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Abstract—Distributed recursive least squares (RLS) algorithms have superior convergence properties compared to the
least mean squares (LMS) counterpart. However, with a fixed forgetting factor (FF), they are not suitable for tracking
time-varying (TV) parameters. This paper proposes a novel diffusion variable FF RLS (Diff-VFF-RLS) algorithm based
on a local polynomial modeling (LPM) of the unknown TV system. The diffusion RLS solution is derived analytically such
that the estimation deviation from the true value is investigated. Based on the analysis and the LPM of the TV system, a
new optimal VFF formula that tries to minimize the estimation deviation is obtained. Simulations are conducted to verify
the theoretical analysis in terms of the steady-state mean square deviation (MSD) and the VFF formula. Results also show

that the convergence and tracking performance of the proposed algorithm compares favorably with conventional ones.
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I. INTRODUCTION

Distributed estimation over ad hoc adaptive networks is an attractive and challenging problem, where a collection of
networked nodes can interact locally and adapt to track parameters of interest in a collaborative way. Much attention
has been paid to distributed strategies and cooperation policies (combination weights) of adaptive networks [1]. Three
frequently used strategies are based on the incremental [2][3], consensus [4], and diffusion [5]-[9] techniques.
Diffusion strategies are particularly prominent due to their improved robustness and enlarged stable region [1]. We
hence focus on this class of strategies in the rest of the paper.

Algorithms based on diffusion strategies update the estimate at each node in the network mainly in two steps [1]:
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adaptation and combination. According to the order of the two steps, there are two different diffusion strategies called
the adapt-then-combine (ATC) or the combine-then-adapt (CTA) diffusion. Current research has been focusing on the
combination part that aims to improve estimation accuracy. A common choice for the combination weights is
Metropolis rules [4]. A pioneer work [5] for the diffusion recursive least squares (RLS) algorithm seeks combination
weights that minimize the estimation deviation through convex optimization. A similar rule for the diffusion least mean
squares (LMS) algorithm [7] puts more weights to nodes that are well connected and less affected by noises [10].

As an alternative to the research on combination policy, research on adaptation develops techniques that accelerate
the convergence and tracking capability for a given network. A variety of diffusion variable step-size (VSS) LMS-type
algorithms have been proposed [11]-[13] that employ larger step-sizes to have fast rate when the algorithm is far from
convergence while smaller ones when the algorithm is close to convergence. They can be derived from different
optimization criteria and differ from the measure of convergence used. For the RLS-type algorithms [14]-[16], they
usually achieve fast convergence and small mean square error (MSE) in stationary environment if a large forgetting
factor (FF) is used; while in nonstationary environment with time-varying (TV) system parameters, a relatively small
FF is required to facilitate fast parameter tracking. Thus, the FF needs to be made variable for TV systems. A number of
variable FF (VFF) techniques [17]-[20] have been proposed for the single node estimation problems. For distributed
RLS algorithms, however, only a few work that focuses on adaptation schemes has been conducted. It is probably due
to the difficulty in understanding how the topology of adaptive networks that allows nodes to interact within the
neighborhood affects the performance of the distributed adaptive algorithms. In stationary environments, a detailed
analysis in terms of mean and mean square convergence performance has been carried out and a diffusion VFF RLS
(Diff-VFF-RLS) algorithm, called the ATC-LCT-RLS algorithm, has been derived in a conference paper [21].

This paper aims to derive a new VFF version of the Diff-RLS algorithm, which has not been widely-discussed in the
current literature. To this end, we start from finding an analytical expression for the solution to the Diff-RLS algorithm
and discuss conditions for the solution to be unbiased from the true value in Section I1.B. Based on the solution and a
local polynomial (LP) modeling of the unknown system [20], the mean square deviation (MSD) of the Diff-RLS
algorithm in TV environments is derived in Section 11.C. An analytical formula of an optimal FF is hence obtained by
balancing the bias and variance terms in MSD. The underlying mechanism of the combination strategy that improves

the estimation performance of adaptive networks is illustrated using a simplified case at the end of Section II.C. The



validity of the theoretical analysis and performance of the proposed ATC-VFF-RLS algorithm is examined in Section
I11 and conclusions are drawn in Section IV. A summary of important symbols has been listed in Table I.

Overall, the main contribution of this paper is the proposed ATC-VFF-RLS algorithm with improved convergence
and tracking capability, which is derived from the MSD analysis of the Diff-RLS algorithm in TV environments. The
algorithm is different from the classical work [5] in that it deals with the tracking problems of the conventional
Diff-RLS algorithm in [5]. Although similar assumptions have been used, the performance analysis for Diff-RLS
algorithms in TV environments is new and different from [5]. The main differences include: 1) an analytical solution to
the Diff-RLS algorithm is obtained instead of the mean convergence analysis in [5]; 2) the MSD in TV environments is
derived from the analytical solution directly rather than the mean square performance analysis for constant systems [5];
and 3) conditions for an unbiased RLS solution and the optimal FF formula are not clarified in [5]. The current work is
also different from our previous paper [20] which involves the LP modeling, since the adaptive network allows
gradients and estimates combination within the neighborhood, which makes the performance analysis completely

different from and much more complicated than that for the single node RLS algorithm in [20].
Il. THE DIFF-VFF-RLS ALGORITHM

A. Review of the ATC-RLS Algorithm
We consider a network of K connected nodes, labeled k = 1, 2 ... K. The neighborhood of node k is denoted by N,
and is connected to k by an edge. Any two neighboring nodes have the ability to share information through the edge.
The kth node collects data { d, (n), x, (n) } that satisfy the linear model with unknown system vector h(n) of length L:
d,(n) = h" ()x, (n) +7,(n) 1)
where x, (n) =[x, (n),..., X, (n—L+1)]" is the input vector, and 7 (n) is the additive noise independent of {x, (n) } and

h(n) . The objective of the network is to estimate the TV system h(n) by minimizing the LS cost function

argmin 37, 2, (WX, e (0) )
where e (i) =d, (i)—w'x, (i), and 4 _,(n) is the weight (at time index n) of square errors (at time index i). 4,_,(n) serves
as an exponential window since it decreases exponentially towards past data, and is calculated recursively by using a

FF 2 satisfying 0<< A <1, i.e. 4 ,(n)=24,,,(n-1) with A4,(n)=1. A2 can be made variable at each time index n, i.e.

the VFF A(n), for a better tracking. To address problems in (2), an ATC-type strategy is developed [5] and takes the
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form as listed in Table Il. The local estimate y, (n) at node k shares the neighboring gradients through a positive

weighting coefficient ¢, from node | e N, as shown in (3a) in Table Il. The cluster averaged estimate, w,(n),

k

combines the local solutions over | e N, using weights a, as shown in (4) in Table Il. The nonnegative scalars { ¢

Ik !

a, } are selected such that C ={c,} is right stochastic and A={a,} is left stochastic [1].

B. Solution to the ATC-RLS Algorithm

To make the analysis tractable, we use imE[R,  (n)]=lim>= A (ME[X, ()x; (i)]= =R, * &R, [22], which

is based on the fact that the input signal is stationary and E[x, (i), (i)]=R, . Then the assumption holds for large n

lim E[P, ()] = lim ELXT (M4, ()X ()] = LR ) ==L CR, ) =(1-A)R] (5)
where P, (n)= (XT (n)A4, ()X (n))’1 is a concise expression for the inverse of the cluster averaged covariance matrix, and
the notations such as X'(n) and A, (n) have been defined in Table I. Eq. (5) is in consistency with the result in [5].

Under the assumption (5), the update for P (n) in (3b) is unnecessary such that (3a) can be expressed as
p(n=1) =y (n-1) +c,P,(n)x (M[d, (n) - x (N)w > (n-1)] for I =1,...,K, where " (n-1) is the adaptive filter for the Ith
loop during the incremental update with w”(n-1) =w,(n-1) and . (n) = (n-1). Summing (3a) over |, we have

v, (n) =w,(n-1) + P, (X" (n)C,¢&, () (6)
where the Ith element of e (n) (Kx1) reads e, (n)=d,(n)—x/ (n)w{™(n-1). To further relates the cluster averaged
estimate w, (n—1) to the update of the local estimate w, (n), we use w!*(n-1)=w,(n-1) for I =1,..., K. Hence
y, (n) =w,(n-1) + P, (n) X" (n)C,[d(n) - X (n)w, (n-1)] = Aw, (n 1) + P, (n) X" (n)C,d(n) ()
where d(n)=[d,(n),....d, (M]" (Kx1), X(n)=[x,(n)..x,(n)]" (KxL), and we have used the fact P*(n)=AP*(n-1)+
XT(n)C, X (n) [5] such that under the assumption (5) P, (n)P*(n)w,(n—1)=[4+ P, (n) X" (n)C, X (n)]w, (n-1) .

Substituting (7) into (4), the update for w, (n) becomes

w, (n) =Y 2, [aw, (n-1) + P, () X" (n)C,d (n)]

8
=Y nalX Aa,w (n-2)+ X7, 2a,P, ()X (n-1)C,d(n-1) + P, () X" ()C,d (n)} ©

It can be seen from (8) that w, (n) combines A_,(n)[A™"], P (n)X"(i)C,d(i) over le N, for i=L-1,...,n, where [],

indicates the (Ik)th entry of a matrix, and the other terms vanish as n — . Then, the solution to the Diff-RLS finds



w, (n) = 35, P ()X ()4, ()l (n) ©)
where A, (n) is a diagonal matrix of order (n-L+2)K, i.e., 4, (n)=diag{[A],C,, 4 (N[A’],C,,... 4, ,(M[A"?],C}
and d (n) =coKd(n),...,d(L -1} ((n—L+2)Kx1) is the output vector.

Note the nonnegative combination matrix A, which satisfies 1" A=1" with 1 a vector of unity entries [1], is

irreducible and aperiodic such that A converges to a unique matrix as time progresses, i.e.

limE[A"]=B,where 1'B=1". (10)

n—w

Under the condition (10), which is in consistency with that for Diff-LMS algorithms [23], (9) becomes

w,(n) = X, [BL, P (X (M)A () (n). (11)
Eqg. (11) shows that the Diff-RLS solution is unbiased to a time-invariant system h(n) = h,, where the desired signal

can be written as & (n) = X(n)h, . In the rest of the paper, we carry out the MSD analysis based on (11).

C. Estimation Deviation Analysis
To start with, we assume that the system vector of length L is continuous and differentiable. It then admits a local first
order polynomial expansion at time t, [20], which reads
h(t,) = ht,) ++h® ), -t,) +r(t, -t,) (12)
where t_ belongs to a closed neighborhood of t , h®(t,) is the derivative of h(t) at t_,and r(t, -t ) isthe remainder
of o(t, —t,) . h(t) isdeterministic while both h®(t,) and r(t, —t,) are Lth-order random vectors and are assumed to be
wide-sense stationary processes inside the neighborhood. Here, the channel coefficients are modeled locally as a

first-order polynomial with additional stochastic variations. Substituting (12) into (1) with t, =nT,, we have

d, (M) = X, (Mh(m) +7, (M)

. ) (13)
= X, (m)(h(n) + h® (n)(m—n)) +7,(m) + &, (m)

where the time index indicates digital signals, e.g. h(n) is short for h(nT,) with T, the sampling period, and & (m) =
X, (m)r(m-n). The random vector h®(n) :W(n)+8n‘”(n) such that W(n) = E[h®(n)] and h®(n) are, respectively,
the mean and variance of h®(n). Then, the observed signal vector can be expressed as

d (n) = X (n)h(n) + D, (M X (mh® (n) +§ () +n(n) (14)

where D_(n)=diag{0l,,~1l,,...—(n—-L+1)1,} is a diagonal matrix with 1, the identity matrix of order K,
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& (n) =coK&(n),...,&(L-1)} and n(n) = coKy(n),...,n(L—-1)} are, respectively, the residue and background noise vectors
with &(n) =[&(n)....& (NI (Kx1) and y(n) = [1,(n),.... n (NT" (Kx1).
Substituting (14) into (11) leads to a Diff-RLS solution:

w, (n) = h(n)+ X", [BI, (P. (MR, (M® (n) + P, (M) X (n)4,(n)(€ (n) +n (n))) (15)
where R, (n) = X" (n)4,(n)D,(n)X(n) . Since the remainder r(m-n) is assumed to be zero-mean and independent of
the input [20], the expectation between X (n) and § (n) is zero. Consequently,

E[w, (M)]=h(n)+ >, [B], P.(NR, (Mh®(n). (16)
It can be seen that if W(n) =0, the optimal LS solution is identical to the system coefficients due to the property of the
combination matrix (10). Then, we analyze the deviation of w, (n) from h(n), i.e.
w, (1) = h(n) ={ELw, (n)]— h(n)}+{w, (n) — Ew, (W]} (17)
The term in the first brackets corresponds to bias while the latter corresponds to variance. From (17), the MSD finds
Juso_ = Elllw, (n) = h(n) |51 =l ELw, ()] - h(n) [l; +E[ll w, (n) - E[w, (M]]. (18)
Using (15), (16), R, (n)=—(1—-4)™R, according to Appendix A of [22], and the assumption in (5), we have
Efw, (]-h(n) =~ 3, [B], h® (n) = —h (n) (19)
w, (n) — E[w, (n)] =~ 6 (n) + 3, [B], P, () X" (1) 4,(n)(§ (n) +n (n)) (20)
For the variance term (20), we further have var(w, (n)—E[w, (n)]) = o} /(1- 2)* +Tr(3, > [B], [B], P.(WR, (N)P,(n)),
where o7, =E[|h®[n]|"], R, =3 (0% +03)c,¢,R,, With R, =lim>" 2 (mx (m)x/ (m)=:%R,,, and o) =

E[#’(n)] and o7 = E[}(n)] are the variances of system and model noises at the Ith node. Consequently,
‘]MSD_k (n) = ﬁG: (n) +%Tk (21)
where T, =Tr(3", > [BL[BI, R (X 0ic,6,R, )R with o7 =0, + o provides information on signal to noise ratio

(SNR) and is irrelative to FF, and &?(n)=|h®(n)|F +o2 is the system variance. To minimize (2), one takes the

derivative of J,, =+> J, ((n) and let it equal to zero to get

T _ ol (n) (22)
1+4)? (@-a)°

where T =£3° T, . To proceed further, we let x =22, Then, (22) reduces to x*(u+1) = 2T /o7(n) . For moderate and

large values of 1, say, 0.5< <1, u satisfies 4 >>1 and we can use the assumption x+1 ~ x4 for computational
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efficiency [20]. Under this assumption, u = (Zf/af(n))% and the optimal FF is determined as
Ao = (=D I(u+1), if 2, >0. (23)
Then, a VFF A(n) can be calculated from (23) at each time index n, i.e.
M) =[(2T 162 ()] 12T 1o (n)} +1], if A(n)>0. (24)
In (24), the estimation of T, is computationally consuming and should be simplified. We hence assume that the

weighted noise variance o?c, at neighboring nodes is close to each other [10] and equal to &7 , =+> o%c, . Then,

T, =21 [BLTr(X o [BL,R?), where R* can be estimated by means of P,(n), i.e. R*=P,(n)> A(n). This
process needs O(KL?) times of multiplications. Since oZ(n) and & (n) can be estimated by using a fixed FF [20] that

is computationally efficient compared to the calculation of T, , the multiplication required by (24) is O(K?L?), which is
in the same order of the Diff-RLS algorithm. The arithmetic complexity of the propose algorithm is listed in Table Il1.
It should be mentioned that although (24) is derived from modeling the differentiable system as a LP, the proposed VFF
scheme can also accelerate the tracking speed of Diff-RLS algorithms significantly for sudden change systems due to
the on-line estimation methods for noise variances. It has been shown in simulation results.
We now discuss a special case when both noise variances and input covariance matrices are the same for each node:
O',f,:qf, 0';20';, R, ,=R,forl=12.K (25)
In this case, T reduces to T, = p,o7Tr(R) and p, =Y > [BL,[B], (3,c,c;) - It can be seen that p, is a constant
smaller than 1, indicating that SNR at the kth node is increased by using the diffusion strategy. This also explains the

improved performance of distributed estimation.

Il. SIMULATION RESULTS
In this section, we evaluate the proposed ATC-VFF-RLS algorithm and its performance analysis. All results are
obtained by averaging 50 Monte-Carlo simulations if not specified.
A. Evaluation of VFF Formula for Random Walk Model
The proposed VFF formula in (23) is evaluated by the identification of a random walk system: h(n+1) = h(n) + é(n),
where d(n) is a zero-mean white Gaussian random vector with covariance matrix 4x107%140 and the initial value of the

channel is h,=[-11-1,...1] of length L = 10. The measurements are generated according to (1), where x,(n) is a
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first-order auto-regressive (AR) process x, (n+1)=0.9x (n)+g,(n) with g, (n) a zero-mean Gaussian process. The
network has a total of K =5 nodes. The variances of { x, (n) } at each node are set to 1, 1, 0.5, 0.5 and 2. Metropolis

weights [4] are used for both the selection matrix C and the combination matrix A. The variance of noises are selected
S0 as to achieve an averaged SNR of 0, 10 and 20 dB.

ATC-RLS algorithms with different but fixed FF values in the range [0.5, 0.999] are examined. The simulated MSD
curves are compared with theoretical predictions in Fig. 1. It can be seen that the simulated and theoretical results for
MSD are in good agreement. It also shows that MSD is slightly overestimated for large FFs since the approximations
for covariance matrices are used in (5), but it does not affect the selection of the optimal FF significantly. Both
simulated and theoretical results illustrate that the optimal FF decreases slightly with the SNR. It indicates how the FF

balances between the tracking speed and estimation accuracy in noisy environments. Next, we examine the

performance of the VFF formula with noise variance mismatches, where the true variance ratio b = ¢2/T is replaced

by the estimated values b = 62/T . The predicted MSDs at the variance ratios b=10b,0.1b are marked by ‘A’ in Fig.

1. The results show that the FF formula is not particularly sensitive to variance mismatches. If noise variance

information is not exactly known in practical applications, (24) can provide a good reference for FF selection.

B. Evaluation of the ATC-VFF-RLS Algorithm

In this experiment, a larger network with K = 20 nodes is considered. Metropolis weights are also used for the
selection and the combination matrices. The system to be identified also follows a random walk model with the initial

value h,, and it has a sudden jump to h =[11,...,1] of the same length at the 800th sample. The covariance matrix for

this random walk process is also 4x10°110. The averaged SNR is set to 0, 10 and 20 dB. AR sequences are also used as

inputs to excite the system, i.e. x (n+1) = 0.5x, (n)+g,(n) and the input variances at each node rang from 0.5 to 2. The

algorithms under test include ATC-LMS in [6], ATC-VSS-LMS in [13], which outperforms other VSS Diff-LMS
algorithms, ATC-RLS in [5], and ATC-LCT-RLS in [21].

The step-size for ATC-LMS is set to 0.02 while the FF for ATC-RLS is set to 0.98. Since it is difficult to choose
parameters so as to let the two algorithms converge to a similar steady-state MSD in TV environment, we just follow a
selection rule for time-invariant systems. The user parameters for ATC-LCT-RLS are selected as suggested in [21]

except that the upper and lower bounds of the FF are tuned so as to provide the best performance at SNR = 0 dB. For the



proposed ATC-VFF-RLS, we use the estimated input and noise variances as suggested in [20] for the calculation of the
FF (24). The simulation results are shown in Fig. 2. It can be seen that ATC-RLS has a much faster convergence than
ATC-LMS algorithm. However, the tracking capability of ATC-RLS is even worse than its LMS counterpart. The
ATC-VSS-LMS algorithm has significantly improved convergence and tracking performance over its fixed step-size
version, especially at higher SNRs. The performance of the ATC-LCT-RLS algorithm is comparable with
ATC-VFF-RLS at SNR =0 dB, but is slightly affected by the change of noise variances. The proposed ATC-VFF-RLS
algorithm in each case converges faster to a much lower steady-state MSD than the ATC-LCT-RLS at the cost of a
higher complexity for the calculation of FFs, a comparison of which is presented in Table IlI. To further examine the
VFF strategies of the two VFF diffusion RLS algorithms, the FF curves for ATC-LCT-RLS and ATC-VFF-RLS are
shown in Fig. 3. It can be seen that, in time-varying systems, the proposed VFF formula (24) can converge quickly to an

appropriate value so that faster convergence rate and smaller estimation deviation can be achieved.

IV. CONCLUSION

A new VFF diffusion RLS algorithm has been presented that is derived from the MSD performance analysis of the
Diff-RLS algorithm for channels whose coefficients are modeled by LP. Simulations show that the theoretical and
experimental results are in good agreement with each other. Comparison with other diffusion algorithms illustrates the

improved convergence and tracking performance of the proposed algorithm.
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TABLES

TABLE |

TABLE Il

TABLE Il

TABLE IV

SUMMARY OF IMPORTANT SYMBOLS

DIFFUSION ATC-RLS STRATEGY

ARITHMETIC COMPLEXITIES OF TWO DIFF-VFF-RLS ALGORITHMS

ACCURACY ANALYSIS OF THE THEORETICAL PREDICTIONS FOR THE ATC-RLS ALGORITHM IN FIG. 1
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TABLE | SUMMARY OF IMPORTANT SYMBOLS (IN ORDER OF APPEARANCE IN THE PAPER)

Eq. (1): K Number of nodes
{d(n), x(n), 7, (")}  Desired, input, and noise signals received at the kth node
h(n) Unknown system vector of length L
L Length of h(n) and adaptive filters
X, (n) =[x (n),.... x,(n—L+1)]", input vector for the kth node of length L
Eq. (2): A or A(n) Forgetting factor or variable forgetting factor
2..(n) =24,.,(n-1) , weight (at time index n) of square errors (at time index i)
Ea. Q) w,(n) Local estimate of the unknown system of length L
C ={ci} (KxK), selection matrix which is right stochastic
Ea. (4):  w,(n) Cluster averaged estimate of the unknown system of length L
A ={ai} (KxK), combination matrix which is left stochastic
Ea.®): R, () =3 A (MELx, ()] ()] , weighted input covariance matrix at node k
R, = E[x, (i)x{ ()], input covariance matrix at node k
R, =>".c,R, ,, cluster averaged input covariance matrix at node k
P.(n) = ()CT (n)A, ()X (n))’1 , the inverse of cluster averaged input covariance matrix at k
col{Us,...,Un} A column of N elements with the nth element equal to Un
X(n) =[x,(n)..x, (M]" (KxL), input vector of all nodes at time index n
X(n) =col{X(n),..., X(L-1} ((n-L+2)KxL), input signal matrix
C, =diag{c,,C,,,...C.} , @ diagonal matrix of order K
A, (n) =diag{C,, 4 (n)C,,... 4, .,(nNC,}, a diagonal matrix of order (n-L+2)K
Eq. (7): d(n) =[d,(n),...d, (n)]" (Kx1), desired signal vector at time index n
Eqg. (9): d (n) =col{d(n),....,d(L-1)} ((n-L+2)K)x1, desired signal vector
A () =diag{[A], C,, 4 (MN[A’].C,,.... 4, _.(M[A?],C,}, a diagonal matrix of order
(n-L+2)K
Eg. (12) :W(n) +6h®(n) , first order derivative of the unknown system with

or(13):  h®(t,) or h®(n) —
h®(n) = E[h®(n)] and sh®(n), respectively, the mean and variance of h®(n)

Ed. (14):  D,.(n) =diag{0l, ~1I,,..~(n-L+1)1 }, a diagonal matrix of order (n—L+2)K
£ =colé(n),...,E(L-1D} ((n-L+2)K)x1, modeling residue vector with
gn) =&, (n),.... & (I
() =col{y(n),...n(L-1} ((n-L+2)K)x1, background noise vector with

n(n) =[n,(n),...n (T
Eq. (15): R ,(n) =X"(n)4,(nD, (MX(n) (LxL)

SRC =ML ()X ()X (M) =R,
R =3 (o5 + o), R,
oh =E[||sh®[n]|I’], variance of h®(n)
o, =E[»?(n)], variance of the background noise
o} = E[&7(n)], variance of the modeling residue
Eg. (21):  &%(n) =|h®(n) | +o2 , variance of the unknown system
oy =0, +0;
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TABLE Il DIFFUSION ATC-RLS STRATEGY

Initialization for node k:
P (0)=al_, with 5 asmall positive constant;
w,(0) =0 is a null vector.
Update:
Given y, (n)=w,(n-1), P(n)=A(n)*P (n-1)
Adaptation at time n for 1 e 2V, :

Cy Pk (n) X, (n) :
Trox (P (mx(m Q=X Wy () (32)

Pk (n) <« Pk (n) _ C\k Pk (n) X| (n) X|T (n) Pk (n)

v, (N) <, (n)+

L+0,% (VP (M), (") (3b)
End of |
Combination:
Wi (n) = ZIE_’N’k aw, (n) (4)
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TABLE Il ARITHMETIC COMPLEXITIES OF TWO DIFF-VFF-RLS ALGORITHMS

ATC-VFF-RLS ATC-LCT-RLS
w, (n) O(K2L?) O(K2L?)
T O(K2L2)
) | o 0(K?®) 6K
o, 3

K: number of nodes; L: filter length.
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TABLE IV ACCURACY ANALYSIS OF THE THEORETICAL PREDICTIONS FOR THE ATC-RLS ALGORITHM IN FIG. 1

SNR Point 1 Point 2 Point 3 Point 4 Point 5
0dB 2.4 2.3 5.2 7.5 >10
10dB 2.3 2.2 19 6.6 8.9
20dB 1.7 1.9 2.2 3.0 5.8
Point 1 to Point 5 correspond to the simulated results in Fig. 1 (from left to right)
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Figure Caption

Fig. 1. Simulated and theoretical results of the steady-state MSDs for the ATC-RLS algorithm using different FFs with
the colored input at SNR = (a) 0dB (b) 10dB (c) 20dB. K =5, L = 10.

Fig. 2. The MSD curves of different ATC algorithms with the colored input at SNR = (a) 0dB (b) 10dB and (c) 20dB.
K=20,L=10.

Fig. 3. The FF curves of ATC-LCT-RLS and ATC-VFF-RLS algorithms with the colored input at SNR = (a) 0dB (b)

10dB and (c) 20dB. K = 20, L = 10.
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Fig. 1. Simulated and theoretical results of the steady-state MSDs for the ATC-RLS algorithm using different FFs with the colored input at SNR
= (a) 0dB (b) 10dB (c) 20dB. K =5, L = 10.
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Fig. 3. The FF curves of ATC-LCT-RLS and ATC-VFF-RLS algorithms with the colored input at SNR = (a) 0dB (b) 10dB and (c) 20dB. K = 20,
L =10.

19



	I. INTRODUCTION
	II. The Diff-VFF-RLS Algorithm
	A. Review of the ATC-RLS Algorithm
	B. Solution to the ATC-RLS Algorithm
	C. Estimation Deviation Analysis

	III. Simulation Results
	A. Evaluation of VFF Formula for Random Walk Model
	B. Evaluation of the ATC-VFF-RLS Algorithm

	IV. Conclusion
	Acknowledgment
	References



