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Abstract Pressure measurement within each boundary pipe of a tree network has been the prerequisite to
the formulation of its factorized transient wave propagation model, which is essential for developing a robust
and efficient leak localization algorithm. However, the accessibility of all boundary pipes cannot be always
guaranteed in underground pipe networks. The inaccessibility of any one boundary pipe for pressure sensor
placement would result in the complete invalidity of this elegant algorithm. To address this problem, this paper
reformulates and modifies the factorized wave propagation model, which allows the leak localization algorithm
to be implemented without the strict accessibility requirement of all boundary pipes. This is realized by
linearizing and factorizing the point transfer matrices of boundary pipes based on the small leak approximation.
Numerical experiments demonstrate that the modified algorithm can accurately localize a single leak and give
a good estimation of multiple co-existing leaks in a tree network. Moreover, the modified algorithm is verified
by recent laboratory experiments conducted in a tree network of viscoelastic pipes, where a leak is successfully
localized.

1. Introduction

In the United States (US), the total length of water mains is around 2 million kilometers (i.e., 50 times the equa-
torial circumference), most of which have been buried underground over half a century (Che et al., 2021). Due
to aging without timely and effective renewal, a large portion of these pipes have reached or are reaching the end
of their service lives. The quality of service to water users has been significantly going down in recent decades
because of the occurring leaks in urban water supply systems (Alawadhi et al., 2018). It was estimated that the
annual loss of drinking water worldwide is 126 billion m? (i.e., about 70 L per person per day), at a direct cost of
US$39 billion, mostly from hidden leaks (Liemberger & Wyatt, 2019). Moreover, external contaminants can be
easily drawn into the pipe system via leaks under low internal pressure conditions, which poses a serious threat
to public health (Alawadhi & Tartakovsky, 2020; Fernandes & Karney, 2004; Huang et al., 2020; Qi et al., 2018).
The existing commercialized leak localization techniques have made a valuable contribution toward the conser-
vation of water resources (Hamilton & Charalambous, 2013), but the severe situation of water and energy loss
also indirectly indicates the inefficiency and insufficiency of most existing techniques. Therefore, it is urgent and
crucial to develop a more efficient and comprehensive leak localization method for such a large-scale pipe system.

A leak localization method should, ideally, be accurate, efficient, cost-effective, and not disturb the normal supply
to water users. The emerging transient wave-based leak localization method potentially fulfills these requirements
of water operators (Che et al., 2021; Colombo et al., 2009; Duan et al., 2020). The basic idea of this method is
to actively send a transient pressure wave (hereinafter called transient wave or pressure wave) into the target pipe
system by a fast flow change (e.g., via valve closure). The sent pressure wave travels in the water of the pipe,
with a high propagating speed (e.g., around 1,000 m/s in elastic pipes and 300 m/s in viscoelastic pipes), interacts
and reflects when it meets any pipe defect (e.g., leak, partial blockage, or wall corrosion). The reflections are the
response of the pipe system to the sent wave, which carry physical information of leak parameters (i.e., location
and size). Therefore, based on the measured pressure response, the leak in water pipes can be localized using
wave physics and signal processing techniques (Meniconi et al., 2015). The feasibility of the transient wave-based
method has been confirmed, with quite promising results, in real branched transmission mains which are usually
used to convey water from treatment plants to service reservoirs (Meniconi, Capponi, et al., 2021). The real water
distribution networks, which supply water from the service reservoirs to consumers, are still challenging systems
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for the transient wave-based method because of the existence of a great deal of complexities and uncertainties
(Meniconi et al., 2015).

From a perspective of inverse problem, the transient wave-based method consists of two main categories: (i)
local feature-based method, and (ii) full-waveform inversion (FWI) method (Che et al., 2021; Wang et al., 2021).
The local feature-based method only utilizes partial leak-induced information (e.g., reflection, damping, or reso-
nant peaks) for localization, which includes three sub-categories: (i-a) reflection-based method (Brunone, 1999;
Ferrante & Brunone, 2003; Ferrante et al., 2007; Lee et al., 2007; Meniconi, Capponi, et al., 2021; Zeng
et al., 2020), (i-b) damping-based method (Capponi et al., 2020; Nixon et al., 2006; Wang et al., 2002), and (i-c)
frequency response function (FRF) peak pattern-based method (Duan, 2017; Gong et al., 2013; Lee et al., 2006).
Whereas the FWI method uses the entire measured pressure response for leak localization, which are further
classified into two sub-categories: (ii-a) time domain FWI method (Covas & Ramos, 2010; Kapelan et al., 2003;
Kim et al., 2014; Liggett & Chen, 1994), and (ii-b) frequency domain FWI method (Che et al., 2022; Keramat
et al., 2021; Wang & Ghidaoui, 2018a, 2018b; Wang et al., 2021). In addition to above model-based methods,
several recent studies (Bohorquez et al., 2020, 2022) have also preliminarily demonstrated the potential of the
machine learning-based method for leak localization using pressure waves, which is purely data-driven but needs
large amounts of practical data for training.

Although most of the above transient wave-based methods are mainly developed for leak localization in single
pipes, they have also been extended to tree pipe networks (hereinafter called tree networks) (Meniconi, Cifrodelli,
et al., 2021). Specifically, the reflection-based method estimates the distance between the potential leak and the
sensor based on the known wave speed and arriving time of the first leak-induced reflection (Beck et al., 2005;
Ferrante et al., 2009; Nguyen et al., 2018). However, the exact leak location cannot be uniquely determined due to
the multiple possible wave propagation paths in a tree network corresponding to the same arriving time. Moreo-
ver, the reflection-based method only uses information of the first reflection, which is a short-time (local) feature,
instead of a long-time (global) feature; thus, it can be easily contaminated by background noise. The FRF peak
pattern-based method utilizes the leak-induced pattern on FRF resonant peaks to localize a leak (Duan, 2017; Pan
et al., 2022). Since only the information at resonant frequencies, instead of all frequencies, is used, this method is
also not robust to noise. In addition, the theoretical derivation of the leak-induced pattern is a long and laborious
process, whose complexity increases significantly with the network complexity. The time domain FWI method
estimates unknown leak parameters by matching the measured signal with numerically simulated signals (Liggett
& Chen, 1994). This method is relatively robust to noise compared with the previous two methods, because it uses
the full measured information. However, it needs to solve a nonlinear high-dimensional optimization problem,
which converges slowly and is easily trapped into local optimums. The heavy burden on numerical computations
of the time domain FWI method was partially reduced by Capponi et al. (2017) and Kim (2016), where the
simulated signals are computed analytically by the frequency domain model. Nonetheless it is still a nonlinear
high-dimensional optimization problem and the influence of noise is neglected.

The urban water supply systems are complicated and full of natural and artificial noise (e.g., turbulence and
traffic) (Alawadhi & Tartakovsky, 2020; Lin et al., 2021; Wang, 2021; Wagqar et al., 2021). To address the
above-mentioned noise problem of the reflection-based, FRF peak pattern-based, and time domain FWI meth-
ods, Wang et al. (2021) proposed a leak localization method for tree networks using the matched-field processing
(MFP) technique, which is essentially one of the (ii-b) frequency domain FWI methods. MFP is a parameter
estimation technique that is based on the principle of maximum signal-to-noise ratio (SNR); thus, it is robust in
noisy and uncertain environments. A factorized transient wave model (hereinafter called factorized wave model),
where the leak parameters are decoupled, allows the MFP method to estimate the leak location and size separately
and sequentially. Therefore, this method is efficient, accurate, and provides a unique leak location. The formula-
tion of the factorized wave model and implementation of the MFP method need to place one pressure sensor in
each boundary pipe of a buried tree network. This makes the existing MFP method be a zero-tolerance approach
against inaccessibility of any boundary pipe. However, the accessibility of all boundary pipes is often unrealistic
for underground networks, which limits the application of the MFP method in real urban water supply systems.

To address this problem, this paper reformulates the MFP method for leak localization based on a modified
factorized wave model, where the tolerance for inaccessibility of boundary pipes is largely improved. Specifi-
cally, Section 2 presents the modified factorized wave model in a general tree network, based on which the MFP
method is reformulated in Section 3. The validity of the modified factorized wave model is first confirmed by
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Level 0 Level 1 Level 2 Level 3 Level ... numerical experiments in Section 4. Finally, a leak is successfully localized

by the reformulated MFP method using laboratory data contaminated by

M) [15]% ) noise in Section 5. Main conclusions are drawn in Section 6.
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K \ 2. Modified Factorized Transient Wave Model for Tree
Networks
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Figure 1. Graph of a general tree network.
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Figure 2. Graph of a simple tree network with three pipes.
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T : wave source (valve)
\5 QO : internal node

M [ : external node

This section introduces both the original and modified factorized wave
models for tree networks with a leak. To facilitate the understanding, the
properties and wave models of a general tree network are first given, which
are subsequently illustrated by specific examples of a simple tree network.

1

2.1. Nomenclature of Tree Networks

This sub-section introduces the basic concepts and properties of tree networks,
which will be used in the rest of this paper. Note that pipe networks with
loops are out of the main scope of this paper. Fortunately, well-designed pipe
systems are usually equipped with sufficient isolating valves, where a looped
network can be ideally isolated into a tree network (Wang et al., 2021).

Figure 1 shows the graph of a general tree network. To clearly describe the network components and properties, a
tree network is represented by a connected graph 7(V, E) (Che et al., 2022; Zecchin et al., 2014), which includes
the node set (i.e., all vertexes) V= {(v,), (v,), ..., (vy)} and the pipe set (i.e., all edges) E = {[e,], [e,], ..., [ep]},
where v, = ID number of the nth node in V and ¢, = ID number of the pth pipe in E. Node set V can be further
classified according to the direct connectivity of a node with boundaries (e.g., reservoirs, valves, and dead ends)

- that is internal node set V,,, where different pipe ends meet, and external node set V,, where a pipe connects

to a boundary, such that V.=V, UV, , where U = union operator (Karney & Mclnnis, 1992). An external node
links only one pipe, whereas an internal node connects at least two pipes. A wave source (e.g., a valve) is usually
placed at an access point of one external node to generate pressure waves. Different types of wave generator and
their features were previously reviewed and summarized by Brunone et al. (2022) and Che et al. (2021). The
node with the wave source is termed V. The total number of nodes is expressed as N = |[V| = Nj, + Nex € N7,
where N,, = |V, | = the number of internal nodes and N,, = IV, | = the number of external nodes. All nodes are
classified into different levels, where the wave source is located at Level 0. Each pipe links two nodes in neighbor
levels, where the upstream and downstream ends of Pipe [p] connects with higher and lower levels, whose local
coordinates are xJ and xp, respectively. Each internal node at Level / links with: (i) the node at lower Level / — 1
by its unique mother pipe, and (ii) nodes at higher Level I + 1 by its I child pipes, where I, = the total number
of its child pipes. Likewise, pipe set E is also classified into two subsets: internal pipe set E, , where each pipe is
bounded by two internal nodes, and external pipe set E, , where one end of each pipe is connect with an exter-
nal node, such that E=E, UE,. P = |E| € N*is the total number of pipes. A path is defined as the pipe set
Ruyop = {le1],[e2], ..., [ex]} between two nodes v, and v, where v, = the starting node, v, = the end node,
vowpr ad K = | Ry o,
network, there is a unique path between any two different nodes.

e, = ID number of the kth pipe in R | is the total number of pipes along this path. In a tree

Example 1. A simple tree network in Figure 2 is used to illustrate the above nomenclature. This tree network 7(V,
E) consists of the node set V = {(1), (2), (3), (4)} and the pipe set E = {[1], [2], [3]}. The total number of nodes is
N=WVI=N, +N, =4,inwhich N, =1V, | = 1, namely Node (2), and N, = |V, | = 3, namely Nodes (1), (3) and
(4). The valve at Node (3) is the wave source, thatis, V= {(3)}. Nodes (1) and (4) are connected to a constant-head
reservoir and a dead end, respectively. All nodes in Figure 2 are classified into

three levels, that is, Level 0, Level 1, and Level 2. The local coordinates of

Level 1 Level 0 upstream and downstream ends of Pipe [2], which connect with Node (2) at
Level 1 and Node (3) at Level 0, are xg and xf , respectively. Internal Node

(2) has its unique mother pipe (i.e., Pipe [2]) and two child pipes (i.e., Pipe [1]

X
|

A} ) M2 _ Sensor
R Xt 2] xP e
—

Wave source and Pipe [3]). The total number of pipes is P = |El = 3, which are all external

O]

@ (3)  (valve) K . L. .
pipes since one end of each pipe is connected to an external node. There is a

unique path, that is, R, ; = {[1], [2]}, between Node (1) and Node (3).
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2.2. Wave Propagation Model for Single Pipes

This sub-section introduces the wave propagation model for single pipes, which is the basis for the wave propa-
gation models of tree networks in the next two sub-sections, that is, Sections 2.3 and 2.4.

In Pipe [p] of a tree network, the transient state hydraulic properties (i.e., discharge ¢ and pressure head /) of
its upstream and downstream ends at a specific frequency can be connected by a 2 X 2 filed transfer matrix F as
(Chaudhry, 2014; Wang & Ghidaoui, 2018b)

S )
=F(x; = x7) (1)
h(x7) h(x})

where g = discharge perturbation from the mean in the frequency domain; ~ = pressure head perturbation from
the mean in the frequency domain; and F(x - X, ) = field transfer matrix (hereinafter called field matrix)
depicting the wave propagation from xV to x?. Note that Equation 1 represents the mass and momentum equations
in the frequency domain.

When there is no physical discontinuity (i.e., leak in this paper) in Pipe [p], its field matrix F(xg - xf) in Equa-
tion 1 can be written as (Chaudhry, 2014)

Fi(L,) Fi(L h(uL —Lsinh(uL
FYL(x > xP) = n(Ly)  FiLp)| | cosh(uL,) Zsinh(uLy) @
Eu(Ly)  Fa(Ly) —Zsinh(u L) cosh(uL,)

where the superscript “NL” means no leak; F; = an element in row i and column j of F ML in which i, j = 1 or 2;
= length of Pipe [p]; Z = ua*iwgA is the Characterlstlc impedance; y = \/—w? + igAwR/a; and R = f,,,0,/

gDA2 is the resistance term for turbulent pipe flows; in which i = 1/—1, a = wave speed, @ = angular frequency,
= gravitational acceleration, A = pipe cross-sectional area, f},;,, = Darcy—Weisbach friction factor, Q,, = steady
state discharge, and D = pipe diameter.

When there is a leak in Pipe [p*], Wang and Ghidaoui (2018b) proved that its field matrix F(xY — x?)in Equa-
tion 1 can be expressed as

FVE(x] = xp) =FV(x = xP) + spF¥5(x) = x5 = x}) 3)

where superscript “WL” means with leak; st = leak size; x! = leak location; p* = ID number of the leaky pipe;
and F5L = scattering matrix due to leak can be expressed as
Fit(xp)  Fa(xp)
Eit () FH(xp)
Zcosh[y(xD - xk) ] sinh[y xp = xY )] —cosh[,u(xD - x,’;)] cosh[,u(xL - x,Lf)]
U
p

= [ £ p P P
2 —Z?sinh [p(x? — xk)] sinh[p(x} -

; )] Zsinh[u(xp = xp)] cosh[u(x; — 7 )]

FSL(xf,/ - xk - xP

“®

in which F?* =an element in row i and column j of F¥(i, j = 1 or 2), and H" = steady state pressure head at the leak.
As aresult, the field matrix F of the pipe with a leak is decomposed into a field matrix F¥ independent of leak
parameters and the leak size s} times a scattering matrix FS* dependent on the leak location x}.

2.3. Original Factorized Transient Wave Model for Tree Networks

This sub-section introduces the original factorized wave model for tree networks with a leak proposed by Wang
et al. (2021) and its problem in the application, which will be modified and fixed in the next sub-section, that is,
Section 2.4.

In a general tree network, as introduced in Section 2.1, there is a unique path between any external node except
the wave source V, \V, and the wave source V, where the “\” represents the relative complement. Thus, once the
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Non-measured external pipe

Mother pipe

/U

g and h at each external node in V,\V_ are known (e.g., assumed, measured,
or computed), the g and h at the wave source V, can be represented based on
the superposition principle of V,\V_ by the transfer matrix method (Wang
et al., 2021).

Figure 3. An internal node with its mother pipe and child pipes.

Figure 3 shows a general internal Node (1) of a tree network, the coordinate

O - intemal node of the pipe end in its mother pipe, infinitely close to Node (v/), is x/U. Simi-
o ‘ rernal nod larly, the coordinate of the pipe end in its ith child pipe, infinitely approach-

. external node
ing Node (v’), is expressed as X;JD (i=1,2,...,1.). Therefore, the mass and

momentum equations across the internal Node (v/) are written as

q(x"") a(x{”
= P22
h(X'IU ) h(xJD

1

I JD
) + Z (—l)aiPII q(xi ) (5)
) A hx?)

where P, = a 2 X 2 point transfer matrix (hereinafter called point matrix) depicting the wave propagation across

1 0
an internal node, specifically Py; = and Py, = ; a; = 0 if the discharge in the ith child pipe is in
0 0 0 1

the opposite direction with the mother pipe toward Node (v/), otherwise @, = 1; and > = summation operator.
Equation 5 shows that, at an internal node, the discharge of its mother pipe is the summation of all child pipes,
whereas the pressure head of the mother pipe only takes the value of the first child pipe.

The wave propagation is computed from N, — 1 external nodes V, \V, toward the wave source V. The unique path
between the nth external node and the wave source covers [, pipes and /, — 1 internal nodes. Thus, the g and £ at
the wave source can be represented as

Nex—1 1
L F(x, - ) [H POIE(xY - x2) | [0 ©

h(xM) =1 =1 h(x,,u1 )

where x = pressure sensor coordinate at the wave source; x,‘,’j,x,l,z, = coordinates of upstream and downstream
ends of the n-th pipe between the nth external node and the wave source; P(W) =Py + (=)™ Py if n; is the first

child pipe of an internal node at Level /, otherwise p() = (=1)*i Py;; and [ = product operator.

Equation 6 is a linear superposition-based wave propagation model, which has the desirable attributes of easy
factorization, numerical efficiency, and programming simplicity.

When there is no leak in the tree network, Equation 6 becomes

NL(,M Ny-1 1 U
g (x ) = Z FNL<xf,/, - xM> [ H P(nj)FNL(xf,jj N xrlx)j) q('x"]) %)
Al = B Hxt)

When there is a leak in Pipe [p’], its transfer matrix is in the form of Equation 3. Substituting Equation 3 into
Equation 6 results in

= wst|? ®)
h(xM) hN’-<xM) G(xM,xL)

where ¢* and G = functions of the leak location x%, which are independent of the leak size sZ. Their detailed
forms depend on the leak location and topological structure of the pipe network.

The second row of Equation 8 gives the measured pressure head at x* as

h(xM) = ANE(xM) + 5, G(xM, xp) )
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Equation 9 is called a factorized wave model, because the unknown leak parameters (i.e., s,f and xpL), to be esti-
mated by the measured pressure head h(x), are separated.

Note that the factorized wave model in Equation 9 is formulated from the linear superposition-based model in
Equation 6, where the hydraulic properties (i.e., g and h) at all external nodes in V, \V, should be known as priors.
To estimate these hydraulic properties, one pressure sensor must be placed within each external pipe of the buried
tree network. However, the accessibility of all external pipes can be hardly achieved in underground pipe systems.
The inaccessibility of any one external pipe would result in the complete invalidity of the MFP method for leak
localization proposed by Wang et al. (2021).

Example 2. As shown in Figure 2, to formulate the factorized wave model, two additional Sensors M1 and M3
(except Sensor M2 next to the wave source) are placed near Node (1) and at Node (4), respectively. The pressure
head of Node (1), that is a reservoir, and discharge of Node (4), that is a dead end, are assumed to be h(x‘lj) =0
and g(xY) = 0, respectively. The unknown discharge g(x" ) at Node (1) and pressure head /(xY ) at Node (4) can
be computed from measured pressure heads 2(x ) and A(x2') as (Kashima et al., 2013):

M

1

(10)

h(xY) = h(x}") (11
where x)! = local spatial coordinate of the pressure sensor in Pipe [p].

There are two unique paths R, ; = {[1], [2]} and R, ; = {[3], [2]} between N,, — 1 = 2 external nodes except the
wave source, that is, V,\V, = {(1), (4)}, and the wave source, that is, V, = {(3)}. The mass conservation at the
internal Node (2) is ¢ (xé’) =q (xf)) +q (xf); thus, a;, = 0 and a, = 0. Therefore, once the g and & at V,\V_ are
known, the g and h at the wave source V, can be represented by V, \V, as

M
lI(xz ) _ F(x;; R xé”) (P22 + (_1)0P“)F(x? - xf)) q + (—1)0P11F(X§] - xD)
g 3

2

h(x)") h(x7) h(x)

“
Term I Term II

In Equation 12, Term I represents the wave propagation from Node (1) to Node (3) without the effect of Pipe [3];
and Term II represents the wave scattering due to Pipe [3], which is caused by flow discontinuity in Path R, ; at
Node (2).

When there is no leak in the tree network, Equation 12 becomes
— FNL(, U M\ RNL(,U D
=FV(x] - x) ) FV(x) = xP)

() () ")

When there is a leak in Pipe [1], the field matrices of Pipes [1], [2], and [3] are
) = FNE(x

) =FVE(x

F(xj = x7) = FV(x

= x7) + s F () = xp = 1))

v
— x?) (14)

—
L
=
NS Qg
{
=
N —o
NS —Q

waQ

= x7)
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Substituting Equation 14 to Equation 12 gives

M NL(3 M u
') -7 () +sIFVE (XY - ) FSH(xY = x| — xP) alxt) (15)

()] [ANH(x) h(x)

Equation 15 follows the form of Equation 8, whose second row gives the factorized wave model as
h(xé") = hNL(xé”) +s{‘G(x§",x{‘) (16)

Note that the concrete form of G(x;"’ , le) is derived by substituting field matrix elements to Equation 15, whose
detailed derivation steps are given in Appendix A. Likewise, the same form of factorized wave model in Equa-
tion 16 can be obtained when the leak is in Pipe [2] and Pipe [3].

Example 2 indicates that the factorized wave model in Equation 16 is formulated from the linear superposition-based
model in Equation 12, where g and h at V, \V_= {(1), (4)} should be known as priors. To estimate these hydraulic
properties via Equations 10 and 11, as shown in Figure 2, Sensors M1 and M3 must be placed in external Pipes
[1] and [3], respectively. However, the inaccessibility of Pipe [1] or Pipe [3] in an underground network would
result in the complete invalidity of the factorized wave model and the MFP method for leak localization proposed
by Wang et al. (2021).

2.4. Modified Factorized Transient Wave Model for Tree Networks

This sub-section formulates a modified factorized wave model for tree networks, based on which the MFP method
can be implemented for leak localization without the strict accessibility requirements of all external pipes.

As shown in Figure 3, in the original model (Wang et al., 2021), the discharge of the mother pipe is the discharge
summation of all its child pipes (i.e., Equation 5). This requires to place one pressure sensor in each external
pipe to determine hydraulic properties ¢ and /4 at each external node in V, \V_. To reduce the dependency upon
external nodes, the wave propagation in the external pipe, which is the first child pipe of the internal Node (),
can be lumped into a point matrix P,. This allows the computation of wave propagation across the internal Node
(v)) from x’P to x’V without pressure measurement in this external pipe, which is termed a non-measured external
pipe, where x’? = common spatial coordinate of I, — 1 child pipes except the first child pipe.

For example, in Figure 1, Pipes [2], [6], and [9]/[11] are non-measured external pipes, but Pipe [8] is not since
it is the only child pipe of the internal Node (5). The number of non-measured external pipes equals the number
of the internal nodes whose first child pipe is an external pipe, which is represented by N;~. Therefore, the theo-
retical number of pressure sensors required for implementation of the MFP method in a general tree network can
be reduced by N*.

The mass and momentum equations across the internal Node (v/) connected to a non-measured external pipe
become

JD
= Pb(x“’ - xJU) Pzz q(xz
h(x"") h(x;"

I ]D
) + ) (=1D)“Py ) a7
)| = (=)

where P,(x'P — x’V) = point matrix of the non-measured external pipe depicting the wave propagation across the
internal Node (v’) (i.e., wave propagation from I, — 1 child pipes to the mother pipe).
Thus, the g and & at the wave source can be represented by N, — 1 — N/* external nodes as

Noy=NEX-1 '
(I(xM) _ Z F<x£l//,, N xM) [H P,("/)F(x,l,jj N x’?j) q(xrl;/|) (8)

h(xM) =1 j=l,=1 h(x,‘,/l )

where P'(") = P, [P22 + (=)™ P, 1] ifn ; is the second child pipe of the internal node connected to a non-measured
external pipe, otherwise P'(n) = P, [(_ D)™ Py, ] for other child pipes; P’ () = Py + (=)™ Py if n; is the first child
pipe of the internal node without direct connection to non-measured external pipes, otherwise P’ () = (=1)™ Py,

CHEET AL.
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The concrete form of the point matrix for a non-measured external pipe depends on the specific type of boundary
it connects with. If the upstream end of an intact non-measured external pipe is a dead end, its point matrix P, is
in the following form (detailed derivation procedures are given in Appendix B)
1 (_1)‘11 FlZ(LP)
P[])VL(x.ID = xJU) — Fn(Ly) (19)
0 1
When there is a leak in the non-measured external pipe, its point matrix P, becomes
L e Fiap(Ly) +sEFSE(xE)
PYL(xP o xIV) = Fn(Ly) +spEyt(xf) (20)
0 1
The matrix component on the first row and second column of PZVL in Equation 20 is
(PWL) — ( 1)0(1 Fl2(Lp) + SleFlzL(xll;)
v (L) + sy Pt (xp)
_ Fio(Ly) + sEFSH(xE)
F (L ) -1 + SL F252‘L(xl€)
2 —_—
? b F; 22( Lp)
’ Fi(Ly) + s F3(x7) Fit(xr)
= (=" l-sp——
2 F22(LP)
L\2 F2§L(xll; )
Fo(L)31 = (s£)" | =——
Fn(Ly) (21
s s
~ (=1)" Fio(Ly) + sy Ft(xp) L Fyt(xp)
Fxn(Ly) " Fn(Ly)
FSH(xk) Fi((Ly)
22 P P 2
FiLy) = s;——p-~— +sp F'{xp) — o [(SpL) ]
= (-D" =
Fx(Ly)
~ (1) F(Ly) | 1yt FSH(xk) Fao(Ly) — F3H(xk) Fia(Ly)
Fa(Ly) ' [F22(L,,)]2
In Equation 21, an inherent assumption for two symbols of approximate equal is that (s,f)2 < 1. This assumption
is called the small leak approximation in this paper. It implies that the size of the unknown leak is small, which
is reasonable in practical leak localization since most hidden leaks are small leaks. Note that the validity of this
approximation will be justified numerically in Section 4.1.
Therefore, Equation 20 can be written as
PVL(xID — xIU) = PNL(xID o xIV) 4 sEPSL(x!D — xL — xIU)
a Fia(L,) a) FlszL("/e)FZZ(Lp)‘FzszL(xfl;)Fll(Lp)
T =2 I [N :
= 2(Ly) | 4 sk [F2(L)] (22)
0 1 0 0
- ~ / - ~ 7/
Leak-free matrix Scattering matrix
Equation 22 indicates that the point matrix of a non-measured external pipe can be factorized into a leak-free
matrix and the leak size times a leak scattering matrix dependent on the leak location. Note that Equation 22 has
the same form as Equation 3.
CHE ET AL. 8 of 25
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If there is no leak in the network, Equation 18 becomes
NL(xM Nex—N¥-1 1 xU
a"(x") = Z FNL(xf,J, —>xM> H P’("J')FNL(x,l,/j —>x,?/) alxi) (23)
RVE(xM) n=1 J=l,=1 h(xY)
When there is a leak in Pipe [p*], its transfer matrix is in the form of Equation 3 or Equation 22. Substituting it to
Equation 18 results in the form of Equation 8
alM) | _{aM ) | ()
= + s,
h(xM) hNL(xM) G(xM,x},')
Whose second row is in the form of the factorized wave model in Equation 9
h(xM) = hNL(xM) + sﬁG(xM, x,f)
Although the modified factorized wave model has the same form as the original one, it can still be formulated and
the MFP method can be implemented if some of (or even all of) N~ external pipes are inaccessible.
Example 3. As shown in Figure 2, Pipe [1] or Pipe [3] can be defined as the first child pipe of the internal Node
(2), depending on their inaccessibility, which is the non-measured external pipe. If Pipe [3] is inaccessible and is
the non-measured external pipe, whose upstream end xé’ is bounded by a dead end, the hydraulic properties before
(i.e., xD) and after (i.e., x) the internal Node (2) are linked as
U D
q\x q\x
() =Py(xP > xY) (x7) (24)
h(x3) h(x?)
where P,,(xf - x;’ ) = point matrix of Pipe [3] depicting the wave propagation crossing the internal Node (2)
from xD to x7.
As aresult, the hydraulic properties at the pressure sensor in Pipe [2] (i.e., at xé” ) can be expressed as
M U
q\x qa\x
) ORI LI AR 2
h(x)") h(x})
Equation 25 indicates that if Pipe [3] is inaccessible, which means the hydraulic properties at the external Node
4) (.e., xé’ ) cannot be measured by or computed from a placed pressure sensor in it, the hydraulic properties at
x' can be represented solely by the external Node (1) (i.e., x¥).
When there is no leak in the pipe network, Equation 25 becomes
NL( M U
q ~(x q\x
( 2 ) :FNL(xgaxy)Pg’L(xfexg)FNL(xi/—)xf) ( ') (26)
W% h(x7)
For Pipe [p] with a leak, its transfer matrix is in the form of Equation 3 or Equation 22. This means that
[a(x}") , n(x)! )]T in Equation 25 can be decomposed into a term independent of leak parameters and a term
dependent on leak parameters. For instance,
Condition I. Leak in Pipe [1]
When the leak is in Pipe [1], the field matrix of Pipe [1] is
F(xi! = x7) = FYH(x = x7) = FY(x]) = x7) + /P (x) = x) = x7) @7
Substituting Equation 27 to Equation 25 results in
CHE ET AL. 9 of 25
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a(x") | 4" (=)
h XM hNL XM
()] ) o8
LFNL U M PNL D U FSL U L D q(xﬁj)
5 (xf = 2 ) P (xf = xJ) FSH(xf > x{ = xP)
h(x7)
Condition II. Leak in Pipe [2]
When the leak is in Pipe [2], the field matrix of Pipe [2] is
F(x) = x') = F7(x) = x)') = FY(x) = ) + 5, F(x) = %y = %)) (29)
Substituting Equation 29 into Equation 25 results in
a(x") | 4" (=)
h XM hNL XM
()] [ o)
LpSL(,U L M NL(,.D U NL(,U D q(XY)
+sy P (x = x) > X)) P (xP = x{ ) PV (x> xP)
h(x7)
Condition III. Leak in Pipe [3]
When the leak is in Pipe [3], the point matrix crossing the internal Node (2) can be expressed as
PP = X)) = PUE(x) = x)) + sy B (3 = x5 = X)) 3D
Substituting Equation 31 to Equation 25 results in
a(x') | _ 4" (x)
h XM hNL XM
()] ) )
(x7)
+ T FVE () = ) P (x) = X = X)) FYE(x] = x7)
h(x7)
The second rows of Equations 28, 30, and 32 can be expressed as
h(xé") = hN"(xé”) + s,’;G(xé", x,’;) (33)
Example 3 indicates that the modified factorized wave model can still be formulated, even if the external Pipe [3]
(or Pipe [1]) in Figure 2 is inaccessible.
3. Leak Localization Algorithm
Based on the modified factorized wave model, this section proposes an efficient and robust MFP algorithm to
localize the unknown leak in tree networks using the measured pressure signals. Note that waves at all frequen-
cies do not carry equally effective information for leak localization; thus, this section will first identify unwanted
frequencies and then minimize information at these frequencies, where the measurement noise is amplified.
Let hj.” be the measured pressure head h(x™) at frequency w;, which is contaminated by a noise n, as
h;"' =hN"(xM,coj) +s,fG(xM,x,f,a)j) +n; (34)
Table 1
System Parameters of the Tree Network in Figure 2
Parameter L,(m) L,(m) L,(m) D (m) D,(m) D,(m) a(m/s) Jow Q,(m%/s)
Value 200 300 400 0.25 0.25 0.25 1,000 0.02 0.02
CHE ET AL. 10 of 25
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Equation 34 can be further expressed as

Absolute value

Ahj = h;"’ - hNL(xM,a),-) = s,fG(xM,x,f,wj) +n; (35

where Ah; = leak-induced pressure difference at frequency o,.

The leak-induced pressure difference Ah at all J frequencies is

Ah =h" — bV (xM) = s;G(x™, x; ) +n (36)

Figure 4. Amplification coefficients of measurement noise (C,, C,, and C;)

and pipe impedance (Z).

T T
) where h™ = (AM, .. W) " WVE(xM) = [AVE(xM, @1 ), ..., AN (xM, w0y ) |
is computed from the transient model in Equation 23;
T .
G(xM,xk) = [G(xM, xk 1), ....,G(xM x} ws)] 5 m=(n,...,np)" s
random noise vector assumed to follow the zero-mean Gaussian distribution
N(0,6%1,), where I, = J-dimensional identity matrix. Note that the target
signal Ah can be computed by the first equal sign of Equation 36 based on the known pressure measurements,
and the second equal sign represents the theoretical model of Ah with leak parameters s and x}.

3.1. Identification and Minimization of Amplified Measurement Noise

This sub-section identifies and minimizes the unwanted frequencies, at which the measurement noise is amplified
in the target signal Ah.

As shown in Equation 23, at frequency w;, the hML(xM) in Equation 35 is computed from hydraulic properties at
external nodes, which have been contaminated by measurement noise of pressure sensors. Therefore, there is also
noise in AVL(xM),

Example 4. For the tree network in Figure 2, the AV L(x;” ) in Equation 26 is computed from hydraulic properties
at the external Node (1), that is, q(xi’ ) and h(x‘l’ ), which have been contaminated by measurement noise of Sensor
M1 as (detailed derivation procedures are in Appendix C)

AN (M wy) = AVE(x, )

+ F21(La, ;) Fii(L1, w;)6q(w;)

G E:"/)

+ Foo(La, ;) (L1, 5)69(w)) (37)

Cz(ru/)
+ Fa(Los ) Fa(Ly o)) 252 500
21 2, Wj 21 1, Wj Fzz(L3,an) q(;

(.

G3(@))

where ANE is k¥t with noise; g = measurement noise into g(xV ); and C,, C,, and C, = amplification coefficients
of measurement noise.

For a specific tree network with known parameters in Table 1, the amplification coefficients (C,, C,, and C;)
and the pipe impedance Z are plotted in Figure 4. The frequency w in the x-axis is normalized by the theoretical
frequency of the tree network w,, = 2ma/[4(L, + L,)]. Note that the impedance Z physically transforms ¢ to &
without any amplification. It is evident that both C, and C, are well bounded by the pipe impedance Z, whereas
C, is much larger than Z at some frequencies, where the measurement noise dq is significantly amplified. The
amplified noise in AVE changes the overall shape of the target signal Ah, resulting in the inaccuracy or even inva-
lidity of the modified factorized wave model. Therefore, the unwanted frequencies w; where measurement noise
is amplified should be identified and filtered by

Z(w;) < max [Ci(w)) , Co(w;) , Cx(;)] (38)

Note that although the modified factorized wave model can still be formulated by reducing as much as N~ pres-
sure sensors, the amount of useful information (i.e., frequencies) for leak localization is also decreased compared
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with the original model in Wang et al. (2021). Therefore, the selection of the model depends on both the avail-
ability of sensors and the accessibility of external pipes. If (i) all external pipes are accessible but sensors are
insufficient, or (ii) sensors are sufficient but there are inaccessible external pipes, or (iii) both sensors are insuffi-
cient and there are inaccessible external pipes, the modified model should be used; otherwise, the original model
would be recommended.

3.2. Leak Localization by MFP

This sub-section localizes the unknown leak in a tree network by the MFP method based on: (i) the modified
factorized wave model in Section 2; and (ii) the filtered signal in Section 3.1.

The information at unwanted frequencies are identified and filtered by Equation 38; thus, the leak-induced pres-
sure difference Ah becomes

Ahy = s;Gy(xM,x;) +ny (39)

where the subscript “f* means filtered signals without unwanted frequencies.

The optimal leak location x* and size s can be estimated by the MFP method as (detailed derivation procedures
are given in Appendix D)

ARG (x;) GH(x})Ah,

7Gxy
*t G(x7) Gs(xy)

x:f = arg max| B|* = arg max (40)
L

Xp

o G!{(x} )ah, "

P an L
Gf<x[,)Gf<x,,>

where |BI? = objective function; “arg max” = the arguments of the maxima; and the superscript “H” = conjugate
transpose.

The leak is localized by plotting the objective function IBI? along each pipe of the tree network, which is an
one-dimensional (1D) search of the optimal leak location x} The computation of the proposed leak localization
algorithm is highly efficient, because (i) a 2D optimization problem is reduced into two 1D search problems,

where the leak location and size are estimated separately and sequentially; and (ii) the frequency domain wave
model is essentially an analytical model.

The detailed implementation procedures of the MFP method for leak localization in a general tree network based
on the modified factorized wave model is summarized in Algorithm 1.

Algorithm 1. Leak Localization in a Tree Network Based on the Modified Factorized Wave Model

—_

. Check the accessibility of external pipes and availability of pressure sensors and determine the sensor placement
strategy.

2. Calculate q(xf,/ )and h(xf,/l )for all external pipes other than non-measured external pipes (e.g., via Equations 10
and 11).

3. Compute 2VE(x™) by Equation 23 for J frequencies and pressure head difference Ah by Equation 36.

4. Derive noise amplification coefficients and filter out unwanted frequencies, giving Ah, G, and n, (e.g., via
Equation 38).

5. Plot the objective function IBI? in Equation 40 with respect to xpL along all pipes of the tree network, where the xlf has
the maximum |BI? is the estimated leak location.

6. Estimate the leak size by Equation 41.

CHEET AL.
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Table 2 4. Numerical Tests
Parameters of Numerical Tests: Justification of the Small Leak . . . . .. .
Ap;raximatiiz wmert ustif f In this section, the validity of the small leak approximation in Section 2.4
L L T T L is first justified numerically. Afterward, the proposed MFP method for leak
Test P xp (m) sp(m) Qym/s) 05/ jocalization based on the modified factorized wave model is preliminarily
J1 3 200 2x 107 5%x107* 2.5% demonstrated by numerical tests conducted in noisy environments.
—4 -3
2 . 200 2x10 >x10 ol The simple tree network in Figure 2 is revisited in Sections 4.1-4.3 and its
I3 3 200 4x107 1x1072 50% detailed system parameters are listed in Table 1. The lengths of three pipes
J4 3 320 2x 107 5x 107 2.5% are L, = 200 m, L, = 300 m, and L, = 400 m, respectively; and they all
15 3 320 2% 1074 5% 1073 25% have the same pipe diameter D, = D, = D, = 0.25 m. Note that Pipe [3] is
16 3 320 4% 10~ 1% 102 50% assumed to be inaccessible. The pressure wave speed in these elastic pipes
is 1,000 m/s. The Darcy—Weisbach friction factor f;,,, is 0.02. The pressure
head of the upstream reservoir at xﬁ’ remains constant at 30 m, which implies
h(xﬁ’) = 0. The steady-state discharge from the reservoir to the tree network
is 0.02 m3s. The pressure wave is generated by a sudden and complete
closure of the downstream valve at xf.
4.1. Justification of Small Leak Approximation
This sub-section numerically justifies the validity of the key small leak approximation in Section 2.4, based on
which the modified factorized wave model is formulated.
To justify the approximation, as shown in Table 2, six numerical tests (i.e., Tests J1 to J6) with a leak in the
non-measured external Pipe [3] are conducted. The leak is placed at two different representative locations, that
is, x2 =200 m or 320 m. Three leak sizes s~ = 2 x 10~ m? 2 x 10~* m?, and 4 X 10~* m? are considered, which
(@)
55t =2x105m? 53k =2x104m? 53 =4x10*m?
10° 10° 106
— Transfer matrix —— Transfer matrix — Transfer matrix
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
w/wt " W/wrh w/w[h
(b)
53F=2%x10"m? 535 =2x10*m? 53F=4x10*m?
10° ¢ 10° 10°
t —— Transfer matrix —— Transfer matrix — Transfer matrix
[ - - Linearized model - - ‘Linearized model - - ‘Linearized model
104+ 10* 10*
] f
o I
S 9
10%1 10 10
5 10 15 20 5 10 15 20 5 10 15 20
w/ w, Wl w, w/ w,
Figure 5. Frequency response functions computed by the transfer matrix and the linearized model with small leak
approximation for different leak locations: (a) x3L =200 m; and (b) xg- =320 m.
CHE ET AL. 13 of 25
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0.2 = T induces Q) /Qo = 2.5%, 25%, and 50% leakage of the total supplied water,
§ 5 2 20m ™ =0 m‘ respectively (computed by the orifice equation); where Qé = steady state
% 013 discharge from the leak. The FRFs at the downstream valve of all six tests are
§ ol plotted in Figure 5. The solid line and dash line are computed by the trans-
£ fer matrix and the linearized model with small leak approximation, respec-
%)0405 tively. For a reasonable leak size (i.e., s~ = 2x 107> m?and 2 X 10~* m?), the
:f FRFs from two models are almost indistinguishable. Even for an extremely

shm?) x 10

big leak (i.e., s¥ = 4 x 107 m?), which leaks half of the supplied water
4 0;/Qo = 50%, the overall FRFs from two models are well matched except
that the linearized error is relatively large at few resonant peaks.

Figure 6. Average linearized error due to small leak approximation with Furthermore, the average linearized errors caused by the small leak approx-

respect to the leak size.

Table 3

Parameters of Numerical Tests: Tree Network With a Single Leak

imation for more leak sizes are computed by Equation 42 and plotted in
Figure 6.

1w 1P @) | = h(x) ;) ]
€=72 2

(xé”,a),-)l

42)

Jj=1
where h® = computed pressure head with linearized error.

It indicates that the small leak approximation is acceptable for a leak with reasonable size: the average linearized
error is less than 4% for leaks smaller than 2 X 10~* m?2, which is equivalent to a Qé /Qo = 25% loss of supply
water from the leak.

4.2. Localization of a Single Leak

In this sub-section, the proposed MFP algorithm based on the modified factorized wave model is used to localize
single leaks within a tree network in noisy environments.

As shown in Table 3, six numerical tests (i.e., Tests S1 to S6) with different leak sizes s‘f and locations xpL are
conducted for leaks with reasonable sizes. The measured pressure signals by Sensors M1 (i.e., at x{” ) and Sensor
M2 (i.e., at x;” ) are used for leak localization. For example, the FRFs of two measured signals at xi” and xé" of
Test S6 are plotted in Figure 7. Note that the SNR, which has been defined by Wang and Ghidaoui (2018b) in
water pipes, of all the numerical tests in this section is 10 dB.

Based on FRFs at xj” and xé"’ , the MFP algorithm is implemented for leak localization by plotting the objective
functions |1BI? of Equation 40 for three pipes in Figure 8. The x-axis is the sequential connection of spatial coor-
dinates of all three pipes. The vertical dashed lines represent the actual leak locations. It can be observed that the
objective function |BI has a globally maximum value near the actual leak location. The estimated leak locations
in Tests S1 to S6 arex =40 m, x =120 m, x =240.5m, x =60m, x =150 m, andx =279.5 m, respec-
tively; which means a leak in any pipe of the tree network can be locahzed accurately even though Pipe [3] is
inaccessible.

4.3. Localization of Multiple Leaks

In this sub-section, the proposed MFP algorithm based on the modified
factorized wave model is used to localize multiple co-existing leaks within a

Test Pt xy (m) s (m?) Okm¥s)  QL/Q,  tree network in noisy environments.
S1 1 40 2x107° 5x107 2.5% Note that only a single leak is assumed in the factorized wave model, that
S2 2 120 2x107° 5%x107* 2.5% is, Equation 39. However, it is possible to detect multiple leaks based on the
S3 3 240 2% 105 5% 104 2.5% single-leak model due to the fact that the objective function IBI? is a linear
S4 1 60 2 % 10-* 5% 10-3 25% .super.position of. effects from. multiple leaks, such tha.t the 1D search can
S5 5 150 5 % 104 5% 103 55% 1defmfy the rr.lultlplle l.ocal optnn;ll separately. More detz.nled Proof and ex.pla—
.\ \ nation regarding this issue was given by Wang and Ghidaoui (2018b) with a
S6 3 280 2x 10 5% 107 25% single-pipe example.
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As shown in Table 4, six numerical tests (i.e., Tests T1 to T6) for a tree
network with two co-existing leaks at locations x”," and xll;z are conducted.
The measured pressure signals by Sensors M1 (i.e., at xf” ) and Sensor M2
(i.e., at xé"’ ) are used for leak localization. Based on FRFs at x:” and xé” , the
proposed MFP algorithm is implemented for leak localization by plotting the
objective functions |BI? of Equation 40 for three pipes in Figure 9.

In Test T1, two co-existing leaks are in Pipe [1] (i.e., plt =pl2 =1)
P 4 6 3 10 12 14 16 18 20 and the distance between them is 60 m, which is larger than the theoret-

wle,, ical spatial resolution, being half the probing minimum wavelength
Apin2 = 2mal20w,)/2 = 50 m. As shown in Figure 9a, two leaks can be
resolved accurately. However, in Test T2, where the distance between two
leaks in Pipe [1] is 20 m, which is smaller than 4_; /2 = 50 m, the objec-
tive function IBI> only gives one maximum peak between two actual leak locations in Figure 9b. This is due
to the diffraction limit that restricts the MFP algorithm to distinguish two anomalies separated by a distance
less than half the minimum probing wavelength 4_, /2 = 50 m (Wang & Ghidaoui, 2018b; Wang et al., 2021).

Figure 7. Frequency response functions of the measured signals at xf‘ and xé” .

15 X 10° (a) Test S1 6 X 100 (b) Test S2
H —Pipe 1 —Pipe 1
=—Pipe 2 ——Pipe 2
—Pipe 3 ;| —Pipe 3
----- leak in Pipe 1 4 ++==leak in Pipe 2
N_
a
Ji - - MW A
0 100 200 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
x (m) x (m)
g X 10° (c) Test S3 3 X 108 (d) Test S4
I T T T ml T T T 1
—Pipe 1 —Pipe 1
——Pipe 2 =——Pipe 2
6 H=Pipe 3 : —Pipe 3
----- leak in Pipe 3 2-r B +=+=Jeak in Pipe 1|
(!
=47
2 |-
0 | | A./\ — L | I |
0 100 200 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
x (m) x (m)
5 X 108 (e) Test S5 15 X 107 (f) Test S6
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a
5 |
- 0 1 1 1 1 L : L
0 100 200 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
x (m) x (m)

Figure 8. Localization results of single leaks: objective function of (a) Test S1; (b) Test S2; (c) Test S3, (d) Test S4, (e) Test S5, and (f) Test S6.
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Table 4 Figures 9c—9¢ indicates that two leaks in the same pipe or different pipes
Parameters of Numerical Tests: Tree Network With Two Leaks can be identified accurately by two global dominant peaks of the objective
7 7 function |BI?> even though Pipe [3] is inaccessible. However, in Figure 9f,
Test ph x," (m) ph2 x,% (m) . . L. .
the second dominant peak occurs in Pipe [1], which is even higher than that
T1 1 60 1 120 of the actual leak in Pipe [2]. This is because the multiple-leak localization
T2 1 60 1 80 is based on the single-leak model. Note that in a tree network with multi-
T3 ) 90 2 210 ple leaks, the objective function with a single-leak model cannot accurately
T4 3 160 3 320 and uniquely identify all the leaks, but can guarantee a local dominant peak
of the objective function near each actual leak location, which also gives a
T5 1 100 3 200 L . .
good initial guess of real leak locations. To fully determine the number and
16 z LU E el locations of multiple leaks, as done in a single pipe system by Wang and
Ghidaoui (2018a), a more sophisticated model with multiple assumed leaks
and corresponding leak number estimation algorithms are required. This is
out of the main scope of the present paper.
5 x107 (a) Test T1 (b) Test T2
=—Pipe 1 —Pipe 1
=—Pipe 2 H ——Pipe 2 |
—Pipe 3 =—Pipe 3
-| ===+ Ist leak in Pipe 1 ==+ st leak in Pipe 1
-+ 2nd leak in Pipe 1 +=*+ 2nd leak in Pipe 11
H ‘ ] ol if s ‘ ‘ ‘ j
0 100 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
x (m) x (m)
6 % 10° (c) Test T3 s «10° (d) Test T4
=Pipe 1 =Pipe 1
5 ——Pipe 2 ——Pipe 2
—Pipe 3 —Pipe 3
+==+ 1st leak in Pipe 2 || 10 Hr*=* Ist leak in Pipe 3
+=++ 2nd leak in Pipe 2 - *+=+ 2nd leak in Pipe 3
2
4 5 L
H | H it M_/\/\ 0 L AA_ N L L |
0 100 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
x (m) x (m)
4 X 107 (e) Test TS g X 10° (f) Test T6
—Pipe 1 * =—Pipe 1
—Pipe 2 : —Pipe 2
3t —Pipe 3 o B 6+ =—Pipe 3 8
: s+ 1st leak in PIPC 1 «==« Ist leak in Pipe 2
- *= 2nd leak in Pipe 3 “ +-=- 2nd leak in Pipe 3
x?2 : x4
RANE 2
i . /\ | H L | ot L H 1 L | J
0 100 300 400 500 600 700 800 900 0 100 200 300 400 500 600 700 800 900
x (m) x (m)
Figure 9. Localization results of two co-existing leaks: objective function for (a) Test T1, (b) Test T2, (c) Test T3, (d) Test T4, (e) Test T5, and (f) Test T6.
CHE ET AL. 16 of 25

85UB917 SUOLILLIOD dAIIRID 3(cfed!dde sy Aq peusenob afe 9 YO ‘88N JO s3I 10y Afeid1aUIIUQ AB]IA UO (SUONIPLI-PUR-SLLLIBY WD A8 1M AIq 1 UTIUO//SANY) SUONIPUOD PUe swid | 8y} 885 *[€202/TT/S0] Uo ARiqiauliuo AB)im ‘Aisieaiun o1uydelkjod Buo BuoH Aq 9582E08MZZ02/620T OT/I0p/wod"Aa 1M Aseiqjpuljuo'sgndnBe//sdny Wwoij papeojumod ‘2T ‘2202 ‘€L6Lvv6T



A7N |
A\ Water Resources Research 10.1029/2022WR032856
AND SPACE SCIENCE
. 6 4.4. Leak Localization With Different Numbers of Accessible
Reservoir ©
Boundaries
MI ] o In this sub-section, the proposed MFP algorithm is further extended to
= p & 25 (D a more complex tree network to investigate the influence of different
M \2/ \/ numbers of accessible boundaries on the leak localization accuracy in noisy
environments.
& Sensor at the accessible pipe Mr 3)
& Potentially unavailable sensor ; \/v} As shown in Figure 10, a tree network with seven pipes and eight nodes
Wave source (valve) ®) Z/ 4] M4 is used for the numerical tests, whose detailed system parameters are listed
= in Table 5. Specifically, the diameter and the total length of the main

Figure 10. Graph of a relatively complex tree network with seven pipes.

@ © pipe, including Pipes [1-4], are 0.25 and 1,000 m, respectively. The lengths

of 3 branch pipes, namely Pipes [5—7], are 150, 100, and 150 m, respectively.
A leak with the size s- =2 x 107> m? is located at 45 m away from Node (3)
in Pipe [3] (i.e., x3L =45 m). As shown in Table 6, six tests (i.e., Tests N1 to
N4’) with different numbers of accessible branch pipes or available sensors are conducted. For example, in Test
N3, Pipes [5] and [6] are assumed to be inaccessible; thus, the pressure signals can only be measured by available
Sensors M1, M4, and M7. Based on FRFs at available sensors in Table 6, the proposed MFP algorithm is imple-
mented for leak localization by plotting the objective functions |BI? along seven pipes in Figure 11.

In Test N1, all boundaries are accessible; thus, there is no amplified noise in AN "(xi” N) ,-) at each frequency w,.
Figure 11a is computed utilizing the measured signals at all frequencies, which accurately localize the unknown
leak. In Test N2, when Pipe [5] is assumed to be inaccessible, as discussed in Section 3.1, amplified noise starts to
occur at certain frequencies. Figure 11b is also computed utilizing the measured signals at all frequencies. Fortu-
nately, the leak location can still be estimated accurately, since the noise at only a small portion of frequencies
is amplified. However, as the number of inaccessible boundaries increases in Tests N3 and N4, waves at more
frequencies are contaminated by amplified noise. If wave information at all frequencies is used, the leak locali-
zation method would become totally invalid. For example, Figures 11c and 11d indicate that the leak locations in
Tests N3 and N4 are wrongly estimated in Pipes [6] and [5], respectively. To address this problem, in Tests N3’
and N4', the unwanted frequencies with amplified noise of Tests N3 and N4 are identified and discarded by Step
4 of Algorithm 1. The objective functions without unwanted frequencies are plotted in Figures 11e and 11f, where
the leak can still be pinpointed by the proposed Algorithm 1. Note that although the proposed MFP algorithm also
gives the right leak location with less boundary measurements, Tests N3’ and N4’ produce relatively higher side
lobes than Test N1, which is equipped with five sensors.

5. Experimental Tests

In this section, the proposed MFP algorithm for leak localization based on the modified factorized wave model
is verified by experimental tests conducted in the Water Resources Research Laboratory of the Hong Kong
University of Science and Technology (HKUST). Note that the experimental data are almost the same with Wang
et al. (2021), except that only two among all three sensors are used due to the assumed inaccessibility of Pipe [3].

The overall layout and simplified sketch of the tree network are shown in Figure 12. The upstream end of Pipe [1]
(i.e., at x?’) and downstream end of Pipe [2] (i.e., at xf) are bounded by a centrifugal pump and valve, respectively.
The upstream end of Pipe [3] (i.e., at xé’) is a dead end. The lengths of Pipes [1], [2], and [3] are L, = 13.88,
L, =128, and L, = 25 m, respectively. All pipes have the same diameter D, = D, = D, = 0.0792 m. The pipe
wall is made from high-density polyethylene (HDPE) material, whose detailed viscoelastic parameters (Covas
et al., 2005) are summarized in Table 7. The leak is placed in Pipe [2], which is 30 m away from the internal Node
(2). The steady-state discharge before and after the leak are 1.5 X 1073 m%/s and 1.0 x 107> m%/s, respectively.

Table 5
System Parameters of the Tree Network in Figure 10
D 1*D4 DS’D 7 Qo
Parameter L, (m) L,(m) L;(m) L,(m) Ls(m) Lg(m) L,(m) (m) (m) am/s) fpy (ms)
Value 300 200 150 350 150 100 150 0.25 0.20 1,000 0.02 0.02
CHE ET AL. 17 of 25
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Table 6
Parameters of Numerical Tests: Tree Network With Different Numbers of Accessible Boundaries
Test Inaccessible Pipe Available Sensor Utilized Wave Information
N1 No M1, M4, M5, M6, and M7 Information at all frequencies
N2 [5] M1, M4, M6, and M7 Information at all frequencies
N3 [5] and [6] M1, M4, and M7 Information at all frequencies
N3’ [5] and [6] M1, M4, and M7 Discarding unwanted frequencies
N4 [5], [6], and [7] M1 and M4 Information at all frequencies
N4/ [5], [6], and [7] M1 and M4 Discarding unwanted frequencies
6 10° (a) Test N1 6 X 10° (b) Test N2
—Pipe 1 : —Pipe 1
5F ——Pipe 2 H 5k —Pipe 2 H
—Pipe 3 =—Pipe 3
4+ —Pipe 4 H 4 ——Pipe 4
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Figure 11. Localization results with different numbers of accessible boundaries: objective function for (a) Test N1, (b) Test N2, (c) Test N3, (d) Test N4, (e) Test N3’,

and (f) Test N4'.
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Figure 12. Tree network in the Water Resources Research Laboratory of HKUST (a) overall layout; and (b) simplified
sketch.
Pressure waves are generated by a sudden and complete closure of the down-
Table 7 stream valve at x2 within 0.06 s. Because Pipe [3] is assumed to be inacces-

Parameters of HDPE Pipes in the Water Resources Research Laboratory of
HKUST

sible, the pressure signals in Pipes [1] and [2] are collected for leak localiza-
tion. The measured time domain pressure signals are plotted in Figure 13a,
which are further transformed into the frequency domain to obtain their FRF
signals in Figure 13b. It can be observed in Figure 13 that the measured
signals are contaminated by noise and uncertainties. In the leak localization,
the FRF signals are truncated at 5.5 Hz, that is, 0-5.5 Hz is used, because the
signals become highly noisy after 5.5 Hz.

v =043 x=2.1x10°Pa p = 10° kg/m®

D =79.2 mm e=54mm Jy=5.8x10710Pa"!

J, =196 x 1071 Pa~! 7,=0.038 s J,=1.10 x 1071 P!

7,=06s J,=9.05x 10-'2 Pa"! r,=15s
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Figure 13. Pressure measurements by Sensors M1 and M2 in the: (a) time domain and (b) frequency domain.
Based on FRFs in Figure 13b, the MFP algorithm is implemented for leak localization by plotting the objec-
tive functions IBI? in Equation 40 of three pipes in Figure 14. The objective function |IBI> has a global maxi-
mum value in Pipe [2] at 25.01 m away from the internal Node (2), which means the leak localization error is
130 — 25.011 =4.99 m. This error is much lower than the diffraction limit 4_; /2 = a/(2f,,.) = 365/(2 X 5.5) 33 m
of the probing wave implying that the localization result is acceptable, where f, = the maximum frequency of
the probing wave.
Note that the validity of the proposed MFP algorithm with a modified model for leak localization is preliminarily
confirmed by the experimental data from a previously published paper (Wang et al., 2021), where the prototype
of the modified model in the present paper was developed. The detectability of leaks with different sizes by the
proposed MFP algorithm was not systematically investigated, which is the main limitation of this section.
6. Conclusions
10 This paper formulates a modified factorized wave model for tree networks,
510 - - based on which the robust and efficient MFP method can be implemented for
_;g:; leak localization without the strict accessibility requirement of all external
47 —Pipe 3 pipes. This is realized by linearizing and factorizing the point transfer matri-
L3 = leak in Pipe 2| ces of external pipes based on the small leak approximation.
8 5L | The validity of the modified MFP method is confirmed by numerical and
laboratory experiments conducted in tree networks. Numerical experiments
1F 1 indicate that the modified algorithm uniquely and accurately localizes a
i single leak anywhere in tree networks. The ability to resolve two co-existing
00 2‘0 4‘0 6‘0 80 100 12‘0 1 2‘0 1 6‘0 180 leaks separated larger than half the minimum probing wavelength is also
x (m) demonstrated. Laboratory experiments show that the modified algorithm can

Figure 14. Leak localization result using experimental data.

successfully localize the leak in a tree network even though the measured
pressure signals are contaminated by background noise.
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Appendix A: Derivation of the Concrete Form of G in Equation 16
Equation 15 is carbon copied as
M NL( M U
q\x q "(x q(x
( 2) = ( 2) +leFNL(x§]—>x§”)FSL(x§}—>le—>x?) ( 1) (A1)
h(x) | [AM(x) h(x7)
in which
cosh(uz L —Lsinh(u, L
FYL(xY o ) = (n2L2) Z; Sinh(u2L2) A2
—Zsysinh(ua L) cosh(uaLo)
FH(x] = xf = x7) =
\/7 Zlcosh[,u] (x{) - le)] sinh[yl(le - x?)] —cosh[yl(x{’ - x]L)] cosh[,ul(xf - xf])] (A3)
o [=Z2sinh[p (xP = xE)] sinh[p1 (xE = xY)]  Zisinh[pi(x? = xE)] cosh[p (xF — xY)]
where Z, = impedance of Pipe [p]; and p, = propagation function x of Pipe [p].
Substituting Equations A2 and A3 to Equation A1l and taking the second row gives Equation 16 as
h(xé") = hNL(xg") + leG(xé”, x]L) (A4)
where the concrete form of G(xé” , le) is
G(x'xf) =
21‘; { = 2125 sinh(s2 L) cosh i (x2 — xL)| sinh[py (xF — xY)] g(xV)
0
— Z}cosh(uz L) sinh[m (xf) - x]L)] sinh[ul(x]L - x?)] q(xﬁ/) (AS)
+ Zssinh(ua Ly) cosh[yl(xf) — le)] cosh[m (le - xﬁ’)] h(x?’)
+ Zycosh(uz L) sinh|[py (xP — x| cosh[p (xF = xV)] A(xV) }
Appendix B: Point Matrix of a Non-Measured External Pipe
This section derives the point matrix of a non-measured external pipe bounded by a dead end. The point matrices
of non-measured external pipes bounded by other common boundaries (e.g., a reservoir) can be derived following
similar procedures.
Equations 1 and 2 of a non-measured external Pipe [p] without any leak can be written as
a(xy) = Fu(Ly) q(x¥) + Fi(L,) h(xY) (B1)
h(xp) = Fa(Ly) q(xy ) + Fa(L,) h(xY) (B2)
The mass and momentum equations across the internal Node (v/) connected to the downstream end of Pipe [p] are
g(x’?) = (=D"g(xp) + q(x'") (B3)
h(x") = h(x7) = h(x"") (B4)
IL‘
where x’V = coordinate of the pipe end in the mother pipe of Node (v/); g(x’?) = ¥, (=1)"g(x]?)is the discharge
i=2
summation of all child pipes (except Pipe [p]) infinitely approaching Node (v/); and h(x’?) = h(x/?)is the pres-
sure head of child pipes (i =2, ..., ) infinitely approaching Node (v/).
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The concrete form of the point matrix for the non-measured external Pipe [p] depends on the specific boundary
condition at x, a dead end gives
q(x,L,’) =0 (BS5)
Substituting Equation B5 to Equations B1 and B2 gives
Fio(Ly)
D » D
X, ) = ———h(x B6
«05) = Tz, ") ®o
Substituting Equations B6 and B4 to Equation B3 gives
Fio(Ly)
YUY = o(x'P) + (1) ) (TP B7
q()q()()FD(Lp)() (B7)
Rewrite Equation B4 as
h(x"") =0-g(x'") + h(x'") (B8)
Equations B7 and B8 can be written in the matrix form as
q(xJU) 1 (_1)"1M q(xJD)
= Fa(Lp) (B9)
h(xJU) 0 1 h(xJD)
Therefore, the point matrix of the non-measured external Pipe [p] is
1 (_1)‘11 FIZ(LP)
PéVL(x.ID N xJU) — Fy(Ly) (B10)
0 1
Appendix C: Amplification Coefficients of the Measurement Noise
In Figure 2, the pressure head of the upstream reservoir is assumed to be constant, which gives the boundary
condition h(xﬁ’ ) = 0; thus, it has no measurement noise. Whereas the discharge of the reservoir is computed from
pressure measurement of Sensor M1 (Che et al., 2022), which is contaminated by noise 5q(a)j). Therefore, the
contaminated gV and hV* at frequency w; can be computed as
M (x) o; a(x{, w;) + 8q(@;)
TS| _pun(ag (o ) (Y )| TN
AN (xy ;) h(x, ;)
Substituting field and point matrix elements to Equation C1 and taking the second row give
WYX ;) = RV (% 1)
+ Foi(Ly, w)) Fii(Ly, w;)6q(w))
- >
Cl(wj)
+ Fn(L2, w)) Fau(Ly, )éq(w))
N 22\ L2, W) . 21 1 /J J (CZ)
Ca(w;)
+ Fa(La, ;) Foi(L1, @) Mg (@)
21 2, Wj 21 1, Wj F22(L3, C()j) q(w;
G3(@))
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Note that the amplification coefficients of the measurement noise for a general tree network can be derived
following similar procedures.
Appendix D: Estimating Unknown Leak Location and Size
The objective of this appendix is to estimate the unknown leak location x5 and size s by the filtered measurement
Ahf The basic idea of the MFP method (Wang & Ghidaoui, 2018b) is to adjust a Jf-dimensional unit vector w
(i.e., Iwl = 1), by changing the assumed leak location, to have the same direction with Ah, The inner product of
the unit vector w and Ah, is
B =<w,Ah; >=w'Ah; €C (D1)
The optimal unit vector W is obtained by maximizing the following objective function
|B|* = |[w"Ah,|> = w"Ah;Ahl'w (D2)
Substituting Equation 39 to Equation D2 and maximizing its expectation give the optimal unit vector w
- 2 L\2  H H 2 H H G,
W = argmaxE (|B|*) = argmax[(sp) w'G,Gllw+o ] = argmax(W'G,Gllw) = t—— D3)
w w w /G?Gf
It turns out that the optimal W is a unit vector parallel to G, Thus, the optimal leak location can be estimated by
substituting Equation D3 to Equation D2
~ _ - Ah;*Gf(x,f)G?(xpL)Ahf
x% = argmax|B|* = arg max T n (D4)
xk xp Gf(xp)Gf(xp)
Once the optimal leak location is determined, the optimal leak size can be estimated by the maximum likelihood
estimation (Che et al., 2022; Wang & Ghidaoui, 2018b) as
X G!(+; )ah,
Sy = —————r (D5)
G+ )6+ )
Notation
A pipe cross-sectional area
a wave speed
C amplification coefficient of measurement noise
D pipe diameter
E pipe set
F field transfer matrix
FSt scattering matrix due to leak
Jow Darcy—Weisbach friction factor
h pressure head perturbation in the frequency domain
hNE pressure head perturbation in the frequency domain of the leak-free case
n measurement noise
P point transfer matrix
P, point transfer matrix of the non-measured external pipe
pt ID number of the leaky pipe
0, steady state discharge
q discharge perturbation in the frequency domain
sk leak size
Vv node set
xP local coordinate of the downstream end of Pipe [p]
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xp! local coordinate of the pressure sensor in Pipe [p]
xY local coordinate of the upstream end of Pipe [p]
xk leak location

Z characteristic impedance

Ah leak induced pressure difference

0] angular frequency
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