This is the Pre-Published Version.

This is an Accepted Manuscript of an article published by Taylor & Francis in International Journal of Geographical Information Science on 07 Feb
2018 (published online), available at: http://www.tandfonline.com/10.1080/13658816.2018.1432862.

Towards space-time buffering for spatiotemporal proximity analysis of movement data

Hui Yuan®*<, Bi Yu Chen®®", Qingquan Li**¢, Shih-Lung Shaw®"°, and William H. K. Lam®
3School of Remote Sensing and Information Engineering, Wuhan University, Wuhan, China; °State
Key Laboratory of Information Engineering in Surveying, Mapping and Remote Sensing, Wuhan;

University, Wuhan, China; “Collaborative Innovation Center of Geospatial Technology, Wuhan,
China; YShenzhen Key Laboratory of Spatial Smart Sensing and Services, Shenzhen University,
Shenzhen, China; “Department of Geography, University of Tennessee, Knoxville, TN, USA;
Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University,
Kowloon, Hong Kong

Abstract

Spatiotemporal proximity analysis to determine spatiotemporal proximal paths is a critical step for
many movement analysis methods. However, few effective methods have been developed in the
literature for spatiotemporal proximity analysis of movement data. Therefore, this study proposes a
space-time integrated approach for spatiotemporal proximal analysis considering space and time
dimensions simultaneously. The proposed approach is based on space-time buffering, which is a
natural extension of conventional spatial buffering operation to space and time dimensions. Given a
space-time path and spatial tolerance, space-time buffering constructs a space-time region by
continuously generating spatial buffers for any location along the space-time path. The constructed
space-time region can delimit all space-time locations whose spatial distances to the target trajectory
are less than a given tolerance. Five space-time overlapping operations based on this space-time
buffering are proposed to retrieve all spatiotemporal proximal trajectories to the target space-time
path, in terms of different spatiotemporal proximity metrics of space-time paths, such as Fréchet
distance and longest common subsequence. The proposed approach is extended to analyze space-time
paths constrained in road networks. The compressed linear reference technique is adopted to
implement the proposed approach for spatiotemporal proximity analysis in large movement datasets.
A case study using real-world movement data verifies that the proposed approach can efficiently
retrieve spatiotemporal proximal paths constrained in road networks from a large movement database,
and has significant computational advantage over conventional space-time separated approaches.

Keywords: Space-time buffering, Space-time overlapping, Spatiotemporal proximity, Movement
data, Time geography.

1. Introduction

Spatial buffering is one of the most widely used analysis operations in geographical information
science (GIScience) (Goodchild, 1987; Zalik et al., 2003). Given a geographic object and a distance
tolerance, spatial buffering constructs a spatial region where the distance between any points to the
target geographic object is less than the given tolerance. Spatial buffering is a powerful tool to
determine spatial proximity between target geographic objects and surrounding objects, and has
served as the fundamental proximity analysis foundation for many spatial analysis methods, such as
spatial overlapping, clustering, spatial pattern recognition, etc.

With recent advances in information and communication technologies (ICTs), movement data of huge
number of individuals can be collected by various location aware devices. Typical movement data
include taxi trajectories (also called space-time paths), smart card data, mobile phone records, social
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media data, and other user-generated geographical information (Chen et al., 2016a). These movement
data record detailed individual activity travel behaviors in both space and time with a very large
sample size or even the whole population, and have provided unprecedented opportunities for
numerous geographical studies, which have long been constrained by the lack of such comprehensive
human activity data (Miller and Goodchild, 2015; Kwan, 2016; Liu et al., 2015; Chen et al., 2018).
However, movement data typical have complicated spatial and temporal characteristics.
Representation, analysis, and visualization of movement data in both space and time dimensions pose
a significant challenge for contemporary GIS platforms and associated spatial analysis functions to
model the time dimension in geographical studies (Goodchild, 2013; Long and Nelson, 2013; Yang
et al., 2017). The unprecedented wealth of movement data has propelled movement data analysis
methods to the forefront of GIScience research (Kwan and Neutens, 2014; Miller and Goodchild,
2015; Shaw et al., 2016).

In the literature, considerable research effort has been devoted to developing movement data analysis
methods, such as individual-group pattern recognition, trajectory clustering, classification and outlier
detection, etc. (Zheng, 2015). Spatiotemporal proximity analysis determines spatiotemporal proximal
space-time paths to a target space-time path, and is a critical step for many movement data analysis
methods. In contrast to conventional spatial proximity analysis, spatiotemporal proximity analysis of
movement data has to consider space and time dimensions simultaneously. For example, a space-time
bundling relationship refers to the convergence of individuals’ space-time paths for some joint
activities; and cannot be correctly identified unless their space-time paths intersect not only at certain
locations but also during the same time period.

To the best of our knowledge, few methods have been developed in the literature for spatiotemporal
proximity analysis of movement data. Consequently, many studies have used a brute force approach,
determining spatiotemporal proximal paths after checking spatiotemporal proximity relationships
between the target and all other paths in the movement dataset (Zheng, 2015). However, the brute
force approach is computational intensive for large movement datasets. Several studies have
suggested spatiotemporal proximity analysis methods using space-time separated approaches to
check for spatial proximity using conventional spatial buffering first, and then temporal coverage, or
vice versa (Long et al., 2013; Miller, 2005). Nevertheless, space-time separated approaches can
misidentify spatiotemporal proximity relationships, because achieving spatial proximity and temporal
coverage separately are necessary rather than sufficient conditions for determining spatiotemporal
proximity relationships. Therefore, new methods are required for spatiotemporal proximity analysis
in space and time simultaneously.

The current study proposes a new spatiotemporal proximity analysis method considering space and
time dimensions simultaneously. The proposed approach is based on space-time buffering, an
extension of conventional spatial buffering into space and time dimensions. The remainder of this
paper is structured as follows. Section 2 provides a brief review of the movement data analysis
literature and summarizes the contributions of the current study. Section 3 describes the
spatiotemporal proximity measures of space-time paths to provide the necessary background
information, and Section 4 presents the proposed space-time integrated approach, consisting of space-
time buffering and several space-time overlapping operations. Section 5 extends the proposed
approach to analyze space-time paths constrained by a road network. Section 6 discusses the
technique for implementing the proposed approach in the movement database, and Section 7 reports
a real-world case study using a large movement dataset. Finally, Section 8 presents our conclusions
and recommendations for further study.

2. Literature review



Current quantitative methods for movement data analysis may be broadly classified into three main
strands. The first strand of research is related to time geography. Hagerstrand (1970) provided well-
defined space-time entities, including space-time path (i.e., trajectory), station, prism, and lifeline,
and their spatiotemporal proximity relationships, including space-time intersections and bundling, to
model human activity-travel behaviors. In the last two decades, great strides have been made in
establishing mathematical formulations of time geographic entities and relationships, and developing
effective geo-computational methods for constructing time geographical entities in real road networks
(Kim and Kwan, 2003; Kwan and Weber, 2003; Miller, 2005; Neutens et al., 2008; Yu and Shaw,
2008; Miller and Bridwell, 2009; Chen et al., 2016b). The original time geography concepts have
been refined by considering uncertainties in travel conditions and anchor locations (Chen et al., 2013;
Liao et al., 2014; Charleux, 2015; Kuijpers and Othman, 2017). Visualization tools also have been
developed to visually explore time geographical entities and relationships in GIScience software
platforms (Kwan, 2000; Shaw and Yu, 2009; Chen et al., 2011).

The second strand of research is related to the literature of moving object databases. These aim to
provide database platforms for storing, indexing, and querying massive space-time paths. Moving
objects database research started from the work of Giiting (Erwig et al., 1999) and Wolfson (Wolfson
et al., 1998), and many studies have developed sophisticated spatiotemporal data models, indexes,
and query algorithms for handling space-time paths in planar space (Giiting and Schneider, 2005).
Research has recently focused on extending moving objects databases to process network constrained
space-time paths (de Almeida and Giiting, 2005; Giiting et al., 2006; Li and Lin, 2006; Jeung et al.,
2010; Xu and Giiting, 2013; Zhang et al., 2016; Xiang et al., 2017).

However, most existing moving objects database techniques only consider the space-time path while
ignoring other time geographical entities, such as space-time prism and lifeline. Chen et al. (2016a)
extended moving objects data models and indexes to all time geographical entities and their space-
time intersection relationships, including path-prism and prism-prism intersections. They proposed a
compressed linear reference (CLR) technique to transform three-dimensional (3D) time geographical
entities in the (x, y,¢) space into two-dimensional (2D) entities in CLR space. Using this proposed

CLR technique, conventional spatial databases and indexes can be employed to efficiently handle
huge time geographical entities and intersection relationships in CLR space. However, systematic
methods for quantifying spatiotemporal proximity of space-time paths in CLR space have not been
established.

The last strand of research mainly focuses on the development of quantitative movement data analysis
methods. Much research has focused on trajectory clustering to uncover activity travel behaviors by
grouping similar space-time paths into clusters. Most current trajectory clustering algorithms
incorporate two generic steps: (i) construct a similarity matrix by calculating similarity measures
between any pair of space-time paths in the databases, and (ii) group similar space-time paths into
clusters based on the constructed similarity matrix. Thus, evaluating similarity between space-time
paths is a fundamental task for space-time clustering studies (Dodge et al., 2012; Pei et al., 2013).

Spatiotemporal proximity-based (also called distance-based) measures are the most commonly used
similarity measures. Several spatiotemporal proximity-based measures have been proposed using
various aggregated metrics of spatial distances between coinciding points of space-time paths at
different time stamps (Zheng, 2015; Long et al., 2013). For example, closest pair distance (CPD) uses
the minimum metric, Fréchet distance (FD) uses the maximum metric, and average of pairs distance
(APD) uses the average metric. Outlier points of space-time paths could have significant impact on
similarity evaluation. To address this, longest common subsequence (LCSS) distance evaluates
similarity using the number of time stamps where the distance between two space-time paths are less
than a given tolerance (Vlachos et al., 2002). These spatiotemporal proximity-based measures provide
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rigorous methods to quantify path similarity based on spatiotemporal proximity, and have been widely
used for many trajectory clustering studies.

Another problem routinely encountered in movement data analysis is in identifying individual-group
patterns, such as flock, leadership, and convoy patterns (Long and Nelson, 2013; Zheng, 2015). A
flock is a group of at least m individuals travelling together within a circle of some given distance
tolerance for at least & consecutive time stamps (Laube et al., 2005; Benkert et al., 2008;
Turdukulov et al., 2014). The leadership pattern is a special case of the flock pattern, requiring at least
one heading individual in each group (Laube et al., 2005). The flock pattern is restricted to circular
group shape, which may not well describe real application group shape. Therefore, the convoy pattern
relaxes the circular shape requirement, including any group shape where individuals are density
connected with a given distance tolerance (Jeung et al., 2010). Determination of space-time bundling
relationships amongst space-time paths is a critical step in individual-group pattern recognition. A
complete survey of movement data analysis methods is beyond the scope of this article; interested
readers can refer to Zheng (2015) and Long and Nelson (2013).

Although spatiotemporal proximity analysis is fundamental for many movement data analysis
methods, few effective methods have been developed. Therefore, this study proposes a space-time
integrated approach considering space and time simultaneously. The major contributions of the
current study are summarized as follows.

1. Space-time buffering and overlapping operations are proposed for spatiotemporal proximity
analysis of movement data. This study proposes space-time buffering as a natural extension of
conventional spatial buffering into space and time dimensions. Given a space-time path and
spatial tolerance, space-time buffering constructs a space-time region by continuously generating
spatial buffers for any location along the space-time path. The constructed space-time region,
called the space-time buffer, can delimit all space-time locations whose spatial distances to the
target space-time path are less than a given spatial tolerance. Five space-time overlapping
operations based on this space-time buffering are introduced to retrieve all spatiotemporal
proximal space-time paths, in terms of CPD, FD, APD, and LCSS measures and space-time
bundling relationships. Optimality of the proposed space-time overlapping is proved rigidly. The
proposed space-time buffering and overlapping provide spatiotemporal proximity analysis
foundations for many movement data analysis methods.

2. Space-time buffering and overlapping are further extended to analyze space-time paths
constrained in road networks. Spatiotemporal proximity measures, i.e., CPD, FD, APD, LCSS,
and space-time bundling, are refined for network constrained space-time paths by explicitly
considering movement complexities in road networks. The space-time buffer concept is further
extended to road networks, called network space-time buffer. Several lemmas are established to
explore geometry characteristics of the network space-time buffer. An efficient geo-
computational algorithm is developed to construct the network space-time buffer for each path
segment with constant speed, rather than the straightforward approach of continuously generating
spatial buffers along the space-time path. Extension of the proposed space-time buffering and
overlapping to road networks greatly enhances the usefulness of spatiotemporal proximity
analysis of movement data in urban areas, which are normally constrained by road networks.

3. Space-time buffering and overlapping are implemented in the database using the CLR technique.
Spatiotemporal proximity measures, i.e., CPD, FD, APD, LCSS, and space-time bundling
relationships, are established for space-time paths in CLR space. Then the transformation rule is
developed for the equivalent representation of the network space-time buffer as a 2D multi-
polygon entity in the CLR space. Consequently, all space-time paths and buffers can be
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represented using the CLR technique, and stored and queried as 2D entities in spatial databases.
Space-time overlapping can then be efficiently implemented by 2D spatial queries provided by
the spatial databases. Implementation of space-time buffering and overlapping in CLR space
provides a rigid foundation for quantifying spatiotemporal proximity of space-time paths in CLR
space.

3. Spatiotemporal proximity measures for space-time paths

The space-time path, also called the trajectory in the literature, is a key space-time entity in time
geography to model individual movement processes (Miller, 2005; Chen et al., 2016a). Figure 1
shows that the space-time path of an individual ¢4, denoted by P?, is represented by a polyline in
(x,y,t) space, where x and y aretwo spatial dimensions, and ¢ is a temporal dimension. Due
to limitations of existing location aware technologies, individual locations are generally observed at
regular or irregular intervals. Thus, the observation at time stamp Z is formulated as a control point
¢ =(x,y,t). Let s; be a path segment connecting two consecutive control points ¢ =(x,y,,t)

and ¢, =(x;,y,,Z;). We assume that the individual is moving along each path segment s; ata
constant speed (Miller, 2005; Chen et al., 2016a),
W= D((xi’yi)a(xjayj))
’ t,—t,
where D () represents any spatial proximity metric between two points satisfying the following four
properties (Long et al., 2013).

(i) Non-negativity: D((xl., Y (x;, y].)) >0.

(i1) Reflexivity (uniqueness): D ((xl., ), (x;, y,.)) =0.

(iii) Symmetry: D ((x,,,),(x,.¥,))=D((x,,5).(x,,5))-

(iv) Triangle inequality: D((xi,y,.),(xj,yj)) <D((x,,,),(x,3,))+ D((xk,yk),(xj,yj)).

(1)

In planar space, the Euclidian distance operator, p, () , is commonly used as the spatial proximity
metric satisfying the above four properties. Consequently, the path segment s] between two control
points becomes a straight line; and P? can be expressed as a set of consecutive straight line segments.
Along the space-time path, individual locations at any time stamp ¢, € [ti,tj], denoted by P(t,),
can be estimated using linear interpolation as

Pt ) ={(x yist) [ X = (A=), +/1xj;yk =(1-Ay, +2~ij/1 = (1, _ti)/(tj —1,)} (2)
Figure 1 shows that P? is a 3D polyline in (x, y,#) space and the projection onto geographical

space forms a 2D polyline L?, comprising a set of straight line segments, {...,/,...} , where [] is

LR

a straight line segment connecting (X;,»,) and (x ;»Y,;) in geographical space.

Two spatiotemporal proximity relationships are defined for space-time paths in time geography
literature, including space-time intersection and bundling (Miller, 2005). Figure 2 shows these two
relationships for a simple example. The intersection of two space-time paths refers to the co-existence
of two individuals in space and time. Given two space-time paths P? and P’, the binary relationship

of the space-time intersection, o (P?,P"), can be expressed as

Intersect



5. (PP :{ L if D(P'(t).P"(1,))=0,31, 3)
0, otherwise

The space-time bundling refers to space-time path convergence for some shared activities within a

given period [Z,,Z,] (Miller, 2005). Bundling can occur not only at fixed activity locations but also

during movement (e.g. carpooling). Space-time bundling does not require space-time path co-

existence but allows spatial tolerance @ . This space-time bundling relationship, 8y, . (P?,P"),

can be expressed as

8 (P, P®) :{ L if D(P'(t), P'(t)) <oVt €lt,.t,]

(4)

0, otherwise
where D(Pq (tk),Pb(tk)) is the spatial distance between P?(f,) and P’ (t,) for the same time

stamp, £, .

Several spatiotemporal proximity metrics have been proposed (Zheng, 2015; Long and Nelson, 2013).
As shown in Figure 3(a), given two space-time paths P’ and P’,the CPD, denoted by M -, uses

the minimal distance between two space-time paths during the period of interest, and can be expressed
as

Moy (P, P") = min( D(P'(1,).P* 1)) )

This M pp, metric is minimum (i.e., zero) when the space-time paths intersect. In contrastto M pp,

FD, denoted by M, , uses the maximum distance between two space-time paths during the period
of interest (see Figure 3(b)), and can be expressed as

My, (P, P*) = max(D(P'(4,). P (1) (©6)

The FD is best conceptualized using the analogy of a person walking a dog, where FD is the minimum
leash length required to connect the dog and its owner walking different space-time paths. The APD,

denoted by M ,,,, uses the average distance between two space-time paths during the period of
interest(see Figure 3(c)), and can be expressed as

MAPD(Pq9Pb):mvetan(D(Pq(tk)an(tk))) (7)
Then, we have M, (P',P")<M ., (P,P")<M,,(P?,P"). Since noise control points can cause
large distances between two space-time paths, LCSS, denoted by M, ~, is commonly adopted for

time series analysis to robustly evaluate spatiotemporal proximity. M, metric uses the time

duration that the distance between two space-time paths is less than a given spatial tolerance @ (see
Figure 3(d)), and can be expressed as

Mo (PP = [1 800t (8)

L if D(P'(t).P'(t))<o

5(t) ={ ©)

0, otherwise
where O(f,) is the binary proximity relationship, and #/ and ¢/ are the start and end times of the
target path, respectively. O(f,) =1 indicates that the distance between two paths is less than the

given tolerance at time stamp £,,and O(f,) =0 otherwise.



It should be noted that these four spatiotemporal proximity metrics are used for quantifying
continuous space-time paths. In the literature, several discrete proximity metrics have been proposed
for discrete forms of space-time paths, which comprise only a set of control points, including discrete
Fréchet distance (Eiter and Mannila, 1994), dynamic time wrapping distance (Agrawal et al., 1993),
edit distance on real sequence distance (Chen and Ng, 2004), and edit distance with real penalty
distance (Chen et al., 2005). Although these discrete proximity metrics are useful for analyzing
temporal event processes (Pei et al., 2013), such as seismic sequences of different tectonic units, road
traffic congestion events, and extreme weather events in different geographic zones, they can produce
biased proximity results for continuous space-time paths, because space-time path control points are
not generally collected simultaneously, and the number of control points are not typically the same
for different space-time paths. Therefore, discrete proximity metrics are not considered in this study.

4. Space-time integrated approach for spatiotemporal proximity analysis

This section introduces the proposed space-time integrated approach for spatiotemporal proximity
analyses of movement data. We first introduce space-time buffering, and then five space-time
overlapping operations.

Space-time buffering extends conventional spatial buffering of a point by incorporating the time
dimension. Given a spatial tolerance , it continuously constructs spatial buffers for an individual
g moving along P? in (x,y,t) space. Analogous to conventional spatial buffering, the space-

time region constructed by space-time buffering is called a space-time buffer. Let S7B?(®) be the
space-time buffer of P? using spatial tolerance @, mathematically defined as follows.

Definition 1. Given a space-time path P’ and a spatial tolerance @, the space-time buffer
STB?(®) delimits all possible space-time points (X,,V,,?,) satisfying
STBY (@) ={(x,, Y1) | D((x,, y ). P/(1,) ) S eo,t! <1, <1} (10)

Figure 4 shows space-time buffering in planar space can be conceptualized using the analogy of a
disk moving along P?. Atany {,, the center of the disk is located at P?(#,) and disk radius is set

as . Therefore, the spatial distance between any point within the disk to P?(¢,) is less than .

STBY(@) in planar space is a 3D entity in (x, y,#) space, and comprises a set of space-time

cylinders, where each cylinder delimits the buffer for the corresponding path segment s; € P?.

It can be proved that the projection of STB?(®) onto geographic space is equivalent to the spatial
buffer of corresponding projected polyline L7 as in the following proposition.

Proposition 1. Given a space-time path P?, the projection of its space-time buffer S7B?(®) onto

the geographical space is equivalent to the spatial buffer of its projected polyline L7.
Proof. See Proposition A1 in the appendix.

This space-time buffer, STB?(®), is useful to analyze spatiotemporal proximity relationships
between the target path P* and its surrounding paths. Analogous to conventional spatial overlapping,

a space-time query using STB?(®) as the input is called a space-time overlapping operation. In this
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study, five space-time overlapping operations are introduced, CPD, FD, APD, LCSS, and bundling
operations.

The CPD operation finds all space-time paths with M, to path P! <. Figure 5(a) shows that
this operation can be implemented by a buffer-path-intersection query to find all space-time paths

intersecting STB?(w). Its optimality is proved as follows.

Proposition 2. The CPD operation can retrieve all space-time paths with M., to P! <.
Proof. See Proposition A2 in the appendix.

The FD operation finds all space-time paths with M, to P! <. Figure 5(b) shows that this
operation can be implemented using the buffer-path-contain query to find all space-time paths
contained by STB?(®). Its optimality is proved as follows.

Proposition 3. The FD operation can retrieve all space-time paths with M, to P! <o.
Proof. See Proposition A3 in the appendix.

The APD operation finds all space-time paths with M ., to P! <. Figure 5(c) shows that this

operation can be implemented using two steps. Given a space-time buffer S7B?(®), the first step
uses the CPD operation to find a set of candidate space-time paths. The second step calculates
M ,,,(P,P") for each candidate path P’, and removes P’ if M, (P',P’)>® holds. Its

optimality is proved as follows.

Proposition 4. The APD operation retrieves all space-time paths with M ,,;, to P/ <.
Proof. See Proposition A4 in the appendix.

The LCSS operation finds all space-time paths with M, s to P? >0. Figure 5(d) shows that this
operation can be implemented using two steps. The first step uses the buffer-path-intersection query

to find all candidate paths intersected with STB?(@). The second step obtains M, for each

candidate path P’ over the common time period within [Z,,Z,]. Optimality is proved as follows.

s27e

Proposition 5. The LCSS operation retrieves all space-time paths with M, to P! >0.
Proof. See Proposition A5 in the appendix.

The bundling operation finds all space-time paths bundled with P? during period [Z,,Z,] .
Figure 5(e) shows that this operation can be implemented using two steps. The first step uses the
buffer path intersection query to find all candidate paths intersected with STB?(®) . The second step
clips each candidate P’ to obtain its sub-path within S7B?(®), and removes P’ if the sub-path

does not cover the whole period [Z,,Z,]. Optimality is proved as follows.

Proposition 6. The bundling operation retrieves all space-time paths bundled with P during
period [Z,,2,].



Proof. See Proposition A6 in the appendix.

The proposed space-time buffering and overlapping operations provide a new space-time integrated
approach for analyzing spatiotemporal proximal paths considering space and time simultaneously.
This overcomes several drawbacks of conventional space-time separated approaches, which check
for spatial proximity first and then for temporal coverage, or vice versa (Long et al., 2013; Miller,
2005). Figure 6 shows the advantages of the proposed space-time integrated approach for a simple

example of finding all space-time paths bundled with P? during time period [Z,,Z,]. Using the

conventional approach, a spatial buffer of tolerance @ 1is constructed for the projected polyline L7.
Spatial proximity is first checked to determine two candidate space-time paths, P° and P°, whose
projected polylines intersect the constructed spatial buffer. For each candidate path, temporal

coverage over [f,Z,] is checked. Accordingly, both candidate space-time paths are found to be

bundled with P?. However, P’ is misidentified, since it is travelling in a different direction to P?.
Therefore, the conventional space-time separated approach can misidentify spatiotemporal proximal
paths, because meeting spatial proximity and temporal coverage separately is necessary rather than
sufficient conditions for spatiotemporal proximity relationships. Consequently, a verification step is
required to check spatiotemporal proximity relationships (e.g. bundling) of all candidate space-time
paths, causing additional computational costs in the spatiotemporal proximity analysis. In contrast,
Propositions 2—6 prove that the proposed space-time integrated approach, using necessary and
sufficient conditions, can exactly determine spatiotemporal proximal paths.

5. Extensions for analyzing network-constraint space-time paths
5.1. Space-time buffer concept in the road network

Human movements in urban areas are normally constrained by road networks. This section extends
the proposed space-time integrated approach to analyze network-constrained space-time paths by
explicitly considering road network complexities. A road network can be modelled as a directed graph
G =(N,A,¥), where N is the set of nodes, 4 is the set of links and ¥ is the set of turning

movements. Each link a, €4 has a set of attributes, including link identity [ , length d,, and
travel time, #,. Amovement ¥, €Y represents the allowed movement (e.g. right turn) from link

a, to its successor link @, while movement ¥, &Y represents the restricted movement (e.g. left

u
turn) from a, to a,. U-turns are only allowed at network nodes, and restricted at other locations on
network links (Li et al., 2015).

Figure 7 shows a simple example of network-constrained space-time paths. In the road network, any
geographical location (x;,);) is located on a link @, , and can be referenced as (/,,7,) using the

linear reference system (LRS) (Miller and Shaw, 2001; Chen et al., 2016a), where m, €(0,1) is the
location’s relative position on link a@,. m =&~0 and m,=1-&~1 refer to the starting and

ending nodes of the link, respectively, where & is a very small tolerance (e.g. ¢ =10"*). The LRS
location ([ ,m;) is an equivalent representation of the geographical location (X;,);) in the road

network; and can be converted to the geographical location (x;,);) using dynamic segmentation
(Miller and Shaw, 2001; Chen et al., 2016a).

A network constrained space-time path P 7 can be expressed as a set of control points and a set of
9



path segments in the road network. To maintain path topology in the road network, control points
should include not only observations but also network nodes. Between each two consecutive control

points ¢ =(l,,m,t) and ¢} =(l,,m,t;), we assume individual 4 moving at constant velocity

along link @, . Accordingly, the path segment s connecting two control points is not necessarily a

straight line, but along underlying link 4, . The individual’s travel speed Vi on the path segment

can be expressed as

o m,d, —md,

y
t,—t,

(11)

The individual’s location P?(#,) at ¢, € [4,2,] can be calculated following linear interpolation as
Pi()={,,m,t) | m =(A=Dm +Am ;1= —1)/(t,—1)} (12)
This network location (/,,71,) can be converted to geographic coordinates (X;,),) using dynamic
segmentation. Therefore, the network constrained P? remains a 3D polyline in (x, y,¢) space. Let
R! be a sub-path of P? comprising all path segments on the same link a,. The projection of R’
onto the geographical space is link @, . Then, the projection of P? =<..,R?,...> onto geographical

space comprises a set of links <...,a,,...>.

All spatiotemporal proximity relationships defined in Section 3, i.e., Egs. (2-9), are valid for network
constrained space-time paths. In contrast to planar space, the distance between two network locations

should be evaluated by network distance D, () rather than Euclidean distance D.() . Let
D, ((lu,ml.), (lv,mj)) be the shortest path distance from (/,,m,) to (,,m;) in the road network.
Using link length attributes, Dy, can be calculated by shortest path algorithms, such as Dijkstra’s

algorithm considering turn restrictions (Li et al., 2015; Chen et al., 2016b). This shortest path distance
Dg, is not symmetrical, i.e., D, ((lu ,m), ([, mj)) # Dy, ((lv, m,),(l,, ml.)) , because all network

links are directed and allow for movement in only one direction. In this study, network distance D,;()
is defined as the minimum metric between distances in opposite directions,

D, ((t,,m,),(,,m;))=min(Dy, ((1,.m,),,,m,)), Dy (L, m,),(,,m))) (13)
It is symmetric, and satisfies non-negativity, reflexivity, and triangle inequality properties.

Since travel speed in the road network varies for different city regions, it is reasonable to use travel
time to measure the proximity between network locations rather than network distance, D,/(). The

travel time between two network locations, 7;\,(), can be expressed as
Ty (), (4, m,))=min (T, (4, m), (o)) Top (m,), (4, m)) (14)
where T, ((lu,m,.),(lv,m j)) is the least travel time from (/,,m,) to (/,,m;),and can be calculated

by shortest path algorithms using the link travel time attribute. The 7, () metric also satisfies non-
negativity, reflexivity, symmetry, and triangle inequality properties.

Based on either D,() or 7,(), space-time buffering can be used to analyze spatiotemporal

proximity relationships of network-constrained space-time paths. These two network spatial distance
metrics can be calculated using the same shortest path algorithms with different link attributes, i.e.,

10



link length for D,() and link travel time for 7,(). Another difference when using these metrics for

constructing STB?(®) is the input spatial tolerance, @: distance tolerance should be used for

D, (); while travel time tolerance should be used for 7,,(). We only use the D,,() metric hereafter
to simplify the presentation.

Figure 7 shows the network space-time buffer concept for a network-constrained space-time path P?
in the (x,y,t) space. For any [, a network spatial buffer is constructed to delimit all network

locations satisfying D, (P" (tk),(lu,mk)) <w, V(I ,m_,t). From Eq. (13), all network locations
satisfying either DSP(Pq (%), (lu,mk)) <@ or DSP((lu,mk), P! (tk)) <@ should be included in the
network spatial buffer. Network locations satisfying the former condition form a forward spatial
buffer, denoted by A/ (w), and can be determined by forward shortest path search using P?(z,) as

the origin node. In contrast, network locations satisfying the latter condition form a backward spatial
buffer, denoted by A’(@), and can be determined by the backward shortest path search using

Pi(t,) as the destination node.

Accordingly, the network space-time buffer S7B?(®) can be generated by continuously
constructing forward and backward spatial buffers, 4/(w) and A (w), respectively, for any
P(t,) along the path. Figure 7 shows that all space-time locations covered by A/ (®),Vt, forma
forward space-time buffer (light orange), denoted by S7’ B/ (@) . In contrast, all space-time locations
covered by A’(w),Vt, form a backward space-time buffer (light blue), denoted by STB”(®). The
generated STB!(w)=STB' (w)USTB’(w) . As shown in the figure, the generated
STB!(w) =<...,0!,...> comprises a set of space-time polygons upon the links, where
represents a space-time polygon upon link @, . Each space-time polygon  may be the union of
the corresponding two parts, OL{ e STB' (w) and O: eSTB" (w).

5.2. Geo-computational algorithm for constructing a network space-time buffer

Based on the concept of network space-time buffering, a straightforward algorithm is to continuously
construct forward and backward spatial buffers, A,{ ' (w) and A,f (), for at any space-time location

Pi(¢t,) along the path. However, such a straightforward algorithm is computationally intractable. In
this section, we propose a geo-computational algorithm to efficiently construct STB?(w) for a
network-constrained space-time path P 7 .

The proposed algorithm makes use of the constant speed characteristic of every path segment,
s; € P*. Hence the forward and backward spatial buffers for s; are only required at two control
points, P(t,) and P/(¢ ;) » to construct the corresponding forward and backward space-time buffers,
STBI:; (w) and STB; (w) . Thus, STB?(w) can be efficiently generated after STB; (w) and

ST. B; (@) are constructed for any path segment Vs; € P?.

11



We first introduce the method to construct the forward space-time buffer, S7. Bl.f (w), for a path
segment s; € P?. Let A,f (w) and Ajf (w) be the forward spatial buffers constructed at control

points, P(t) and P’ (¢;) , respectively. Suppose that the projection of s is on link @, (called
segment link). The forward space-time buffer STB,{ (w)=< o .,0

M,lj’ tij"“

> consists of forward

space-time polygons upon 4, and other nearby links Va, Ajf ().

/

u,ij

Figure 8 shows that O/, upon a, has five possible cases using the LRS measures. Spatial

tolerance @ is converted into the LRS measure,
m,=w/d, (15)

where d, is the length of a,. Adding m, into the control points, P?(t,)=(/ ,m,t) and

P'(t,)=(,,m;t;) , we have two space-time locations c"=(,m+m,t) and
cjf” =(l,,m;+m,,t;), which together with the two control points form a forward space-time

parallelogram < P?(t,),c/", cf“ ,P(¢,)>. Then, O/ can be generated by cutting the parallelogram

w,ij
outside the ending node of link @, . From the relationship between the parallelogram and the segment

link, five Oljf ; cases can be identified as follows.
fu

Case (fu.a): m,+m,<m, and m;+m,<m,, ie., the whole parallelogram, including ¢/* and

¢/, is within link @, . Thus, O/, =<P'(t,),¢/",c]", P(t,)>, as shown in Figure 8(a).

J 2 u,ij
Case (fub): m+m,<m, and m,<m, <m +m,, ie, c¢/" is within link @, but ¢/ is

outside the link. Thus, O/, =< P'(t,),¢/",¢[",¢J",P(1,) >, as shown in Figure 8(b), where
m; +m, —m

" =(l,m,t" =1, - =) and ¢ =(l,,m,,1,).
tan o
Case (fu.c): m,+m,<m, and m,=m,,ie., c"

1

node of link @, . Figure 8(c) shows that O/ =<P'(t),c/",c/",P'(t,)> , where

u,ij

is within link @, and P?(¢;) is at the ending

m
o' =l,,m,tl" =1, _tanwa).

Case (fu.d): m, <m,<m,+m, and m, <m,<m;+m,, i.e., both ¢/ and cf“ are outside a,.

Figure 8(d) shows that O/, =<P(t),¢/",c]',P'(t,)> , where c¢/"=(l,,m,t) and

.
cf' = (L,,m,,t,).
fuu Ju

and ¢

Case (fue): m <m,<m+m, and m;,=m,, ie. both c; are outside a, and

P?(t,) is at the ending node of link @, . Figure 8¢ shows that O/, =< P(z,),¢[" , P'(1,)>,

i
where ¢ =(l,,m,,t,).

In above figures, the angle & can be expressed as
m,—m, Vi

tan ¢ = —2 =7 (16)

The forward spatial buffers, A,f (w) and Ajf (w), could cover not only a@,, but also other nearby
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links. Let E,:f (w)=A4" (w)-a, and Zf(a))=Af(a))—au be the set of nearby links covered by
forward spatial buffers, excluding the segment link @,. Then the following relationship between
A’ (w) and Z_/f(a)) holds.

A4 —Af
Lemmal. 4/ (w)=4/ (0+md,—md,).

Proof. See Lemma A1l in the appendix.

Lemma 2. Zl.f(a)) c Z{(a)) )

Proof. See Lemma A2 in the appendix.

According to Lemma 2, the forward space-time buffer STB,{(C!)) comprises forward space-time
polygons for all nearby links Va, € Z/f (). Suppose that sub-link (/,,7,) to (lv,mlf” ) is covered
by A/ (®); and sub-link (L,m,) to (1,,m!") is covered by ij (w) . Then, their corresponding

space-time locations are ¢/} =(/,,m,,1,), c=(,m"t), =(l,,m.,t;) and ¢/ =(l,,m],t).

i Js

For each nearby link a, € Zf (), the forward space-time polygon OV{ 'l:/ can be determined as one
of the following four cases, as shown in Figure 9.
Case (fv.a): m” =m, and mjfv =m,, i.e., the whole of link @, is covered by both A’ (w) and

Z]f (). Figure 9(a) shows that O/ =<c/” c” ¢/, ¢/ >

v.ij 502G G 0Cs

Case (fv.b): m <m” <m, and mjfv =m,, ie., link a, is partially covered by 4’ (@) and fully

1

A4 ; VARSI LN L LR L 1
covered by Aj(w) . Figure 9(b) shows that O, =<c/.,¢,¢",ci,c; >, where
o
. . m —m:
clfv = (lv’me’tlfv :ti +e—_l)
tana
v

Case (fv.c): m <m/ <m, and m <m/ <m,, ie., link @, is partially covered by both A (v)

and Z/f (). Figure 9(c) shows that va, '!.j =< c;’:ﬁ,cf”,c_f'v,c_ﬁ >,

Case (fv.d): m//” <m,,i.e.,link a, ispartially covered by Z/f (), but outside A4’ (w). Figure 9(d)
Fo_

: m
shows that O/ = <c,c”,c” >, where ¢ =(,m,t/" =t ——L——
vy J J»S v e j
tan o
In the above figures, the angle & can be expressed as

_ v

tana =— (17)
d

v

We now introduce the method to construct the backward space-time buffer, S72 B,f (w), for each path
segment s;. Let Af (w) and Af (w) be the backward spatial buffers constructed at control points
Pi(t;) and PU(¢;), respectively. Then, STB; (w)=< Of,]y, Of ji»=>» comprises backward space-
time polygons upon link @, and other nearby links, Va, € A’ (w).

Similar to the forward buffer case, the backward space-time polygon O’

ij
also has five possible cases, as shown in Figure 10. However, the space-time locations
13

upon segment link a,



" =(,m—m,t) and ¢ =(l,,m;—m,,t,) are determined by subtracting m,=w/d, from

control points, P(t,) and P/(¢ ;) , respectively. Thus, O’ can be generated by cutting the

u,if

backward space-time parallelogram < ¢, P?(t,), P’ (tj),cf" > outside the starting node of link a,.
The five O,fy cases are as follows.
Case (bu.a): m <m,—m, and m <m,—m,, i.e., the whole backward parallelogram, including

both ¢ and c¢”",iswithin @,.Figure 10(a) shows that 0., =<c,P'(1,),P'(t,),c"" >.

w,ij
Case (bub): m —m,<m <m and m <m,—m,, ie., c’ is within link @, but ¢ is outside
the link. Figure 10(b) shows that O, =<¢",P'(1,),P'(t,),c)",c;" > , where

w,ij
bu _ b m —-—m.+m
" =(l,m,t) and ¢ =( B

u?’

m,t0 =t +
tan

Case (bu.c): m =m_and m <m,—m,,i.e., c?” is within link @, and P?(¢,) is at the starting

node of link a, . Figure 10(c) shows that O°. =< P"(ti),P”’(tj),c_f“,c;’”>, where

w,ij

m
cf“ :(lu,ms,tf“ =t +—2).
tan

Case (bu.d): m,—m,<m <m, and m;—m,<m <m,, ie., both Cf’” and c_f“ are outside link
a, . Figure 10(d) shows that O], =<c/,P(t,),P'(t,).c;" >, where ¢" =(l,,m,,t,) and

e =(l,,mt;).

. bu . .
Case (bu.e): m,=m_ and m,—m,<m <m,, ie., both ¢" and cj’.” are outside link @, and

Pi(t) is at the starting node of link @, . Figure 10e shows that
O, =<P'(1,),P'(t,),c;" >, where ;" =(l,,m,,t,).

The backward space-time polygons for all nearby links can now be determined. Let
Zf’(a)):Af’ (w)—a, and ZJI.’ (w)= Aj’? (w)—a, be the set of nearby links covered by backward
spatial buffers, excluding the segment link a@,. Then, the following relationships between Zf’ (o)
and Z/b (w) hold.

Lemma3. A’ (o)= Zj’ (w+md, —md).

Jj o u
Proof. See Lemma A3 in the appendix. O

b b
Lemma 4. 4/(0)c 4/ ().

Proof. See Lemma A4 in the appendix.

According to Lemma 4, ST B,f (w) comprises backward space-time polygons for all nearby links
Va, € A’(®) . Suppose that sub-link (Z,,m™) to (I,,m,) is covered by A’(®); and sub-link
(lv,mfv) to ([,m,) is covered by Zj’ (w) , with corresponding space-time locations
& =(,m",t), " =(l,,m,t),c" =(,m”,t,),and ¢ =(l,,m,t,). Then, similar to the forward

case, the backward space-time polygon OfU for each nearby link a, egf’(a)) is one of the
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following four as shown in Figure 11.
Case (bv.a): m” =m_ and mj?v =m_, i.e., the whole of link @, is covered by both A’(@) and

Z/b (@) . Figure 11(a) shows that Of,!/ =< cf”,cfz,cffe,c_fv >
Case (bv.b): mlb "=m_ and m < mfv <m,, ie., link a, is fully covered by Zf’ (w) and partially

b . b bv by by by
covered by A4;(w) . Figure 11(b) shows that O, =<c",c,,c},,c},

v,ij > Vie?

b
¢,” >, where
bv
m” —m
by __ by __ J s
o =W,m,t" =t, ————)
tan o

Case (bv.c): m <m” <m, and m, < mfv <m,, i.e., link a, is partially covered by both Zf’ (o)

b : b _ bv _bv _bv by
and 4; (). Figure 11(c) shows that O, =<¢",c/,,c;,,c;” >.

v,ij >¥ie?  je?
Case (bv.d): m, <m” <m_,ie. link @ ispartially coveredby A’(@) but outside Zf (w) . Figure

by
b b m,—m,
11(d) shows that O, =<¢*,c", ¢ >, where ¢" =(l,,m,,t;" =t, +————

sYies

tan o

After both SYBJ (@)=<..,0' ,..> and STB;(CO) =<..,0’ ,..> are constructed for path

u,ij 2 u,ij ?

segment S, , the space-time buffer can be determined as STB; (w)=<...,0". =0 v ,.. >,

U 5 u’U U,U M,y’
Consequently, once ST B,Jq (®) is constructed for all path segments Vs; € P?, space-time buffer

STB(@) for space-time path P! can be generated as the union of all S7 Uq- (w) . The detailed steps

of the proposed geo-computational algorithm are as follows.

Geo-computational algorithm for constructing a network space-time buffer

Inputs: Space-time path P! =<L ,R’,L >, spatial tolerance ®.

Return: Space-time buffer S7B(w)=<...,0,...>.

01: Foreach R’ in P?

02: Call ForwardNetBuffer(R!, @) to construct A (@) for all control points VP?(t,) € R? .
03: Call BackwardNetBuffer(R’,®) to construct A”(w) for all control points VP?(t,) € R’ .
04: Foreach s/ in K]

05: Generate O; ; based on Cases (fu.a—fu.e), and set O] =0, U o/ .

06: For each nearby link a, in Z]f (w)

07: Generate O, ; based on Cases (fv.a-fv.d), and set O] = O] U o/ -
08: End For
09: Generate O’

,ij

10: For each nearby link 4, in Zf’ (o)

based on Cases (bu.a-bu.e), and set O/ =07 L O’

u,ij

11: Generate Of,[j based on Cases (bv.a-bv.d), and set O! =0 U Of,!/ :
12: End For

13:  End For

14: End For

15: Return space-time buffer STB?(@) with all generated space-time polygons VO .
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In the proposed algorithm, the ForwardNetBuffer procedure efficiently constructs forward spatial
buffers A’ (w) for all control points VP?(¢,) € R?, using a single forward shortest path search.

Intuitively, to obtain 4’ (@) for every control point P(t,), one forward link based shortest path
search (Chen et al., 2016b; Li et al., 2015) is performed to determine all network links with network
distanceto ¢ lessthan @.Consequently, shortest path searches are repeatedly performed to obtain

forward spatial buffers for all control points upon the same link @, . However, this repeated shortest

path search process introduces significant computational overhead, because Zf (w) of a control

point already contains Ef (w) of the previous control point (i.e., Zl.f (w) Zf (w) from lemma 2).

In view of this, we introduce an alternative incremental shortest path search technique in
ForwardNetBuffer. The procedure uses Lemma 1 to convert Z,f (w) of control point P/(t) to
A’ (w+md,~md)) of the link starting point. Thus, 4’(w) of all control points can be
constructed using the forward shortest path search originating from the same link starting point. The
procedure first constructs ;lsf (w) for the starting node with spatial tolerance @. Then, to construct
Al (0)= 4/ (0+md,—md,) for the second control point, P?(z,), the procedure continues the
previous shortest path search with increased spatial tolerance, @+m,d,—md, . The procedure
continues to construct A/ (®)=A'(w+md,~md,)) for every control point, until
Zef (w) = Zf (w+md, —md ) forthe link ending node. Therefore, the proposed ForwardNetBuffer
procedure efficiently determines 4’ (@) for all control points VP?(t,) € R? using a single forward

shortest path search. Compared to the repeated search process, this incremental search process only
explicitly constructs Aéf (w) of the link ending node, and avoids the computational effort required

in constructing 4’ (@) for all other control points.

The incremental shortest path search technique is also adopted for the BackwardNetBuffer procedure
to efficiently construct a backward spatial buffer A4’ (@) for all control points, VP?(t,) € R, using
a single backward search process. Similar to the forward procedure, the BackwardNetBuffer
procedure converts A’(®) of every control point P/(t) to A’(w+md, —md,) of the link-

ending node using Lemma 3. Consequently, Zf’ (@) for all control points can be constructed by a
single backward shortest path search rooted at the link-ending node. The procedure first performs the
backward shortest path search with spatial tolerance @ to construct Zf (®) of the link-ending
point, then continues the path search with increased spatial tolerance @+m,d, —md, to construct

Zf’ (w) for every control point; and stops the search after constructing Zf’ (w) for the link-starting

point. Therefore, the procedure efficiently determines Zf’(co) for all control points in a single
backward shortest path search.

The computational complexity of the proposed geo-computational algorithm is analyzed. In the worst
case, both ForwardNetBuffer and BackwardNetBuffer procedures run in O(|W |+| 4 |Log|A]),

where | ¥ | is the number of allowed turns in the road network and | 4| is the number of links in
the road network. Therefore, the proposed geo-computational algorithm runs in
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O(R!||W|+|R!|| 4| Log| A|), where |R?| isthe number of links covered by the space-time path,

P?. Thus, the algorithm’s computational performance strongly depends on ForwardNetBuffer and
BackwardNetBuffer efficiency.

To further improve computational efficiency, an avoiding label initialization technique (Chen et al.,
2014) is adopted. In conventional shortest path searching algorithms (Li et al., 2015), the label
initialization step is required to set “null” labels to all network links before the search process. Since
the network spatial buffer constructed at each control point is relatively small, the shortest path
algorithm only explores a small number of links. Thus, label initialization for all network links can
cause significant computational overheads in the construction of network space-time buffers, where
numerous shortest path searches are performed at all control points. The avoiding label initialization
technique (Chen et al., 2014) assigns a unique search ID to each shortest path search. Labels generated
by previous shortest path searches are identified by comparing their associated search ID, and
unnecessary label initialization steps can be avoided.

6. Implementation of the space-time integrated approach in movement database

The proposed space-time integrated approach is implemented in an effective spatiotemporal data
model for representing and computing network-constrained time geographic entities and relationships
(Chen et al., 2016a). This spatiotemporal data model builds on the CLR technique to transform 3D
network-constrained time geographic entities in (x, y,#) space to 2D entities in CLR space.

Subsequently, efficient and effective spatial databases and indexes can be directly employed to store,
index, and query network-constrained time geographical entities and relationships in CLR space.
Therefore, we employed a CLR spatiotemporal data model to implement the proposed space-time
buffering and overlapping operations.

The CLR technique proposed by Chen et al. (2016a) is briefly introduced. The linear reference
(/,,m.) is an equivalent one-to-one representation of geographical location (X;,);) in the road

network. Since 71, is a real number between 0 and 1 and link ID, [, is a unique positive integer
number, they can be integrated into a single real value

zi =l +m, (18)
The z value is also an equivalent representation of (X;,),) and can be easily transformed to the
geographical  location using dynamic segmentation. Therefore, any 3D  point
¢ =(x,y,t)=(,,m,t) in the road network can be represented as a unique 2D point &o=(z,,t,)

in (z,t) space, which is called the CLR space.

Using the CLR technique, a 3D network-constraint space-time path P? in the (x,y,t) space can
be transformed into the CLR space as a 2D entity. Figure 12 shows the space-time path in CLR space
transformed from that in Figure 7. The transformed space-time path in CLR space, £%, comprises a

set of disjoint LineString elements (i.e., polylines) <L ,IQ?,L >, where each LineString kf’
corresponds to R’ in (x,y,r) space, representing the individual’s continuous movement on a
specific link a,. LineString 124’ is further represented by a set of path segments, <L ,.%O,L >,

where each 8/ is a straight line in CLR space connecting two consecutive control points &o=(z,,t,)

and cq/_j6= (z,,¢,), on the same link, @, , which corresponds to s; in (x,y,s) space. Chen et al.
(2016a) proved that £ in CLR space is an equivalent representation of P! in (x, y,¢) space as
17



follows.

Proposition 7. The network constrained space-time path £ in CLR space is an equivalent
representation of P! in (x,y,t) space.
Proof. See Proposition 1 in Chen et al., (2016a). O

Following the previous work, we transform the network space-time buffer, STB?(w), into CLR

space by converting any space-time location ¢ =(/,m,t) to &=(z,t). In practice, any

27 270

STB?(®w) can be transformed by converting each STB;- (w) of Sijq- €P? | into CLR space as

follows.

From the definition, STB,? (@) is the union of STB;(w) and STB; (®) for a path segment S,-]q-
upon link a, . Firstly, SYB;(a)) =<0/ .,0/ ,..> | is transformed into CLR space. Any

w,gj > i 2

O/ =<..,c!,..> case fu.a—fu.e (Figure 8) is transformed into a unique polygon P = e &0, >

u,ij u,lj
in CLR space by converting any point ¢, =(,,m.,t) to &o=(z; =I +m,t) , and any

O/ =<..,c,.> case fva—fvd (Figure 9) is also transformed into a unique polygon

v.ij

b =<...,8...> in CLR space by converting any point ¢} =(/,,m,t,) to &o=(z] =1 +m,,t,).

v,y

Thus, STB](w)=<0),,0!

wij> i

.> can be transformed into a unique W(a)) =<6 06 >

w2 w2ttt

in CLR space.

> is transformed into CLR space using a similar approach. Any

Secondly, STB; (0)=<0".,0

wij> P

0:’1.]. =<..,C¢,,...> case bua-bue (Figure 10) is transformed into a unique polygon
(%;.j =<...,&0,...> in CLR space by converting any point ¢, =(I,m,t,) to &o=(z; =1 +m,,t,),
and any Of’ij =<..,c,,...> case bv.a-bv.d (Figure 11) is transformed into a unique polygon

&f’y =<..,&a...> in CLR space by converting any point ¢, =(/ ,m,,t,) to &o=(z;, =1, +m,,t,).

Thus, STB;((()) =<0, 0

) ii»Uhijo-- > can be transformed into a unique mf’(a}) =< O > in
CLR space.

wij> vijoe

Consequently, STB;- (CO) =ST. B,f (CO) ST B: (CO) , can be transformed into a unique space-time buffer,
W(a)) =W(a))umf’(a)), in CLR space. After W(a)) for VSijq- € P? are determined,
the network space-time buffer in CLR space, W(a)) , can be obtained as the union of all
determined A%%f’(a)) Figure 12 shows a simple example of W((()) transformed from the
STBY(w) in Figure 7. W(a)) is a 2D entity in CLR space, comprising a set of disjoint 2D
polygons <...,(§f’,...> in CLR space, where each &f’ corresponds to O e STB'(®) in (x, y,1)

space. We prove that W((()) is an equivalent one-to-one representation of S7B?(®) as follows.

Proposition 8. The network space-time buffer W((()) in CLR space is an equivalent
18



representation of STB?(®) in (x,y,t) space.
Proof. See Proposition A7 in the appendix. O

To construct W(a}) for a some P in CLR space, the proposed geo-computational algorithm
Ob

,ij

and Of’” in (x,y,t) space with %)

u,ij >

can be modified by simply replacing O’ ., O’

wij > i
&“‘ (% and (%

vij o Ty Vi

in CLR space, with the same computational complexity.

In CLR space, the network distance between two network locations, z =(/,,m) and z,=(l,,m,),

is calculated using the same network proximity operator as in (x,y,tf) space, 1i.e.,
D, (zi ,Z j.) =D, ((lu ,m,), ([, m j)) . We show that the spatiotemporal proximity relationships defined

in (x,y,t) spaceremain valid for any two space-time paths, P% and P4, in CLR space, as follows.

8Bundle’ MCPD’ MFD > MAPD
and M, ) between £ and P® in CLR space are equal to those between P and P’ in

(x,y,t) space.
Proof. See Proposition A8 in the appendix. O

Proposition 9. Spatiotemporal proximity relationships (i.e., O

Intersect »

We also shown that W(a}) can delimit all space-time points 8po=(z;,#,) in CLR space where
D, (%@ l%(tk)) is less than the given spatial tolerance @ as follows.

Proposition 10. The network space-time buffer W(a}) of space-time path ¢ delimits all
possible space-time points &o=(z,,#,) in CLR space satisfying D, (c"{q I%(tk)) <o,t! <V, <t

Proof. See Proposition A9 in the appendix. O

Based on the above Propositions 7—10, the proposed space-time buffering and overlapping can be
easily implemented in CLR space for spatiotemporal proximity analysis of movement data. From
Proposition 7, all space-time paths can be converted into CLR space, so they can be stored, indexed,
and queried as 2D polyline entities in the existing spatial database. From Proposition 8, given a target

space-time path ¢ in CLR space, W(m), can be constructed and represented as a 2D multi-

polygon in CLR space. Consequently, efficient 2D spatial queries (i.e., polygon-polyline-intersection
and polygon-polyline-contain queries) provided by the spatial database can be directly employed to
implement complicated 3D spatiotemporal queries (i.e., buffer-path-intersection and buffer-path-
contain queries, respectively). Propositions 9 and 10 show how these polygon-polyline-intersection
(or polygon-polyline-contain) queries can retrieve all space-time paths V2% intersected with (or

contained by) W(a)) . Therefore, the proposed space-time integrated approach can be efficiently
implemented in spatial databases using the CLR technique.

7. Case study

This section presents a case study using a real-world movement dataset to demonstrate the
applicability of the proposed space-time integrated approach. We adopted ArcSDE 10.2 and Oracle
11g as the spatial database to store, index, and query space-time paths in CLR space, with Grid-file
employed to index space-time paths. The proposed geo-computational algorithm to construct network
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space-time buffers in CLR space was coded in Visual C#, with the F-heap data structure (Fredman
and Tarjan, 1987) as the priority queue. The proposed five space-time overlapping operations were
implemented using the ArcEngine 10.2 development kit in Visual C#. All experiments were
conducted on a desktop computer with Intel dual core 3.1 GHz CPU (only a single core was used), 8
GB RAM, running Windows 7, 64-bit operating system.

7.1. Data collection

Two real-world datasets from Wuhan, a mega city in China, were collected. Figure 13 summarizes
the Wuhan road network, which consists of 19,306 nodes and 46,757 directed links. Network link
identities were set as unique integers from 1 to 46,757. The road network provides the CLR space
reference framework for converting locations in (x, y,#) space to CLR space, and vice versa. The
Wuhan floating car data was collected during 8-9 a.m. (i.e., morning peak) on a typical Thursday (3
September, 2009), and consisted of GPS observations of 10,000 taxis with (low) 30 s sampling
frequency.

Due to GPS positioning and digital road network errors, GPS observations of taxis may not lie exactly
on network links, and a taxi may have passed through several network links between consecutive
observations due to the relatively low sampling frequency. Therefore, a multicriteria dynamic
programming map matching (MDP-MM) algorithm (Chen et al., 2014) was employed to accurately
map GPS observations onto the road network and reconstruct taxi space-time paths. All space-time
paths were subsequently converted into CLR space and stored as a 2D polyline layer in the spatial
database.

Three spatiotemporal proximity metrics, M p,, M, and M, , were evaluated and compared
in both network and planar spaces. Figure 14 compares the calculated metrics between a random
selected space-time path and all other paths in the dataset. To calculate these metrics, space-time paths
were discretized into a set of space-time points every 30 s to ensure space-time points of all paths
were sampled at the same time instances. The low sampling frequency (30 s) was adopted to reduce
intensive computational cost for processing this large scale dataset.

As shown in the figure, the M, <M ,,;, <M, relationship held for both network and planar
spaces. For example, the average M ., value in network space was 10.5 km, average M ,,, =11.2

km, and average M,,=11.9 km. However, distinct spatiotemporal proximity patterns were
observed for the metrics in network space and their counterparts in planar space. For example, average
M ., in planar space = 5.9 km, only 56.2% of the network space value. This highlights significant
underestimation of spatiotemporal proximity between network-constrained space-time paths using

such metrics in the planar space. Therefore, spatiotemporal proximity analyses should be performed
for network constrained space-time paths in network space rather than planar space.

7.2. Computational performance of space-time buffering and overlapping operations

The computational performance of space-time buffering and overlapping operations were
investigated. Table 1 shows computational times required by the proposed geo-computational
algorithm to construct the network space-time buffer using different parameter settings in terms of
spatial tolerance and target path length. Target path length was defined as the number of links covered
by the path; and average link length in the Wuhan road network is approximately 269 meters. The
reported computational times were the average of 10 runs of random selected target space-time paths.
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Computational performance of the proposed algorithm degrades with increasing target space-time
path length. For example, the proposed algorithm consumed 7 ms when @ =500 m and the target
path covered 100 links (approximately 27 km), which increased 4.1 times to 36 ms when target path
length increased to 300 links (approximately 81 km). This is because the number of shortest path
searches performed by the proposed algorithm (i.e., ForwardNetBuffer and BackwardNetBuffer
procedures) linearly increases with the length of the target path. The proposed algorithm
computational performance also degrades with increasing spatial tolerance, @ . This is expected,
since larger spatial tolerance increases the network space the proposed algorithm explores for every
shortest path search. However, as shown in the table, the proposed algorithm can efficiently construct
space-time buffers under various input spatial tolerances and target path lengths, in the large scale
road network with satisfactory computational time (i.e., less than 40 ms).

The efficiency was a consequence of employing the incremental shortest path search and avoiding
label initialization techniques. To further examine the proposed techniques’ effectiveness, two
algorithms were implemented. Algorithm 1 utilized only the avoiding label initialization technique,
while Algorithm 2 did not use either techniques. Table 1 shows that the avoiding label initialization
technique reduced computational times by 95.8% (i.e., 1 — 62 / 1478), when the target path covered
300 links and @ =500 m. This computational improvement for the avoiding label initialization
technique shows the considerable computational cost of the label initialization step for numerous
shortest path searches at all control points. Computational performances of the proposed algorithm
and Algorithm 1 verify the effectiveness of the incremental shortest path search technique, providing
41.9% (i.e., 1 — 9 / 62) reduced computational times for the same target path length and spatial
tolerance. This is expected, since the proposed incremental shortest path search technique determines
forward (backward) network spatial buffers for all control points in one single forward (backward)
shortest path search process, improving computational performance for constructing the network
space-time buffer. The sampling frequency was relatively low for this case study (i.e., approximately
30 s), and the effectiveness of the incremental shortest path search technique would be further
enhanced for target space-time paths with higher sampling frequency.

Table 1. Computational performance for constructing network space-time buffers

Spatial tolerance | Target path length | Proposed algorithm | Algorithm 1 Algorithm 2
(m) (number of links) (ms) (ms) (ms)
100 100 3 5 473
200 100 4 6 474
300 100 5 8 476
400 100 6 11 479
500 100 7 13 485
500 150 12 20 713
500 200 21 32 968
500 250 27 46 1,197
500 300 36 62 1,478

Table 2 compares computational performance of the five space-time overlapping operations using the
same target space-time path length and spatial tolerance settings. The reported computational times
were also the average of 10 runs using randomly selected target space-time paths. All overlapping
operations performed well, within 60 s, for retrieving spatiotemporal proximal space-time paths in
the large movement dataset of 10,000 space-time paths, even when the target path covered 300 links
(i.e., about 81 km). Computational performance of all overlapping operations degraded with
increasing target space-time path lengths and spatial tolerances. For example, the CPD overlapping
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operation consumed 0.75 s, when @ =100 m and target path length = 100 links, which increased 6.7
times to 5.77 s when @ =500 m, and increased further 6.8 times to 45.14 s when target path length
was set as 300 links. This is expected, since network space-time buffer sizes increased with increasing

target space-time path lengths and spatial tolerances.

Table 2. Computational performance of five space-time overlapping operations

Spatial Target path
tolerance length CPD . FD . APD. LCSS, Bundling
(m) (number of overlapping | overlapping | overlapping | overlapping )
links) (s) (s) (s) (s)

100 100 0.752 0.763 0.784 0.808 0.818
200 100 0.967 0.997 1.020 1.069 1.081
300 100 1.338 1.392 1.445 1.534 1.596
400 100 3.913 4.053 4.115 4.213 4.289
500 100 5.771 6.010 6.121 6.268 6.381
500 150 15.836 16.531 18.818 19.189 19.330
500 200 21.292 22.383 24.858 25.245 25.517
500 250 30.628 31.684 34.527 35.343 35.692
500 300 45.140 47.532 56.099 57.856 58.279

7.3. Comparison with current spatiotemporal proximity analysis approaches

To demonstrate the effectiveness of the proposed space-time integrated approach, two conventional
approaches, space-time separated and brute force approaches, were also implemented for comparison.
Only the M ,, measure was adopted to evaluate the spatiotemporal proximity between space-time
paths (i.e., only the CPD operation), since the space-time overlapping operations have similar
computational performance (see Table 2). The brute-force approach was implemented by calculating

M ., between the target path and every other space-time path in the dataset, and by determining

resultant space-time proximal paths with M., <@ . The space-time separated approach was

implemented using the following two steps. Step 1 constructed a conventional spatial buffer using
o spatial tolerance along the target space-time path in planar space, then performed a spatial
overlapping operation to retrieve all paths within the constructed spatial buffer, and checked their

temporal coverage to exclude paths outside the time period of interest. Step 2 calculated M, for

the paths obtained in the first step, and paths violating M ,, <@ were removed.

For these conventional approaches, space-time paths were stored as spatial polyline features in the
spatial database and the time dimension information was stored as Z values along the polyline features.

To approximate M ., metrics, all space-time paths were discretized into a set of space-time points

every 30 s, to reduce the computational burden. In contrast, the proposed space-time integrated
approach can exactly determine all spatiotemporal proximal paths in the continuous form.

Table 3 shows the computational times for the three space-time proximity analysis approaches for
different numbers of space-time paths in the database, with @ =100 m, and target path length was
set as 100 links. The brute force approach performed worst for all space-time path amounts, e.g.
1371.524 seconds in the database with 10,000 space-time paths. This outcome occurred because
evaluating spatiotemporal proximity relationships between the target path and all other paths is
computationally intensive in road networks. The space-time separated approach performed better than
brute force, e.g. 80.129 s (16.1 times faster) for the database with 10,000 paths. The number of space-

22



time paths for evaluation was significantly reduced by Step 1, e.g. 1,417 in the same database with
10,000 paths (see Table 4). However, as discussed in Section 4, the space-time paths retrieved by Step
1 were not guaranteed to be actual spatiotemporal proximal paths, and Step 2 was required for further
verification. Only 85 paths were determined by Step 2 as actual spatiotemporal proximal paths for
the database with 10,000 paths, i.e., approximately 6.0% of those retrieved by Step 1. Verification of
all paths retrieved by Step 1 required considerable computational time, e.g. 80.118 s for the database
with 10,000 paths. The proposed integrated space-time approach significantly outperformed the other
two methods for all the database sizes. For example, the proposed approach consumed only 0.752
seconds for the database with 10,000 paths, i.e., 105.6 times faster than the conventional space-time
separated approach. This is because the proposed space-time overlapping operations exactly
determine spatiotemporal proximal paths and hence saves the considerable computational costs
required for verification.

Table 3. Computational times for three space-time proximity analysis approaches in seconds

Number of Space-time integrated Space-time separated approach Brute force
space-time paths approach (Step 1 + Step 2) approach
in database pp P P pp
1,000 0.286 9.163 (0.009 +9.154) 121.863
5,000 0.575 47.831(0.010 +47.821) 681.096
10,000 0.752 80.129 (0.011 + 80.118) 1371.524

Table 4. Space-time paths obtained by each step of the separated space-time approach

Number of space-time paths in database Step 1 Step 2
1,000 180 12
5,000 824 46
10,000 1,417 85

8. Conclusions and further studies

This study proposed a space-time integrated approach based on the space-time buffering concept to
efficiently determine spatiotemporal proximal paths by considering space and time dimensions
simultaneously. Several directions for future research are worth considering. First, due to space
limitations, the case study presented in this article was by no means comprehensive; ArcSDE and
Oracle were adopted as the spatial database and the grid index provided by ArcSDE was employed
as the spatiotemporal index for space-time paths in CLR space. Development of effective indexes
considering the geometry characteristics of space-time paths in CLR space may improve space-time
overlapping performance. Integration of emerging non-SQL database techniques (e.g. Mongo DB)
may also provide another approach to improve space-time overlapping performance. Second, space-

time overlapping operations were introduced based on five widely used measures (M p,, M),

M ., and M, ,and Oy, ). Extension of the proposed space-time overlapping operations based

on other proximity should be further investigated. Last but not least, space-time proximity analysis is
a critical step for many movement data analysis methods, such as individual-group pattern recognition,
space-time path clustering, classification and outlier detection, etc. Subsequent studies should
investigate incorporating the proposed space-time integrated approach in these additional movement
data analysis methods.
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Appendix

Definition A1. Given a polyline L? and a spatial tolerance ®, the spatial buffer SB?(®) delimits
all possible spatial points (x.,»,) satisfying
SBq(w) = {(xkayk) ‘ D((Xk,yk),(xpy;)) <o, V(X;,y,) ELq} .

Proposition Al. Given a space-time path P?, the projection of its space-time buffer S7B?(®) onto
the geographical space is equivalent to the spatial buffer of its projected polyline L?.
Proof. Let SB?(w) be the spatial buffer of projected polyline L/, and PSTB(®) be the

projection of space-time buffer STB?(®w) onto the geographical space. Given any point
(x,,»,) € SB!(w), according to the definition of spatial buffering operation (i.e., Definition Al),
there exists a point (x,y,)€l’ satisfying D((x,,¥,),(%,),))<@® . Since spatial point
(x,y)=Pi(t,) is the projection of space-time point (x,y,,,)eP? , we have

26



D((xk, y),Pi(t)=(x,y, tk)) <®. According to the definition of space-time buffering operation
(i.e., Definition 1), we have (x,,y,,t,) € STB?(®). Therefore, we have (x,,),)€ PSTB?(®) and
SB?(w) = PSTB?(®) . Then given any point (x;,,),,t,) € STB!(w), we have (x,,y,)€ PSTB!(w).
According to Definition 1, there exist a point P?(#,) =(x;,y,) satisfying D((xl., ), P? (tl.)) <w.
Since spatial point (xj, y j) is the projection of space-time point (xj, y j,ti) on space-time path 7,
we have D((x;,¥,),(x;,;)) <@ on the geographical space. According to Definition A1, we have
(x,,v,)€SB!(w) and PSTB'(w)<SB'(®w). Thus, we have PSTB!(w)=SB'(w). W

Proposition A2. The CPD operation can retrieve all space-time paths with M., to P! <w.
Proof. Let Qpp =1...,P,...} be the retrieved path set of the CPD operation; and Qppp = {..., P,...}
be the complete set of all space-time paths with M, to P! <®. Given any path P‘ € QCPD,

STB?(w) intersects P°, and there exists at least one space-time point P°(t,) within STB(w).

From Definition 1, we have D(Pq (t,), P (tk)) <w . According to Eq. (5), we have

M, (P!, P) = rgin(D(P" ), P (tk))) < D(Pq (t,), P (tk)) < . Therefore, we have P €.,
Ui

and Oy © Ocpp . Then, given any path P’ €Q,,p , we have M, (P!, P") <@ . Without loss of
generality, suppose that the minimum distance M, (P*,P") achieves at time stamp ¢, . Thus,

D(Pq(tm),Pb (tm))Sa) holds. From Definition 1, we have P’(t,) within STB?(®). Therefore,

P’ intersects STBY(w), and we have P’ €Qy and Qppp € Oppp . Therefore, Oppp = Opp
holds. o

Proposition A3. The FD operation can retrieve all space-time paths with M, to P! <.

Proof. Let O, ={...P,...} be the retrieved path set of the FD operation; and QO ={..., P’,...}
be the complete set of all space-time paths with M., to P’ <w®. Given any path P° EQFD, we
have P¢ within STBY(®) . Thus, P°(t,) is within STB?(®) for any time stamp. From
Definition 1, we have D(Pq(tk),PC(tk)>£a) for any time stamp ¢, . From Eq. (6), we have
rréax(D(P" (), P (tk))) =M, (P',P)<®. Therefore, we have P°€Q,, and O, <Q,,. Then,

I
given any path P’ €Q,, , we have M FD(P",Pb)zgnaX(D(P" (tk),Pb(tk))) <w according to Eq.
U
(6). Consequently, we have D(P" (¢, ), P’ (tk)) < for any time stamp ¢, . From Definition 1, we

have P’(z,) within STB/(w) for any time stamp ¢, . Thus, P’ is within STB?(®), and
P’ €Q,, and Q,, Q,,. Therefore, we have O,y =Q,p,. O

Proposition A4. The APD operation retrieves all space-time paths with M ., to P/ <.
Proof. Let Q,,, ={..,P°,...} bethe retricved path set of the APD operation; and Q,,p = {..., P,...}

be the complete set of all space-time paths with M ,,;, to P! <. Givenany path P € Q ) ipp» WE
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have M ,,,(P!,P°)<w,since P° was notremoved in the second step of the APD operation. Thus,

we have P e€Q,, and 0 oo ©O,pp - Then, given any path P’ e€Q,, , we have

MAPD(P",P”) =m\§an(D(P" (tk),Pb(tk))) <w according to Eq. (7). Thus, we have
T

M, (P, P")= rrvltin(D(Pq ), P (tk))) < mstan(D(Pq t), P (tk))) <@ .  Therefore, from

Proposition 2, P’ was retrieved in the CPD operation (i.e., the first step). Because
M, (P?,P")< @ holds, the space-time path P’ was not removed in the second step. Thus, we

have P’ €Q,,, and Q,,, € Q,p. Therefore, O,,p=0,p, holds. o

Proposition A5. The LCSS operation retrieves all space-time paths with M, to P >0.

Proof. Let QLCSS ={.,P%,..} be the retrieved path set of the LCSS operation; and
Ocss = {.,P", ..} bethe complete set of all space-time paths with M, to P? >0.Given any
P° €0, ., we have space-time buffer STB?(w) intersecting P°. Without loss of generality,
suppose that STB?(w) intersects P° during period [Z,,¢,] . From Definition 1, we have
D(Pq (%), Pc(tk)) <@ forany ¢, €[t,t,]. From Eq. (7), we have M, «(P?,P°)=t,—t, >0. Thus,
we have P e€Q s and Qo CQ,ci - Then, given any path P’ e€Q,. , we have
M, (P',P")>0 . Without loss of generality, suppose that D(P"(tk),P" (tk))Sa) for any
t, €[t ,t,] . From Definition 1, STBY(w,) intersects P’ during [Z,,f,] . Thus, we have

s'2 %' s'%e

P e Oress and 0,5 € Oyss Oress © Oyess - Therefore, O g6 = 0,055 holds. O

Proposition A6. The bundling operation retrieves all space-time paths bundled with P ? during
periOd [ts’te]'

Proof. Let QBundﬁng ={..,P%,..} be the retrieved path set of the bundling operation; and
Obundiing = 1+ P’,...} be the complete set of all space-time paths bundled with P ¢ . Given any path
P° € Qyppuing » We have its sub-path contained by STB?(®) during [¢,Z,]. From Definition 1, we
have D(Pq(tk), Pc(tk)) < for any , €[t,t,]. From Eq. (4), we have J,,.(P*,P°)=1. Thus,
we have P €0y, and QBund,mg < Opunaing - Then, given any path Pe Opundiing » W€ have
D(P" (%), P (tk)) < forany time stamp ?, €[Z,,], according to Eq. (4). Thus, from Definition 1,
P’ intersected STB?(®) during ¢, €[t,,t,]. Thus, we have P’ e QBund/ing and Qpine Q&mdﬁng.

Therefore’ QBundling = QBundling hOIdS‘ o

Proposition A7. The network space-time buffer W((()) in CLR space is an equivalent
representation of STB?(®) in (x,y,r) space.

Proof. According to the transformation rule, we prove that W(a)) of any path segment S,]q- el

is an equivalent representation of S 5 (60) as Dbelow. W(a)) is the wunion of
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SPBb () =< 58,55

u,gj> w2t

.> and LQﬁ’@f’(a)):<&6 Ob ..>. The OB =<..,80...> entity is

u,jj 2 vt u,ij

transformed from O/ =<..,c/,..> (shown in Figure 8) by obtaining any point

u,ij

So=(z/ =1, +m,t,) from c/=(l,,m,,t,). Then, O and O/

u,if usij

upon the same link @, , have
same scale and shape; and can convert into each other, i.e., with the one-to-one relationship. Thus,

&6

u,ij

i1s an equivalent representation of OL-{’;U. The b =<...,8Q...> entity is transformed from

V.l

O/ =<..,c,..> (shown in Figure 9) by obtaining any point &o=(z; = +m,,t,) from

v,ij

¢, =(l,,m,t). Then, O and o/ ;> upon the same nearby link a,, also have same scale and

v.ij

/

voij *

shape; and can convert into each other. Thus, &“

v,ij

is an equivalent representation of O

Therefore, W (w) =< %, , &i‘?_ﬁ yoer > is an equivalent representation of
v — f f

STB; (w)=<0,;,0,

M,lj’ tij"“

>.

Similarly, the o =<...,&0,...> entity is transformed from O’

u,ij w,if

=<...,¢;,...> (shown in Figure 10)

by obtaining any point &o=(z; =/ +m,,t,) from ¢, =(, ,mt,). Then, & and O’

u,if usij 2

upon
the same link a,, have same scale and shape; and can convert into each other, i.e., with the one-to-

one relationship. Thus, b is an equivalent representation of O’ .. The o =<..,80a...> entity

u,f uij V,ij

is transformed from O’ =<..,c},..> (shown in Figure 11) by obtaining any point

v,ij

and O’

v,ij 2

&=z, =1, +my,t,) from ¢ =(/,,m,4). Then, OF

Vi

upon the same nearby link a,,

also have same scale and shape; and can convert into each other. Thus, b

Vi

is an equivalent

representation of O” . Therefore, W(a)) =< O ..> is an equivalent representation of

vij ugj> vttt

STB; (@)=<0 ., ,..> ; and W(a))zﬁﬁﬁf(a))u&ﬁﬁf’(a)) is also an equivalent

wij> i

representation of STB; (@)= ST} Blf (w) USTBZ; (w).o

)
M ., and M, ) between P% and P% in CLR space are equal to those between P? and P’ in

(xn y,[) Space'

Proof. For any time stamp f, , locations on two paths are :%(tk):(zi =[ +m,t,) and

1

M

CPD »

M

Proposition A8. Spatiotemporal proximity relationships (i.e., O FD »

Intersect » Bundle »

i%(tk):(z i =ZV +mj,tk) in CLR space. According to Proposition 7, the corresponding locations in
(x,y,t) space are Pi(t)=(,m,t) and F’(tk)z(lv,mj,tk) . Thus, we have
Dy (Po(t), Pot,)) = Dy (22,) = Dy (o), (1,,m)) = Dy, (P!(8), P'(1,)) for any time stamp 1, .
Therefore, according to Egs. (3-9), we have O e (B, Bo) =8, e (PLP?)
Spunae (P9, P9) =8y (PUP™) - Moy (P, PR) = My (P, P, M (PO, PO = M (P, P")
M (PO, Y =M, (P, PP) and M, (P2, )= M, (P, P") .

Proposition A9. The network space-time buffer W(a)) of space-time path P delimits all
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possible space-time points &o=(z/,¢,) in CLR space satisfying D, (c"{q I%(tk)) <o, t! <V, <t

Proof. Let STB?(®) be the network space-time buffer of the space-time path P?. According to
Proposition 7, at any time stamp ¢, , location P?(¢,)=(l,,m,,t,) in (x,y,t) space can be
transformed into CLR space as z%(tk) =(z; =1, +my,t,) . According to the definition of STB?(®),
any location ¢, =(/,m,,t,) satisfying D, (CZ,P" (tk)) <w is within STB/(®) . We can
transform c; into CLR space as So=(z; =1 +m,,t,) , then
D, (%o, l%(tk)) =D, (c,:,P" (tk)) < . According to Proposition 9, & is within W(a)) :
Therefore, for any ¢, , any location &o=(z,t) satisfying D, ((%o, I%(tk)) <w is within

W(a)).u

Lemma Al. Z_;f (0)= A’ (o + md,—md,).

Proof. Given any network location (/,,m)ea, , we have
Dy, (P'(t,),(,,m,)) =md,—md, + Dg(P'(t,),(l,,m,)) , because U-turns are allowed at only the
ending node, and the shortest path between P?(¢,) and (/,m,) must pass through the sub-link
from P'(;) to P’(t;) . We can prove Z/f (@) A (w+m ;d,—md,) as follows. Given any
network location ([ ,m )€ Zf (®) , we have D, (P’ (¢,),(,,m,)) <o . Then, we have
Dy, (P'(t,),(,,m,)) =Dy, (P(¢,),(l,,m,)+m,d, —md, <w+md,—md, . Therefore, (/,,m,)) is
within 4/ (o+m,d,-md,),and 4 (w)c 4 (0+md,-md,).

Subsequently, we can prove Z,f (w+md,—md)c ij (w) as follows. Given any network location

Ju
(L,m)e A (o+ md, —md,) , we have Dg,(P'(¢,),(l,,m.))<w+md,—md, . Then, we have
Dy, (PU(t,),(,m,)) = Dg,(P*(1,),(L,,m,))~(m,d, —md,)<w . Thus, (I,m) is within A/ () ;
and 4/ (w+md,-md,)c A (w).

Therefore, Z_;/(a)) =4/ (@0+md, —md,) holds. O

1 u

LemmaA2. 4'(w)c 4/ ().
Proof. According to Lemma Al, we have Z]f (w)= A’ (w+m,d,—md,). Since md,—md, >0,

we have Zl.f(a)) c Z{(a)) . O

LemmaA3. A4’(0)= Zj’ (0+md,—md,).

Proof. Given any network location (/,,m)ea, , we have
Dg((L,,m,), P'(t,),) = Dgp((1,,m,), P (t,)) + m,d, —md, , because U-turns are allowed at only the
ending node and the shortest path between ([ ,m,) and P/(t ;) must pass through the sub-link
from P/(f) to P(¢;). Firstly, we can prove A" (w)c Zj’ (w+md, —md,) as follows. Given any
network location ([,m,)e Z,b(a)) , we have Dg((l,m),P'(t))<® . Then, we have
Dy ((1,,m,),P(t,)) = Dg.((L,,m,), P'(t))+ m,d, —md, < w+md,—md, . Therefore, ([,.,m,) is
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within Zf (0+md,—md,); and thus Zf’ (w)c ZJI.’ (@+m;d,—md,). Subsequently, we can prove
Z/b (0+md, —md,)c Zf’ (w) as follows. Given any network location
(l.,m)e Zj.’(a) +md, —md,) , we have Dg((/,,m,),P'(t,))<w+md,—md, . Then, we have

Dy ((L,sm,),P* (&) = Do (L, ,m, ), P* (t,)) ~(m,d, =md,) S @. Thus, (I,,m,) is within 4’ (@); and
Zf (0+md, —md,)c A’ (w) . Therefore, A’(w)= Zj’ (w+m,d,—md,) holds.o

Lemma A4. Zj’(w) c Zf’ (w).
Proof. According to Lemma A3, we have A4’ (®)= Zj’ (w+md,—md,). Since md,—md, >0,

we have Zj’(w) c Zf’ (w). o
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