve computation at full speed.

However, this finer granularity based approach can incur
some cost that scales with m. To see this, let us also consider

the application of this finer granularity based approach to the
Polynomial code based matrix-matrix multiplication. When
applying this approach, the numbers of partitions of matrices
M and N, say M and N respectively, satisfy MN = mk.
Hence, the storage cost of each worker node under this
approach is m

(
|M|
M + |N|

N

)
, where |M| and |N| denote their

respective sizes. Assuming that M and N have the same size,
the storage cost is

m
M +N

MN
|M| ≥ 2m

√
MN

MN
|M| = 2|M|

√
m

k
.

In contrast, both the original polynomial code as well as our
approach have the same storage cost of |M|M + |N|

N where
MN = k. If we set M = N , then the storage cost
is 2|M |/

√
k. Now we see that the finer granularity based

approach incurs
√
m times storage cost of our approach, which

is costly even when m is a small integer.
Besides, both the finer granularity approach and our ap-

proach can be applied to MatDot codes [17] for the high-
dimensional matrix-matrix multiplication. The same commu-
nication traffic of each worker node in our approach is the
same as in the original MatDot code. In contrast, the finer
granularity approach makes the communication traffic m times
as the original one, which makes it hardly to apply in practice.
The details are omitted.

B. Analysis of the Runtime

Now we analyze the total runtime of this approach based
on a probability model which is almost the same as used
in Sec IV-C. We also use T comp

i and T comm
i to denote the

whole computation time and the whole communication time
for the local result, whose distributions are given in (5),
respectively. Also, T comp

i and T comm
i , i ∈ [n] are mutually

independent. Moreover, the time cost for worker i computing
(transmitting, resp.) a single piece of the result is given by
T comp
i /m (T comm

i /m, resp.).
Since the analysis is similar to the one in Sec. IV-C, many

details are omitted to save the space. Let N ′i(t) denote the
number of pieces received by the master from worker node Wi

before time t. Denote b mt
max{τ1,τ2}c−1 by σ′(t). We have that

N ′i(t) ≤ σ′(t). For any positive integer j such that j ≤ σ′(t),

Pr(N ′i(t) ≥ j)
= Pr(N ′i(t) ≥ j, T

comp
i ≥ T comm

i )

+ Pr(N ′i(t) ≥ j, T
comp
i < T comm

i )

= Pr

(
t ≥ jT comp

i + T comm
i

m
,T comp
i ≥ T comm

i

)
+ Pr

(
t ≥ T comp

i + jT comm
i

m
,T comp
i < T comm

i

)
where the second step holds as illustrated in Fig. 2. The
probability is calculated considering two cases, case τ1 ≤ τ2
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Fig. 2: Illustration of the process of task execution.

and case τ1 > τ2. Due to the space limitation, we only present
the result for case τ1 ≤ τ2 . We get that, in this case,

Pr(N ′i(t) ≥ j) =λ1a(t)

(
je−

λ2mt
j

jλ1 − λ2
b(t, j) +

e−λ2mt

λ2j − λ1
c(t, j)

)
− eλ1(τ1−mt−τ2j ) + 1,

where a(t) = eλ1τ1+λ2τ2 , b(t, j) = e(
λ2
j −λ1)

mt
j+1 −e(

λ2
j −λ1)τ1 ,

and c(t, j) = e(λ2j−λ1)
mt−τ2
j − e(λ2j−λ1)

mt
j+1 . We can show

that, there exists a unique t̂ such that

E[N ′i(t̂)] =

σ′(t)∑
j=1

Pr(N ′i(t) ≥ j) = mk/n.

Let T̂ total denote the total runtime under our approach. We
then have the following result.

Theorem 4. For any positive constant ε, there exists some
constant ε′ > 0 that depends on τ1, τ2, λ1, λ2, δ but not n,
such that

Pr(|T̂ total − t̂| > εt̂) ≤ 2e−2ε
′2δ2n.

Proof. The proof is done similarly to the one for Theorem 2,
and hence omitted.

VI. PROOF OF THEOREM 1

Due to the space limitation, we will only prove Theorem 1
for the case F = Fq . The technical challenge for showing this
result comes from the fact that B̃ is a random matrix while
exhibiting some inner structure since it is built on A (c.f., (3)).
We will overcome this challenge by conducting proper linear
transformations as well as counting based arguments.

We start with a basic property of the matrix B̃.

Lemma 1. By permuting rows of B̃, we can write B̃ as

B̃ =

A1 w1,2 ◦A1 · · · w1,m ◦A1

...
...

...
Am wm,2 ◦Am · · · wm,m ◦Am

 ,
where each Ai, i ∈ [m] is a submatrix of A with k rows, and
each vector wi,j , i ∈ [m], j ∈ [k] \ {0} has m entries which
are picked from F independently and uniformly at random.

Proof. Due to the space limitation, the proof is omitted.

Define

B̃j =

A1 w1,2 ◦A1 · · · w1,j ◦A1

...
...

...
Aj wj,2 ◦Aj · · · wj,j ◦Aj

 .
In particular, B̃1 = A1, and B̃m = B̃. If Pr(rk(B̃j) = jk) >
0 for each j ∈ [m− 1], then we have

Pr(rk(B̃m) = mk)

≥
m∏
j=2

Pr(rk(B̃j) = jk | rk(B̃j−1) = (j − 1)k)

· Pr(rk(B̃1) = k)

=

m∏
j=2

Pr(rk(B̃j) = jk | rk(B̃j−1) = (j − 1)k)

(8)

where the second step holds since B1 = A1 has rank k.
In the following, we will establish a lower bound for the

Pr(rk(B̃j) = jk | rk(B̃j−1) = (j − 1)k). Define

Cj =
[
Aj wj,2 ◦Aj · · · wj,j−1 ◦Aj

]
w̃j−1 = [wT

1,j , . . . ,w
T
j−1,j ]

T

Ãj−1 = [AT
1 , . . . ,A

T
j−1]T.

Then,

B̃j =

[
B̃j−1 w̃j−1 ◦ Ãj−1
Cj wj,j ◦Aj

]
.

Assume that rk(B̃j−1) = (j − 1)k. Since B̃j−1 has full rank
of (j − 1)k, its rows form a basis of the whole row vector
space F(j−1)k. Hence there exists a k × (j − 1)k matrix U
such that Cj = UB̃j−1. Also, since Aj has full rank of k, its
rows form a basis of the whole row vector space Fk. Hence
there exists a (j − 1)k× k matrix V such that Ãj−1 = VAj .
Then

w̃j−1 ◦ Ãj−1 = w̃j−1 ◦ (VAj) = (w̃j−1 ◦V)Aj ,

where the second step can be easily verified by definition. By
performing some elementary row operations on B̃j , we can
obtain

B̃′j =

[
B̃j−1 w̃j−1 ◦ Ãj−1
O wj,j ◦Aj − (U(w̃j−1 ◦V))Aj

]
,

where O is the zero matrix.
Let ai, i ∈ [k] be the i-th row of Aj . For any y =

(y1, . . . , yk) ∈ Fk and Z = {z`,p}`,p∈[k] ∈ Fk×k, define a
function

D(y,Z) =y ◦Aj − ZAj

=



y1a1 −
∑k
p=1 z1,pap
...

y`a` −
∑k
p=1 z`,pap
...

ykak −
∑k
p=1 zk,pap


,


d1(y,Z)

...
d`(y,Z)

...
dk(y,Z)





Further define Y as the set{
y ∈ Fk | ∃(x1, . . . , xk) ∈ Fk \ {0} s.t.,

k∑
`=1

x`d`(y,Z) = 0

}
,

and for each nonempty subset S ⊆ [k], define

Y(S) =

{
y ∈ Fk | ∃(x1, . . . , xk) ∈ Fk

s.t.,
k∑
`=1

x`d`(y,Z) = 0, and x` 6= 0 iff ` ∈ S

}
We will establish a bound on |Y(S)|, the size of Y(S).

Suppose (x1, . . . , xk) ∈ Fk, x` 6= 0 iff ` ∈ S, and∑k
`=1 x`d`(y,Z) = 0. Since

k∑
`=1

x`d`(y,Z) =

k∑
`=1

x`

(
y`a` −

k∑
p=1

z`,pap

)

=

k∑
`=1

x`y`a` −
k∑
`=1

x`

k∑
p=1

z`,pap

=

k∑
`=1

x`y`a` −
k∑
p=1

xp

k∑
`=1

zp,`a`

=

k∑
`=1

(
x`y` −

k∑
p=1

xpzp,`

)
a`

= 0.

and a1, . . . ,ak are linearly independent, x`y`−
∑k
p=1 xpzp,` =

0 for each ` ∈ [k]. Since S is nonempty, there exists some
i ∈ S such that xi 6= 0. So we have

y` =
xi
x`

∑
p∈S

xp
xi
zp,`, for each ` ∈ S. (9)

From (9), we can see that (y`)`∈S is a function of
(
xp
xi

)p∈S , or equivalently, a function of (
xp
xi

)p∈S\{i}. Note that
(
xp
xi

)p∈S\{i} have at most (q− 1)|S|−1 possible values. Hence
(y1, y2, . . . , yk) that satisfies (9) has at most (q−1)|S|−1qk−|S|

possibilities. Therefore,

|Y(S)| ≤ (q − 1)|S|−1qk−|S| ≤ qk−1.

Because Y = ∪S⊆[k],S6=∅Y(S),

|Y| ≤
∑

S⊆[k],S6=∅

|Y(S)| ≤ (2k − 1)qk−1.

Now we have

Pr(rk(D(wj,j ,Z)) 6= k) = Pr(wj,j ∈ Y) =
|Y|
qk
≤ 2k − 1

q
,

where the second equality holds since each entry of wj,j is
chosen from F independently and uniformly at random. By
the total law of probability, we can get

Pr(rk(D(wj,j ,U(w̃j−1 ◦V))) 6= k | rk(B̃j−1) = (j − 1)k)

≤ 2k − 1

q
.

Notice that rk(B̃j) = rk(B̃′j) = rk(B̃j−1) + rk(wj,j ◦Aj −
(U(w̃j−1 ◦V))Aj)). Hence,

Pr(rk(B̃j) = jk | rk(B̃j−1) = (j − 1)k) ≥ 1− 2k − 1

q
.

By (8), we have

Pr(rk(B̃m) = mk) ≥
(

1− 2k − 1

q

)m−1
≥ 1− (m− 1)(2k − 1)

q
.

The proof of Theorem 1 is completed.

VII. EXPERIMENTAL RESULTS

In this section, we conduct experiments on Alibaba
Cloud [31] and also simulations to see how the runtime of
an (n, k) polynomial-based coding scheme can be improved
by our approaches. Specifically, we consider the following
approaches for performance comparison:
• the original polynomial-based coding scheme, which is

labeled as Original,
• the application of the approach proposed in Sec. IV to

achieve communication at full speed, which is labeled as
COMM-FS(m),

• and the application of the approach proposed in Sec. V
to achieve computation at full speed, which is labeled as
COMP-FS(m),

where m is the number of pieces of a local result.

A. Experiments on Alibaba Cloud

Experiment Setup: Based on Alibaba Cloud, we conduct
experiments on 21 machines in a cluster. These 21 machines
are homogeneous with 1-vCPU, 2GB memory and 1Mbps
bandwidth, and the machine model is ecs.n4.small. Machines
are connected through private Internet. Among the 21 ma-
chines, one acts as the master node, and the others act as
worker nodes.

Workload: We consider the task of matrix-matrix multi-
plication MN, where M ∈ R32000×b and N ∈ Rb×3000. The
setting of integer b will be explained soon. Since N is not very
large, the original coding scheme is chosen to be a (20, 16)
Reed-Solomon code: the matrix M is partitioned along the
row side into 16 parts M1, . . . ,M16, which are then encoding
into 20 parts M̃1, . . . , M̃20, and each worker node computes
M̃iN for a different i exactly, and then transmits it to the
master node.

Apparently, the effect of our proposed approaches is closely
related to the difference between computation time and com-
munication time that each worker node takes to finish its task.
Taking this into account, we set b to be three different values
of 50, 300, and 800. In particular, when b = 50, the average
communication time that each worker node takes to transmit
is about 5 times the average computation time. When b = 300,
the average communication time is very close to the average
computation time. When b = 800, the average communication
time is about 1/3.5 of the average computation time. For our
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(c) the case b = 800

Fig. 3: The empirical cumulative distribution of the total runtime.
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(a) The case τ1 = 1/6, λ1 = 6
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(b) The case τ1 = 1, λ1 = 1
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(c) The case τ1 = 6, λ1 = 1/6

Fig. 4: Effect of the number of worker nodes.

proposed approaches, the number of pieces in a local result
m is set to be 2, 5, and 8.

Experiment Result: We repeat the above experiment for
each parameter setting by 100 times, and plot the empirical
cumulative distribution of the total runtime in Fig. 3. From
this figure, we can observe the followings:

• For all the three different values of b, both COMM-FS
and COMP-FS perform much better than Original for
all the values of m. In particular, compared to Original,
COMM-FS(8) and COMP-FS(8) can reduce the median
total runtime by 30.4% and 33.5% when b = 50, by
15.4% and 39.1% when b = 300, and by 14.5% and
42.3% when b = 800, respectively.

• When m grows larger, both COMM-FS and COMP-FS
perform better, leading to a higher performance improve-
ment. This follows the intuition that the larger m is, the
higher utilization of the partial results of worker can be
achieved. However, the performance improvement of both
COMM-FS and COMP-FS by using a larger m becomes
smaller when m grows. In particular, we can see that
in all three cases, when m is changed from 5 to 8,
the performance improvement of both COMM-FS and
COMP-FS is little. This hints that, in practice, it is good
enough to use a small value of m, e.g., 5 or 8.

• When b becomes larger, i.e., the ratio between the com-
putation time and the communication time of each worker
node becomes larger, the improvement of COMM-FS
over Original becomes smaller. This is because COMM-
FS only improves the communication phase and has no
effect on the computation phase.

B. Simulations

Due to practical reasons, it is hard for us to conduct exper-
iments involving a large number of worker nodes on Alibaba
Cloud. In order to evaluate the effect of the number of worker
nodes, we conduct simulations based on the probabilistic
runtime model as stated in Sec. IV and Sec. V.

We consider an (n, k) polynomial-based coding scheme,
where the number of worker nodes n ranges from 90 to
110, and k is chosen to be a constant 75 such that the
computation overhead of each worker node is kept the same.
For our approaches, the number of pieces of the local result is
chosen to be 5. Regarding the parameters in the probabilistic
runtime model, we set τ2 = λ2 = 1, and consider three cases:
τ1 = 1/6, λ1 = 6, τ1 = 1, λ1 = 1, and τ1 = 6, λ1 = 1/6,
which represents the average computation time is much less
than, comparable to, and much larger than the average com-
munication time, respectively, which is similar to the setting
of b in the experiments on Alibaba Cloud.



For each parameter setting, we run the simulation for 2000
times, and plot the average total runtime in Fig. 4. From this
figure, we have the following findings:
• The total runtime of all the schemes becomes smaller

when n grows, since the recovery threshold is the same
while there are more worker nodes.

• Even when n = 90 so that the coding scheme can
only tolerate a few stragglers, our approaches can still
significantly reduce the average total runtime.

• The runtime reduction percentage of COMM-FS and
COMP-FS over Original becomes slightly larger when n
grows. The main reason is that, when n becomes larger,
there are more opportunities to exploit the partial work
done by stragglers.

VIII. CONCLUSION

In this paper, we introduced two concepts, communication
at full speed and computation at full speed, that characterize
the full utilization of work done entirely or partially by every
worker node in distributed computing. Then for a general
polynomial-based coding framework, we proposed a simple
yet very effective randomized approach that can lead any
polynomial-based coding scheme to achieve communication at
full speed, while the extra computation cost incurred is usually
negligible. We also showed that by improving the randomized
approach, computation at full speed can be achieved for some
typical task scenarios. Both experiments conducted on Alibaba
Cloud and simulations demonstrate that our approaches can
lead to significant performance improvement over the original
polynomial-based coding scheme. In the future, we would like
to develop schemes that can achieve computation at full speed
for other task scenarios.
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