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Abstract10

The effect of water on the hydro-mechanical behavior of unsaturated granular materials has been stu-11

died with a micromechanical model based on thermodynamic principles. A general framework based on12

the theory of thermodynamics with internal variables for constructing thermodynamically consistent13

multiscale constitutive relations for unsaturated granular materials has been developed. Within this14

framework, the microscopic total Helmholtz free energy has been separated between a mechanical15

and a hydraulic part, each of which is a function of either the elastic displacement or the capillary16

bridge volume and the distance between particles at the micro scale. The inter-particle dissipation17

of energy, assumed to be frictional in origin, is a function of the incremental plastic displacements18

at the micro scale. Both the microscale Helmholtz free energy and the dissipative energy have been19

volumetrically averaged to obtain the homogenized energy functions at the macro scale. In accor-20

dance with the suggested multiscale thermomechanical framework, a micromechanical model has been21

constructed to describe the behavior of partially saturated granular soils. This model has considered22

the deformation of soil skeleton by applying a Coulomb type criterion at the inter-particle contacts.23

The hydraulic potential is made to be dependent on the size of the particles and is derived through24

use of the expression for the water retention curve by assuming that liquid bridges are isotropically25

distributed within the specimen. The performance of the suggested model has been demonstrated26

through numerical simulations of the behavior of sand under various degrees of saturation and a wide27

range of mechanical loadings.28

Keywords: granular material ; multiscale modeling ; unsaturated soil ; micromechanical model ;29

thermodynamic principles30

1. Introduction31

Many problems in geotechnical engineering involve the interaction between the soil skeleton and32

the liquid. The slope stability problem, for example, is largely caused by precipitation and infiltration,33

so the efforts to address this issue could benefit from a deeper understanding of the behavior of unsa-34

turated granular soils [1–3]. Unsaturated granular soils are three-phase granular materials comprising35

soil particles, water, and air (or soil particles and two other fluids). Thus the macroscopic behavior36

of unsaturated granular soils is strongly dependent on the characteristics of these components and37

on their interactions. Usually the solid and liquid phases are assumed to be incompressible, whereas38
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the gas compressible. Three interaction pairs exist : solid and liquid, solid and gas, as well as fluid39

and gas. These interactions appear in the form of capillary forces exerted by the water menisci on the40

particles. The magnitude of the capillary forces, which relates to the degree of saturation, can cause41

significant changes in the volume, shear strength and hydraulic properties of granular soils [4, 5].42

To simulate the behavior of unsaturated soils, phenomenological models have been developed and43

successfully applied to solving geotechnical problems [2, 4–10]. Earlier models tended to adopt net44

stress and suction as independent stress variables and to extend the available elastoplastic models for45

saturated soils by introducing suction-dependent compressibility and yield surface [6–8]. One result of46

this approach was the much-celebrated Barcelona Basic Model (BBM) proposed by Alonso et al. [6],47

in which a suction-dependent loading collapse curve was introduced based on the modified Cam-Clay48

model. Alternatively, many attempts have been made to define an effective stress that accounts for49

the deformation of the soil skeleton in unsaturated soils [11–15]. Through use of the effective stress50

concept, the hydraulic hysteresis phenomenon and the transitional behavior from the unsaturated to51

the saturated state can be successfully captured [16].52

From a physical point of view, the formation of water menisci between neighboring grains produces53

capillary forces acting on those grains. Based on this observation, the CH micromechanical framework54

[17] for saturated granular soils was extended to study the hydro-mechanical behavior of unsaturated55

granular materials [18]. In this model, the capillary forces between inter-particle contacts, assumed56

to depend on the degree of saturation, were integrated with the same homogenization method as57

for the mechanical forces. The Love-Weber formula adopted for the soil skeleton was also used to58

sum up the capillary forces as a tensor type capillary stress. Moreover, the same static hypothesis59

based localization operator was used in the hydraulic part [18–20]. It should be noted, however, that60

various Discrete Element Method (DEM) studies have questioned the use of the Love-Weber formula61

to determine the capillary stress tensor [21–25]. Furthermore, the relation between the capillary force62

and the degree of saturation was formulated empirically with several ad hoc parameters.63

The capillary stress tensor, instead of the suction, was proposed to serve as a stress-like state64

variable representing the effects of the water menisci [19, 22, 26–28]. Because microscale capillary65

forces are directional vectors that cannot be generally described by a global scalar quantity, the suction66

cannot fully describe a multiscale system. For example, an initially isotropic unsaturated granular soil67

becomes anisotropic under shearing, and thus the distribution of the capillary forces may also become68

anisotropic, as discussed by [23, 29–31]. However, it is currently still difficult to measure the tensor69

type capillary stress in laboratory tests. One of the few methods available for quantifying it is the70

use of DEM simulations by applying the Young-Laplace equation to describe the behavior of capillary71

bridges in the pendular regime [19, 21, 24, 30].72

Thermomechanical theory has proven to be a coherent framework within which constitutive re-73

lations can be developed through few ad hoc assumptions [32]. Various studies have produced ther-74

modynamically consistent constitutive models for unsaturated soils [33–35]. In these models, effective75

stresses were derived through analyzing the work input for an unsaturated representative volume ele-76

ment (RVE), and were conjugated to the deformation of the solid skeleton [13, 14, 33, 36, 37]. However,77

most thermodynamically consistent models for unsaturated granular soils are based on phenomenolo-78

gical hypotheses [8, 13, 33].79

Given the described limitations of the current constitutive relations for unsaturated granular soils,80

it is the aim of this paper to construct a micromechanical model for unsaturated granular soils based81

on thermodynamic principles. A thermodynamic approach with internal variables has been developed82
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and applied to the multiscale modeling of unsaturated granular soils, assuming the only source of83

energy dissipation to be friction occurring at inter-particle contacts during loading. The performance84

of the suggested model is demonstrated through numerical simulations of the behavior of sand under85

various degrees of saturation and a wide range of mechanical loadings.86

2. Thermodynamic formulation for multiscale modeling of unsaturated granular mate-87

rials88

At the continuum level, thermodynamic principles involving internal variables have been applied89

to construct constitutive relations for partially saturated granular soils [13, 14, 36, 38]. In this study,90

the following assumptions adopted in the continuum models have been used : (1) solids and water91

are incompressible ; (2) the RVE is subjected to small deformation ; (3) the inter-phase interactions92

are only governed by the capillary forces. For simplicity, this study considers only the RVE under93

iso-thermal boundary condition, as shown in Fig. 1.94

Several derivations of work input in literature are available, each of which has the purpose of95

establishing the work conjugacy between effective stresses and strains [13, 14, 26, 33, 35, 36, 39, 40].96

However, no experimental results available to calibrate a capillary stress tensor, these studies used97

the suction in the work input equations. Therefore, we will not derive an expression of work input98

incorporating a tensor type capillary stress due to the difficulty of calibration, but we will adopt the99

work input formulation suggested by Houlsby [36]. Therefore, the scalar quantity suction will be used100

to represent the macro behavior of an RVE for unsaturated granular soils.101

For an RVE of a unsaturated granular soil, denoting its porosity as n and its degree of saturation as102

Sr, the volume fraction of solid, water and air can be expressed as 1−n, nSr and (1−Sr)n respectively,103

as also shown in Fig. 2. According to Houlsby [36], the work input of an RVE is104

δW = −ww · Ouew −wa · Ouea + n(1− Sr)ua
ρ̇a
ρa
− nsṠr + [σ − uaI + sSrI] : ε̇ (1)

in which ww and wa correspond to the seepage velocities of water and air ; Ouew = Ouw − ρwg105

and Ouea = Oua − ρag are gradients of excess pore pressures ; s is the matric suction computed by106

s = ua−uw ; the dot notation is used for differentiation. Eq. (1) indicates that several work-conjugate107

pairs of external variables exist. The first two terms are the relative flow velocities and are work108

conjugated with the gradients of excess pore pressures. The third term demonstrates that the smeared109

air pressure n(1 − Sr)ua is conjugated with the volumetric strain rate of air ρ̇a/ρa. The fourth term110

is the smeared suction ns, which is work-conjugated with the rate of the degree of saturation Ṡr.111

The last one displays that the quantity which is work conjugated with the strains is a stress term112

σ − uaI + sSrI. This term is an expression of the effective stress tensor113

σ′ = σ − uaI + sSrI = σnet + sSrI (2)

which corresponds to Bishop’s [11] expression of the effective stress with the ponderation parameter χ114

equal to Sr. It should be mentioned that Eq. (2) does not imply that unsaturated soils can be simply115

described by Bishop’s effective stress tensor with χ = Sr [36].116

For rate-independent problems, the seepage velocities of the water and air phases are negligible, so117

the first two terms of Eq. (1) become zero. During conventional experimental loadings, the air pressure118

is usually equal to the atmospheric pressure, so it is assumed here that the air pressure remains119
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constant, which implies that the third term of Eq. (1) can be neglected. With these hypotheses, Eq.120

(1) can be further simplified as121

δW = σ′ : ε̇− nsṠr (3)

in which the first term represents the mechanical work input due to the deformation of the solid phase122

and the second term takes into account the hydraulic work input by means of changes in the water123

content [36, 38].124

Since the deformation of a granular material originates from the relative displacement and rear-125

rangements at the inter-particle contacts, the energy is dissipated and stored between these contacts.126

Given these considerations, it seems reasonable to construct a micromechanical model which is ther-127

modynamically consistent at both the inter-particle contacts and the representative volume levels.128

2.1. Macroscopic energy conservation129

According to Coussy et al. [33], the dissipation of energy related to the change of saturation can130

be considered to be negligible. In other words, the hydraulic energy appears only in the formulation131

of the Helmholtz free energy. Generally, the hyper-elastic expression is based on two kinematic state132

variables, i.e., the macro strain and the degree of saturation. Additionally, we suppose that the free133

energy can be decomposed into two additive parts, the first ΨM describing the recoverable mechanical134

energy at the contacts, and the second ΨH the hydraulic energy stored in the liquid phase135

Ψ (εe, Sr) = ΨM (εe) + ΨH (Sr) (4)

By comparison, the dissipation energy increment $ is assumed to be a homogeneous function of degree136

1 in terms of the plastic strain increment ε̇p [32]137

$ = $ (ε̇p) ≥ 0 (5)

By introducing the work input Eq.(3), the Helmholtz free energy function Eq.(4) and the dissipative138

rate function Eq. (5) into the energy conservation δW = dΨ +$, one can obtain139 (
σ′ − ∂Ψ

∂εe

)
: ε̇e +

(
σ′ − ∂$

∂ε̇p

)
: ε̇p −

(
ns+

∂Ψ

∂Sr

)
Ṡr = 0 (6)

Since Eq. (6) is satisfying for the whole representative volume, the relationship between ns and the140

degree of saturation is given by141

ns = − ∂Ψ

∂Sr
= −∂ΨH (Sr)

∂Sr
(7)

And the effective stress can be obtained by142

σ′ =
∂Ψ (εe, Sr)

∂εe
(8)

In Eq.(6), it should be noted that the effective stress σ′ can also be computed by σ′ = ∂$
∂ε̇p . However,143

this relation presumes that the stored energy, which is a function of the plastic strain and part of the144

Helmholtz free energy, is not considered, see also [32, 41].145

2.2. Micro-macro energy relations146

In order to derive the inter-particle contact law from thermomechanical considerations, we have147

constructed the relations between the work input, the free energy and the dissipation energy at the148
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micro and macro scales. To this purpose, the volumetric techniques for relating energy at different scales149

suggested by [41–44] have been adopted. The macro energy quantities are assumed to be volumetric150

averages of micro energy quantities151

δW = 1
V

N∑
c=1

δW c, dΨ = 1
V

N∑
c=1

dΨc and $ = 1
V

N∑
c=1

$c (9)

in which c is the inter-particle contact defined as contacts between particles with or without the152

presence of liquid bridges ; N is the number of particle contacts in a volume V of RVE.153

Since the strain tensor can be calculated from the displacements at the inter-particle contacts154

[45–47], the displacement at the microscale level should be considered as an internal variable. Its155

work-conjugate is then the inter-particle contact force. According to experimental studies [48, 49] and156

analytical theories that are consistent with the Young-Laplace equation [50–52] for capillary bridge157

forces between spheres of equal radii, capillary bridge forces depend on the capillary bridge volume158

and the distance between two particles, hence the two quantities can be used as hydraulic internal159

variables at the microscale. The relations of the work input, Helmholtz free energy and dissipative160

energy at the microscale and at the macroscale are presented in Table 1.161

2.3. Microscopic energy conservation162

In comparison to the macroscopic mechanical free energy that depends only on elastic strain,163

the microscopic mechanical elastic work input is equal to the microscopic mechanical Helmholtz free164

energy, expressed as165

δW cMe = f ci δ̇
ce
i = dΨcM =

∂ΨcM (δce)

∂δce
dδce (10)

in which δce is elastic displacement at the inter-particle contacts. Also at the micro scale, the plastic166

work input is equated to the dissipative energy, since the free energy does not depend on plastic167

displacements168

δW cMp = f ci δ̇
cp
i = $cM =

∂$cM (δ̇
cp

)

∂δ̇
cp dδcp (11)

where δcp is plastic displacement at the inter-particle contacts.169

Given the capillary bridge volumes and the distances between particles, the capillary bridge forces170

can be calculated [48–51]. Therefore, a potential expression for the hydraulic work input can be given171

by172

δW cH = f capd δ̇cap + f capv v̇cap (12)

in which δcap is the distance between two particles ; v̇cap = V̇ cap/r2 with V cap being the capillary173

bridge volume and r the mean radius of particles which is a material constant ; f capd and f capv are174

capillary bridge forces due to the change of the particle distance and of the capillary bridge volume.175

Based on the adopted hypothesis that the change of water amount will not dissipate the energy, the176

microscopic hydraulic work input is hence equal to the microscopic hydraulic free energy, given by177

δW cH = dΨcH (V cap, δcap) =
∂ΨcH (V cap, δcap)

∂δcap
dδcap +

∂ΨcH (V cap, δcap)

∂V cap
dV cap (13)

Substituting Eqs.(10), (11), (12) and (13) into the energy conservation δW c = dΨc + $c at the178
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microscale, we obtain179 (
f c − ∂ΨcM

∂δce

)
δ̇
ce

+

(
f c − ∂$cM

∂δ̇
cp

)
δ̇
cp

+

(
f capd − ∂ΨcH

∂δcap

)
δ̇cap +

(
f capv − r2 ∂ΨcH

∂V cap

)
v̇cap = 0 (14)

Since Eq.(14) is satisfying for any interparticle displacement, capillary bridge volume and particle180

distance, it follows that181

f c =
∂ΨcM (δce)

∂δce
, f cap = f capd + f capv =

∂ΨcH (V cap, δcap)

∂δcap
+ r2∂ΨcH (V cap, δcap)

∂V cap
(15)

It should be noted that there is no available hydraulic free energy function ΨcH(V cap, δcap) for a182

liquid bridge between two spherical particles of equal size in the literature. From an experimental183

perspective, measuring this hydraulic energy function is particularly difficult because the hysteresis184

in the contact angle arises from surface roughness and heterogeneity [53, 54]. Since the geometry185

of a steady capillary bridge surface can be described by the Young-Laplace equation, the hydraulic186

free energy ΨcH(V cap, δcap) can be obtained by numerically solving the Young-Laplace equation with187

prescribed capillary bridge volume and particle distance. Because the numerical integration of the188

Young-Laplace equation for various capillary bridge volumes and particle distances is time-consuming,189

a simplified method to define the hydraulic free energy at the microscale will be used in section 3.2.190

The procedure for constructing micromechanical models following the described multiscale ther-191

momechanical framework includes : (1) defining microscopic Helmholtz free energy potentials for both192

the mechanical and the hydraulic parts, and the dissipative rate function for the mechanical part ;193

(2) deriving the elastic/plastic relations from the energy potentials (it is worth mentioning that the194

Ziegler’s orthogonality condition [55], according to which the dissipative force is outward normal to the195

dissipation surface, has been adopted as a way of relating the dissipative variables to the dissipation196

potential, and to deduce the inter-particle yield criterion and flow rule from the microscopic dissipa-197

tive rate function) ; (3) establishing the micro-macro relation of strain in terms of the inter-particle198

displacements ; (4) deriving the effective stress tensor which is the work conjugate to the total strain199

tensor. In the following subsections, a micromechanical model will be constructed (as an example) to200

demonstrate the usefulness of this multiscale thermomechanical framework.201

3. A thermodynamic micromechanical model for unsaturated granular materials202

In this section, a thermodynamically consistent micromechanical model has been developed for203

unsaturated granular materials under the thermomechanical framework. Therefore, the CH microme-204

chanical model has been slightly modified to describe the mechanical behavior and a hydraulic free205

energy potential has been suggested to account for capillary cohesion.206

3.1. Mechanical potentials at the micro scale207

Since the macro elastic and plastic behaviors originate from relative displacements of contacting208

particles, the inter-particle displacement can be divided into two parts : elastic (recoverable) and209

plastic (irrecoverable). In order to facilitate the micro to macro transition, a local coordinate system210

(n, s, t) has been defined, as shown in Fig. 3, in which n is the normal to the contact plane, whereas s211

and t are orientations within the contact plane. The relationship between local and global coordinates212
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can be defined by the angles β and γ, which can be expressed as [56]213

P =

 cos γ sin γ cosβ sin γ sinβ

− sin γ cos γ cosβ cos γ sinβ

0 − sinβ cosβ

 =

 n1 n2 n3

s1 s2 s3

t1 t2 t3

 (16)

Therefore, the quantities defined at inter-particle contacts can be expressed globally by Eq.(16).214

3.1.1. Inter-particle hyperelasticity215

Hyperelasticity guarantees that the granular material obeys the first law of thermodynamics. The216

behavior of the hyperelastic granular material can be defined by the Helmholtz free energy function217

[32]. The Helmholtz free energy potential at the micro scale can be defined as218

ΨcM (δce) =
1

2
kcn (δcen )2 +

1

2
kcr (δcer )2 (17)

where kcn and kcr are stiffness parameters in normal and tangential directions, which are related through219

kcr = krRk
c
n (18)

where krR is a material parameter. By differentiating Eq.(17) with respect to the displacements, the220

elastic inter-particle contact force-displacement relation can be obtained221

ḟ ci = kcij δ̇
ce
j (19)

where kcij is the elastic stiffness with kcnn = kcn, kcss = kctt = kcr and kcij = 0 for i 6= j.222

3.1.2. Inter-particle hyperplasticity223

Irrecoverable displacement between grains in contact during loading requires the mechanism of224

plasticity to be introduced at the local level. To define the hyper-plastic part of the local law, a225

dissipative energy potential at the micro scale should be introduced. However, it is impossible to define226

this local law based on experimental observations, since the energy dissipation cannot be evaluated227

at this scale. Considering that the model proposed by [17] is capable of simulating with acceptable228

accuracy the soil response to various mechanical loadings while using only a few parameters that are229

easily calibrated by elementary tests, the inter-particle plastic equations of the model will be retained230

and its energy dissipation will be evaluated by the inverse procedure presented in section 2.3.231

The Coulomb type yield criterion suggested by the CH model, which describes a frictional type232

energy dissipation, can be rewritten as233

F (f ci , κ) =
√

(f cs )2 + (f ct )2 − f cnκ(δcpr ) (20)

where the hardening parameter κ(δcpr ) is dependent on the tangential plastic displacement, written as234

κ(δcpr ) =
kcp tanφcpδ

cp
r

fcn tanφcp+kcpδ
cp
r

with δ̇cpr =
√

(δ̇cps )2 + (δ̇cpt )2 (21)

where kcp is a function of the normal contact stiffness kcn with the ratio kpR as a material constant235

kcp = kpRk
c
n (22)
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φcp is the mobilized peak friction angle between particles in contact, and is a function of the inter-236

particle friction angle φcµ and of the state variable ec/e, concordantly with the macro scale relation237

proposed by [57]238

tanφcp =
(ec
e

)
tanφcµ (23)

where e is the void ratio of the granular assembly and ec is the void ratio at the critical state. Different239

from the CH model [17], an exponential critical state line that has the ability to describe the evolution240

of the void ratio at critical state under a wide range of confining pressure by [58] has been adopted241

ec = eref · exp
[
−λ
(
p′/pref

)ξ]
(24)

in which eref is the void ratio and pref being an effective pressure at a reference state ; λ is the242

compression index ; ξ is a material constant ; p′ is the mean effective pressure.243

According to [17], a local dilatancy law has been defined as the ratio between the normal plastic244

displacement increment and the tangential plastic displacement increment, and is a function of the245

dilatancy angle between particle contacts, and of the ratio between current tangential and normal246

forces247

D =
˙δcpn

δ̇cpr
= tanφcd −

√
(f cs )2 + (f ct )2

f cn
(25)

where the dilatancy angle φcd is also dependent on the state variable ec/e and the inter-particle friction248

angle249

tanφcd =

(
e

ec

)
tanφcµ (26)

where φcµ is the friction angle between particles, a material constant. φcp and φcd control the evolution250

of strength and the deformation at the particle contacts, as also described by [59, 60].251

In order to examine the hyper-plasticity condition, the plastic work and the dissipative energy252

should be calculated. According to the definition in Eq. (21), the micro-scale plastic work can be253

expressed as254

δW cMp = f cndδ
cp
n + f crdδ

cp
r (27)

From the expression of the yield criterion in Eq.(20), its partial derivatives can be written as255

∂F

∂f cn
= −κ

2(δcpr )

tanφcp
,
∂F

∂f cs
=

f cs√
(f cs )2 + (f ct )2

,
∂F

∂f ct
=

f ct√
(f cs )2 + (f ct )2

(28)

Since a non-associated flow rule expressed by Eq.(25) has been adopted, the partial derivatives of the256

potential function can be expressed as257

∂G

∂f cs
=
∂F

∂f cs
,
∂G

∂f ct
=
∂F

∂f ct
,
∂G

∂f cn
= D

∂G

∂f cr
= D

√(
∂G

∂f cs

)2

+

(
∂G

∂f ct

)2

= D (29)

where G is the potential function defined at the inter-particle contacts. The plastic displacement258

increment can be deduced259

dδcpi = λc
∂G

∂f ci
(30)
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in which λc is a loading index. Combining Eqs.(28) and (29), we obtain260

∂G

∂f cr
=

√(
∂G

∂f cs

)2

+

(
∂G

∂f ct

)2

= 1 (31)

Substituting Eq.(31) into Eq.(30), the relation between the loading index λc and the plastic displace-261

ment increment can be given as262

λc = dδcpr (32)

By including the dilatancy relationship of Eq.(25) and Eq.(32) into Eq.(27), we obtain263

δW cMp = f cndδ
cp
n + f crdδ

cp
r = f cndδ

cp
r

(
tanφcd −

f cr
f cn

)
+ f crdδ

cp
r = f cn tanφcddδ

cp
r (33)

The normal force f cn at particle contact is always compressive and, therefore, positive ; tanφcd can be264

proven to be positive from Eq.(26), and finally, dδcpr , as the tangential plastic increment, is also positive,265

as shown in Eq.(21). Therefore, the plastic work increment calculated from Eq.(27) is non-negative.266

Thus, the dissipation energy increment is non-negative at both micro and macro scales267

$c = δW cMp = f cn tanφcddδ
cp
r ≥ 0 and $ = 1

V

N∑
c=1

$c(δ̇
cp

) ≥ 0 (34)

The second law of thermodynamics is satisfied at the macro and micro scales. Hence, we can say that268

the mechanical part of the micromechanical model is thermodynamically consistent.269

3.2. Hydraulic potential at the micro scale270

Assuming that the water bridges are isotropically distributed within the material, we can use the271

degree of saturation as a scalar quantity to describe the change of the capillary bridge volume. In addi-272

tion, considering that the interparticle normal displacements and the capillary bridge separations are273

both distances between particles, the separations between particles can be approximated by the inter-274

particle normal displacements. Therefore, the hydraulic free energy at the microscale ΨcH(V cap, δcap)275

can be equivalently represented by ΨcH(Sr, δ
c
n). As a result, the globally isotropic hydraulic behavior276

of unsaturated granular soils can be captured by the change of the degree of saturation Sr, while277

the local anisotropic hydraulic property can be described by the distribution and evolution of the278

interparticle normal displacements.279

Several attempts have been made to define the hydraulic energy potential for unsaturated soils280

at the macro scale using the soil water retention curve (SWRC) [12, 33, 61]. Considering that the281

capillary force between two grains is a decreasing function of the distance between the grains [18, 50],282

the following function has been suggested for the hydraulic free energy at the inter-particle scale283

ΨcH(Sr, δ
c
n) = ΨcH

ref (Sr) exp

(
L− 2r

r

)
(35)

where L is the distance between the centers of two neighboring particles, r is a representative radius of284

the particles, taken as r = d50/2, d50 being the grain size associated to a 50% passing in a cumulative285

grain size distribution (Fig.4). The value of L− 2r (also equal to δcap) is represented by inter-particle286

displacements in normal direction δcn with an initial value of 0.1r, as suggested by [18]. The subscript ref287

refers to a reference state. The reference hydraulic potential ΨcH
ref at the microscale can be considered288

to be equal to a reference hydraulic potential at the macroscale, since it has been assumed that289
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the water bridges are isotropically distributed within the material. The reference hydraulic potential290

corresponds to the SWRC, which is usually expressed empirically [62–64]. In this study, the simple291

logarithmic form has been adopted, since it is a continuous and integrable function [61]292

ΨcH
ref (Sr) =

1

2
Kc
w (Sr lnSr + (2− Sr) ln (2− Sr)) (36)

in which Kc
w is a retention curve parameter associated with the value of the air entry suction. Based on293

Eq.(36), the reference free energy with respect to the degree of saturation is comparable to the water294

retention curve, as shown in Fig.5(a). By inserting Eq.(36) into Eq.(7), we can obtain the relation295

between the smeared suction ns and the degree of saturation, as shown in Fig.5(b).296

With the use of the principle of energy conservation, the behavior of unsaturated granular materials297

can be obtained from two energy potentials, i.e. the mechanical part and the hydraulic part at inter-298

particle contacts. This approach guarantees that the constructed micromechanical model obeys the299

principles of thermodynamics.300

3.3. Stress and strain tensors301

To relate the internal variable at macro scale (strain) to at the micro scale (displacement), the302

strain tensor needs to be defined. Many definitions of strain tensors have been defined based on an303

equivalent continuum and a best-fit method [45–47, 65, 66]. Among them, the strain tensor suggested304

by Liao et al. [47] is the one applicable for both two-dimensional and three-dimensional conditions,305

and has been adopted in this study to represent the relation between microscopic displacements and306

macroscopic strain, which is rewritten as307

ε̇ij =

(
1

V

N∑
c=1

δ̇ci l
c
n

)
Ajn;Ajn =

(
1

V

N∑
c=1

lcjl
c
n

)−1

(37)

in which lc is the branch length of two connecting particles ; Ajn is a second-order fabric tensor. In308

their thermodynamic analysis, Li and Dafalias [67] suggested that a fabric tensor introduced from309

granular micromechanics to continuum theories should be scaled by the specimen volume. It can be310

noted that Ajn satisfies such unit volume requirement.311

Eq.(37) represents the deformations of granular assemblies related to the displacements at inter-312

particle contacts and the micro-topologies of particle clusters. Differentiating the elastic strains with313

respect to the elastic displacements, one can obtain314

∂εe

∂δce
=

∂

[(
1
V

N∑
c=1

δcei l
c
n

)
Ajn

]
∂δcei

=
1

V
lcnAjn (38)

Introducing Eq.(38) into the definition of the effective stress tensor based on the Helmholtz free energy315

in Eq.(8), and using the work input at the micro scale, we obtain316

σ′ =
∂Ψ (εe, Sr)

∂εe
=
∂ΨM (εe)

∂εe
=

1

V

N∑
c=1

∂ΨcM (δce)

∂δce
∂δce

∂εe
=

1

V

N∑
c=1

f ci ·
∂δce

∂εe
=

1

V

N∑
c=1

f ci l
c
j (39)

Eq.(39) indicates that the effective stress in unsaturated granular soils can be computed through the317

contact stress tensor, i.e. the Love-Weber formula. It should be mentioned that Eq.(39) is obtained from318

the kinematic assumption of Eq.(37), as well as the developed multiscale thermomechanical framework319
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given by the work input in Eq.(3). The generalization of Eq. (39) to be an effective stress tensor for320

partially saturated materials is a topic of current interest, which has recently been investigated through321

DEM simulations [21, 22, 24].322

3.4. Homogenization method323

The practical application of this model requires numerous summations over all the contacts
N∑
c=1

F c,324

for any given function or variable F c defined at inter-particle level. However, the large number of325

particle contacts in an RVE increases the difficulty of this summation. In this study, a spherical326

harmonic expansion distribution density function ξ (γ, β) has been adopted to represent a discrete327

random granular packing, as suggested by [17]. Thus, the discrete properties can be written in a328

continuous way329

1

N

N∑
c=1

F c =
1

4π

∫ 2π

0

∫ π

0
F (γ, β)ξ(γ, β) sin γdγdβ (40)

where γ and β are the coordinates angles defined in Fig.3. The directional distribution density function330

ξ (γ, β) satisfies
∮

Ω ξ (γ, β) dΩ = 1 in which dΩ = sin γdγdβ. For an isotropic packing, the density331

function is equal to 1/4π [17].332

In order to integrate the right-hand side of Eq.(40), the Gauss integration method has been adopted.333

The integral of the function u(x, y, z) over a unit sphere is334

1

4π

∮
S2

u(x, y, z)ds =
1

4π

∫ 2π

0

∫ π

0
u(x, y, z) sin γdγdβ =

NP∑
α=1

u(x, y, z)w(α) (41)

where NP is the number of integration points. The influence of NP on the accuracy of the integration335

has been investigated and it was found that 400 integration points over a unit sphere was enough to336

obtain accurate results, as discussed by [56, 68]. Through combining Eqs.(40) and (41), and by consi-337

dering an isotropic fabric condition, the volumetric average of the micro variables can be calculated338

as339

1

V

N∑
c=1

F c =
N

4πV

∫ 2π

0

∫ π

0
F (γ, β) sin γdγdβ =

N

V

NP∑
α=1

F (α)w(α) (42)

where the number of contacts per unit volume N/V for a packing of spheres can be obtained from the340

void ratio, the average coordination number Cn and the particle size [68–70]341

N
V = 3Cn

4πr3(1+e)
with Cn = 13.28− 8e (43)

It should be noted that both the current model and the model in [18] have adopted the strain tensor342

of [47] and the same Coulomb type yield criterion at the inter-particle scale. The main differences343

between these two models are : (1) the inter-particle elastic relation ; (2) the critical state line for the344

solid phase ; (3) the scalar suction s with the current model instead of the capillary stress tensor σcap345

in [18] ; (4) a free energy function for the hydraulic behavior instead of an empirical function of the346

degree of saturation Sr in [18]. Consequently, thermodynamic principles are satisfied by the current347

model.348

3.5. Implementation scheme349

One of the difficulties in integrating the constitutive models for unsaturated granular materials350

expressed by the effective stress tensor is that the experiments usually consider other forms of stress351
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variables such as the net stress tensors ; therefore, the constraints imposed on laboratory specimens352

cannot be directly specified numerically. In addition, experiments with different combinations of net353

stress tensors and hydraulic controls, such as suction control, drying and wetting paths and constant354

water content require algebraic efforts in numerical simulations. A general approach to circumvent355

these difficulties is to express these constraints using the linearized integration method suggested by356

Bardet and Choucair [71]. This method has been successfully applied to integrate an effective tensor-357

based model for partially saturated soils that is capable of imposing various loading programs [61],358

and which has thus been adopted in this study to integrate the constructed micromechanical model.359

4. Performance of the model for granular soils with various degrees of saturation360

In this section, the capability of the developed model to simulate the behavior of granular soils361

under various degrees of saturation has been evaluated. Since a critical state line applicable to crushable362

granular materials has been introduced, it was decided at first to calibrate the model for the crushable363

Dog’s bay sand. Thereafter, the experimental behavior of unsaturated Chiba sand under constant364

water content loading was simulated by the developed model.365

4.1. Dog’s bay sand366

In order to test the capability of the constructed micromechanical model to capture the behavior367

of crushable granular soils, we conducted a numerical simulation of laboratory tests on Dog’s bay sand368

[72, 73]. According to Kuwajima et al. [73], Dog’s bay sand is a carbonate sand from the west coast369

of Eire. Its specific gravity is 2.72, and its maximum and minimum void ratios are 2.451 and 1.621370

respectively. A value of d50 of 0.22 mm is deduced from the particle size distribution shown in Fig. 6.371

The critical state lines were obtained by Coop [74] through constant mean effective stress tests,372

as shown in Fig.7. The critical state curve in the e-log p′ plane is calibrated by Eq.(24) with the373

parameters : eref = 3.35, λ = 0.31, ξ = 0.29 with pref = 10 kPa. Through Eq.(24), grain breakage can374

be considered implicitly by a curvilinear critical state line for the higher pressures [57]. The critical375

state line in the p′-q plane has a slope of M = 1.60, which corresponds to a friction angle of 39◦ (Fig.376

7(b)).377

The radius of the particles r is considered to be half of the diameter d50 = 0.22 mm. The parameters378

at the inter-particle contacts kcn, krR and kpR were calibrated from drained triaxial compression tests379

performed by Kuwajima et al. [73] on dense Dog’s bay sand with a relative density of 90%. A total of380

8 parameters was required for Dog’s bay sand, as summarized in Table 2. The model performed well381

in simulating the behavior of Dog’s bay sand at various confining pressures, as shown in Fig. 8.382

4.2. Chiba sand383

According to Fern et al. [75], Chiba sand is a poorly graded silica sand with a particle size ranging384

from 0.01 to 1.00 mm. It has a coefficient of uniformity of 2.1 and a coefficient of curvature of 1.1.385

The grain size distribution was obtained by sieving and sedimentation, as shown in Fig. 9(a). The386

minimum and maximum void ratios are 0.500 and 0.946, respectively, and its specific gravity is 2.72.387

Its critical state friction angle was found to be 30◦, which is a typical value for silica sand.388

The water retention curve was obtained for the drying path with three different densities using389

the axis translation technique [75]. The specimens were subjected to matric suctions of 2 to 60 kPa.390

Pressures ranging from 2 to 10 kPa were applied by means of a negative water head and 60 kPa with391

a pressure plate. Additional investigations were carried out on a loose specimen. The air entry value392
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Kc
w was found to be 0.5 kPa, and the residual degree of saturation is around 20%. A small hysteresis393

has been observed, as shown in Fig. 9(b).394

A series of triaxial tests at constant water contents were conducted on Chiba sand under vertical395

strain rates of 0.1%/min and 5.0%/min [75]. In this study, the long duration tests, which can be viewed396

as quasi-static loading tests, were adopted to calibrate the micromechanical model. The specimens with397

various densities, and gravimetric water contents of 10% and 17%, were sheared until an axial strain398

of 20% was reached. For a value of water content, three tests were carried out with an initial net mean399

pressure of 20 kPa, 40 kPa and 80 kPa, respectively. The detailed loading program is shown in Table400

3.401

The maximum effective stress ratio q/p′ was found to be 1.455 (Fig.10(a)), which corresponds to a402

critical state friction angle of 33◦. Accordingly, the friction angle at inter-particle contacts is assumed403

to be 33◦. The critical state line was calibrated from the e-log p′ plot (Fig. 10 (b)), which yielded :404

eref = 1.23, λ = 0.25 and ξ = 0.2, with a reference pressure of pref = 10 kPa. The radius of the405

particles r is half of the diameter d50 = 0.16 mm. The air entry value for the hydraulic free energy406

Kc
w is 0.5 kPa. The parameters at the inter-particle contacts kcn, krR and kpR were calibrated from407

the constant water content triaxial compression tests. A total of 8 parameters were required by the408

micromechanical model for Chiba sand as summarized in Table 4.409

The constraints used to simulate the constant water content triaxial compression tests are : ∆σnet2 =410

∆σnet3 = 0, ∆ε1 = 20%, and ∆ew = 0 with ew being the void ratio of water which is given by ew = eSr.411

Using this relation, the constant water content ∆w = 0 was conducted by the condition of ∆ew = 0.412

The net stress term ∆σnet2 = ∆σnet3 = 0 was rewritten as ∆σ′2 − sSr = ∆σ′3 − sSr = 0, thus, the413

effective stress can be obtained. With these boundary conditions, the model was integrated through414

the linearized integration method suggested by Bardet and Choucair [71].415

The simulation results are presented with experimental data in Figs. 11 and 12. The strain har-416

dening and dilative behavior, the peak strength and the softening behavior are well captured by the417

micromechanical model. In terms of the plots of the shearing stress with respect to the axial loading,418

the model demonstrates a very good predictive capability over wide ranges of densities, confining419

pressures and water contents (Figs. 11(a, c, e) and 12(a, c, e)). By contrast, the model reproduces the420

volumetric deformation with acceptable differences between the simulation results and the experimen-421

tal data. As explained by Fern et al. [75], the differences obtained for the dense sample are largely due422

to the occurrence of strain localization. Moreover, one can see that the increase of water content from423

10% to 17% does not greatly influence the stress-strain behavior of Chiba sand. A possible reason is424

that the initial net mean pressures Pnet0 are limitied to 20, 40 and 80 kPa. In comparison with the425

elasto-plastic models based upon classical continuum mechanics [8, 10, 75], not so many parameters426

are required for this model, and all of them have physical origins.427

5. Conclusions428

This paper has presented a thermodynamically consistent micromechanical model for granular ma-429

terials over a wide range of saturation conditions. A thermodynamic approach with internal variables430

has been developed as a general framework for multiscale modeling of unsaturated granular materials.431

At the macro scale, the work input derived by Houlsby [36] was adopted and the Helmholtz free energy432

function was separated between a mechanical and a hydraulic part. The energy quantities defined at433

the micro and macro scales were analyzed, and the Helmholtz free energy at the microscale was also434

defined as the sum of a mechanical part and a hydraulic part. The free energy is dependent on the435
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elastic strains and on the degree of saturation at the macro scale. This translates to a dependence436

on elastic displacements and the capillary bridge volumes and the distances between particles at the437

micro scale. The dissipation energy is frictional in origin and a function of the incremental plastic438

displacements at the micro scale and of the incremental plastic strains at the macro scale.439

A micromechanical model for unsaturated granular soils has been constructed based on the sugges-440

ted multiscale thermodynamic framework. At the micro scale, a hyperelastic relation has been defined441

and a Coulomb type yield criterion suggested by [17] has been employed to represent the behavior of442

particle interactions, whereas a particle-size dependency function has been suggested to consider the443

water retention in the hydraulic free energy potential, allowing a simple coupling of hydro-mechanical444

interactions at the free energy level. At the macro scale, a critical state line, capable of describing445

the critical state of granular materials under a wide range of pressures, has been adopted. By using446

the developed thermodynamic framework, it was found that the effective stress is consistent with the447

Love-Weber formula. The model was tested against experimental data, demonstrating a satisfactory448

performance in capturing the behavior of a crushable Dog’s bay sand at various confining pressures449

and of an unsaturated Chiba sand under triaxial compression at constant water content.450
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Tables622

Table 1: Micro-macro relations of energetic quantities

Work input Helmholtz free energy Dissipative energy

δW = 1
V

N∑
c=1

δW c dΨ = 1
V

N∑
c=1

dΨc $ = 1
V

N∑
c=1

$c

δW c = δW cM + δW cH dΨc = dΨcM + dΨcH $c = $cM

δW cM dΨcM = dΨce (δce) $cM (δ̇
cp

) ≥ 0

δW cH dΨcH (V cap, δcap) −

Table 2: Parameters used in the micromechanical model for Dog’s bay sand

eref λ kcn(N/mm) φcµ(◦) d50(mm) krR kpR

3.35 0.31 3000 39 0.22 0.6 0.4

Table 3: Initial conditions of constant water content triaxial compression tests on Chiba sand

Density w(%) e0 Sr(%) pnet0 (kPa)

Loose

10 0.842 32 20

10 0.818 33 40

10 0.808 34 80

17 0.845 55 20

17 0.830 56 40

17 0.820 56 80

Medium dense

10 0.742 37 20

10 0.738 37 40

10 0.725 38 80

17 0.745 62 20

17 0.734 63 40

17 0.719 64 80

Dense

10 0.656 41 20

10 0.659 41 40

10 0.653 42 80

17 0.657 70 20

17 0.648 71 40

17 0.641 72 80

Table 4: Parameters used in the micromechanical model for Chiba sand

eref λ kcn(N/mm) φcµ(◦) d50(mm) krR kpR Kc
w(kPa)

1.23 0.25 800 33 0.16 1.0 2.0 0.5
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Figures623

Fig. 1: RVE of unsaturated granular soils as a closed thermodynamic system.

Fig. 2: Volume fractions and total stresses in an RVE of unsaturated granular soils (figure from [38]).

Fig. 3: Local coordinate (n, s, t) and global coordinate (x, y, z).
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Fig. 4: Branch vector lci and distance vector L.

Fig. 5: Performance of the reference hydraulic potential function.

Fig. 6: Particle size distribution of Dog’s bay sand (data from Kuwajima et al. [73]).
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Fig. 7: Critical state lines of Dog’s bay sand : (a) e-log p′ plane ; (b) p′-q plane (experimental data from Coop [74]).

Fig. 8: Simulations of drained triaxial compression tests on Dog’s bay sand : (a) deviatoric stress vs axial strain ; (b)
volumetric strain vs axial strain (experimental data from Kuwajima et al. [73]).

Fig. 9: Chiba sand : (a) grain size distribution ; (b) water retention curve.
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Fig. 10: Critical state lines of Chiba sand in (a) p′-q plane and (b) e-log p′ plane.
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Fig. 11: Simulation of the constant water content triaxial compression tests on unsaturated Chiba sand (w = 10%).
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Fig. 12: Simulation of the constant water content triaxial compression tests on unsaturated Chiba sand (w = 17%).
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