
1 

1. Introduction

The investigation on motion characteristics of serial kinematic chains (SKCs) is an important topic in the research of

mechanism synthesis [1-2]. In-deep understanding of similarities and differences among various SKCs is the theoretical 

base of SKC synthesis. It also provides foundation for type synthesis of parallel mechanisms because SKCs serve as 

limbs of parallel mechanisms [3-6]. 

In recent years, many kinds of SKCs have been studied including the ones with single operation mode and the ones 

with multiple operation modes [7-10]. Among them, the SKCs with three-translational and two-rotational (3T2R) 

motion attract a lot of interests, which have been utilized in the synthesis of different kinds of parallel mechanisms. 

These 3T2R SKCs have the same motion pattern. Each of them can generate translations along arbitrary directions and 

rotations around two fixed directions. The 3T2R motion of these SKCs is named as double-Schoenflies motion [11]. 

SKCs with this 3T2R motion have been well discussed and synthesized through using different methods, such as the 

displacement manifold method [12-15], the virtual chain method [7, 16, 17], and the finite screw method [18, 19], and 

so on. The obtained 3T2R SKCs were used in type synthesis of parallel mechanisms having 3T motion [14, 16, 18], the 

ones having 3T1R Schoenflies motion [15, 17], bifurcation of Schoenflies motion [12], motion with variable rotational 

axis [19], and the ones having 3T2R double-Schoenflies motion [13]. These parallel mechanisms have good 

performances and wide applications, which shows the importance of these 3T2R SKCs. 

In this commonly studied 3T2R motion with two fixed directions of rotations, the rotational directions have no 

influences on each other, and the translations can only change the positions of the rotational axes. In other words, the 

two rotations are independent with each other, and they are independent with the translations in the same time. Inspired 

by the motion of Exechon parallel mechanism [20] in which the direction of one rotation is determined by the direction 

and rotational angle of the other one, we propose another kind of 3T2R motion in this paper. A mechanism with the new 

3T2R motion can generate three-DoF translations and two-DoF rotations in terms of finite motions from its specific 

initial pose, and the mechanism generates a rotation about an axis with fixed direction followed by another rotation 

whose axis has variable direction. Different from the Exechon motion, the variable rotation in this 3T2R motion has the 

following characteristics. 1) The direction vector of the variable rotation is not only determined by the direction and 

rotational angle of the fixed rotation, but also determined by the three-DoF translations. 2) The position vector of the 

variable rotation can be arbitrarily changed by the translations. The detailed comparison between the variable rotations 

in this new motion and the Exechon motion can be referred to the following Table. 

Table 1 Comparison between the variable rotations in the new 3T2R motion and Exechon motion 

Variable rotation in the 

new 3T2R motion 

Variable rotation in the 

1T2R Exechon motion 

Direction Position Direction Position 

Influenced by the fixed rotation √  √ 

Influenced by the translation(s) √ √   
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Based upon the existing 3T2R motion with two fixed rotational directions and inspired by the Exechon motion, a new 

kind of 3T2R motion with one fixed and one variable rotational directions is investigated in this paper. We use finite 

screw in quasi-vector form as mathematical tool [21, 22], because it is a simple and concise format for motion analysis 

and mechanism synthesis [23-27]. In the meantime, the kinematic [28-32], dynamic [33-35], accuracy [36, 37], stiffness 

[38-41] analysis and control [42-44] of the synthesized mechanisms can be easily carried out using the instantaneous 

screw [45-49] which is the counterpart of finite screw. 

The outline of this paper is as follows: A brief review of the state-of-the-art of the research on the traditional 3T2R 

SKCs is conducted, and the basic concepts of a new 3T2R motion are introduced in Section 1. In Section 2, the 

classification of 3T2R motions is further discussed, and the two different kinds of 3T2R motions are expressed in form 

of finite screw sets. In Section 3, SKCs which are motion generators of the first-kind 3T2R motion are briefly reviewed; 

the SKCs generating the second-kind 3T2R motion are detailedly synthesized by analytical derivations, which results in 

twenty-eight structures of SKCs. The usage and applications of the SKCs with the second-kind 3T2R motion in the 

synthesis of new parallel mechanisms are shown in Section 4 through two examples. The conclusions of the paper are 

drawn in Section 5. 

2. Different kinds of 3T2R motions 

In this paper, we use finite screw as the mathematical tool because it has been proved to be the simplest format for 

finite motion description [21]. Here, we briefly introduce the finite screw method. 

A rigid body motion can be generally expressed by a finite screw as 
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T

T
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f f fs r s  denotes the Chasles’ axis of the motion that has the three-dimensional vectors 
fs  ( 1f s ) 

and 
fr  as its direction and position vectors;   and t  are the rotational angle about that axis and the translational 

distance along the axis, respectively. 

In this way, one-degree-of freedom (one-DoF) pure rotation and one-DoF pure translation can be respectively 

expressed as 
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where t  is the substitution of 
fts , which denotes the total translation vector. 

Following this manner, the rotations generated by a revolute (R) joint and the translations generated by a prismatic (P) 

joint can be respectively expressed by the sets of finite screws as 
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where 
Rs  ( R 1s ) and 

Rr  denote the direction and position vectors of the R joint’s axis, and 
R  is the rotational 

angle of the joint; Ps  ( P 1s ) denotes the direction vector of the P joint, and Pt  is the translational distance of the 

joint. Here, without loss of generality, we suppose that the value ranges of 
R  and 

Pt  are  0,2  and  (the real 

number field), respectively. 

Through using the composition algorithm of finite screws, i.e., screw triangle product, the multi-DoF motion that is 

the composition of several motions or the motion generated by a SKC consisting of several R and P joints can be 

expressed as 

     ,SKC , ,2 ,1 0,2 ,  ,  1,2, ,f f n f f i it i n    S S S S , (4) 

where ,1fS , ,2fS , and ,f nS  are finite screws having i  and it  ( 1,2, ,i n ) as the parameters; “ ” denotes the 
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screw triangle product. The details algorithms of this product can be referred to the [21]. 

Based upon the relationship between the two rotations in a motion, the 3T2R motions can be classified into two kinds. 

The two rotations in the first-kind motion have fixed directions. The basic expression for the motion is 
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where 
bs  and 

as  are the two fixed directions of the rotations; the position vectors of the rotations can be arbitrarily 

selected because of the influence from the three translations; 
1s , 

2s , and 
3s  are three independent directions of the 

translations.  ( t ) with specific subscript denotes the corresponding rotational angle (translational distance) about 

(along) the direction s  with the same subscript. 

The two rotations in the second-kind motion have one fixed direction and one variable direction, the basic expression 

for the motion is 
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where 
bs  is the fixed direction, while   ,1exp b b a s s  is the changing direction;  b s  denotes the 

skew-symmetric matrix of vector 
bs  that represents its cross product. Similar with the first-kind 3T2R motion, the 

position vectors of the rotations can be arbitrarily selected because of the influence from the three translations, and 
1s , 

2s , 
3s  are three independent directions of the translations. 

In both Eq. (5) and Eq. (6), 
a , 

b , 
1t , 

2t , and 
3t  are the five independent parameters. This means that, in Eq. (6), 

,1b  is not an independent parameter, which depends on the five independent parameters. The relationship between 
,1b  

and 
a , 

b , 
1t , 

2t , 
3t  is determined by the specific structure of the serial kinematic chain that generates the 

second-kind 3T2R motion. Due to the three-DoF translations, the specific values of the two position vectors of the 

rotations in Eqs. (5) and (6), 
br  and 

ar , have no influences on  1

,3 2f T RS  and  2

,3 2f T RS . In other words, 
br  and 

ar  

can be arbitrarily selected, i.e., 3

b r  and 3

a r . 

3. 3T2R serial kinematic chains 

After having discussed the two kinds of 3T2R motions in Section 2, the SKCs that generate each kind of motions will 

be investigated in this section. These SKCs are named as serial motion generators of the motions. Here-in-after, we call 

the SKCs as motion generators for simplicity. 

3.1 Motion generators of the first-kind 3T2R motion 

The first-kind 3T2R motion is the traditional one which has been widely discussed. Through using the computational 

properties of finite screw, the whole set of SKCs that generate this motion has been synthesized in the existing works, as 

listed in the following Table. 

 
Table 2 Motion generators of the first-kind 3T2R motion 

No. SKC No. SKC No. SKC No. SKC 

1 P1P2P3RaRb 2 P1P2RaP3Rb 3 P1RaP2P3Rb 4 RaP1P2P3Rb 

5 P1P2RaRbP3 6 P1RaP2RbP3 7 RaP1P2RbP3 8 P1RaRbP2P3 

9 RaP1RbP2P3 10 RaRbP1P2P3 11 P1P2RaRaRb 12 P1RaP2RaRb 

13 P1RaRaP2Rb 14 P1RaRaRbP2 15 RaP1P2RaRb 16 RaP1RaP2Rb 

17 RaP1RaRbP2 18 RaRaP1P2Rb 19 RaRaP1RbP2 20 RaRaRbP1P2 

21 P1P2RaRbRb 22 P1RaP2RbRb 23 P1RaRbP2Rb 24 P1RaRbRbP2 

25 RaP1P2RbRb 26 RaP1RbP2Rb 27 RaP1RbRbP2 28 RaRbP1P2Rb 

29 RaRbP1RbP2 30 RaRbRbP1P2 31 P1RaRaRaRb 32 RaP1RaRaRb 

33 RaRaP1RaRb 34 RaRaRaP1Rb 35 RaRaRaRbP1 36 P1RaRbRbRb 

37 RaP1RbRbRb 38 RaRbP1RbRb 39 RaRbRbP1Rb 40 RaRbRbRbP1 

41 P1RaRaRbRb 42 RaP1RaRbRb 43 RaRaP1RbRb 44 RaRaRbP1Rb 
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45 RaRaRbRbP1 46 RaRaRaRbRb 47 RaRaRbRbRb   

The geometrical conditions for these SKCs are: 

(1) In each SKC from Nos. 11 to 30, the two P joints are not both perpendicular to the direction of the dyad of two 

parallel R joints. 

(2) In each SKC from Nos. 31 to 40, the P joint is not perpendicular to the direction of the triad of three parallel R 

joints. 

Regardless of the dimensions of the links in the SKCs, each SKC in Table 2 generates the 3T2R motion that is 

equivalent with the motion in Eq. (5). Some SKCs (Nos. 1, 11, 31, 41, and 46) generating the first-kind 3T2R motion 

are shown in Fig. 1. Without loss of generality, in Fig. 1, we suppose that the P2 and Ra joints have the same directions, 

and that the P3 and Rb joints have the same directions. 

 

                                
(a) P1P2P3RaRb                (b) P1P2RaRaRb                (c) P1RaRaRaRb 

 

                   
(d) P1RaRaRbRb               (e) RaRaRaRbRb 

Fig. 1 The SKCs generating the first-kind 3T2R motion 

 

3.2 Motion generators of the second-kind 3T2R motion 

It can be easily observed from Table 2 that for a SKC that generates the first-kind 3T2R motion, there is no Ra joint 

between two parallel Rb joints. In other words, there are no sub-structures like “RbRaRb”, “RbRaRaRb”, and 

“RbRaRaRaRb” in such a SKC. However, in SKCs generating the second-kind 3T2R motion, these sub-structures will 

exist, as discussed in this section. 

In the following derivations, the subscripts of the symbols indicate the joints that they describe. For examples, as  

denotes the unit direction vector of an Ra joint; ,1ar  denotes the position vector of the first Ra joint in a SKC; ,1a  

denotes the rotational angle of the first Ra joint in a SKC; 
1
s  denotes the unit direction vector of a P1 joint; 

1t   denotes 

the translational distance of a P1 joint. 

3.2.1 P1P2RbRaRb and its derivations 

The most basic SKC that generates the second-kind 3T2R motion is P1P2RbRaRb. According to Eq. (4), its motion 
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expression is 
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where  1 2 b
    0s s s . 

The above equation can be equivalently rewritten by using the properties of the screw triangle product, and the 

resultant expression is obtained as 
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where 
3E  denotes a three-order unit matrix. 

It is easy to see that the following substitutions of symbols can be made in Eq. (8) without changing the value range 

of  
1 2,P P R R Rb a bfS , as 

   ,1 ,2 0,4 0,2b b b        , 

        3 3

,1 3 ,2 ,1 2 2 1 1 3 3 2 2 1 1exp exp + + + +a a b b b b t t t t t           s s E r r s s s s s , 

3

,2b b r r ,      3

,1 ,1 ,1expb b b a b a     r s r r r . 

In this way, Eq. (8) is proved to be equivalent with Eq. (6). And the relationship between 
,1b  and 

a , 
1t , 

2t , 
3t  

of P1P2RbRaRb can be derived from the following equation by using Euler’s formula to rewrite   ,1exp b b s , 

             
T T

,1 3 ,2 ,1 1 2 3 3 2 2 1 1 1 2exp exp + +b b b b a a t t t           s E r r s s s s s s s s . (9) 

The motion generators of the second-kind 3T2R motion that are similar with P1P2RbRaRb are listed in Table 3 

(containing P1P2RbRaRb). 

 
Table 3 Motion generators of the second-kind 3T2R motion that are derived from P1P2RbRaRb 

No. SKC 
Equation for deriving the relationship between ,1b  

and 
a , 

b , 
1t , 

2t , 
3t  

1 P1P2RbRaRb   1 3 ,2 ,1 2 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r s s s s s  

2 P1RbP2RaRb   1 3 ,2 ,1 2 1 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B s s s s s  

3 P1RbRaP2Rb   1 3 ,2 ,1 2 1 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B As s s s s  

4 P1RbRaRbP2   1 3 ,2 ,1 2 1 2 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B AB s s s s s  

5 RbP1P2RaRb     1 3 ,2 ,1 1 2 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B s s s s s  

6 RbP1RaP2Rb   1 3 ,2 ,1 2 1 2 1 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B As B s s s s  

7 RbP1RaRbP2   1 3 ,2 ,1 2 1 2 2 1 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B AB s B s s s s  

8 RbRaP1P2Rb     1 3 ,2 ,1 1 2 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B A s s s s s  

9 RbRaP1RbP2   1 3 ,2 ,1 2 1 2 1 1 2 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B As B AB s s s s  

10 RbRaRbP1P2     1 3 ,2 ,1 1 2 2 2 1 1 3 3 2 2 1 1+ + + +b b t t t t t     A B E r r B AB s s s s s  

Noted:  1 2 b
    0s s s ,   exp a a A s ,   1 ,1exp b b B s ,    2 ,1exp b b b   B s . 

 

In Table 3, for each SKC, the equation contains three scalar equations with three dependent parameters, ,1b , 
1t   and 

2t  , to be solved. These three parameters can be respectively solved as the expressions of the four/five independent 
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parameters, 
a , (

b ,) 
1t , 

2t , 
3t . Hence, the relationship between 

,1b  and these independent parameters can be 

derived from the equation. 

3.2.2 P1RbRaRaRb and its derivations 

Besides P1P2RbRaRb and its derivations, P1RbRaRaRb is also a motion generator of the second-kind 3T2R motion. The 

motion expression of this SKC is 

  
1

,2 ,2 ,1 ,1

,P R R R R 1

,2 ,2 ,1 ,1 1

2 tan 2 tan 2 tan 2 tan
2 2 2 2b a a b

b a a bb a a b

f

b b a a a a b b

t
              

           
             

0s s s s
S

r s r s r s r s s
, (10) 

which can be equivalently rewritten as 

  

  

       

        
        

1

,1,1 ,2 ,1 ,2

,2 ,1 ,1 ,2 ,1 ,1

,P R R R R

,1 ,2 ,1 3 ,2 ,1

,1 ,1 3 ,2 ,1 1 1

exp
2 tan 2 tan

2 2 exp exp

exp exp

+exp exp +

b a a b

b b abb b a a

b b b b b a b b b a

f

a a a b b b b

b b a a a a t

   

 

  

 

   
  

         




    

     


0

s ss

r s r s r r s s

S

s s E r r

s s E r r s

 
 
 
 
 

 
 
 
 
 
 

.(11) 

Without changing the value range of the above equation, the following substitutions of symbols can be made in it, 

   ,1 ,2 0,4 0,2b b b        ,    ,1 ,2 0,4 0,2a a a        , 

       

       

,1 3 ,2 ,1
3 3

3 3 2 2 1 1

,1 ,1 3 ,2 ,1 1 1

exp exp
+ +

+exp exp +

a a b b b b

b b a a a a

t t t
t

 

 

    
   
     
 

s s E r r
s s s

s s E r r s
, 

3

,2b b r r ,      3

,1 ,1 ,2 ,1expb b b a b a    r s r r r . 

Hence, the equivalence between Eq. (11) and Eq. (6) is proved. There are more SKCs that are similar with 

P1RbRaRaRb and generate the second-kind 3T2R motion, as listed in Table 4 (containing P1RbRaRaRb). 

 
Table 4 Motion generators of the second-kind 3T2R motion that are derived from P1RbRaRaRb 

No. SKC 
Equation for deriving the relationship between ,1b  

and 
a , 

b , 
1t , 

2t , 
3t  

1 P1RbRaRaRb      1 3 ,2 ,1 1 1 3 ,2 ,1 1 1 3 3 2 2 1 1+ + + +b b a a t t t t     A B E r r B A E r r s s s s  

2 RbP1RaRaRb      1 3 ,2 ,1 1 1 3 ,2 ,1 1 1 1 3 3 2 2 1 1+ + + +b b a a t t t t     A B E r r B A E r r B s s s s  

3 RbRaP1RaRb      1 3 ,2 ,1 1 1 3 ,2 ,1 1 1 1 1 3 3 2 2 1 1+ + + +b b a a t t t t     A B E r r B A E r r B As s s s  

4 RbRaRaP1Rb      1 3 ,2 ,1 1 1 3 ,2 ,1 1 1 1 2 1 3 3 2 2 1 1+ + + +b b a a t t t t     A B E r r B A E r r B A A s s s s  

5 RbRaRaRbP1      1 3 ,2 ,1 1 1 3 ,2 ,1 1 1 1 2 2 1 3 3 2 2 1 1+ + + +b b a a t t t t     A B E r r B A E r r B A A B s s s s  

Noted:   exp a a A s ,   1 ,1exp a a A s ,   1 ,1exp b b B s ,    2 ,1exp b b b   B s . 

 

For each SKC in Table 4, ,1b , ,1a  and 1t   are the three parameters in the corresponding equation that consists of 

three scalar equations. Thus, the equation leads to the relationship between ,1b  and a , ( b ,) 1t , 2t , 3t . 

3.2.3 P1RbRaRbRb, P1RbRbRaRb, and their derivations 

For P1RbRaRbRb, its motion can be expressed as 

  
1

,3 ,2 ,1

,P R R R R 1

,3 ,2 ,1 1

2 tan 2 tan 2 tan 2 tan
2 2 2 2b a b b

b b bb b baa

f

b b b b b ba a

t
            

          
            

0s s ss
S

r s r s r sr s s
, (12) 

where T

1 0b
 s s . Equivalent rewriting of this equation results in 
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  

  

       

       

         

1

,1,1 ,2 ,3

,3 ,1 ,1 ,1 ,1

,P R R R R

,1 3 ,2 ,1

,1 ,2 3 ,3 ,2 1 1

exp
2 tan 2 tan

2 2 exp exp

exp exp

+exp exp + +

b a b b

b b abb b b a

b b b b b a b b b a

f

a a b b b b

a a b b b b b t

   

 

 

  

    
  

         

 
 

    
 
     
 

0

s ss

r s r s r r s s

S

s s E r r

s s E r r s

 
 
 
 
 
 
 
 
 

 
 

. (13) 

The following substitutions of symbols made in Eq. (13) will not change its value range, which shows that Eq. (13) is 

equivalent with Eq. (6). 

   ,1 ,2 ,3 0,6 0,2b b b b          , 

       

        

,1 3 ,2 ,1
3 3

3 3 2 2 1 1

,1 ,2 3 ,3 ,2 1 1

exp exp
+ +

+exp exp + +

a a b b b b

a a b b b b b

t t t
t

 

  

    
   
      
 

s s E r r
s s s

s s E r r s
, 

3

,3b b r r ,      3

,1 ,1 ,1expb b b a b a     r s r r r . 

For P1RbRbRaRb, its motion expression is formulated as 

  
1

,3 ,2 ,1

,P R R R R 1

,3 ,2 ,1 1

2 tan 2 tan 2 tan 2 tan
2 2 2 2b b a b

b b bb b baa

f

b b b b b ba a

t
             

          
            

0s s ss
S

r s r s r sr s s
, (14) 

where T

1 0b
 s s . This equation can be equivalently rewritten into 

  

   

        
   

       

  

1

,1 ,2 ,3

,3

,1 ,2

,1 ,1 ,2 ,1 ,2 ,2

,P R R R R
,1 ,2

,1 3 ,2 ,1

2 tan
2

exp

2 tan exp exp
2

exp

exp exp

+exp exp

b b a b

bb b b

b b

b b b a

a

b b b b b b b a b

f
b b b a

a a b b b b

a a b

  

 


 

 

 

 

    
 

 

   
 
       
 
 
   
 

   



0

s

r s

s s

r s r r s r r

S
s s

s s E r r

s       ,1 ,2 3 ,3 ,2 1 1

        

+b b b b t

 
 
 
 
 
 
 
 
 
 
 

  
  
  
  
       
  

s E r r s

. (15) 

Through making the following substitutions of symbols in Eq. (15), we can see that the value range of  
1,P R R R Rb b a bfS  

will not change. In this manner, Eq. (15) and Eq. (6) are verified to be equivalent with each other. 

   ,1 ,2 ,3 0,6 0,2b b b b           ,    ,1 ,2 ,10,4 0,2b b b         , 

        

       

,1 ,2 3 ,2 ,1
3 3

3 3 2 2 1 1

,1 3 ,3 ,2 1 1

exp exp
+ +

+exp exp +

a a b b b b b

a a b b b b

t t t
t

  

 

     
   
      
 

s s E r r
s s s

s s E r r s
, 

3

,3b b r r ,          3

,1 ,1 ,2 ,1 ,2 ,2exp expb b b b b b b a b a         r s r r s r r r . 

More SKCs can be obtained as the derivations of these two SKCs, which are also motion generators of the 

second-kind 3T2R motion, as listed in Table 5 (containing P1RbRaRbRb) and Table 6 (containing P1RbRbRaRb). 

For each SKC in Table 5, the equation constituted by three scalar equations has ,1b , ,2b  and 
1t   as the three 

parameters; and for each SKC in Table 6, the same situation occurs. Hence, the relationship between ,1b  and 
a , (

b ,) 

1t , 2t , 3t  can be derived from the equation. 
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Table 5 Motion generators of the second-kind 3T2R motion that are derived from P1RbRaRbRb 

No. SKC 
Equation for deriving the relationship between 

,1b  

and 
a , 

b , 
1t , 

2t , 
3t  

1 P1RbRaRbRb       1 3 ,2 ,1 1 2 3 ,3 ,2 1 1 3 3 2 2 1 1+ + + +b b b b t t t t     A B E r r B B E r r s s s s  

2 RbP1RaRbRb       1 3 ,2 ,1 1 2 3 ,3 ,2 1 1 1 3 3 2 2 1 1+ + + +b b b b t t t t     A B E r r B B E r r B s s s s  

3 RbRaP1RbRb       1 3 ,2 ,1 1 2 3 ,3 ,2 1 1 1 3 3 2 2 1 1+ + + +b b b b t t t t     A B E r r B B E r r B A s s s s  

4 RbRaRbP1Rb       1 3 ,2 ,1 1 2 3 ,3 ,2 1 2 1 1 3 3 2 2 1 1+ + + +b b b b t t t t     A B E r r B B E r r B AB s s s s  

5 RbRaRbRbP1       1 3 ,2 ,1 1 2 3 ,3 ,2 1 2 3 1 1 3 3 2 2 1 1+ + + +b b b b t t t t     A B E r r B B E r r B AB B s s s s  

Noted:   exp a a A s ,   1 ,1exp b b B s ,   2 ,2exp b b B s ,    3 ,1 ,2exp b b b b     B s . 

 
Table 6 Motion generators of the second-kind 3T2R motion that are derived from P1RbRbRaRb 

No. SKC 
Equation for deriving the relationship between 

,1b  

and 
a , 

b , 
1t , 

2t , 
3t  

1 P1RbRbRaRb       1

1 2 3 ,2 ,1 1 3 ,3 ,2 1 1 3 3 2 2 1 1+ + + +b b b b t t t t      A B B E r r B E r r s s s s  

2 RbP1RbRaRb       1 1

1 2 3 ,2 ,1 1 3 ,3 ,2 1 2 1 1 3 3 2 2 1 1+ + + +b b b b t t t t       A B B E r r B E r r B B s s s s  

3 RbRbP1RaRb       1

1 2 3 ,2 ,1 1 3 ,3 ,2 1 1 1 3 3 2 2 1 1+ + + +b b b b t t t t      A B B E r r B E r r B s s s s  

4 RbRbRaP1Rb       1

1 2 3 ,2 ,1 1 3 ,3 ,2 1 1 1 3 3 2 2 1 1+ + + +b b b b t t t t      A B B E r r B E r r B A s s s s  

5 RbRbRaRbP1       1

1 2 3 ,2 ,1 1 3 ,3 ,2 1 3 1 1 3 3 2 2 1 1+ + + +b b b b t t t t      A B B E r r B E r r B AB s s s s  

Noted:   exp a a A s ,   1 ,1exp b b B s ,   2 ,2exp b b B s ,    3 ,1exp b b b   B s . 

 

3.2.4 RbRaRaRbRb, RbRbRaRaRb, and RbRaRaRaRb 

For RbRaRaRbRb, its motion expression is obtained and rewritten as 

  

,3 ,2 ,2

,3 ,2 ,2

,R R R R R

,1 ,1

,1 ,1

2 tan 2 tan 2 tan
2 2 2

2 tan 2 tan
2 2

b a a b b

b b ab b a

b b b b a a

f

a ba b

a a b b

  

 

      
      

        
  

    
         

s s s

r s r s r s
S

s s

r s r s

, (16) 

and 

  

  

       

        

        

,1 ,2 ,3

,3

,1,1 ,2

,1 ,1 ,2 ,1 ,1

,R R R R R

,1 ,2 ,1 3 ,2 ,1

,1 ,2 ,1 ,2 3 ,3

2 tan
2

exp
2 tan

2 exp exp

exp exp

+exp exp

b a a b b

bb b b

b b

b b aa a

b b b a b b b a

f

a a a b b b b

a a a b b b b b

  

 

 

  

   

   
 

 

 
 
     
 



    

     

0

s

r s

s s

r s r r s s

S

s s E r r

s s E r r 

       

,2

,1 ,1 3 ,2 ,1

  

+exp expb b a a a a 

 
 
 
 
 
 
 
 
  
  
  
  
  
  
  

       
s s E r r

. (17) 

Through using the following substitutions, we can prove the equivalence between Eq. (16) and Eq. (6), 

   ,1 ,2 ,3 0,6 0,2b b b b          ,    ,1 ,2 0,4 0,2a a a         



9 

       

        

       

,1 3 ,2 ,1

3 3

,1 ,2 3 ,3 ,2 3 3 2 2 1 1

,1 ,1 3 ,2 ,1

exp exp

+exp exp + +

+exp exp

a a b b b b

a a b b b b b

b b a a a a

t t t

 

  

 

    
 
        
 
 
    
 

s s E r r

s s E r r s s s

s s E r r

, 

3

,3b b r r ,      3

,1 ,1 ,2 ,1expb b b a b a    r s r r r . 

The three dependent parameters, 
,1b , 

,2b , 
,1a , can be solved as the expressions of the four independent 

parameters, 
a , 

1t , 
2t , 

3t , through solving the following equation, which leads to the relationship between 
,1b  and 

a , 
1t , 

2t , 
3t , 

         1 3 ,2 ,1 1 2 3 ,3 ,2 1 1 3 ,2 ,1 3 3 2 2 1 1+ + + +b b b b a a t t t      A B E r r A B B E r r B A E r r s s s , (18) 

where   exp a a A s ,   1 ,1exp a a A s ,   1 ,1exp b b B s ,   2 ,2exp b b B s . 

Similar analysis can be conducted for RbRbRaRaRb and RbRaRaRaRb to prove the equivalences between their motion 

expressions and Eq. (6). Here, we do not give the details due to the space limitation. 

Through the above analysis and derivations, all the twenty-eight motion generators of the second-kind 3T2R motion 

that have structures of SKCs are obtained. Several ones among them are shown in Fig. 2. 

Fig. 2 shows the initial poses of these SKCs. Here, without loss of generality, we suppose that the P2 and Ra joints 

have the same directions. 

 

                                  
(a) P1P2RbRaRb                (b) P1RbRaRaRb                (c) P1RbRaRbRb 

 

                     
(d) RbRaRaRbRb               (e) RbRaRaRaRb 

Fig. 2 The SKCs generating the second-kind 3T2R motion 
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4. Synthesis of some new parallel mechanisms 

The SKCs generating the first-kind 3T2R motion have been widely used in the type synthesis of parallel mechanisms, 

as discussed in Section 1. However, the SKCs that generate the second-kind 3T2R motion have not been paid much 

attention in the existing works for the following reasons: 

(1) The second-kind 3T2R motion is hardly to be described by other methods. It is definitely defined and accurately 

expressed for the first time in this paper by using finite screw as the mathematical tool. 

(2) The two kinds of 3T2R motions have not been reported to be distinguished. The SKCs generating the second-kind 

3T2R motion are regarded to be motion equivalence with the ones generating the first-kind motion. 

In this section, we will give two examples to show the usage of the SKCs generating the second-kind 3T2R motion in 

synthesis of new parallel mechanisms. 

4.1 Example A 

In this example, an RbRaP1RaRb SKC and five six-DoF UPS SKCs are used to constitute a five-DoF parallel 

mechanism. Here, U and S denote a universal and a spherical joint, respectively. There are two groups of adjacent R 

joints in the RbRaP1RaRb SKC, i.e., “RbRa” and “RaRb”. Suppose that the “RbRa” has common rotational center, and so 

does the “RaRb”. In this manner, the RbRaP1RaRb is equivalent to a UPU. Thus, the parallel mechanism with six limbs 

can be denoted as RbRaP1RaRb-5-UPS or UPU-5-UPS. 

The UPU limb connects the centers of the fixed base and the moving platform, and the five UPS limbs are arranged 

symmetrically around the UPU. In order to realize symmetric and non-redundant actuation arrangements, the five P 

joints in the five UPS limbs are selected as the actuation joints. The UPU limb provides the only constraint to the 

five-DoF parallel mechanism. The initial pose of mechanism is shown in Fig. 3. 

 

 

Fig. 3 A UPU-5-UPS parallel mechanism 

 

Because each UPS generates the six-DoF motion, its motion can be expressed by the whole set of finite screws [21] 

regardless of the dimensions, as 

     3 3

,UPS 2 tan 0,2 ,  ,  ,  1,  
2

f t t



     

           
     

0s
S s s r

r s s
. (19) 

As a parallel mechanism’ motion is the intersection of the motions of all its limbs, the motion of this parallel 

mechanism is obtained as 

 

       

 
1

,PM,1 ,UPU ,UPS ,UPS

5

,R R P R R

,2 ,2 ,1 ,1

1

1

2 tan 2 tan 2 tan 2 tan
2 2 2 2

b a a b

f f f f

f

b a a bb a a b

B b B a A a A b

t
   





          
          

             

0

S S S S

S

s s s s

r s r s r s r ss

, (20) 

where 
Ar  is the position vector of the common rotation center of the first U joint (RbRa), and 

Br  is the position vector 

of the common rotational center of the second U joint (RaRb). 

Thus, the mechanism has the same 3T2R motion with its UPU (RbRaP1RbRb) limb. 
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4.2 Example B 

If five identical SKCs that generate the second-kind 3T2R motions are used as limbs, a new parallel mechanism with 

the same 3T2R motion will be synthesized. For instance, a parallel mechanism composed by five RbRaP1RaRb limbs is 

shown in Fig. 4. The five limbs are arranged symmetrically. We denote each limb as UPU by supposing that the 

adjacent Ra and Rb joints share the same rotational center. In this way, the parallel mechanism is denoted as 

5-RbRaP1RaRb or 5-UPU. 

At the initial pose of the parallel mechanism shown in Fig. 4, it should be noted that all the Ra joints in the five limbs 

of mechanism have the same direction, so do all the Rb joints. The five limbs provide identical constraints to the moving 

platform of the mechanism. Hence, the mechanism is an over-constrained one. The symmetric and non-redundant 

actuation arrangements for the mechanism are realized by selecting the five P joints as the actuation joints. 

 

 

Fig. 4 A 5-UPU parallel mechanism 

 

The motion of the parallel mechanism is the same as that of each RbRaP1RaRb, as 

 

     

 

1 1

1

,PM,2 ,R R P R R ,R R P R R

5

,R R P R R

b a a b b a a b

b a a b

f f f

f





S S S

S

, (21) 

which is equivalent with Eq. (20). 

Both the new parallel mechanisms in the two examples illustrated in this section generate the same motion with their 

five-DoF limbs. They can be regarded as the parallel motion generators of the second-kind 3T2R motions. Since they 

have one fixed and one variable rotation axes, they are quite different with the existing 3T2R parallel mechanisms with 

double-Schoenflies motion. Following the similar manner, more parallel mechanisms as well as single closed-loop 

mechanisms can be synthesized using the SKCs obtained in Section 3.2 as limbs. Here, we only give these two parallel 

mechanisms for example. 

5. Conclusions 

Inspired by the 3T2R motion with two fixed rotation directions and the 1T2R Exechon motion with one fixed and one 

variable rotation directions, this paper is focused on the synthesis of SKCs that generates a new 3T2R motion. The 

following conclusions are drawn. 

(1) Two kinds of 3T2R motions are classified based upon the relationships between the rotation directions in a motion. 

The second-kind motion is proposed and expressed in this paper for the first time. 

(2) All the SKCs that are motion generators of the second-kind 3T2R motion are synthesized through algebraic 

derivations of finite screw sets. 

(3) Two new symmetrical parallel mechanisms are taken as examples to show that the synthesized SKCs have wide 

applications in the synthesis of parallel mechanisms. 

Compared with the mechanisms having the first-kind 3T2R motion, the mechanisms having the second-kind 3T2R 

motion have more flexible rotation capabilities because each mechanism has a variable rotational direction. Therefore, 

the SKCs with the second-kind 3T2R motion have great potential to be deigned as the industrial robots for painting, 

welding, and palletizing, because they have more diversified orientation workspaces. This paper provides theoretical 

foundations for analyzing the motions generated by complex SKCs and synthesizing the mechanisms whose motion 

patterns have variable rotational directions and centers. 
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