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Abstract — In this paper, a thin-wire model of single-
core coaxial cables with 3 or more conductive layers is
proposed for transient analysis using the finite-
difference time-domain (FDTD) method. The multilayer
cable is regarded as a series of 2-conductor coaxial
transmission lines. The currents in these lines can be,
however, unbalanced, and may not return via earth, such
as in the case of a direct lightning strike. The FDTD
method is employed to evaluate electromagnetic
coupling outside the cable. Frequency-dependent surface
impedances of conductors are fully considered using the
Bessel functions. They are integrated into the time-
domain analysis with a vector (fitting technique.
Updating equations for both lossless and lossy cables are
derived. The proposed model is validated TLT
analytically and with the traditional FDTD method
numerically. Good agreements are observed. Finally, the
proposed model is applied to analyze the transients in a
cable connection station under a direct lightning strike.

Keywords — Coaxial cable, multilayer conductors, thin
wire, FDTD, frequency-dependent loss

I. INTRODUCTION

Underground power cables have been extensively used in
electric power systems, especially in urban areas and across
water bodies [1] due to their better appearance, smaller
voltage drops and less probability of fault occurrence.
Transient simulations for underground cables during
lightning strikes or under system fault conditions are
necessary and inevitable, given the high capital cost [2].
Single-core coaxial cables with multiple conductive layers
are one of the common types of underground cables. To
facilitate time-domain transient simulations in the system, a
3D FDTD model for such cables is investigated in this paper.

The EM field propagation in multilayer and
multiconductor cables has been well investigated with the
1D discrete transmission line theory [3], Electromagnetic
Transients Program (EMTP) [4, 5] and 1D FDTD method [6,
7]. The frequency-dependent loss of the cables was
considered by using the rational functions in the frequency
domain [8-10] or approximated directly in the time domain
[11-13]. The coupling between cables and fields was
investigated in [14-16] analytically and in [17-20]
numerically. While EMTP is based on the circuit theory in
that components can only be connected electrically. It is
troublesome for EMTP to consider interactions between the

non-uniform electromagnetic field and transmission lines
[21], and lines without a current return path.

The 3D finite-difference time-domain (FDTD) method,
proposed by Yee firstly in 1966 [22], offers an alternative
approach for solving electromagnetic problems in the time
domain. After 1990, with the unpredictable development of
computer science technology, the 3D FDTD method has
been developed as one of the mainstream simulation
techniques for solving theoretical and practical EM
problems. The FDTD method has the advantages of
broadband field simulation, less memory space, ecasy
implementation of parallel computing and others. To
simulate a wire conductor accurately, the traditional 3D
FDTD method needs to discretize the wire structure with
extremely dense mesh, which will reduce calculation
efficiency significantly. A thin-wire model without
conductor meshing on its cross section is an approach for
solving the problem. Traditional thin-wire models [23-26]
mimicking long wire structures have been successfully
applied to analyze electromagnetic transients in power
systems. Examples can be found for grounding systems [27],
high voltage substations [28], overhead lines [29-31],
transmission towers [32], vertical conductors [33, 34], light
rail systems [35] and lines with corona discharge [36].

Several advanced thin-wire models for single-core cables
have also been proposed recently to improve the
computation efficiency of the FDTD method. In [37] the loss
of a conductor is modeled with the frequency-dependent
surface impedance calculated with Bessel functions. In [38,
39], the vector fitting technique is used for solving transient
interaction problems with the surface impedance concept. In
[40], the cable model for two co-centric conductors is
proposed by integrating the transmission line theory (TLT)
and the FDTD method. An extended model is further
developed in [41, 42] by taking into account the skin effect
in the cables. It is noted that these models can only simulate
single-core cables with two metallic layers.

Compared with the cable with two metallic layers,
maintaining stability performance and calculation efficiency
for cables with multiple conductive layers is a big challenge.
There is no existing model that can simulate a lossy cable
with multiple conductive layers in a 3D FDTD environment.
In this paper, a stable, matrix-free and efficient thin-wire
model is proposed to simulate such a cable using a series of
2-conductor transmission lines. Currents in conductive
layers can be unbalanced, and may not return via a
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conductive path, such as in the case of a direct lightning
strike. The FDTD method is employed to evaluate
electromagnetic coupling outside the cable. The frequency-

dependent losses are fully considered using Bessel functions.

They are integrated into time-domain analysis with a vector
fitting technique. In Section II, the equations of both lossless
and lossy cables are introduced. The model validation is
discussed in Section III. The proposed thin-wire model is
validated with the transmission line theory (TLT)
analytically and the traditional FDTD method numerically.
Finally, the proposed model is applied to analyze the
transients in a cable connection station under a direct
lightning strike.
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Fig. 1 Configuration of FDTD/conductor regions in the working volume
(m, n and p denote cell indices in X, y and z directions, and q denotes time
step index)

Il.  SINGLE-CORE CABLES WITH MULTILAYER CONDUCTORS

Similar to the thin wire model in [41], the whole working
volume is divided into two regions: conductor region and
FDTD region, as shown in Fig. 1. Fig. 1 shows the
configuration of one single-core cable with multiple
conductive layers for transient analysis. In the FDTD region,
electromagnetic fields outside the cable are evaluated with
the corrected updating equations [26]. Current and voltage
propagated along the cable are simulated in the conductor
region using the TLT. In the FDTD simulation, the conductor
region is regarded as a thin wire. During each updating
procedure, the updating information is exchanged between
two regions, such as the total conductor current (from the
FDTD region to conductor region) and cable voltages at
terminals and surface current density of the cable (from the
conductor region to FDTD region).

Without loss of generality, a single-core cable with three
co-centric conductors is selected for the description of the
proposed thin-wire model. This cable consists of core A,
sheath B and armor C, and two insulation layers (layer AB
and layer BC). Fig. 2 (a) shows the configuration and
geometric parameters of the cable, as well as currents in the
conductors. In the conductor region, two 2-conductor
coaxial transmission lines are constructed, i.e., (i) the one
made of conductors A and B, and (ii) the one made of
conductors A/B and C. In the transmission line (ii), as shown
in Fig. 2 (b), conductors A and B are grouped together and
are treated as a single wire carrying current Iz (Ip=I, +

Ig). Therefore, the multiple transmission line equations are
reduced to a series of classical 2-conductor transmission line
equations. Note that the currents in each transmission line
may not be balanced, i.e., Iy + Iz # 0 or Iz + I, # 0.

(b) Equivalent two conductors

Fig. 2 Configurations of single-core cables with 2 and 3 co-centric
conductors

With total current I, (I, = I45 + I;) obtained in the
FDTD region by integrating H field components, /45 and I¢
are determined using the transmission line equations in the
transmission line (ii). Subsequently, I, and Iz are
obtained using the equations for the transmission line (i).
The updating procedure for a lossless cable is relatively
straightforward. It is described first, followed by the one for
a lossy cable. Given the primary frequency of a lightning
current, most extruded insulations in cables are practically
lossless [44, 45]. The shunt admittance of insulations in
cables is considered as frequency-independent in the
analysis.

A.  Updating procedure for the lossless cable

The one-dimensional wave equations for both
transmission lines (a) and (b) with the pairs of unbalanced
currents I, and Iy, I,z and I, are described by

_6VAB = SLAB ’ IA
ol )
al,
_E - SCAB ‘VAB
oV
-—X= SLgc g
ol 2
ol
a?B =5Cpqc Ve



in the s-domain, where per-unit length inductance and
capacitance are given in Table 1. In Table 1, &,.45 and .45 are
the relative permittivity and permeability of the material in
insulation layer AB, and &.pc and p.pc are the relative
permittivity and permeability of the material in layer BC.
Note that the currents in the outer conductors of the lines do
not appear in these transmission line equations. The
unbalanced current in the cable does not necessarily return
via earth.

Table 1 Inductance and Capacitance of two Transmission lines
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Now we have the space-time discretization of (1) and (2)
with the same step sizes as those adopted in the FDTD
region. The updating equations for currents in the conductor
region then are given by
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where At is the time step, and Al is the segment length.
The superscript ¢ denotes the index of the time step. Both
I and Iy then are determined by

“

The current updating in the conductor region is
synchronized with the H field updating in the FDTD region.

Similarly, voltage updating in the conductor region is
synchronized with the E field updating in the FDTD region.
voltages are updated half time step later than currents and
are given by
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Since the cable is lossless, the surface E field on the outer
surface of conductor C is identical to zero. The E field
components along the cable in the FDTD region then is
enforced to zero in the next FDTD updating step [41].

B. Updating procedure for the lossy cable

In the case of a lossy cable, voltage drops arising from
surface impedances of both inner and outer conductors in a
need to be considered. The transmission line equations
presented in (1) and (2) then are modified to be
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for transmission line (ii), where Z,y, denotes the surface
impedance on surface x contributed by the current in
conductor Y. For example, Z., is the surface impedance on
the surface at r =r, contributed by current I,. Surface
impedances of a coaxial cable can be expressed using the
Bessel functions, and are listed in Appendix A.

Surface impedances in (6) and (7) are frequency-
dependent. They cannot be directly used in the time-domain
simulation. In this paper, frequency-dependent parameters
are approximated as rational functions with the vector fitting
technique [46, 47]. The rational function is expressed as
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where dyy and A,y represent a constant component and a
differential component, and a.ym and ryym are poles and
residues of the rational function. These rational functions are
invoked in the time-domain simulation using a
convolutional technique.

Similar to (3), the discrete transmission line equations (6)
and (7) with the rational functions given in (8) can be
derived, and are presented in Appendix B. With total current
I passed from the FDTD region, Iz is calculated first in
the conductor region. Substitute (4) in (7), the updating
equation for I,z in the time domain can be derived, and is
given in (B1) in Appendix B. Note, I, and Iz are not
updated yet at this updating step. In order to estimate the
conductor loss on the surface of Conductor C, we assume
I7~ 17" and I ~ 127", It is observed in Section III-B
that this assumption will not introduce a noticeable error. I
can then be updated with (4). Substitute (4) in (6), the
updating equation for I, can be derived, is given in (B2).
Finally, Iy of a lossy cable can be updated using (4).

Unlike the lossless cable, E,.;, the E field on the outer
surface of Conductor C is not equal to zero. It is determined
by the currents in all conductors and is expressed in s-
domain as

Eout (S) = Ze.AB : IAB + Ze.C : IC . (9)

The discrete version of the updating equation for E,, in the
time domain is given in (B3). Voltage differences over two
insulation layers can be updated with (5) since the shunt
conductance of insulation is ignored. The time step for both



FDTD region and the thin-wire model is the same. Both
voltage and current in the cable are updated together with
E/H fields in the FDTD region.
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Fig. 3 Configuration of a terminal of a single-core cable structure
C. Special arrangements at the cable terminals

To obtain discrete equations of (3), the cable is divided
into M current segments and M+1 voltage segments along
the axial direction in the conductor region. Note, voltage and
current segments are offset by half segment length. And
voltage segments 1 and M+1 are located at two opposite
ends of the cable. Both transmission line voltage V4 and Vac
at two end segments are included as the integral of the E
field for updating the H field in the FDTD region. Take a
cable running in the x direction as an example, as shown in
Fig. 3. The updating equation of Hy components is
expressed as
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where Ax and Az are cell sizes in the x and z directions. m,
n and p are the indexes of space steps in the x, y and z
directions.

Virtual current wires are added to the end of the cable,
and connected to the inner conductors (conductors A and B).
They are placed at the same location as shown in Fig. 3.
These wires are used for 1) updating terminal transmission
line voltages V,p and Vyo with (5), and 2) connecting
external wires to the cable. The total segment current is
calculated by summing up currents of these wires. Assume,
for instance, that there are 5 external wires connected to the
cable terminal from different directions in the FDTD region.
External wires 1 and 2 are connected to the conductor A via
one virtual wire, wires 3 and 4 to conductor B via another
virtual wire, and the 5% wire to the armor directly. The
virtual wire currents Iy;- 4 and Iy of conductors A and
B are calculated as,

4
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where Ig,;; (7=1...5) is the current in external wire i. There
is no extra procedure for connecting the 5" wire and the
armor. If the terminals of conductor A or B are left open, the

currents in the additional segments are set to be zero [48].
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Fig. 4 Flow chart of the proposed lossy multilayer conductor model
D. Computation procedure

The computation procedure of the proposed multilayer
coaxial conductor model is summarized in Fig. 4.

1) Update H field components in time step ¢, H9, in the
FDTD region as usual.

2) Correct H field components near cable terminals with (9).
Note, 1{4%_1/ % and V;gqc_l/ 2 presented in (9) have been
obtained in the previous step q — 1.

3) Calculate I in current segments by integrating H field
components in the FDTD region, and currents I, I7,
I} and I7 in the conductor region with (B1), (B2) and
(4) in sequence.

4) Calculate voltages 1{4‘1;1/ 2 and VB%H/ 2
segments in the conductor region with (5).

5) Update E field components, E4*%/2 inthe FDTD region
as usual.

in voltage

6) Replace surface E field components along the cable with
Eg;tl/ % obtained with (B3) for updating H field
components in the FDTD region

I1l. VALIDATIONS

In this section, the proposed thin-wire model is validated
analytically and numerically. For validation purpose, the



conductivity, relative permittivity and relative permeability
of three conductors are assumed to be le6 S/m, 1 and 1,
respectively. The relative permittivity of the insulation
materials in the cable is assumed to 1. Various conductor
radii of the cable are given in Table 2.

Table 2 Radii of the single-core cable with three metallic layers

Parameter 1A T 1 T4 A
Radius / mm 2 2.5 2.7 3.3 3.5

A.  Analytical validation

The configuration of a transmission line shown in Fig. 5
is adopted for the analytical validation of the proposed thin-
wire model. A single-core cable has three-co-centric
conductors as indicated in Table 2 and is arranged 0.04 m
above a perfect ground. The left-side terminal is grounded
via lossless wires and an ideal current source. This current
source generates a sinusoidal waveform with an amplitude
of 1 A and a frequency of 50 MHz or 100 MHz. Note that
these frequencies are selected for efficient simulation and
comparison.

~0.1m—{0 !
T Lossless Single core cable
Ll wire
2
3
Current
/ @ source
[Pt
< Perfect ground

Fig. 5 Configuration of analytical validations

In the FDTD region, the working volume is 15.6 m X
0.5mx 0.3 m . Five perfectly matched layer (PML)
absorbing boundaries [49] cover the working volume to
absorb unwanted reflection. A perfect electric conductor
(PEC) boundary is attached to the bottom of the working
volume to simulate a perfect ground. The uniform mesh
technique is adopted. The cell size and time step are defined
as 0.01 m and 1.9245e-11 s. The current waveforms are
recorded before the reflected waves arrive.

To validate the model analytically for the wave
propagation in the single-core cable shown in Fig. 5, three
coupled current updating equations with series impedances
are constructed as
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where Vy is the voltage difference between the conductor X
(X=A, B or C) and the perfect ground. These phase-domain
impedances in (11) are given in [50]. This model is adopted
in EMTP for analyzing transients in a single-core cable with
three co-centric conductors.

Since the shunt conductance of cable insulation is
ignored, the voltage updating equations are expressed as
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The phase-domain admittances in (12) are also given in [50].
Since the reflected waveforms are not recorded in the FDTD
method, the cable in the EMTP is assumed to be semi-
infinite. With (11) and (12), both currents and voltages are
updated numerically using the approach given in [51]. For
the validation purpose, the length of a cable segment and the
time step of the TLT method are identical to the parameters
used in the FDTD method.

There are three different cases of source connection to the
cable, i.e., (a) conductor A, (b) conductor B and (c)
conductor C. In each case, the current amplitudes at three
locations along the cable are measured. The simulation
results obtained from the TLT and proposed thin wire model
(TWM) are shown in Tables 3 and 4 for comparison.

Table 3 Simulation results from TLT and proposed TWM (50 MHz)

Layers Method I=2m CUl;f:an;/ A [=6m szlrig: ¢
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Table 4 Simulation results from TLT and proposed TWM (100 MHz)
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It is observed that the proposed thin-wire model is
reasonably accurate. The averaged relative error is 0.23%.
The maximum and minimum relative errors among these
cases are 0.48% and 0.03%. The proposed thin-wire model
can evaluate the frequency-dependent attenuation with
acceptable accuracy.

B. Numerical validation

In this section, transients in the single-core coaxial cable
are simulated with both the traditional FDTD method and
the proposed thin-wire mode for comparison. Fig. 6 shows
the configuration of the single-core cable for validation. For
efficient computation with the traditional FDTD method,
one 3-meter-long single-core cable is selected. It is placed
0.3 m above a perfect ground as shown in Fig. 6. Conductor
C is grounded at its two ends via lossless wires. Conductor



B is left open at its two ends. One end of Conductor A is
extended with a 0.1-meter-long wire and grounded via a
lossless wire and a current source. The current source
generates a 1 A Gaussian pulse waveform with parameters
of o=1e-9 s and p=>5¢-9 s.
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Fig. 6 Configuration of the single-core cable for numerical validations

— Traditional FDTD
121 —*— Proposed TWM
<
c
o
S
O
02 , : : . : ‘ .
0 0005 001 0015 002 0025 003 0035 004
Time(us)
(a) Current waveform in Conductor A
0.4
<
=2
g
S 4
O
A2k y — Traditional FDTD | |
—*—Proposed TWM

0 0005 001 0015 002 0025 003 0035 004
Time(us)

(b) Current waveform in Conductor C

Fig. 7 Current waveforms at the left side terminal of the cable are
calculated with the traditional FDTD method (extremely dense FDTD
mesh) and the proposed thin wire model (TWM)

In the simulation with the traditional FDTD method, the
lossy cable is discretized with extremely dense FDTD mesh
sizes to evaluate accurately the frequency-dependent loss.
The working volume is set to be 4.5m X 1m X 1m. Five
PML boundaries and one PEC boundary enclose the whole
working volume. The non-uniform mesh technique [52] is

adopted. The cell size in the y and z directions near the cable
is 0.03 mm and is increased to 10 mm gradually. The cell
size in the x direction is set as 10 mm. The time step is
defined as 6.1408e-14 s. While in the simulation with the
proposed thin-wire model, the cell size (with a uniform
meshing technique) and time step are set to be 10 mm and
1.9245¢-11 s. In the simulation, the current waveforms at the
left side terminal in Conductors A and C are measured.

A graphics processing unit (NVIDIA® Tesla™ K40C
GPU Computing Accelerator) was used to accelerate
numerical computation. The traditional FDTD method
consumed 4.55 GB memory space and ran 12 hours and 41
minutes. While, the proposed method consumed 0.89 GB
memory space and ran 4 minutes. Fig. 7 shows the currents
on two conductors calculated with the traditional method
and the proposed thin wire model under a pulse excitation.
It is observed that current waveforms obtained from the
proposed thin-wire model and traditional FDTD method
match well in terms of waveshape and amplitude. The
transients as well as the electromagnetic wave propagation
on a lossy cable can be evaluated by the proposed thin-wire
model with reasonable accuracy.

IVV. LIGHTNING TRANSIENTS ON AN UNDERGROUND CABLE

The proposed thin wire model has been applied to
analyze transients in a cable connection station under a
lightning strike. The configuration of the station is shown in
Fig. 8. A single-core insulated armored cable is buried 1 m
below the ground. The length of the cable is 1 km and its
radii are listed in Table 5. The rated voltages are 12.7 / 20
(24) kV. Its basic impulse level (BIL) is 144 kV. The metallic
core and sheath are made of copper, and it is armored by
aluminum wires. This cable is sheathed by polyvinyl
chloride (PVC, & =3, u,=1, ¢ =0) with 2.4 mm
thickness. Cross-Linked Polyethylene (XLPE, &, = 2.1,
U, =1, o =0) is padded between core, sheath and armor
as insulation layers. The sheath and armor are shorted and
grounded at both terminals. The grounding resistance of two
grounding meshes is 3 ohm. Lightning arresters (LA) are
provided to protect the cable and its associated equipment.
The core conductor is connected to the overhead line at the
left terminal. A concrete pole upholds the overhead line 10
m above ground. The right terminal of the core conductor is
extended to a gas-insulated substation (GIS). The
conductivity, relative permittivity and permeability of earth
are 0.01 S/m, 4 and 1. The overhead line is struck by
lightning directly.

Table 5 Radii of the single-core cable with three metallic layers

Parameter T, T A Ty T
Radius / mm 9.2 12.2 12.4 15.4 17.4

In the FDTD working volume, the cell size varies from
0.5 m (near the XLPE cable) to 10 m gradually. Six PML
boundaries cover the working volume to absorb unwanted
reflection. The time step is defined as 9.6225e-10 s. The
lightning channel is simulated as a phased-current-source
array in air [53]. A 2/70 pus waveform [54] with 100 kA
amplitude is adopted. The LAs are modeled as active current
sources by the piecewise linear method [55]. The residual



voltage is set as 50 kV. Surge currents and voltages in the
middle of the cable are measure and shown in Fig. 9. The
peak of the surge current in the core conductor is 19.87 kA.
The induced sheath current has a similar waveform with
opposite polarity. It is noticed that the majority of the
lightning current is discharged to the earth via the grounding
mesh. The peak voltage between the sheath and armour
conductors is 361.14 kV, which is larger than the basic
impulse insulation level, and may lead to insulation
breakdown.
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Fig. 8 The configuration of a cable connection station (Lag=2.5m,
LBG:Sm, LEFZOITI, LCE:31T1, LCD:2.51'1'1, LDHZOm)
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Fig. 9 Lightning surges at the middle of the underground cable

A sensitivity study of lightning surges against the lengths
of segment AB, BG, CE and DH was performed. The
maximum voltages between the core and sheath conductors
in the middle of the cable were calculated with different
segment lengths, and are listed in Table 6. The surge voltage
amplitude reduces with decreasing the length of segment AB
and increasing the length of segment BG. However, the
length of segments at the GIS has a limited influence on the
surge voltage.

Table 6 Maximum voltages in the middle of the cable between the core
and sheath conductors with different segment lengths

Segment Voltage / kV

AB Length=2.5m Length =5m Length =7.5m
361.14 445.40 514.59

BG Length =0m Length =5m Length =9m
439.70 361.14 245.17

CE Length =3m Length =6m Length =9m
361.14 361.14 361.14

DH Length =0m Length =5m Length =10m
361.14 361.14 361.14

V. CONCLUSIONS

In this paper, a stable, matrix-free and efficient thin-wire
model is proposed to simulate lossy single-core coaxial
cables with three or more conductors. The whole working
volume is divided into an FDTD region and a conductor
region. To avoid matrix manipulations during each updating
procedure, the multilayer cable is regarded as a series of
coaxial transmission lines. The multiple transmission line
equations are reduced to a series of classical 2-conductor
transmission line equations. Unlike the ¢ TLT, these lines
may carry unbalanced currents, and the unbalanced current
may not return via a conductive path. The electromagnetic
fields in the FDTD region are updated with the traditional
FDTD method. The frequency-dependent surface
impedances of the cable are fully considered with the Bessel
functions and approximated with the vector fitting technique
for the time-domain simulation.

The proposed thin-wire model is validated with the TLT
analytically and the traditional FDTD numerically. Both the
amplitude and waveshape of the transients obtained with the
proposed thin-wire model are reasonably accurate,
compared to the simulation results obtained from other
methods. Finally, the proposed model is applied to analyze
surge behaviors in a cable connection station under a direct
lightning stroke. It is found that the surge voltage between
the core and sheath conductors is relatively high which may
lead to insulation breakdown. By reducing the length of
segment AB and increasing the length of segment BG, the
surge voltage can be reduced during a lightning stroke to the
OHL.
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APPENDIX A

Consider a coaxial cable with three conductors as
illustrated in Fig. 1. With the definition of the surface E field
over conductor current, surface impedance Z,y (x=a, b, c,
d or e, and Y=A4, B, AB or C) on the surface at r =1,
contributed by source current in Y is represented as [56],

_Jons 1o(Ry)
“AT27R, L(R))’

[Kl(Rb)Rb — Kl(Rc)Rc]IO(Rb)

ZﬂRbRc[Il(Rc)Kl(Rb)_ Il(Rb)Kl(Rc)]
Zyp = JOug
' _ [Il(Rc)RC — |1(Rb)Rb]KO(Rb)
2”RbRc[|1(Rc)K1(Rb)_ |1(Rb)K1(Rc)]
. 1
g = oy

22R R (RIK,(R,) — L (R)K (R)]
[Ki(R)R, — K (R)R 11, (R;)
27zR R [ (R)K,(R) - L (R,)K,(R)]
_ IRIR - L (R)R K, (R,)
ZHRbRc[Il(Rc)Kl(Rb)_ Il(Rb)Kl(Rc)]
K (R)IL(R)+ 1L (R)K,(R,)
® 22R [1,(RIK(R) ~ L, (R)K, (R)T
[Kl(Rd)Rd — Kl(Re)Re]IO(Rd)
27R; R [ (R)K (Ry) = 1, (Ry)K, (R.)]
_ [Il(Re)Re_Il(Rd)Rd]KO(Rd)
2”Rd Re[ll(Re)Kl(Rd)_ Il(Rd)Kl(Re)]
1
ZﬂReRd[Il(Re)Kl(Rd)_ Il(Rd)Kl(Re)] ’
[K (R)Rs — K (R)R11,(R,)
. 27R, R [ (ROK (Ry) — L (Ry)K (R,)]
e Sl L RIR - LRIRIKR) |
2R R (RIKL(Ry) — 1 (R K (R)]
KR (R)+ 1 (Ry)K, (R,)
Z”Re[ll(Re)Kl(Rd)_ Il(Rd)Kl(Re)] ’

z

ca = JOUg

Zc.B = Ja):u

Zypg = jou,

Zyc = jou

z

Z,. = jou

where R, =mrn, and m? = jou(o + jwe). Parameters
U, € and o are the permeability, permittivity and
conductivity of the conductor, respectively. I, is the
modified Bessel function of the first kind at order ».

APPENDIX B

The discrete updating equation of Iz in time domain
can be derived as

q _ q-1
I3 =Cslig +Cp 1! +C|[p 1
q-1 g-1
CIBpll +CIBp2 +C\/BC Vg /6|

+ZN:[CdABm‘¢dABm+Cde'¢d_Cm ]
=1 +Cdtm wdtm+CAm gDAm+CBm ¢gﬁ

1972
itn t +CIAp1 IA +CIAp2 IA

(BI)

where
Dy = (_dd T dd c )/2+(LBC - hd.AB + hd,c )/At
+— Z d AB.m

CIAB :[ dd AB _ddC /2+(LBC _hd AB +hdAC)/At:|/DIAB’

d
CItn :[ dZC zBdej/ IAB
ml

Cltp = (dd.c/z_ hdAc /At /DIAB )
Ciapr = —(dep +1 /AL /D
Ciapz =hoa/(At-Dysg ),

Cigp =—(des +he s /At)/Dyyg
Cigpz = h.s /(At-Dyyg ),

Cvec =Camn =Coapn =—1/Dye,
Cd.AB.m = (ead'ABm‘At +1)/(2' DIAB)’
Cocm = _(ead'cmAt +1)/(2' Die )'
Cop=(e%m™ +1)/(2:Dyy).

The convolutional terms,

d c.m )'

®xym , are updated in each
updating procedure. The updating equations are listed as

P4 pom = By pgm *1as € ol '¢’3;\15.m'
(Pg.c,m = (pgglm’
ARSI N +efen ™ '(03;1!

- R R

a
q)B.m - BcAB.m

where B><.Y.m = IFx.Y.m/a'x.Y.m '(eaxv i _1) .

B ag.c.m At
Bd.C.m IAB+e

19 4 pReemAt 01
lg +e P

The updating equation of /4 can be derived as

q _ q-1 q q-1 q -1/2
IA_ClA'IA +C|ABn'|AB+C|ABp I +CVAB 8V /8|
q-1/2 q-1/2
+i[ a.Am (DaAm +CbAm %Am ] (BZ)
q-1/2 q-1/2
m i\ +Copm Poam T +Cnam * Pagm
where

D, = (dA dyp+dy5)/2+(Lag +hys
N

Z a Am b am T Bb.B.m )'

m:

dap=Gyp +055)/2 D
+(Lag +Myp—hya+hyg)/At])

d,
IABn [2 Tt ZBmej/ 1A
ml

IABp ( bB/2 th/At)/DIA’
_]/DIA’
ca,A,m =—(e®" +1)/(2-D,,),

hO.A + hb.B )/At



Conm = (eab'mm +1)/(2‘ DIA)’
Cosm = _(eab o +1)/(2 ’ DIA)’
Crom = (%" +1)/(2-D,,).

The updating equations of convolutional terms in (16) are
expressed as

¢2.A.m = Ba.A.m ' I/i +eaabA‘mlAt '¢7§.;1.m1
¢t?.A.m = Bb.A.m : Iﬁ\ +eabAmiAl ¢l§‘;1m’
¢t?,B,m = Bb.B.m : I/i +eab et ¢t?élm'
¢ZB.m =Bygm- I/iB +gfen '(Dgé.lm'
The updating equation of E,, in the time domain is
derived from (18) as

L9t .19 L9t
ECp I +Ceagn IAB+CEABp Iae

Eq+1/2 _ C

out ECn *

N
+Zl(¢7eq.c.m + 00 psm ),

Ig2+C
(B3)

Where

Ceen =0, +h, . /AL,
Ceep = —hoc /AL,

Cenn = ens T Nens /Atv
CEABp == he‘AB /At'

The updating equations of convolutional terms are listed as
a .19 decmdt q-1

Pecm = Be.C.m IC +€ Pecms
qa — L 8 ppmAL | 0-1

Pe.ngm = BeAB.m IAB +€ Pe.ng.m*
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