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The novel synthesis of origami-inspired mechanisms based on graph theory
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Abstract: In this paper, a novel synthesis approach based on graph theory is proposed. This approach can be used to design
the creases of origami mechanisms. All possible contracted graphs of the 1-DOF origami mechanism are provided based
on the number and graph synthesis methods. Then, a new method named loop synthesis is presented and this method is
used to obtain different loop situations of the contracted graphs considering the structural characteristics of the origami
mechanism. Two theorems are proposed and proven to determine the availability of loop situations. Furthermore, a
modified thick panel design method for the origami mechanism is presented, and both single units and multiple units of the
origami mechanism are modelled. At the same time, a rotary actuator based on this mechanism is introduced to verify the
validity of the above synthesis approach. Finally, rotation, repeatability, and static torque tests are conducted to measure
the inherent stiffness constant of the actuator. This approach, which was proven to be effective for designing the origami
mechanism, can be readily applied to generate the desired mechanism.
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1. Introduction

Origami mechanisms are unique engineered structures that draw inspiration from nature and the art of origami, offering
exceptional flexibility, lightweight properties, and a wide range of potential applications. Mechanical engineers have
successfully applied the core concepts of origami to practical engineering, transforming folded paper into innovative
mechanical designs. Moreover, origami mechanisms can be used to design surgical instruments ['3], buildings [*-*!, and
robots ], thus providing distinctive solutions for both everyday life and specialized needs. In aerospace engineering,
origami mechanisms enable the design of intricate foldable structures such as wings ['12 and solar panels ['**1] for
enhanced flexibility and efficiency in space exploration missions and communication satellites.

The origami mechanisms can be categorized into two distinct types: non-rigid and rigid origami mechanisms [}, The
former involves the utilization of flexible panels that can deform freely during the process of folding, commonly observed
in applications such as umbrellas ['7! and flexible solar wings. Conversely, the latter maintains its structural rigidity
throughout the folding and unfolding processes, facilitating easier engineering control and prediction. Consequently, this
aspect has garnered significant attention from academia. Since their inception, substantial advancements have been
achieved in folding mechanisms. For instance, Miura '8! devised the Miura configuration to address the issue of folding
and unfolding solar panels. This configuration has emerged as the most extensively investigated and implemented design.
Xie et al. ') introduced the hierarchical Miura-ori model, which was subsequently employed by Ma et al. ?"! for structural
designs featuring graded stiffnesses. Tachi ?!! proposed a quadrangular grid origami pattern entirely composed of
quadrangular panels. Within the four-crease vertex origami diagram lies a family of origami twists frequently utilized in
the art to establish origami patterns (2], It constitutes a crease graph comprising a central polygon and pairs of parallel
creases radiating from each side [?]. This series of crease designs laid the groundwork for subsequent research and
development of robots based on origami mechanisms.

However, in most cases, the development of origami mechanisms typically begins with a crease design followed by
theoretical analysis ], In this approach, the design of an origami mechanism heavily relies on a moment of inspiration,
making a crease design method crucially important. In the origami mechanism, creases can be considered revolute joints,
and multiple creases at the same vertex can be seen as a spatial spherical parallel mechanism. Consequently, the crease
design of an origami mechanism can be transformed into the structure synthesis of a generalized parallel mechanism [2>27],
Graph theory has been widely utilized in mechanism science due to its powerful capabilities and provides a structured
approach for describing and analysing topological relationships within mechanisms 1?21, Graph theory offers valuable
theoretical support for mechanism synthesis by employing topological descriptions of linkages and joints. This
methodology has been employed in numerous studies. Tian et al. % presented a systematic method for the structural
synthesis of parallel manipulators with coupling sub-chains based on graph theory. He et al. *!! proposed a design method
for hybrid mechanism configuration synthesis based on topological graph theory, which addresses the challenge of
machining large and complex curved surfaces in the aerospace domain. Yang et al. ¥ introduced a powertrain configuration
scheme design method based on hierarchical topological graph theory. Additionally, many other scholars have also
proposed some useful synthesis methods and different types of origami-inspired mechanisms [33-3¢],

In this paper, a novel synthesis approach for origami-inspired mechanisms based on graph theory is presented. In
Section 2, starting from the topology of the origami mechanism, all contracted graphs are derived by the number and graph
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synthesis methods. Subsequently, a new method named loop synthesis is presented, and this method is used to obtain the
different loop situations of the contracted graphs considering the structural characteristics of the origami mechanism. Then,
two theorems for determining the availability of the loop situations are proposed, resulting in 72 valid loop situation graphs.
In Section 3, a thick panel design for the origami mechanism is proposed, and both single units and multiple units of the
origami mechanism are modelled. Additionally, a rotary actuator based on this mechanism is introduced. In Section 4, tests
of the rotation, repeatability, and static torque are conducted to measure the inherent stiffness constant of the actuator.
Conclusions are drawn in Section 5.

2. Origami mechanism synthesis

2.1. Number Synthesis and Graph Synthesis

The creases within an origami mechanism are utilized to facilitate the rotation of two interconnected rigid panels,
thereby functioning as an equivalent to the revolute joint in the parallel mechanism. If we represent the crease of the origami
mechanism as a line and each piece of rigid panel as a link connected by multiple lines, it becomes possible to describe the
origami mechanism through a topological graph. This section will start with the degrees of freedom (DOFs) of the origami
mechanism. Subsequently, a topological structure that fulfils the requirements of a rotary actuator is presented.

According to the aforementioned equivalent conditions, rigid panels with different fold numbers can be represented as
distinct basic links: binary B, ternary T, quaternary O, pentagonal P, or hexagonal H links 7). The calculation of the DOFs
in the origami mechanism is equivalent to solving for the DOFs in a parallel mechanism. By employing the modified
Griibler-Kutzbach formula *® and considering relevant conditions, it is easy to determine the DOFs in the origami
mechanism as follows:

M =6(n-g-1)+Y f+u-¢ (1)

where M represents the DOFs of the origami mechanism, u denotes the number of redundant constraints and {'is the number
of passive DOFs. n and g are defined as the total number of basic links and the total number of creases in the origami
mechanism, and all kinematic joints are single DOF. Therefore, their calculation formulas are as follows:

m g 1 m
“:Zﬂk,9=2fi=52k'm (2)
k=2 i=1 k=2

where ny is the number of rigid panels with & creases. The number of independent loops V' of the topological graph
corresponding to the origami mechanism can be calculated through Euler's formula:

1
V=g—n+1=§(n3+2n4+3n5+4n6+---)+1 (3)
Substituting Eqs. (2) and (3) into Eq. (1) yields the quantity of B links:
n=5->n-+¢ (4)
k=3

where p=M=+{—u+1 is established.

Since the binary B link does not impact the connectivity in the topological graph, it is sufficient to consider the
contracted graphs, and all the binary B links are removed. Since the rotary actuator only requires a single rotational DOF
around a fixed axis and lacks a passive DOF, it satisfies M=1 and {(=0. Commencing from situations with minimal
independent loops, V=1/2/3/4 are selected, while the ternary 7, quaternary O, pentagonal P, and hexagonal H links serve
as the basic links for constructing the contracted graphs. All situations that meet the conditions are listed in Table 1.

Table 1. Different combinations of basic links with V=1/2/3/4

V No. ny ns ng ns ng V No. ny N3 Na Ns Ng
1 1 7—-v 0 0 0O O 9 16-v 6 0 0 O
5 2 10-v 2 0 0 O 10 17-v 4 1 0 O
3 11-v. 0 1 0 O 11 18-v 3 0 1 O

4 13-v 4 0 0 O 12 18-v 2 2 0 O

5 14-v 2 1 0 0 4 13 19-v 2 0 0 1

3 6 15-v 1 0 1 O 14 19-v 1 1 1 O
7 15-v .0 2 0 O 15 19-v 0 3 0 O

8 16-v 0 0 0 1 16 20-v 0 1 0 1
17 20-v 0 0 2 O

The 29 situations presented in Table 1 are utilized to synthesize the contracted graphs of the origami mechanism.
Taking No. 12 as an illustrative example comprising two 7 and two Q links, these four basic links are evenly distributed in
a circular arrangement, and the adjacent links are connected in pairs. Based on permutation and combination principles,
two situations can be distinguished: 77QQ and TQTQ. Subsequently focusing on 77QQ, apart from the edges connected
to neighbouring links, one undetermined edge remains for Basic Link 7, while two undetermined edges remain for Basic



Link Q. At this stage, Basic Link 7, can be connected with either one of the O links or another 7 link. Therefore, diverse
contracted graphs can be obtained through different arrangements and combinations resulting in N = C;C; +1=>5.Fig.

1 shows all possible contracted graphs that do not contain self-loops.
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Fig. 1. All contracted graphs when the number of independent loops is V=1/2/3/4
To address the potential isomorphism between contracted graphs, the node response method (NRM) proposed by Xia
et al. 39 is applied in this study to identify the isomorphism of contracted graphs. Compared with other existing methods,
the NRM has higher accuracy. Even when the number of vertices is close to 30, the isomorphism judgement can still be
completed. First, all nodes of the contracted graphs are numbered, with the top node designated as 1 and subsequent nodes
assigned numbers in a counterclockwise order until all nodes are labelled. Subsequently, the NRM is applied to identify

and remove isomorphic contracted graphs when comparing any two graphs. Finally, Fig. 2 illustrates all non-isomorphic
contracted graphs.
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Fig. 2. All non-isomorphic contracted graphs when the number of independent loops is V=1/2/3/4



2.2. Loop synthesis

To achieve a specific origami mechanism, it is essential to determine both the fixed and moving platforms. Taking Fig.
2 (4-16) as an example, due to the rotational symmetry of the contracted graph, it appears that only one configuration can
be formed, as shown in Fig. 3(a). However, an alternative configuration can be obtained by interchanging the order among
different branches, as illustrated in Fig. 3(b).

(a) Multiple rings outside  (b) Multiple rings inside

Fig. 3. Different loop situations under the same contracted graph
To compare the differences between the aforementioned situations, it is necessary to establish the corresponding
relationship between the origami mechanism and the topological graph. The Miura configuration shown in Fig. 4(a)
represents a single DOF origami configuration %], where each unit comprises four folds that intersect at a vertex. A red
solid line denotes the mountain creases and dotted red lines represent valley creases, while the crease vertex is represented
by a blue point. By representing the crease as a line and each rigid panel as a basic link, the contracted graph corresponding
to the Miura configuration can be obtained, as shown in Fig. 4(b). The origami mechanism corresponding to the other
contracted graphs in Figs. 1, 2, and 3 can also be obtained. By comparing the original configuration with its topological
structure, it becomes evident that the vertices of multiple creases in the origami mechanism correspond to loops within the

topological graph, precluding any presence of additional creases or basic links within these loops.
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(a) Miura configuration  (b) Topological graph of Miura
Fig. 4. Miura configuration and its topological graph
Loops Vi, Basic Links N;, and Connections C; are numbered for the convenience of observation. Based on the
aforementioned corresponding relationship, the origami mechanisms corresponding to the two situations shown in Fig. 3
can be derived as illustrated in Fig. 5. It is obvious that the two origami mechanisms in Fig. 5 are different.
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Fig. 5. Origami mechanisms under different loop situations
Therefore, to miss any loop situations during the structure synthesis of the origami mechanism, the loop synthesis of
contracted graphs will be conducted. Taking Fig. 2 (4-3) as an example, each basic link is numbered, as shown in Fig. 6(a).
Assuming that Basic Link 1 and Basic Link 2 serve as a moving platform and a fixed platform, one possible loop situation
is illustrated in Fig. 6(b), with each connection represented by a straight line. It can be observed that there are three branches
between Basic Link 1 and Basic Link 2, where the two left branches are identical. By rearranging the order of these three
branches, C} =3 different situations can be obtained, while the remaining two situations are shown in Figs. 6(c) and 6(d).

Furthermore, it becomes apparent that the rightmost branch in Fig. 6(b) comprises two sub-branches. Since these sub-
branches differ, interchanging their order results in C} = 2 loop situations. Consequently, C;C; =6 loop situations can



be obtained for the contracted graph. The remaining situations are illustrated in Figs. 6(e), 6(f) and 6(g).
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Fig. 6. Different loop situations under the same contracted graph
To eliminate the same loop situation, statistical analyses of the six situations are conducted, and the basic links required
to form the loop are recorded, as shown in Eq. (5):

Vio Vi ae:VaaseVas

VioaeVaaseVasViosasse

Va6 VasViosase Vio (5)
VioViosas6VasiVaasse

Vi saseVasiVaaseVioss

VisVaaseViase Vi,

where Vij is represented as a loop composed of Basic Link i and Basic Link j, and each row represents one loop situation
in Fig. 6. Since only the order of the branches is adjusted during the loop synthesis, it is considered a repetition only if all
loop compositions are the same. By observing Eq. (5), it is not difficult to find that the loop compositions of Fig. 6(b) and
Fig. 6(g), Fig. 6(c) and Fig. 6(f), and Fig. 6(d) and Fig. 6(e) correspond to the same scenario. Therefore, the only truly valid
loop situations are Figs. 6(b), 6(c) and 6(d).

For other contracted graphs, the same approach can be used for loop synthesis. Based on the above description, the
general steps of loop synthesis are given below:

(1) Select any two basic links as the fixed platform and moving platform;

(2) Check all branches between two platforms and exchange the order between branches;

(3) Determine whether there are sub-branches within each branch. If they exist, exchange the order between the sub-
branches; otherwise, proceed to Step 5;

(4) Repeat Step 3 continuously.

(5) Record the loop composition of each situation and remove duplicate loop situations.

2.3. The availability verification of contracted graphs

A large number of loop situations can be obtained through loop synthesis, but not all situations are satisfied. Thus, it
is necessary to establish some theorems for eliminating invalid situations. The two specific theorems are presented and
proven below.
Theorem 1. A contracted graph has only one common connection between two adjacent loops.
Proof 1. In a contracted graph, adjacent loops necessarily share at least one common connection. The following proof by
contradiction demonstrates that adjacent loops can have at most one shared connection. It is assumed that there are n
common connections and two independent connections between two adjacent loops ¥; and V>, represented as C;, where n
=2 and i=1—n+2 are satisfied, as shown in Fig. 7(a). Since Connection C; (i=1—n) and Adjacent Loops V; and V> belong
to common creases and crease vertices in the corresponding origami mechanism, respectively, each end of every crease is
connected to Vertices V; and V>. Simultaneously, considering that all creases are line segments with fixed lengths, these
shared creases can only represent the same crease within the origami mechanism. Hence, there can be at most one shared



connection between two adjacent loops. This contradicts the assumption. Thus, Theorem 1 is established.

Theorem 2. A contracted graph cannot have adjacent connections between two basic links.

Proof 2. The following proof by contradiction demonstrates that adjacent connections cannot exist between two basic links.
It is assumed that there are adjacent connections between two basic links. As shown in Fig. 7(b), C;, C; and C; are three
connections between two basic links, where C; is adjacent to C», and C: is adjacent to Cs. V7 and V> are loops composed of
these three connections. To ensure relative movement between the two basic links, Creases C; and C> need to be coaxial,
and Creases C; and Cs need to be coaxial. Therefore, Creases C;, C>, and C; can only represent one crease. That is, there
cannot be adjacent connections between two basic links. This contradicts the assumption. Thus, Theorem 2 is established.
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(a) Theorem 1 (b) Theorem 2

Fig. 7. Two different theorems
Subsequently, the two theorems mentioned above are applied to evaluate the availability of Figs. 6(b), 6(c) and 6(d).
First, the numerical labels of C; and V; are assigned to all connections and loops, respectively, as shown in Fig. 8. In Fig.
8(a), C; and C> do not seem to satisfy Theorem 2, and thus, another situation needs to be considered. Since Fig. 8 shows
a contracted graph, the possibility of the binary B links on the connections cannot be ruled out. The binary B links cannot
exist on C, without violating Theorem 1 since it serves as the common connection between ¥; and V. Conversely, since
C; is an independent connection of ¥}, introducing the binary B links onto C; satisfies Theorem 2. Thus, Fig. 8(a) is an
available contracted graph. In Fig. 8(b), V; and V', have common connections with C3 and Cy. Meanwhile, V> and V4 have
common connections with Cs and Cs. At the same time, since Cs and C7 are the public connections of V> and V3, V3 and Vy,
respectively, the binary B link does not exist on Cs and C;. Therefore, Theorem 2 is not satisfied. This results in Fig. 8(b)
not being an available contracted graph. Similarly, Fig. 8(c) is not an available contracted graph.
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Fig. 8. Numbered contracted graphs
After excluding unavailable loop situations, a total of 72 available loop situations are obtained, as presented in
Appendix 1. In this paper, only five symmetric loop situations are retained to ensure uniform force distribution on each
branch of the origami mechanism, as shown in Fig. 9.
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Fig. 9. Five symmetric available loop situations
According to the definition of flat-foldable single-vertex crease patterns provided in the literature 1, a single-vertex
crease pattern defined by the angles 0,+0>+...+0,=360° is flat foldable if and only if 7 is even and the sum of the odd angles
0,i+1 1s equal to the sum of the even angles 6;, or equivalently, either sum is equal to 180°. Consequently, for synthesizing
a complete origami mechanism, adding some binary B links into the contracted graphs becomes necessary. To maintain




simplicity within the mechanism design, adding as few binary B links as possible is preferable while ensuring an even
number of basic links in a single loop. However, since the topological graph must also satisfy Theorem 1 and Theorem 2,
it is evident that 3-3 shown in Fig. 9 cannot fulfil all requirements for forming an available topological graph. After adding
binary B links, the topological graphs of the remaining four cases have corresponding origami mechanisms, as shown in
Fig. 10. Additionally, some asymmetric topological graphs and their corresponding origami mechanisms are shown in Fig.
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Fig. 10. Four available topological graphs and their origami mechanisms
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2.4. Structure synthesis

Based on the four available origami mechanisms obtained in Fig. 10, the structural units of the rotary actuator are
synthesized. The rotary actuator has only one rotational motion around a fixed axis, which results in the need to ensure this
motion mode between the moving platform and the fixed platform of each unit. Therefore, 1-1 and 3-2 in Fig. 10 are
eliminated, and 2-1 with a simpler structure is selected for synthesis.

To avoid interference between the origami mechanism and the central rotation axis, 2-1 in Fig. 10 is appropriately cut,
as shown in Fig. 12(a). The green dotted line represents the cropping boundary, and the white area represents the cropped
part. For the trimmed mechanism, since its two branches are spherical mechanisms with different intersection points, this
ensures that the whole origami mechanism is still a single DOF rotation mechanism. At the same time, to increase the
stiffness of the mechanism, as shown in Fig. 12(b), an origami mechanism that is folded inward is added to ensure that it
does not shift in the axial direction. The three creases introduced in the cropped section are parallel to each other, thus, the
motion of the origami mechanism is not constrained.

pur pur

(a) After cut (b) The final mechanism

Fig. 12. Origami mechanism with a single DOF rotating around a fixed axis
Some constraints need to be added to avoid the interference caused by the origami mechanism during the folding
process and simultaneously achieve a more compact folded mechanism. Among them, the three branches cannot overlap
after flat-folding, which is a necessary but insufficient condition for the origami mechanism not to interfere. Since the
origami mechanism in Fig. 12(b) is a symmetrical figure, only the upper left quarter is analysed. The structure parameters
of the origami mechanism are shown in Fig. 13(a). To ensure that each side of the origami mechanism overlaps after being
folded, it is also necessary to ensure that the three branches cannot overlap and reach the state in Fig. 13(b). The constraints

are provided as follows:

L1=/2

L =L, (6)
L+L/2=L,+L,/2

R IL] \
b |
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(a) Structure parameters (b) Folded state

Fig. 13. Origami mechanism and its folded state

3. Modelling of the rotary actuator

The thickness of the origami mechanism is not considered during the design process in the previous section. However,
in the actual manufacturing process, the thickness of the material often cannot be ignored. In this section, to ensure that the
thick origami mechanism has the same motion characteristics as the thickness origami mechanism, the corresponding thick
origami mechanism is designed, and the rotary actuator is modelled.

3.1. Thick origami design

To achieve the folding motion of the origami mechanism under thick panels, some mainstream methods such as tapered
panel (21, axis-shift joint (3], and planar compliant joint ¥ technologies are implemented. Since each method has a unique
applicability, they cannot be directly applied to the origami mechanism designed in this paper. To satisfy the requirements
of the origami mechanism, the structure can be compactly folded while ensuring the original motion characteristics. In this
section, axis-shift joint technology and tapered panel technology are combined to meet the design requirements.



The procedure for creating thick panels is as follows. First, a zero-thickness ideal origami is thickened by offsetting
the surface by a constant distance in two directions, as shown in Fig. 14.

D

(a) Zero-thickness ideal origami (b) Thick origami

Fig. 14. Zero-thickness ideal origami and thick origami

Then, through the axis-shift joint technology, the mountain folds are arranged to the lower surface of the origami
mechanism, and the valley folds are arranged to the upper surface of the origami mechanism. The thick blue panels on both
sides are used as the fixed and moving platforms, respectively. The folding process of the origami mechanism is shown in
Fig. 15(a). From left to right, the angles of the origami mechanism are 0°, 30°, 45°, 60° and 90°. By observing the folding
process of the origami mechanism, it can be found that the axis formed by the plane of the fixed platform and the moving
platform will change its position as the folding angle changes. As shown in Fig. 15(b), the axis position will be at infinity
when the origami mechanism is completely folded. This shows that the origami mechanism does not rotate around a fixed
axis during the folding process. Thus, this cannot satisfy the design requirements of the rotary actuator.

Infinity
Point

(a) The folding process of the origami mechanism (b) The axis of the origami mechanism
Fig. 15. Folding process of the origami mechanism based on axis-shift joint technology

To solve the above problem, tapered panel technology is used to redesign the crease position in the origami mechanism.
As shown in Fig. 16(a), first, when the origami mechanism is completely folded, Plane €, which passes through the middle
crease in the two branches at the same time, is determined. Next, all the creases are projected onto Plane Q, and two
intersection points formed by the projection of the creases are obtained. Then, the two intersection points are connected to
obtain the rotation axis Lr of the rotary actuator. Three planes a, B, and y are created through the rotation axis Lr, among
which Plane B coincides with Plane €, and Plane a and Plane y are centrally symmetrical with Plane B. As shown in Fig.
16(b), these three planes re-segment the original origami mechanism, forming new creases.
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(a) Rotation axis (b) Split plane
Fig. 16. Redesign of the origami mechanism based on tapered panel technology

After the creases are redesigned, the folding process of the origami mechanism is shown in Fig. 17(a). From left to
right, the angles of the origami mechanism are 0°, 30°, 45°, 60° and 90°. By observing the folding process of the origami
mechanism, it can be found that the axis formed by the plane of the fixed platform and the moving platform is fixed. As
shown in Fig. 17(b), a spatial spherical mechanism is formed since the three creases of the branches on any side intersect
at the same point. This ensures that the origami mechanism can rotate around the fixed axis Lr regardless of the folding
angle.




(a) The folding process of the origami mechanism (b) The axis of the origami mechanism
Fig. 17. Folding process of the origami mechanism based on tapered panel technology

3.2. Single unit
To describe the motion of the origami mechanism mathematically, it is necessary to analyse the geometric relationship
of the mechanism. After the creases are redesigned, the parameters of the origami mechanism are shown in Fig. 18. For the
convenience of displéy, Fig. 18(b) is the left view after the fixed platform is hidden.
A

D E AG) B Y .
(a) Axonometric drawing (b) Left view
Fig. 18. Parameters of the origami mechanism
Assuming that the initial thickness of the origami mechanism is #, then the thickness of one side after folding is 2¢, that
is:
LAG = LDE = LCJ = LFH = LHI + LFI =2t (7)
where Lyy represents the length of Line Segment XX. To obtain the specific thickness Ly and Ly of each panel after
segmentation, according to the geometric relationship, the following equations are derived:

I_HI — I_AH
I_DE LAH + I‘DH (8)
LCD I_DH

LBC + LCD LAH + LDH
where Lcp=Le/=a is the distance from the rotation axis to the origami mechanism, and Lzc=b is the radial width of the
origami mechanism. Ly and Lgy can be obtained by adding the two equations of Eq. (8):

_ Loe - L _ 2tb
" L +Lly b+a )
2ta
Ly =2t-L,, :m

Assuming that the tilt angle is 6, using trigonometric functions, the dimensions L4x, Lkz, Lk, and Ly of the fixed
platform and the moving platform can be obtained. Since the origami mechanism is symmetrical on both sides, Liz=Lk;
and L4x=2L40=4Lp are established. Finally, the structural parameters of the fixed platform and the moving platform are as
follows:



L b
AR TKY T cos@®  cosd

La = 4L, =4(Lye +Lp)tan@ =4(b +a)tan (10)

L, =L —2L,, sin@=2(b+2a)tan @

In the same way, the structural parameters Lyp, Lyo, Luy, and Lpg of the intermediate branch can be obtained:

lp _ @
L = L = = —
M cos®  cosd
Lyy =2Lgc tan@=2btan @ (11)
Lpg =Ly —2Lpsind=2(b-a)tand

3.3. Multi-unit
By rigidly connecting the former unit's moving platform to the latter unit's fixed platform, multiple units can be
connected end to end, forming a multi-unit. Fig. 19 shows the specific connection between the units.

Fig. 19. Multi-unit stacking
Point X on the rotation axis L is taken as the centre of the circle, and Lr,x is taken as the radius of the circle. Each unit
is evenly distributed on the circumference, and Points F; and F are the tangent points of the Circle X. Without reducing
the volume of the fixed platform and the moving platform, the two units should be as close as possible. The angle £ F,.XF»
between the two units is defined as ¢. Then, the following can be obtained:
o= /F Xl + ZH X1, + ZF, XH, (12)
where £ F i XI/= 2 F>XH, Lrix=Lgs=a and Lr,;,= Lry are established. Since F;.X L F;l; is satisfied, the following equation
can be obtained:

L 2t
ZF X, = ZF,XH, = arctan(—) = arctan(——
X1, = ZF, XH, (. ) (13)
In the same way, because Lr;z= Lry is satisfied, the following equation can be obtained:
L,
ZH,XI, = ZF,XH, — ZF,XI, = arctan(—) — ZF,XI, = arctan(g) - arctan(i) (14)
Lex a b+a

Substituting Egs. (13) and (14) into Eq. (12) yields £ F XF>:

Q= arctan(g) + arctan(i) (15)
a b+a

3.4. Fabrication of the rotary actuator
A plastic film that is wrapped on the outside and a rigid origami mechanism that is found on the inside are used to
form a soft airbag for pneumatic driving 3. To complete the manufacturing of the rotary actuator, four steps are needed,
as shown in Fig. 20. The detailed fabrication process is as follows:
(1) 3D printing technology is used to print the origami mechanism, and Teflon tape is used to connect the creases to
complete the production of the rigid skeleton;
(2) Two pieces of PVC film are used to wrap the rigid skeleton from the upper and lower sides, they are fitted as closely



as possible;

(3) Thermoplastic sealing technology is used to seal the film contact points, and the air inlet and outlet holes are then
retained;

(4) The excess part is removed, the film is fixed to the rigid skeleton, and the overall airtightness check is completed.
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Fig. 20. Fabrication of the rotary actuator
The rotary actuator uses compressed air for joint rotation. The fully folded position of the actuator is defined as a
rotation angle of 0. By changing the internal air pressure, the actuator can rotate between the working space [0, a] with a
torque 7. By using the trapezoidal A/LK as the force-bearing surface to simplify the inflatable structure, the torque 7'
generated by the actuator can be obtained as follows:

a+b r- L
T =—ka+ P-PR 2K rdr
“ -Ll (P=F) a+b
:—ka+'[:+b(P— P,)r? tan &dr (16)

=—ka +%(P - P)tang[(a+b)* —a’]

where Py is the standard atmospheric pressure, P is the internal air pressure of the actuator, and & is an inherent stiffness
constant, which depends on the actuator's material and structure and is determined by calibration.

4. Experiment Validation

4.1. Experimental Setup
The actuator designed in Section 2 and Section 3 on the correlations of the torque, stiffness, angle, and pressure are
validated in this section. The rotation range of each unit is set to [0, #]. That is, the rotation range of the entire actuator is
a €0, ng], where n is the number of units that make up the actuator. Table 2 provides the specific parameter values of the
rotary actuator.
Table 2. Specific parameter values

Symbol Quantity Values
t Initial thickness 1.5mm
a Off-axis distance 20mm
b Radial width 40mm
0 Tilt angle 30°
¢ Maximum angle of each unit ~ =/8
a Joint angle [0, ng]

To limit the rotation range of the unit, the position of the sealing line needs to be determined during fabrication. By
using Eq. (13) and Eq. (14), which were derived in Section 3.3, the initial included angle # of each unit is calculated to be
5.72°, and the included angle u between each unit is determined to be 5.67°. Therefore, through geometric relationships, it

is easy to obtain RT and UV , as shown in Fig. 21(a).
RT = (¢ +7n)x(a+b)~29.55mm
UV =(¢+n)xa~9.85mm

All angles during the operation are in radians. The arc length between two adjacent units can be calculated using the
same method, and finally, the distances S; and S between each vertex and the sealing line can be calculated, as shown in
Fig. 21(b).

(17)

S, z%(nxUV +(n—1)x uxa)
. (18)
S, zE(anT +(n=-Yx ux(a+h))

A measurement platform is built to measure the various experimental parameters of the rotary actuator. A torque sensor



with a range of [0, 20 Nm] and a sensitivity of 0.2% was used to measure the static torque of the actuator. The rotation
angle is obtained using the SA100 GMR angle sensor with a range of [0, 360°] and a resolution of 0.09°. A JC-101AV air
pressure sensor with a range of [-101 kPa, 101 kPa] and a repeatability of 0.1% was used to obtain the current air pressure
value. Each sensor is installed and connected, as shown in Fig. 21(c).
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Fig. 21. Experimental materials

4.2. Rotation test

In Section 3.1, a novel crease design method for thick origami is proposed. It is proven that the rotation axis Lg is fixed
at any joint angle. To verify the availability of this method, a rotary actuator with a unit number of n=1 is used for the
rotation test. The range of the joint angles is set to [0, 27/3], and the actuator is fixed. Air is injected into the actuator to
control its folding, and a camera is used to record it at certain angles. The changes in the rotation axis Lr during the folding
of the actuator are shown in Fig. 22.
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Fig. 22. Rotation test of the rotary actuator. (a)-(g) represent different joint angles.

Taking the rotation axis when the joint angle is equal to 0 as the reference axis Lro, the positions of the other rotation
axes can be obtained, as shown in Fig. 23(a). Moreover, the positions of the rotation axes Lr on the X-axis fall between [-
0.4 mm, 0.6 mm], and the positions on the Y-axis fall between [-0.3 mm, 0.4 mm]. Then, the distances between each
rotation axis Lr and the reference axis Lro are calculated and plotted using the joint angle as the X-axis, as shown in Fig.
23(b). As the angle increases, the eccentric distance also increases. However, all distances do not exceed 0.7 mm. This is a
deviation of only 1.17% relative to the entire actuator's radius of rotation. Within the set maximum rotation angle, there is
only a deviation of less than 0.5%, which is acceptable.
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Fig. 23. Rotation error of the rotary actuator under different joint angles.

0.4 0.6

4.3. Repeatability test

Repeatability is a very important performance parameter for a rotary actuator. In this paper, the actuator can reach the
same position multiple times with the same volume of air injected. As shown in Figs. 23(a), 23(b), and 23(c), the
repeatability test is carried out using three situations where the number of units is n=1, n=2, and n=3, while ensuring that
the internal and external air pressure difference is 0 during each measurement. When n=1, the interval is 25 cc as a group,
and each group is repeated 10 times until the actuator reaches the maximum angle. When n=2 and »n=3, the interval is 50
cc as a group, and each group is repeated 5 times until the actuator reaches the maximum angle. As the air volume ¥ injected
into the actuator increases, the rotation angle o of the actuator will also increase. The injected air volume J and rotation
angle a are recorded at the same time. The experimental results are shown in Fig. 24.
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Fig. 24. Repeatability test of the rotary actuator

It can be seen from the figure that as the injection volume ¥ increases, the rotation angle a also increases, and the two
are linearly related. As the injection volume continues to increase, the actuators in the three cases of n=1, n=2, and n=3 all
reach maximum angles of 22.36°, 44.21°, and 65.34°, with only deviations of 0.62%, 1.75%, and 3.2% from the theoretical
maximum angles, respectively. Then, the mean square error (MSE) operation is performed on the data of each group to
analyse its degree of dispersion. The results are shown in Table 3. By, observing the results under different volumes in the
table, we can see that all MSEs are less than 0.4, which shows that the rotary actuator has relatively good repeatability.

Table 3. Mean square error under different numbers of units and volumes

n=1
Volume (cc) 50 75 100 125
MSE 0.212 0.125 0.315 0.114
n=2
Volume (cc) 50 100 150 200 250 300 350 400 450
MSE 0.130 0.261 0.230 0.236 0.360 0.103 0.169 0.300 0.121
n=3
Volume (cc) 50 100 150 200 250 300 350 400 450 500 550 600
MSE 0.028 0.169 0.235 0.169 0.210 0.129 0.271 0.123 0.146 0.177 0.134 0.219

4.4. Static torque test

In Section 3.4, the relationship between the actuator's torque and pressure is derived. In this formula, £ is an inherent
stiffness constant, which depends on the actuator's material and structure. In this section, the inherent stiffness constant &
will be determined.

To obtain the relationship between the torque and pressure, the test is conducted with #=2 units. The experiment was
divided into three groups, and the rotation angle a of each group was fixed at 15°, 30° and 45°. By continuously injecting
air, the torque generated by the actuator and the internal pressure will increase accordingly. The torque 7 and pressure
difference AP are recorded at an interval of 0.2 kPa each time, where 4P=P- P,. The experimental results are shown in Fig.
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Fig. 25. Static torque test of the rotary actuator

We performed a linear fit on the experimental data and solved for the slopes and intercepts of the three fit lines. SI
units are used in this study. When the rotation angle is a=15°, the slope and intercept of the fit line are 3.95X 10 and -
0.0677, respectively. When the rotation angle is a=30°, the slope and intercept of the fit line are 4.01 X 10~ and -0.1401,
respectively. When the rotation angle is a=45°, the slope and intercept of the fit line are 3.92 X 10~ and -0.2003, respectively.
According to Eq. (16), combined with the specific parameters of the actuator, the theoretical slope can be obtained as
4.00X107. Then, based on the intercepts at different angles, the obtained inherent stiffness constant & is averaged, and the
final measured value is -0.261. Using the measured inherent stiffness constant %, the error between the torque and the
theoretical value under different air pressures is calculated. The results are shown in Fig. 25(b). It can be observed that the
error only occurs between -0.008 Nm and 0.008 Nm, which verifies the accuracy of the model.

5. Conclusion

In this paper, a novel synthesis approach of origami-inspired mechanisms based on graph theory is proposed. The core
idea of this approach is to equate the synthesis of the origami mechanism to the synthesis of the generalized parallel
mechanism. First, all contracted graphs that satisfy the requirements are listed by analysing the degrees of freedom and
motion characteristics of the designed origami mechanism. Then, loop synthesis is carried out on the contracted graphs of
the origami mechanism. To verify the availability of the loop situations, two theorems are proposed in this paper, resulting
in 72 valid loop situations. Moreover, one of the loop situations is selected to complete the design of the origami mechanism.
Consequently, a modified method to design thick origami is introduced in this paper. Finally, a rotary actuator is
manufactured by wrapping the above origami mechanism with PVC film, and the inherent stiffness constant of the actuator
is measured through tests of rotation, repeatability, and static torque. Thus, the validity of the novel synthesis approach
proposed in this paper is verified.
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