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ABSTRACT 

In this paper, a mass conservative lattice Boltzmann model (LBM) is proposed to simulate the 

two-phase flows with moving contact lines at high density ratio. The proposed model consists 

of a phase field lattice Boltzmann equation (LBE) for solving the conservative Allen-Cahn (A-

C) equation, and a pressure evolution LBE for solving the incompressible Navier-Stokes 

equations. In addition, a modified wall boundary treatment scheme is developed to ensure the 

mass conservation. The wetting dynamics are treated by incorporating the cubic wall energy in 

the expression of the total free energy. The current model is characterized by mass conservation, 

proper treatment of wetting boundary and high density ratio. We applied the model on a series 

of numerical tests including equilibrium droplets on wetting surface, co-current flow and a 

droplet moving by gravity along inclined wetting surfaces. Theoretical analysis and 

experiments are conducted for model validation. The numerical results show good 

performances on mass conservation even with a density contrast up to 1000.  Furthermore, the 

results show that the moving contact line can be successfully recovered, which proves that this 

model is applicable on the study of moving contact line issue and further related applications. 
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1. INTRODUCTION 

The behavior of droplets on wetting surfaces is always a popular research topic because it is the 

multiphase flow fundamental of many engineering applications. The contact angle, which is 

defined as the angle between the contact line and the solid surface, is an important parameter 

characterizing the wettability, which significantly influence the behavior of droplets on wetting 

surfaces. If the solid surface is not horizontal and the gravity exists, the droplet may move on 

the surface and so as the triple contact line. In this situation, the moving contact line is observed 

and dynamic contact angles should be defined to feature this phenomenon. The study of the 

moving contact line is of great significance in engineering applications such like chip cooling, 

painting, coating and falling film based liquid desiccant technology [1,2]. The mechanism of 

formation of contact line has been studied theoretically by many researchers [3,4] and it is 

possible to predict the final equilibrium state of contact lines. However, the transition process, 

which is important for understanding the mechanism of moving contact line phenomenon, has 

not been sufficiently understood in previous theoretical studies. Considering the difficulties in 

conducting experimental study, numerical methods are more competent for studying the 

moving contact line.  

The lattice Boltzmann method (LBM), which is a numerical method rooted in kinetic theory, is 

becoming popular in the fields of computational fluid dynamics in last decades [5-7]. Due to 

the particle-based mesoscopic nature which connects the micro and macro worlds, the LBM 

has an advantage in simulation fidelity and computational efficiency especially for multiphase 

flows [8,9]. A number of LB models for multiphase flows have been developed in previous 

researches [10], such as color-gradient model [11], Shan-Chen model [12,13], free energy 

model [14,15] and phase-field model [16,17]. An extended Shan-Chen method, in which the 

equation of state (EOS) and surface tension can be tuned independently, was developed by 

Sbragaglia et al to analyze the physical behavior of a class of mesoscopic models for multiphase 

flows[18]. Colosqui presented a dynamic optimization strategy to generate customized equations 

of state for the numerical simulation of non-ideal fluids at high density ratio [19]. The phase-field 

LB model, which is originally developed by He et al. [16] in 1998, has been proved applicable 

to high density ratio issue, which is a key challenge in modelling moving contact angle. Two 

distribution functions are taken in this model, one is for describing the fluid dynamics and the 

other is used to track the phase interface, and two macroscopic equations can be recovered from 

the distribution functions. The combination of Navier–Stokes (N-S) and Cahn-Hilliard (C-H) 

equation is applied in many phase field LBMs. Lee and Liu [20] successfully simulate the 

contact angle at high density ratio with a proposed C-H based LBM. Liang et al [21] reported 

their C-H based LBM can properly describe the axisymmetric multiphase flows.  However, due 

to the simplification made in the recovering process, the C-H based phase field LBMs cannot 
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ensure mass conservation. Around 1% of mass change ratio was observed in Connington and 

Lee’s work [22]. Although the error is not large, it may be unacceptable in some special 

applications. For example, Zheng et al [23] reported that in their modelling, the small droplets 

disappeared if their radius was below a critical value. A conservative LBM for interface 

tracking was proposed by Fakhari et al [24] in 2016. The model was also based on the phase 

field theory, but it recovered the Allen-Cahn (A-C) equation instead of the Cahn-Hilliard 

equation, while the former is conservative. Due to its advantages in mass conservation, the A-

C based LBM is becoming more popular. The newly developed model by Fakhari et al [24] has 

shown great advantage in terms of mass conservation, speed-up and efficiency compared to the 

Lee and Liu’s C-H based model [20] on the contact angle simulation. Liang et al [25] 

investigated the droplet impact on a thin liquid film with a large density ratio of 1000 and 

successfully reproduced the droplet splashing phenomenon with a A-C based LB model. 

However, many A-C based LBMs are proposed for the equilibrium problems, whether the 

method can be applied on the moving contact line is still unknown. 

Another big challenge in moving contact line simulation by LBM is the treatment of wetting 

boundary. Yan and Zu [26] developed a LB model for simulate the liquid droplet behavior on 

partial wetting surfaces with density ratio with a simple bounce back boundary scheme applied. 

While the results of their simulations agreed well with the theoretical prediction in equilibrium 

situations, the comparison of transient profiles between simulation and theory or experiments 

was not reported. Mazloomi et al applied the entropic lattice Boltzmann stabilization 

mechanism to control the dynamics at the liquid-vapor interface and developed a novel entropic 

lattice Boltzmann model (ELBM) for multiphase flows [27]. The model is used to investigate 

the dynamics of the contact line in a wide range of applications, from capillary filling to liquid 

drop impact onto a flat surfaces with different wettability [28]. They further extended the model 

to simulate large Weber and Reynolds number collisions of two droplets with a novel 

polynomial equation of state [29]. Accurate three-dimensional simulations involving realistic 

macro-textured surfaces were performed based on the ELBM [30] . Liu and Lee assumed that 

the intermolecular forces between solid and fluid can be represented by the inclusion of the 

surface free energy in the expression of the total free energy [31]. Based on the Cahn theory 

they proposed three kinds of polynomial boundary conditions: linear, quadratic, and cubic to 

predict the contact angle and density distribution around the wall and made comparisons. The 

results shown that these three types of boundary conditions have own particular advantages on 

specific cases. The cubic boundary scheme was applied in Lee and Liu’s work on contact angle 

simulation and showed good accuracy [20]. Connington and Lee [22] then extended the model 

[20] to simulate the behavior of droplets on super hydrophobic surfaces with a new 

implementation of boundary conditions for the complex geometry and an addition of extra force 
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in 2013. The simulations reproduced the experimental contact angles well both in the Cassie 

and Wenzel states (on surfaces with different roughness), however, the transition between these 

states, which is a dynamic process, was not successfully modelled. Therefore, it can be 

concluded that the moving contact line phenomenon is not easy to reproduce by LB method. 

In this paper, we aim to propose a mass conservative lattice Boltzmann model to simulate the 

two-phase flows with moving contact lines at high density ratio. The proposed model consists 

of a phase field lattice Boltzmann equation (LBE) for solving the conservative Allen-Cahn (A-

C) equation, and a pressure evolution LBE for solving the incompressible Navier-Stokes 

equations. In addition, a modified wall boundary treatment scheme is developed to ensure the 

mass conservation. The wetting dynamics are treated by incorporating the cubic wall energy in 

the expression of the total free energy. A series of numerical experiments including equilibrium 

droplets on wetting surface, co-current flow and a droplet moving by gravity along inclined 

wetting surfaces are conducted with the proposed model and the results are compared with the 

analytical solutions and experimental results for validation.  

The rest of the paper is organized as follows: The mass conservation LB model will be 

introduced in the Sec.2. In Sec.3 we will apply the model on several benchmarks for validation 

and then discuss the behaviors of the moving down droplets along inclined surfaces, and the 

paper is concluded in Sec. 4 with a brief summary. 

 

2.METHOD 

2.1 Discrete Boltzmann Equations for Incompressible Two-phase Fluids 

The Navier-Stokes equation is usually adopted to describe the fluid dynamics, and it can be 

recovered by the particle distribution function f  in lattice Boltzmann methods. The governing 

equation of f , which is the discrete Boltzmann equations (DBE) describing the transportation 

of density and momentum of the incompressible two-phase fluids, is taken as  

 � 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝒆𝒆𝛼𝛼 ⋅�� 𝑓𝑓𝛼𝛼 = −1
𝜆𝜆
�𝑓𝑓𝛼𝛼 − 𝑓𝑓𝛼𝛼

𝑒𝑒𝑒𝑒�+ 1
𝑐𝑐𝑠𝑠2

(𝒆𝒆𝛼𝛼 − 𝒖𝒖) ⋅ 𝑭𝑭𝛤𝛤𝑎𝑎, (1) 

where fα , αe  are the particle distribution function and the velocity of particle in direction α , 

u   is the macro velocity, sc   is the lattice sound speed and λ   is the relaxation time, 

( )  /eq
a a fαΓ Γ ρ= =u , and   eqfα  is the equilibrium distribution function which is defined by Eq.  

(2) [32] 

 ( ) ( )2

2 4 21
2 2

eq

s s s

f
c c c

αα
α αω ρ

 ⋅ ⋅⋅ = + + −
  

e u u ue u , (2) 
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where αω  donates the weight factor. 

The force terms F  in Eq. (1) can have different forms. In this study we take the force scheme 

proposed by Lee and Liu [20]  

 2
s bc pρ µ φ= ∇ −∇ + ∇ +F F , (3) 

in which φ  is order parameter referring different phases, bF  is the body force and µ  represents 

the chemical potential, which is a function of the order parameter φ  

 ( )( ) 24
2

h l
h l C

φ φ
µ β φ φ φ φ φ κ

+ = − − − − ∇ 
 

, (4) 

where hφ  and lφ  indicate the different phases and are referred as 1 (liquid phase) and 0 (gas 

phase).  κ  and β  are the parameters related to the surface tension σ  and interface width  W . 

This scheme can ensure that the computation of F  in collision process is local. 

Similar to using the hα  to recover Allen-Cahn equation, a new distribution function, g  , is 

introduced here to describe the evolution of pressure p , which is defined as 

 ( )2 2
s sg f c p cα α αω ρ= + − , (5) 

and the corresponding equilibrium distribution function of g  is defined as 

 ( ) ( )2
2

2 4 22 2
eq

s
s s s

g p c
c c c

αα
α αω ρ

  ⋅  = + + −
    

⋅⋅ e u u ue u . (6) 

According to Eq. (1) the DBE for the new variable gα  is taken as 

 ( ) ( ) (2[ )
eq

s a b a
g g

g c
t

α α
α α α αρ Γ ω µ φ Γ

λ
−∂ + ∇ = − + − ⋅ ∇ − + + ∇   

 
⋅

∂
e e u F . (7) 

Noticing that ( )l h lρ ρ φ ρ ρ= + − , in which hρ  and lρ  represent the densities of liquid and gas 

phases. Accordingly we have 

 ( )h lρ ρ ρ φ∇ = − ∇ , (8) 

which can bring a great reduction of computation loads for ρ∇ .  

The DBE for gα   can also be split into collision and streaming processes. To simplify the 

calculation, the modified distribution functions gα  as well as their equilibrium functions eqgα

are introduced as follows 
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 ( ) ( ) ( ) ( )21
2 2

eq t
s a b ag g g g cα α α α α α

δ
ρ Γ ω µ φ Γ

τ
 = + − − − ⋅ ∇ − + ∇ + e u F ,  (9) 

 ( ) ( ) ( )2

2
eq eq t

s a b ag g cα α α α
δ

ρ Γ ω µ φ Γ = − − ⋅ ∇ − + ∇ + e u F , (10) 

where τ  is the dimensionless relaxation time which is defined as / tτ λ δ= , and tδ  is the time 

step. 

Finally the collision process can be expressed as followed 

 ( ) ( )
( ) ( ) ( ) ( ) ( )

( )
, 2

,

|
, ,

eq
t

a t s a b a t

g g
g t g t c

α α
α α αδ ρ Γ ω µ φ Γ

τ

−
 = − + − ⋅ ∇ − + ∇ + 

x

x
x x e u F , (11) 

where ( ),ag tx  is the updated gα  after the collision.  

The streaming is then carried out under the perfect shift scheme 

 ( ) ( ), ,t t ag t g tα αδ δ+ + =x e x . (12) 

2.2 Discrete Boltzmann Equations (DBE) for the Allen-Cahn Equation 

The Allen–Cahn equation is a phase field equation which describes the process of phase 

separation in multi-phase systems. The order parameter ( ), tφ x  is used in the phase field model 

to track the two-phase interface, which satisfies the following conservative Allen-Cahn 

equation 

 
( ) 2

1 4
2

h l

W
M

t

φ φ
φφ φ φ

 + − − 
 

  
  ∂

+∇ ⋅ = ∇ ⋅ ∇ −  ∂   
 

u n , (13) 

where hφ  and lφ  indicate the different phases and ( ) / 2h lφ φ+  locates the interface in the 

impressible two-phase flows ( hφ , lφ are referred as 1 and 0 in this study to represent the two 

phases). The parameters M , u , W  represent the mobility, macroscopic velocity and interface 

width respectively, and n  is the normal vector to the interface, which is defined by 

   φ
φ

∇
=

∇
n . (14) 

When the system reaches an equilibrium state, the equilibrium distribution of φ   along the 

direction z  normal to the interface is assumed as a hyperbolic tangent profile  

 ( ) ( ) ( )h l h l 2zz tanh
2 2 W

φ φ φ φ
φ

+ −  = +  
 

. (15) 
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A new function hα , which is the distribution function of φ , is introduced for solving Eq. (13), 

and the LB equation of hα  is 

 
eqh h

h
t

α α
α α λ

−∂ + ⋅∇ = − ∂ 
e , (16) 

where λ  is the relaxation time related to the phase-field parameters. 

The equilibrium distribution function of  hα  is  

 eq
ah Bα α αφΓ ω= + ⋅e n , (17) 

where the term B α αω ⋅e n  accounts for anti-diffusion and in which 

 
( ) 2

1 4
22

h l

s

MB
c W

φ φ
φ
 + − − 
 

 
 =
  

. (18) 

Following the original lattice Boltzmann scheme, the distribution function hα  is going through 

the collision and streaming processes. In the collision process, hα  satisfies 

 
eq

a
h

h h
h h α α

α τ
−

= − , (19) 

where hτ  is the dimensionless relaxation time and is related to the mobility by 

 20.5h
s

M
c t

τ
δ

= + .  (20) 

After the collision process, the streaming occurs under the perfect shift scheme as followed 

 ( ) ( ), ,t t ah x e t h x tα αδ δ+ + =  .  (21) 

Then, the hydrodynamic parameters such as the average velocity and dynamic pressure can be 

calculated by taking the zeroth of the distribution function hα as shown in Eq. (22) 

 hα
α

φ = ∑ . (22) 

After the streaming step, the hydrodynamic parameters such as the average velocity and the 

dynamic pressure can be calculated by taking the zeroth and first moments of the particle 

distribution  

 ( )2

1 1
2 b

s

tg
c α α

α

δ µ φ
ρ
 

= + ∇ +  
 

∑u e F , (23) 
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 2

2 s
tp g cα

α

δ ρ= + ⋅∇∑ u . (24) 

2.3 Treatment of wetting wall boundary 

The wetting wall boundary is treated from two respects: the “ordinary” boundary treatment and 

the wetting boundary treatment. The former is to obtain the distribution functions at the wall 

points and the latter is to properly reflect the wetting condition in the wall parameters.   

Fig. 1 shows the lattice node configuration on a flat wall (D2Q9 scheme applied), where layer 

N is the boundary layer and bx  is the boundary point of layer N,  f is the distribution function and 

i refers to the direction towards the fluid domain while i  points to the opposite direction (towards 

wall). The traditional bounce back scheme was widely adopted to the “ordinary” boundary 

treatment, in which the boundary points on layer N are not involved into collision process. 

However, according to our numerical experiments conducted in this study, the traditional 

bounce back scheme results to the mass unbalance problem, which may be attributed to the 

absence of boundary points in the collision process. Therefore, we proposed a modified bounce 

back scheme in which the boundary points (layer N) are involved the standard collision-

streaming process as the points inside fluid field (layer N-1). The distribution functions towards 

the fluid domain of boundary points can be obtained as followed 

 ( ) ( ), ,
ii b bf t dt f t dt+ = +x x , (20) 

Then the order parameter sφ  at the wall boundary can be obtained by Eq. (18).  

According to the phase-field theory, the free energy of the entire fluid system can be expressed 

as a function of φ  

 ( ) ( )2 2 3
0 0 1 2 32b s s s sV S

E C dV dSκΦ Φ φ ϕ ϕ φ ϕ φ ϕ φ + = + ∇ + − + − +… 
 

∫ ∫ , (21) 

where 0E  is the bulk energy density and it usually takes the form as ( )22
0 1E C Cβ= − , κ  is a 

constant related to the surface energy and β  is a constant related to bulk energy. The chemical 

potential is defined as 0
C

2E
µ κ φ

∂

∂
= − ∇ .  

Liu and Lee [31] made an assumption that the fluid behavior along the solid boundary is 

dominated by the interactions between the solid and liquid-gas interface, so the interactions 

between the solid and bulk fluids are not taken into consideration. The cubic boundary condition 

can be constructed based on this assumption and then the parameters in Eq. (21) can be chosen 

as: 0 1ϕ ϕ= , 2 1/ 2 wϕ ϕ= , 3 1/ 3 wϕ ϕ= , where wϕ  is a constant related to the dimensionless wetting 

potential wp as shown in Eq. (22) 
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 / 2wwp ϕ κβ= . (22) 

The cubic boundary condition for the order parameter sφ   at the wall is finally acquired by 

neglecting the terms higher than the third order in sΦ  and minimizing the total free energy 

b sΦ Φ+ , which can be expressed as 

 ( )2| /s s s wφ φ φ ϕ κ⋅∇ = −n . (23) 

According to the Young’s law, the wetting potential ω  can be determined by the equilibrium 

contact angle eqθ  

 cos eqω θ= − . (24) 

Eq. (22), (23), (24) associate the gradient of order parameter φ∇ and the contact angle eqθ . The 
φ∇ can be calculated with a given eqθ , and then the chemical potential can be obtained by Eq. 

(4), and finally the macro parameters at the wall can be obtained by Eq. (18). 
 
2.4 Calculation of Gradients  

Different from the work done by Lee and Liu [20] in which a mixture of central difference and 

biased difference was taken for the calculation of the gradients, we adopted the central 

difference to obtain the gradients of the order parameter and the pressure, as defined by Eq. 

(31) 

 ( )2
0

1| |x t x
as tc α α αφ ω δ φ

δ ≠
∇ = ⋅∇∑ e e ,  (25) 

in which 

 ( ) ( )1|
2

CD
t x t tα α αδ φ φ δ φ δ ⋅∇ = + − − e x e x e . (26) 

The Eq. (14) can be discretized by using this finite difference (FD) scheme. For researcher who 

want to perform a parallel computation algorithm, Fakhari et al [24] provided a local method 

using central moments to discretize the Eq. (14). In this study we choose the finite difference 

scheme considering it was reported more accurate and stable [33]. 

 

3.RESULTS AND DISCUSSIONS 

In this section we apply the model on two benchmark cases including equilibrium droplets on 

wetting surfaces and co-current flow. The results are compared with analytical solutions and 

experimental results. The behaviors of the water droplets moving by gravity along inclined 
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surfaces such as glass pane and steel plate are then simulated with this model, and the dynamics 

of moving contact line motion are captured and compared with experimental results.  

We adopted the following two dimensionless parameters in analyzing simulation results, the 

density ratio as defined by Eq. (33) and the Cahn number as defined by Eq. (34) 

 * /H Lρ ρ ρ= , (27) 

 /cCn L W= , (28) 

where cL   refers the characteristic length and W   is the interface width. Cn is often 

recommended to be greater than 10 to ensure the accuracy of simulations. 

3.1Equilibrium droplet on wetting surfaces 

In this case, a rectangle computational domain with a grid size of NX NY×  is chosen. A two-

dimensional liquid droplet with a radius of R  is initially generated at the center of the wetting 

surface (as shown in Fig. 1a). The periodic boundaries are implemented at the left and right 

sides and the developed new wall boundary conditions are applied to the top and bottom 

boundaries. While the top surface has a fixed contact angle of 90eqθ = ° , different contact angles 

ranging from 30°  to 150°  are assumed on the bottom surface.  

The density ratio (the heavier over the lighter fluid, *ρ ) is taken as 1000 and   20Cn = . The other 

parameters are set as: 600, 200, 80NX NY R= = =  . Fig 1 shows the equilibrium states of the 

droplet on wetting surfaces with contact angles of 30 ,60 ,90 ,120eqθ = ° ° ° °  and 150° , in which 

the color represents the density while the red part and blue part are corresponding to the liquid 

droplet and the gas, respectively. Eq. (28) gives the theoretical relationship between eqθ  and 

wetting potential wp. The comparison between the simulated results and analytical solutions is 

presented in Fig. 2. The simulated equilibrium contact angles are measured by the geometric 

formula of droplet height and the length of contact line based on Fig 1 (b) to (f). It can be seen 

that the angles obtained by the present model agree well with the analytical ones. Furthermore, 

the droplet automatically achieved equilibrium state from initial state after a short period, which 

indicates that the current model is appropriate to handle the contact angle issue.  

Due to the existence of gravity, the actual contact angle may differ from the theoretical ones.  

The testing-table shown in Fig. 3 is used to observe the actual contact angles between water 

and two surfaces with different materials. Fig. 4 compares the experimental and simulation 

results of different static contact angles while gravity exists, and the difference are 0.2°  and 

0.5° , respectively. Considering the measuring error, the results by present model agree 
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well with the experiment. It is shown that the actual contact angle can be recovered accurately 

by our model, which indicates that the incorporation of the gravity works well. 

3.1.1 Mass conservation  

One of the most important features of our LB model is that it is mass conservative. The total 

mass of the system for droplet recovering process shown in Fig. 1b is checked to verify the 

mass conservation, and the results obtained from our model are compared with those of the 

model developed by Lee and Liu [20]. The total mass of the system M  is normalized by the 

initial mass 0M , and its evolution process with dimensionless time is plotted in Fig. 5. It can be 

found that the system mass M  gradually decreases with time in the method proposed in Ref. 

[20] while the total mass conserves ideally using our model.  

3.1.2 Spurious currents  

The spurious currents is a considerable issue in the multi-phase LB models. When the 

magnitude of spurious currents become as large as the characteristic velocities it would 

severely affected the reliability of the LB simulation results [34]. Fig. 7 shows the 

velocity field around a drop on a surface with contact angle 60 degree (the case of Fig 2 

(c)). Vectors are magnified by 3X1011 at equilibrium state. It is indicated that the spurious 

currents have little influence on the results considering the magnitude compared to the 

characteristic velocity in our model. 

3.2 Two-phase co-current flow in the infinite channel 

In addition to the static case presented above, the performance of the model in simulating 

dynamic process is also tested. The two-phase co-current flow driven by an external force F in 

a channel is simulated. To examine the accuracy and stability of the present model, the 

symmetric co-current flow in the infinite channel is introduced here and the flow configuration 

is displayed in Fig. 6. The computational domain consists of a rectangle grids system 

( )NX NY×  , while the liquid phase occupies the areas in which 1 ~ 2Y H H= − −  and 

1 ~ 2Y H H= , and the remaining area is occupied by the gas phase. Periodic boundaries are 

implemented at the left and right sides and the developed wall boundary conditions are applied 

to the top and bottom surfaces. The contact angles eqθ  of the top and bottom surfaces are set as 

90°  . An external force in x direction, xF  , is exerted on the gas phase or liquid phase, 

respectively, which may result in different velocity distributions according to Ref. [35]. 

The density ratio is taken as 1000, i.e. * 1000ρ =  in this case and 10Cn = . The other parameters 

are set as: 200, 100, 1 25, 2 50NX NY H H= = = = . Analytical solution for this type of flow can be 
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found in [35,36]. Fig. 7 and Fig. 8 show the velocity profiles of xu  for cases where xF  is applied 

on gas and liquid respectively, and the theoretical results are also presented. It can be seen that 

the velocity profiles obtained from the developed model agree well with analytical solutions. 

3.3 Two-phase flow with moving contact line 

To investigate the dynamics of two-phase flow with moving contact line, the behaviours of the 

water droplet moving by gravity along inclined wetting surfaces such as glass pane and steel plate 

are simulated using the model developed in this study. The computational domain consists of an 

inclined wall shown in Fig 9, where α  is the angle of inclination. Similar to the case in 3.1, the 

boundaries in X directions are set as periodic boundaries, and the developed wall boundary 

conditions are applied to the surfaces in Y directions. The contact angle eqθ  is assigned to the 

inclined wall, which can be adjusted according to the real situations. 

In this case * 775ρ =  is taken, which represents the density ratio set of water and air, and the 

Cahn number 30Cn =  is taken to ensure the stability and accuracy. The grid system size is 

30Cn =  300X1000. The initial condition is shown in Fig 9: a droplet starts to move due to the 

gravity. The acceleration is set as g . The velocity profiles are set as follows 

 , , 0x liquid x gasu u= = , (29) 

 , , 0y liquid y gasu u= = . (30) 

Experiments were also conducted on the test-table shown in Fig 3. A glass pane and a steel plate 

were used as the wall surface, while the working fluid is water in the test.  

3.3.1 Advancing and receding contact angles 

The contact angle hysteresis phenomenon is observed and discussed by many researchers 

[37,38] which focus on the wetting issue, and rather than static contact angles, they usually 

defined the contact angle hysteresis as the difference between   Aθ  and Rθ  [39], where Aθ  and 

Rθ   represented the advancing (towards the heading) and receding (towards the backward) 

contact angles shown in Fig 10. The contact angle hysteresis may attribute to various factors 

such as surface roughness and the moving velocity. A water droplet of volume 20μL  was put 

on the steel plate with an inclined angle of 60°  to observe the phenomenon. Fig 10a shows the 

moving droplet and the contact angles captured at certain moment in the experiment. The 

measured Aθ   and Rθ   are around 75°   and 40°   respectively. This phenomenon was also 

recovered by using the current model as shown in Fig 10b. There is a little difference between 

the simulation and experimental results, which the Aθ   and Rθ   are about 77°   and 45°  in 
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former situation. This may result from the neglect of the surface roughness in our model. The 

comparison shown in Fig 10 indicates that the present model is capable to capture the advancing 

and receding contact angles in the droplet moving process. 

3.3.2 Evolution of moving contact line  

The glass pane is a hydrophilic surface with a static contact angle as low as 22.1° . A water 

droplet of volume 20 Lµ   was put on the glass pane with an inclined angle of 40°  in the 

experiment test. Evolution of the moving droplet along the glass pane is captured and shown 

from Fig 11a to Fig 11d, in which the left pictures are experiment results and right ones are 

outputs by our proposed model. It can be observed that the droplet moves at a nearly constant 

velocity after an acceleration at the beginning. The contact angles in Fig 11d, both advancing 

and receding contact angles, are near to 22.1°  while the former is a little larger and the latter 

smaller, which indicates the contact angle hysteresis exists. The phenomenon can also be 

observed in the simulation outputs, which agrees well with the experimental results. By 

comparing the experiment and simulation results in Fig 11 we can conclude that the moving 

contact line can be recovered accurately by the model developed in this study. 

3.3.3 Computational effort  

The falling droplet simulations are carried out on a computer with CPU i7-3930K and 16 GB 

RAM. The C++ compiler is the MSVC on windows platform. The computing time for the case 

in which droplet falls half length of the wall is 403 mins. 

4 Conclusion 

This paper presents a conservative lattice Boltzmann model to simulate the two-phase flows 

with moving contact line at high density ratio. The proposed model consists of a phase field 

lattice Boltzmann equation for solving the conservative Allen-Cahn equation, and a pressure 

evolution LBE for solving the incompressible Navier-Stokes equations. A modified wall 

boundary treatment scheme is developed to ensure the mass conservation. In addition, the 

wetting dynamics are treated by incorporating the cubic wall energy in the expression of the 

total free energy. The proposed model is featured with mass conservation property, proper 

treatment of wetting boundary and high density ratio. Numerical tests including equilibrium 

droplets on wetting surface, co-current flow and a droplet moving by gravity along inclined 

wetting surfaces are conducted with our proposed model. The simulation results agree well with 

analytical solutions and experimental results. The mass conservation is checked and confirmed, 

the wetting surface is accurately modelled and the density ratio is up to 1000 in the tests. Results 

show that the proposed model can successfully recover the moving contact line process, making 

it applicable to the study of moving contact line problem and further relevant applications. 
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Figure Captions 

 

Figure 1 Equilibrium state of droplets on surfaces with different contact angles. 

a: initial state, b: 30⁰, c: 60⁰, d: 90⁰, e: 120⁰, f: 150⁰. 
Figure 2 The comparison between the equilibrium contact angles between 

simulation results and analytical data. 
Figure 3 Test-table for testing the static and dynamic contact angles. 

Figure 4 Comparison of the experimental and simulation results on actual 

contact angles. a,c: experiment,  b,d: simulation. 
Figure 5 Variation of the mass of the system versus time for the droplet 

recovering process in present model and Lee and Liu’s model [10]. 
Figure 6 The configuration of two-phase co-current flow in the infinite channel. 

Figure 7 Velocity profiles of the co-current flows with xF  applied on the gas 

Figure 8 Velocity profiles of the co-current flows with xF  applied on the liquid 

Figure 9 Initial state of the moving water droplet. 

Figure 10 The experimental and simulation results of advancing and receding 

contact angles on inclined steel plate. a: experiment; b: simulation. 
Figure 11 Evolution of moving droplet on inclined glass pane (Left: experiment 

results, Right: simulation results). 
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Figure 1 Equilibrium state of droplets on surfaces with different contact 

angles. a: initial state, b: 30⁰, c: 60⁰, d: 90⁰, e: 120⁰, f: 150⁰. 
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Figure 2 The comparison between the equilibrium contact angles between 

simulation results and analytical data. 
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Figure 3 Test-table for testing the static and dynamic contact angles. 
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Figure 4 Comparison of the experimental and simulation results on actual 

contact angles. a,c: experiment,  b,d: simulation. 
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Figure 5 Variation of the mass of the system versus time for the droplet 

recovering process in present model and Lee and Liu’s model [10]. 
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Figure 6 The configuration of two-phase co-current flow in the infinite 

channel. 
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Figure 7 Velocity profiles of the co-current flows with xF  applied on the 

gas. 

  



25 
 

 

 

 

 

Figure 8 Velocity profiles of the co-current flows with xF  applied on the 

liquid. 
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Figure 9 Initial state of the moving water droplet. 
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Figure 10 The experimental and simulation results of advancing and 

receding contact angles on inclined steel plate. a: experiment; b: 

simulation. 
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Figure 11 Evolution of moving droplet on inclined glass pane (Left: 

experiment results, Right: simulation results). 
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