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Abstract: This paper proposes a new three-translational and two-rotational (372R) motion with one fixed and one variable rotation
directions. The serial kinematic chains (SKCs) that generate this motion are synthesized, which are quite different from the SKCs
generating 372R motion with two fixed rotation directions. Firstly, according to the relationships between the two rotations in a
motion, the classification of 372R motions is discussed. By using finite screw as the mathematical tool, the expressions of the two
different kinds of 372R motions are formulated as algebraic sets. Secondly, serial motion generators of the 372R motions are
investigated. The SKCs that generate the first-kind 372R motion are briefly reviewed; the twenty-eight types of SKCs that generate

the second-kind 372R motion are synthesized by analytical derivations. Finally, the SKCs with the second-kind 372R motion are used
to synthesize new parallel mechanisms. Two five-degree-of-freedom (five-DoF) systematical parallel mechanisms are taken as examples
to show the applications of these SKCs. This paper provides theoretical foundations for the research on motions generated

by complex SKCs and on motion patterns with variable rotation directions and centers.
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1. Introduction

The investigation on motion characteristics of serial kinematic chains (SKCs) is an important topic in the research of
mechanism synthesis [1-2]. In-deep understanding of similarities and differences among various SKCs is the theoretical
base of SKC synthesis. It also provides foundation for type synthesis of parallel mechanisms because SKCs serve as
limbs of parallel mechanisms [3-6].

In recent years, many kinds of SKCs have been studied including the ones with single operation mode and the ones
with multiple operation modes [7-10]. Among them, the SKCs with three-translational and two-rotational (372R)
motion attract a lot of interests, which have been utilized in the synthesis of different kinds of parallel mechanisms.
These 372R SKCs have the same motion pattern. Each of them can generate translations along arbitrary directions and
rotations around two fixed directions. The 372R motion of these SKCs is named as double-Schoenflies motion [11].
SKCs with this 372R motion have been well discussed and synthesized through using different methods, such as the
displacement manifold method [12-15], the virtual chain method [7, 16, 17], and the finite screw method [18, 19], and
so on. The obtained 372R SKCs were used in type synthesis of parallel mechanisms having 37 motion [14, 16, 18], the
ones having 3T1R Schoenflies motion [15, 17], bifurcation of Schoenflies motion [12], motion with variable rotational
axis [19], and the ones having 372R double-Schoenflies motion [13]. These parallel mechanisms have good
performances and wide applications, which shows the importance of these 372R SKCs.

In this commonly studied 372R motion with two fixed directions of rotations, the rotational directions have no
influences on each other, and the translations can only change the positions of the rotational axes. In other words, the
two rotations are independent with each other, and they are independent with the translations in the same time. Inspired
by the motion of Exechon parallel mechanism [20] in which the direction of one rotation is determined by the direction
and rotational angle of the other one, we propose another kind of 372R motion in this paper. A mechanism with the new
372R motion can generate three-DoF translations and two-DoF rotations in terms of finite motions from its specific
initial pose, and the mechanism generates a rotation about an axis with fixed direction followed by another rotation
whose axis has variable direction. Different from the Exechon motion, the variable rotation in this 372R motion has the
following characteristics. 1) The direction vector of the variable rotation is not only determined by the direction and
rotational angle of the fixed rotation, but also determined by the three-DoF translations. 2) The position vector of the
variable rotation can be arbitrarily changed by the translations. The detailed comparison between the variable rotations
in this new motion and the Exechon motion can be referred to the following Table.

Table 1 Comparison between the variable rotations in the new 372R motion and Exechon motion

Variable rotation in the Variable rotation in the
new 372R motion 172R Exechon motion
Direction Position Direction Position
Influenced by the fixed rotation N X v X
Influenced by the translation(s) v ~ X X
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Based upon the existing 372R motion with two fixed rotational directions and inspired by the Exechon motion, a new
kind of 372R motion with one fixed and one variable rotational directions is investigated in this paper. We use finite
screw in quasi-vector form as mathematical tool [21, 22], because it is a simple and concise format for motion analysis
and mechanism synthesis [23-27]. In the meantime, the kinematic [28-32], dynamic [33-35], accuracy [36, 37], stiffness
[38-41] analysis and control [42-44] of the synthesized mechanisms can be easily carried out using the instantaneous
screw [45-49] which is the counterpart of finite screw.

The outline of this paper is as follows: A brief review of the state-of-the-art of the research on the traditional 372R
SKCs is conducted, and the basic concepts of a new 372R motion are introduced in Section 1. In Section 2, the
classification of 372R motions is further discussed, and the two different kinds of 372R motions are expressed in form
of finite screw sets. In Section 3, SKCs which are motion generators of the first-kind 372R motion are briefly reviewed;
the SKCs generating the second-kind 372R motion are detailedly synthesized by analytical derivations, which results in
twenty-eight structures of SKCs. The usage and applications of the SKCs with the second-kind 372R motion in the
synthesis of new parallel mechanisms are shown in Section 4 through two examples. The conclusions of the paper are
drawn in Section 5.

2. Different kinds of 372R motions

In this paper, we use finite screw as the mathematical tool because it has been proved to be the simplest format for
finite motion description [21]. Here, we briefly introduce the finite screw method.
A rigid body motion can be generally expressed by a finite screw as

o Sq 0
S, =2tan— +t 5 (M
2\ r xs; S,

nT
where (SI (rf X S ) ) denotes the Chasles’ axis of the motion that has the three-dimensional vectors s (|sf | =1)

and r, as its direction and position vectors; € and t are the rotational angle about that axis and the translational

distance along the axis, respectively.
In this way, one-degree-of freedom (one-DoF) pure rotation and one-DoF pure translation can be respectively
expressed as

o S¢ .
2tan— pure rotation
2\ I xSy

S, =
0 0 .
t = pure translation
S, t

where t is the substitution of ts,, which denotes the total translation vector.

, 2

Following this manner, the rotations generated by a revolute (R) joint and the translations generated by a prismatic (P)
joint can be respectively expressed by the sets of finite screws as

{Ztan 0—R£ %k j
2 \ Iy xS
¢ 0
P S,

where S; (|SR| =1) and r, denote the direction and position vectors of the R joint’s axis, and 6, is the rotational

b € [0, 27:]} R joint
(3)

1Si)=

t, e R} P joint

angle of the joint; S, (|SP| =1) denotes the direction vector of the P joint, and t, is the translational distance of the

joint. Here, without loss of generality, we suppose that the value ranges of 6; and t, are [0, 2n] and R (the real

number field), respectively.

Through using the composition algorithm of finite screws, i.e., screw triangle product, the multi-DoF motion that is
the composition of several motions or the motion generated by a SKC consisting of several R and P joints can be
expressed as

{Sisc)={Siaa""+a8,,48,]6 €[0.2n], t R, i=12,-n}, (4)

where S;,, S;,,and S, are finite screws having 6, and t; (i=12,---,n) as the parameters; “ A ” denotes the
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screw triangle product. The details algorithms of this product can be referred to the [21].
Based upon the relationship between the two rotations in a motion, the 372R motions can be classified into two kinds.
The two rotations in the first-kind motion have fixed directions. The basic expression for the motion is

S S 0 0 0\|g.,0. €[0,2x],
{81 3T2R} =< 2tan % * |a2tan % ° |t At, At ar% e[ Tc]
: 2 (1, %8, 2\r,xs, S S, s,

t,t,,t,eR
S S 0
= 2tan% b A2tan$ VN
2\, xs, 2 \r,xs, | \t,s;+t,5,+tS,

where s, and s, are the two fixed directions of the rotations; the position vectors of the rotations can be arbitrarily

) (6))

selected because of the influence from the three translations; s,, S,, and S, are three independent directions of the

translations. @ (t) with specific subscript denotes the corresponding rotational angle (translational distance) about
(along) the direction S with the same subscript.

The two rotations in the second-kind motion have one fixed direction and one variable direction, the basic expression
for the motion is

exp(é,,|s S
{stm}= 2tan& % A2tan£ xp( b'l[ bX]) . Al OjAtZ(OjAtl[oj
: 2 (r xs, 2 {1, xexp(6,,[s,x])s, Sy S, S

exp(6,,[s, x])s. A( 0 J

t3 SB +t2 SZ +t1 Sl

6,.6, €[0,2x],
t.t,,t,eR

S
={2tan %( b )AZtanﬂ
2 b

r,xS$ 2\r, Xexp(gb,l[sb X])Sa

where s, is the fixed direction, while exp(6,,[s,x])s, is the changing direction; [s,x] denotes the

a
skew-symmetric matrix of vector s, that represents its cross product. Similar with the first-kind 372R motion, the
position vectors of the rotations can be arbitrarily selected because of the influence from the three translations, and s,
s,, S, are three independent directions of the translations.

In both Eq. (5) and Eq. (6), 6€,, 6,, t,, t,,and t; are the five independent parameters. This means that, in Eq. (6),
6,, is not an independent parameter, which depends on the five independent parameters. The relationship between 6, ,

and 6,, 6,, t, t,, t, is determined by the specific structure of the serial kinematic chain that generates the
second-kind 372R motion. Due to the three-DoF translations, the specific values of the two position vectors of the
rotations in Egs. (5) and (6), I, and r,, have no influences on {81_3T ZR} and {S$,3T2R} . In other words, r, and T,

can be arbitrarily selected, i.e., , e R® and r, e R®.

3. 372R serial kinematic chains

After having discussed the two kinds of 372R motions in Section 2, the SKCs that generate each kind of motions will
be investigated in this section. These SKCs are named as serial motion generators of the motions. Here-in-after, we call
the SKCs as motion generators for simplicity.

3.1 Motion generators of the first-kind 372R motion

The first-kind 372R motion is the traditional one which has been widely discussed. Through using the computational
properties of finite screw, the whole set of SKCs that generate this motion has been synthesized in the existing works, as
listed in the following Table.

Table 2 Motion generators of the first-kind 372R motion

No. SKC No. SKC No. SKC No. SKC
1 P1P2P3R.Rs 2 P1P2R.P3R» 3 P1R.P2P3R» 4 R.P1P2P3R»
5 P1P2R.R»P3 6 Pi1R4P2R»P3 7 R4P1P2RxP3 8 P1R«R»P2P3
9 R4P1RsP2P3 10 RuR»P1P2P3 11 PiP2R.RRp 12 P1R.P2R.Rp
13 Pi1RR.P2Rp 14 P1R.R4RsP2 15 R4P1P2R.Rp 16 R.P1R.P2R»
17 R4P1R4RsP2 18 R4R.P1P2Rs 19 R«R4P1RsP2 20 R4R4RsP1P2
21 P1P2RaRsR» 22 P1R.P2RsRs 23 P1RuRsP2R» 24 P1RRsRsP2
25 R4P1P2RsRs 26 R4P1RsP2R» 27 R4P1RsRsP2 28 R4RsP1P2Rs
29 R4RsP1RsP2 30 RaRsRsP1P2 31 PiRaRaRaR» 32 RaP1R4RaRb
33 R4RP1RRp 34 RaReR4P1Rs 35 RaRaRaRsP1 36 P1RaRsRsR»
37 R«P1RsRsRp 38 R4RsP1RsRS 39 R«RsRsP1Rp 40 R4RsRR5P1
41 P1R«R.RsRp 42 R4P1R4RsRp 43 R«RP1RsRp 44 R«RaRsP1Rp




45 RaRaRsRP1 46 RiRaRRsRs 47  RiRaRsRsR»

The geometrical conditions for these SKCs are:

(1) In each SKC from Nos. 11 to 30, the two P joints are not both perpendicular to the direction of the dyad of two
parallel R joints.

(2) In each SKC from Nos. 31 to 40, the P joint is not perpendicular to the direction of the triad of three parallel R
Jjoints.

Regardless of the dimensions of the links in the SKCs, each SKC in Table 2 generates the 372R motion that is
equivalent with the motion in Eq. (5). Some SKCs (Nos. 1, 11, 31, 41, and 46) generating the first-kind 372R motion
are shown in Fig. 1. Without loss of generality, in Fig. 1, we suppose that the P, and R, joints have the same directions,
and that the P3 and R, joints have the same directions.

(a) PIP2P3R.R, (b) PIP2R.R.R» (¢) PIR.R.R.R»

(d) PiRaRaRsR» (e) RiRaRaRsRp

Fig. 1 The SKCs generating the first-kind 372R motion

3.2 Motion generators of the second-kind 372R motion

It can be easily observed from Table 2 that for a SKC that generates the first-kind 372R motion, there is no R, joint
between two parallel R, joints. In other words, there are no sub-structures like “RpR.Rp”, “RsR.R.Rp”, and
“ReR.R.R4Rp” in such a SKC. However, in SKCs generating the second-kind 372R motion, these sub-structures will
exist, as discussed in this section.

In the following derivations, the subscripts of the symbols indicate the joints that they describe. For examples, S,

denotes the unit direction vector of an R, joint; I,

denotes the position vector of the first R, joint in a SKC; 6, ,
denotes the rotational angle of the first R, joint in a SKC; s/ denotes the unit direction vector of a Py joint; t/ denotes
the translational distance of a P joint.
3.2.1 P1P2RsR:Rs and its derivations

The most basic SKC that generates the second-kind 372R motion is PiP2R;R.Rs. According to Eq. (4), its motion
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expression is

6, S, (7 Sa Gaf S (0 )0
{SfPPRRR }: 2tan 22 A2tan 2| | A2tan— AL At 7
PR RpRa Ry 2 rb,zxsb 2 raXSa 2 rbyleb Sz Sl

where (s/xs))xs, #0.
The above equation can be equivalently rewritten by using the properties of the screw triangle product, and the
resultant expression is obtained as

ZIu[ S ]Aztanz exp (6, [5,])s,
2 T2 X Sp 2 (rb,1 +exp (6, [, x])(ry - rb,l))XEXD(HM [s, x])s.

- )

{Sf PPRyR,R, } 0
A{exp(@a [s, ><])(exp(¢9bv1 [s, x])— Ea)(rbv2 - rbvl)+t;s; +s!

where E, denotes a three-order unit matrix.
It is easy to see that the following substitutions of symbols can be made in Eq. (8) without changing the value range

of {Sipprinn, |-
6,,+6,, €[0,4n] > 6, €[0,2x],
exp(6, [5, <])(exp (6 [5, X]) — s ) (Ko =11 ) HS; #s] € R® S5, 4,5, 45, € R,
Lo =V e R, (1, +exp(6,,[s, x])(r —1,,)) > Vr, e R®.

In this way, Eq. (8) is proved to be equivalent with Eq. (6). And the relationship between 6,, and 6,, t, t,, t,

of P1P2R;R.R can be derived from the following equation by using Euler’s formula to rewrite exp(6’b,1 [Sb ><]) ,

(exp(é?byl [s,x])- Ea)(rb'2 — rbvl)T (s;x55) =exp(=6, [s, x]) (LS, 1,5, s, ) (s/xs}). 9)

The motion generators of the second-kind 372R motion that are similar with P;PoR,R.R; are listed in Table 3
(containing P1P2R;R.Rp).

Table 3 Motion generators of the second-kind 372R motion that are derived from P1P2RsR.R»

Equation for deriving the relationship between 6, ,

No. SKC
and 6,, 6,, t, t,, t,
1 PiP2RsRaRs A(B, — E5) (K, — 11 ) HS, +S] =t,s,+,5, 45,
2 PiIRsP2RARs A(B, — E;)(K,, — 1) Bis, +s] =tis,+t,5, 45,
3 PiRsRP:Rs A(B, —E;)(f,, — 11 ) *BLAS, +S] =t,5, 4,5, 41,5,
4 PiRsR.RsP2 A(B, —E,)(K, — 11 )+ B, AB,S, +tis] =t;s,+,5, +t;s,
5 RsPiP2R4Rs A(B, —E;) (5, — 11 ) *By (1S)+5]) =5, +,5,+t,s,
6  RsPIRPaRs A(B, — E,)(K,, — 11 ), BAS +tB;s; =t5, +t,5,+t;5,
7 RsPiR.R:P2 A(B, - E,)(K,, — 1) B AB,S, +B;s] =t;s,+,5, +t;s,
8  RuRaPIP2Rs A(B, — E; (K, — o1 ) *BIA(ts; +S]) = t,5,+,5, +s,
9  RoRPIRsP2 A(B, —E;)(f,, — 1,1 )+, BAS, +B AB,S] =t,5, +t,5,+t;5,
10 RyR.R;PiP2 A(B, — E, (K, — 11 ) *BiAB, (s, +s)) =t,5,+t,5, 45,

Noted: (s/xs;)xs, =0, A=exp(6,[s,x]), B =exp(6,,[s,x]). BZ:exp((Hb—Hbvl)[sbx]).

In Table 3, for each SKC, the equation contains three scalar equations with three dependent parameters, 6,,, t/ and

t,, to be solved. These three parameters can be respectively solved as the expressions of the four/five independent
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parameters, 0,, (6,,) t, t,, t;. Hence, the relationship between 6, and these independent parameters can be

derived from the equation.

3.2.2 Pi1RsR:R:R» and its derivations
Besides P1P,R;R.R, and its derivations, PiRsR.R.R5 is also a motion generator of the second-kind 372R motion. The
motion expression of this SKC is

6, s 0, s 0 s 6 s 0
{Sirmppn f=12ta022 7 la2tan—22| * a2tan 2T la2tan 2| U Ay , (10)
PIRsRaR4Ry 2 I, XS, 2 2 XS, 2 r1 xS, 2 I %S, S£

which can be equivalently rewritten as

{Sf,PleRaRaRh }

Without changing the value range of the above equation, the following substitutions of symbols can be made in it,

2tan ab,l + 0b,2 [ Sb

rb,Z

X§

b

exp(6,,[s, x])s,

]AZ tan Gust bz
(rbv1 +exp(6,,[s, x]) (1., - rbyl))x exp(6,,[s, x])s.

0

A (exp((é{ll +6,,)[s. x])(exp(@bvl [s,x])- Ea)(rb'2 —1,1)
+eXp(€b,1 [Sb X])(eXp(‘ga,l [Sa X])_ Es)(ra,z - ra,1)+t1’51,)

6,,+6,,€[0,4n] > 6, €[0,2n], 6,,+6,, €[0,4n] >0, €[0,2x],

exp(6, [s, ><])(exp(6?by1 [s,x])- E3)(rby2 —hy1)

eR® >t.5,+t,5,+s e R®,

+exp (‘911,1 [Sb X])(EXp(gal [Sa X]) - E3 )(ra,z - ra,l) +T1'51'

L, — VI, eR%, (rbyl +exp(6,. s, x]) (1 - rb,l)) - Vr, eR®.

(11)

Hence, the equivalence between Eq. (11) and Eq. (6) is proved. There are more SKCs that are similar with
PiRsR.R.R; and generate the second-kind 372R motion, as listed in Table 4 (containing P1RyR,R.Rp).

Table 4 Motion generators of the second-kind 372R motion that are derived from PiRsR.RaR»

Equation for deriving the relationship between 6,

No. SKC and 0,, 6,, t, t,, t
I PIRsR.R.Rs A(B = E3)(%2 = 1o ) *BU(A — By (1 1y ) 4S] = 13y 1,5, #,
2 RPRRRs A(B,— E) (2~ ) ¥BU(A — B )(Fp —Fa ) HIBiS, =15, #5415,
3 RoRPIRRs A(B,—E;)(5o — 1) ¥Bi(A — E;)(, — 1y ) HUBLAS] =t 4,5, +s,
4 RsRRLPIRy A(B,—E;)(%2 i ) ¥Bi(A — E3)(F, — 11 HIBAAS =15, 41,5, 45,
5 RGRWRRP A(B,—Eo) (2 =) *Bu(A — B )z — Fux) HIBAAABSS] =5, +,5, 4,

Noted: A=exp(6,[s,x]). A =exp(6,,[s,x]). B =exp(6,,[s,x]). B,= exp((é?b —6,,)[5 x]) .

For each SKC in Table 4, 6,,, 6,, and t/ are the three parameters in the corresponding equation that consists of

three scalar equations. Thus, the equation leads to the relationship between 6, and 6,,(6,,) t, t,, t,.

3.2.3 PiRsRuRsRs, P1RsRsR.Rs, and their derivations
For P1RsR.RsR, its motion can be expressed as

17 S
{valebRaRbRb} :{2tan%[r >b<
b,3

where Sl’st # 0. Equivalent rewriting of this equation results in

g, S S o S 0
atan22[ % |a2nZ o a2tan2| T at] b, (12)
S, 2 (hoxS, 2\r/xs, 2 \h,xS, S



AZtanﬂ[ exp(6,,[s, x])s.
2 (rb,1 +exp(¢9hv1 [s, x])(ra’ - rbyl))xexp(&bv1 [s, ><])sal

{Sf,PleRaRbRb } = 0 .(13)
A (exp(é’a [s, x])(exp(ebv1 [s,x])- E3)(rb,2 ~1,)

+eXp(‘9a [Sa X])(eXp((Hb,l"'eb,z )[Sb X])_ EB)(rb,S - rb,2)+tl’sl')

2 tan ab,l + 9b,2 + 9b,3 ( Sb J

2 I3 XSy

The following substitutions of symbols made in Eq. (13) will not change its value range, which shows that Eq. (13) is
equivalent with Eq. (6).

6,,+6,,+6,,[0,6n] >4, €[0,2x],

{exp(‘ga [s. X])(exp(eb’l [s,x]) - E3)(rb’2 )

e R® 5 t,5,+t,5, 45 € R®,
+exp(¢9a [Sa X])(eXp((Hbv1+9bv2)[Sb X])— Eg)(rb,S rb2)+t1’51’] 393 11292

s > VI, eR®, (rb,1 +exp(6,,[s, x])(r, - rb,l)) —Vr, e R%.

For P1RyRsR.Ry, its motion expression is formulated as

6, S S 6, S 6, S 0
{Starmnn, | =12tan 22 7 motan e S laowan®2 % JapmnBe[ At/ . (14
FiRoRbRaRs 2 (haxs, 2\r/xs, 2 \h,xS, 2 | h,xs, s/

where §/'s, # 0. This equation can be equivalently rewritten into

2tan 1 t6,,+6,, [ Sp J

s XS,
exp((64,+6,,)[s, %) s,
A2tan % (rbv1 +exp (G, [s, ><])(rb,2 — 1, +exp(6,, [, x])(rs 1., )))
{valethRaRb } - ><exp((«9b’vl +6,,)[s, X])Sa ' (15)
0
A (exp(&a [s. 1) (ex0 (6555 ¥])~ Es ) (Ko = 1)

+exp(9a [Sa X])(eXp ((911’,1 + Hb,z)[sb X]) -E; )(rbﬁ —l2 ) +t1’51')

Through making the following substitutions of symbols in Eq. (15), we can see that the value range of {Sf’P1 RuRuRARs }

will not change. In this manner, Eq. (15) and Eq. (6) are verified to be equivalent with each other.

O, +6,,+06,, € [O, 675] -0 € [O, 27:] , 6,40, ¢€ [0,47[] -6, € [0, 27t] ,

eXp(é’a [s. X])(exp((gb,l _Hb,z)[sb X])_ ES)(rb,Z - rb,l)

eR® >t,s,+t,5,+s e R®,
+exp(6’a [Sa X])(exp(eb,l [Sb X]) -k )(rb,3 — 2 ) +Hs]

s — VI, eR?, (l’b,1 +exp(6;,[s, x])(rby2 — 1,1 +exp(6,,[5, X)) (1, -1, ))) —Vr, eR?.

More SKCs can be obtained as the derivations of these two SKCs, which are also motion generators of the
second-kind 372R motion, as listed in Table 5 (containing PiR;R.RsR5) and Table 6 (containing PiRsRR.Rp).
For each SKC in Table 5, the equation constituted by three scalar equations has 6,,, 6,, and t/ as the three

parameters; and for each SKC in Table 6, the same situation occurs. Hence, the relationship between 6,, and 6,, (4, ,)

t,, t,, t; canbe derived from the equation.



Table 5 Motion generators of the second-kind 372R motion that are derived from PiRsR.RsR»

Equation for deriving the relationship between 6, ,

No. SKC and 0,, 6,, t, t,, t
1 PiRsRRsRs A((B,—Es)(52 = 11) H(BiB, — Es) (1o — 1y o)) HS] = LS, +5, s,
2 RoPIRRsRs A((B, = Es)(52 = 1) (BB, — ) (s — Ty ) ) #BLIS =Sy +,5, 45,
3 RsRPIRsRs A((B,=Eq)(fy, —11) (BB, —Ey ) (s — 1, , ) #BLALS, =5, +,5, +t;s,
4 RoRRPIRs A((B, = Ex)(%2 = 11) (BB, — Eg)(1os — 1.2 ) FBLABLES, =5y H,5, 45,
5 RsR.RuRsPi «B—E)@m—%}%a%—Egﬁm—mJ%&A&BQQ=§gL%Hﬁ
Noted: A=exp(6,[s,x]), B, =exp(6,,[s,x]). B, =exp(6,,[s,x]), By=exp((6, 6, —6,)[s,x])-
Table 6 Motion generators of the second-kind 372R motion that are derived from PiRsRsR.R»
Equation for deriving the relationship between 6,
No- SKC and 6,, 6,, 4, t,, t, |
I PiRsRsR.Rs A((BB —Ey)(5 1) +(Bi— By ) (s — 1y ) HUS] = tisyH,8, +s,
2 RPIRWRRs A((BlBgl —E3) (K2 —1oa)* (B~ E5)(rys — rb,z))+|315;%;s; =t,5,+L,5,+s,
3 RRPIRR A((B.B; ~Ey)(%yz ~F1) (B~ Es)(hys — ) #BLES! = 5,5, 45,
4 RoRsRPIRs A((BB —E)(fo —Toa) (B, — By ) (s — 2 ) #BLALS] =5, +,s, 4,5,
5 RsRsRaRoP A((B.B; ~Ey)(%, —hu ) (B~ Eq) (1o — 1, )| #BLABS, =tis 4,5, s,

Noted: A=exp(6,[s,x]). B, =exp(6.[s,x]). B,=exp(6,,[s,x]). B3:exp((0b—9bvl)[ssb x])

3.2.4 RsRaR:R5Rs, RoRsRaRaR5, and RsRRRaRyp

For RyR.R.RsR5, its motion expression is obtained and rewritten as

o S g, S o S
2tan =22 T |a2tan 22| °  |a2tan 22 a
2 \I3xS, 2 Iy XS, 2 (xS,

o, S g, S
A2tan 22 ® |a2tan—2t| P
2 1 XS, 2 1 XSy

; (16)

{Sf,RhRaRaRbRb } =

and

g.+6,,+6 S
an b,1 b,2 b,3[ b j

s XSy

0,,+0,, exp(6,,[s, ><])sa
A2tan — :
(rbl +exp(6,,[s, x]) (1. - rb,l))xexp(eb,l[sb x])s,
{Sf,RbRaRaRbRb } = 0 . (17)

(exp( 0,,+6,,)[s. X])( -E )(rb,z_rb,l)
A +exp((6,,+6,,)[s x])(exp( 0,1+6,,)[S, x]) )(rby3_rb,2)

+exp(6,, [S, ><])(exp(¢9av1 [s, x])— E3)(ra‘2 - ravl))

Through using the following substitutions, we can prove the equivalence between Eq. (16) and Eq. (6),

exp bl[sb

6,,+6,,+6,,[0,6n] > 6, €[0,2x], 6,,+6,, [0,4n] > 6, €[0,2x]



exp(6,[s, x])(exp(é’bl [s,x])-E )(rb =T

1
)
+exp(6,[s, x])(exp((é)bl+49bz [sb E3)(rb3 o) |€R® > t5, 4,5, 45 € R®,
+exp(0b,1[sbx])(exp(@a,l[sax])— 3)( 22— Ta1)
s > VI, eR?, (rbl+exp( 1[5 ])(ravz—rb,l))awa eR®.

The three dependent parameters, 6,,, 6,,, 6,,, can be solved as the expressions of the four independent
parameters, 6, ,
6,, t,t,t

a’ 1°

t, t,, t;, through solving the following equation, which leads to the relationship between ¢, and

2° "3

A(Bl - Es)(rb,z - rb,1)+A( Ble - Ea)(rb,s - rb,2)+Bl (A1 - Es)(ra,z _ra,l) = t333 +t232 +t181, (18)

where A=exp(6,[s,x]). A =exp(6,,[s,x]). B, =exp(6,,[s,x]). B, =exp(6,,[s,x]).

Similar analysis can be conducted for R,R;R.R.R5 and RyR.R.R.R; to prove the equivalences between their motion
expressions and Eq. (6). Here, we do not give the details due to the space limitation.

Through the above analysis and derivations, all the twenty-eight motion generators of the second-kind 372R motion
that have structures of SKCs are obtained. Several ones among them are shown in Fig. 2.

Fig. 2 shows the initial poses of these SKCs. Here, without loss of generality, we suppose that the P> and R, joints
have the same directions.

(c) PiIRsRaRsRS

(d) ReRaRaRsR (¢) RsRaRaRuRs

Fig. 2 The SKCs generating the second-kind 372R motion



4. Synthesis of some new parallel mechanisms

The SKCs generating the first-kind 372R motion have been widely used in the type synthesis of parallel mechanisms,
as discussed in Section 1. However, the SKCs that generate the second-kind 372R motion have not been paid much
attention in the existing works for the following reasons:

(1) The second-kind 372R motion is hardly to be described by other methods. It is definitely defined and accurately
expressed for the first time in this paper by using finite screw as the mathematical tool.

(2) The two kinds of 372R motions have not been reported to be distinguished. The SKCs generating the second-kind
3T2R motion are regarded to be motion equivalence with the ones generating the first-kind motion.

In this section, we will give two examples to show the usage of the SKCs generating the second-kind 372R motion in
synthesis of new parallel mechanisms.

4.1 Example A

In this example, an R;R.,P1R;R, SKC and five six-DoF UPS SKCs are used to constitute a five-DoF parallel
mechanism. Here, U and S denote a universal and a spherical joint, respectively. There are two groups of adjacent R
joints in the RyR,P1R.R, SKC, i.e., “RyR,” and “R,R;”. Suppose that the “RyR,” has common rotational center, and so
does the “R.R,”. In this manner, the R;R.P1R.R; is equivalent to a UPU. Thus, the parallel mechanism with six limbs
can be denoted as RyR,P1R.R5-5-UPS or UPU-5-UPS.

The UPU limb connects the centers of the fixed base and the moving platform, and the five UPS limbs are arranged
symmetrically around the UPU. In order to realize symmetric and non-redundant actuation arrangements, the five P
joints in the five UPS limbs are selected as the actuation joints. The UPU limb provides the only constraint to the
five-DoF parallel mechanism. The initial pose of mechanism is shown in Fig. 3.

Fig. 3 A UPU-5-UPS parallel mechanism

Because each UPS generates the six-DoF motion, its motion can be expressed by the whole set of finite screws [21]
regardless of the dimensions, as

el 2 ()

As a parallel mechanism’ motion is the intersection of the motions of all its limbs, the motion of this parallel
mechanism is obtained as

(St} ={S 1m0} N{Srrs} N~ N{S oo

5

={Simnmn ) , (20)

6, S o, S 0 6, S 6, S
=J2tan—=%| *  |a2tan—2%| T jat|  |a2tan—2t| ' |a2tan—2E| P
2 \ryxs, 2 \ryxs, S, 2 \I,xs, 2 \r,xs,

where I, is the position vector of the common rotation center of the first U joint (RyR,), and 1, is the position vector

96[0,27‘[], teR, seR® |S|=l, reR3}. (19)

of the common rotational center of the second U joint (R.Rp).
Thus, the mechanism has the same 372R motion with its UPU (RyR.P1R;Rp) limb.
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4.2 Example B

If five identical SKCs that generate the second-kind 372R motions are used as limbs, a new parallel mechanism with
the same 372R motion will be synthesized. For instance, a parallel mechanism composed by five R;R.,PiR.Rp limbs is
shown in Fig. 4. The five limbs are arranged symmetrically. We denote each limb as UPU by supposing that the
adjacent R, and R, joints share the same rotational center. In this way, the parallel mechanism is denoted as
5-RyR.P1RR; or 5-UPU.

At the initial pose of the parallel mechanism shown in Fig. 4, it should be noted that all the R, joints in the five limbs
of mechanism have the same direction, so do all the R, joints. The five limbs provide identical constraints to the moving
platform of the mechanism. Hence, the mechanism is an over-constrained one. The symmetric and non-redundant
actuation arrangements for the mechanism are realized by selecting the five P joints as the actuation joints.

Fig. 4 A 5-UPU parallel mechanism

The motion of the parallel mechanism is the same as that of each RyR,P1R.Ry, as

{SfoMvz} = {Sf’RbRaleaRb } ﬂ..'m{sfobRaleaRb }
5 , 21

= {Sf,RbRaPlRaRb }

which is equivalent with Eq. (20).

Both the new parallel mechanisms in the two examples illustrated in this section generate the same motion with their
five-DoF limbs. They can be regarded as the parallel motion generators of the second-kind 372R motions. Since they
have one fixed and one variable rotation axes, they are quite different with the existing 372R parallel mechanisms with
double-Schoenflies motion. Following the similar manner, more parallel mechanisms as well as single closed-loop
mechanisms can be synthesized using the SKCs obtained in Section 3.2 as limbs. Here, we only give these two parallel
mechanisms for example.

5. Conclusions

Inspired by the 372R motion with two fixed rotation directions and the 172R Exechon motion with one fixed and one
variable rotation directions, this paper is focused on the synthesis of SKCs that generates a new 372R motion. The
following conclusions are drawn.

(1) Two kinds of 372R motions are classified based upon the relationships between the rotation directions in a motion.
The second-kind motion is proposed and expressed in this paper for the first time.

(2) All the SKCs that are motion generators of the second-kind 372R motion are synthesized through algebraic
derivations of finite screw sets.

(3) Two new symmetrical parallel mechanisms are taken as examples to show that the synthesized SKCs have wide
applications in the synthesis of parallel mechanisms.

Compared with the mechanisms having the first-kind 372R motion, the mechanisms having the second-kind 372R
motion have more flexible rotation capabilities because each mechanism has a variable rotational direction. Therefore,
the SKCs with the second-kind 372R motion have great potential to be deigned as the industrial robots for painting,
welding, and palletizing, because they have more diversified orientation workspaces. This paper provides theoretical
foundations for analyzing the motions generated by complex SKCs and synthesizing the mechanisms whose motion
patterns have variable rotational directions and centers.
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