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Abstract: One of the major causes of instability in geotechnical structures such as dikes or earth 12 

dams is the phenomenon of suffusion including detachment, transport and filtration of fine 13 

particles by water flow. Current methods fail to capture all these aspects. This paper suggests a 14 

new modeling approach under the framework of the porous continuous medium theory. The 15 

detachment and transport of the fine particles are described by a mass exchange model between 16 

the solid and the fluid phases. The filtration is incorporated to simulate the filling of the inter-17 

grain voids created by the migration of the fluidized fine particles with the seepage flow and, 18 

thus, the self-filtration is coupled with the erosion process. The model is solved numerically 19 

using a finite difference method restricted to one-dimensional (1-D) flows normal to the free 20 

surface. The applicability of the model to capture the main features of both erosion and filtration 21 

during the suffusion process has been validated by simulating 1-D internal erosion tests and by 22 

comparing the numerical with the experimental results. Furthermore, the influence of the 23 

coupling between erosion and filtration has been highlighted, including the development of 24 

material heterogeneity induced by the combination of erosion and filtration.  25 
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1. Introduction 28 

Internal erosion is a significant issue in civil and environmental engineering impacting the safety 29 

of dams and dikes. Statistical analyses of accidents in embankment dams indicate that the two 30 

main causes [1-3] of failure are internal erosion and overtopping. Meanwhile, recent studies 31 

indicate that internal erosion is also an important issue in underground structures, such as land 32 

subsidence due to water piping induced erosion [4], lateral displacement induced by erosion 33 

during jet grouting [5], surface settlement induced by erosion because of tunnel leakage [6], and 34 

landslides or slope instability induced by fines migration under rainfull condition [7,8]. Four 35 

forms of internal erosion have been distinguished [2,9-11]: concentrated leak erosion, backward 36 

erosion, contact erosion and suffusion. Among them, suffusion is a complex phenomenon 37 

appearing as a combination of detachment and transport of the finer particles driven by water 38 

flow, with possible filtration within the voids between coarser particles. As a result, the particle 39 

size distribution, the porosity, and the hydraulic conductivity of the soil are changed. The 40 

mechanical properties of the soil are, therefore, progressively degraded with time, which causes 41 

the hydraulic earth structures to face a considerable risk of failure [12-14]. Thus, to ensure the 42 

safety assessment of earth structures, suffusion has been widely studied by laboratory testing 43 

over the last few decades, focusing on the effect of soil grading, critical hydraulic gradient, 44 

critical pore water velocity, with the purpose of characterizing  the susceptibility of soils to 45 

suffusion [15-26]. Several criterions have been proposed to evaluate the internal stability of gap-46 

graded or broadly graded granular materials [27-30]. Extensive theoretical works have also been 47 

performed to study the fines migration in the applications of petroleum engineering [31-33].  48 

Based on these experimental findings, many constitutive models have been proposed under the 49 

framework of the porous continuous medium theory to enhance the design of hydraulic earth 50 

structures [32,34-39]. Most of these models can describe the detachment and transport of finer 51 

soil particles within the solid matrix induced by erosion [15-22]. However, recent studies 52 

revealed that erosion is usually accompanied by self-filtration and clogging [35,40,41]. Self-53 

filtration and clogging represent a similar phenomenon, which is the filling of the initial voids 54 

due to the migration of the fluidized fine particles with the seepage flow. It is induced within the 55 

specimen or near the outlet, and results in a decrease in hydraulic conductivity. Therefore, both 56 
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erosion and filtration should be considered in the modeling of suffusion.  57 

More recently, the discrete approach has been applied in the studies of fines migration [42-47]. 58 

For instance, Zou et al. [48] applied the coupled discrete element method and computational 59 

fluid dynamics technique to simulate the transient transport of eroded base-soil particles into a 60 

filter. Wang et al. [49] applied the coupled bonded particle and lattice Boltzmann method to 61 

investigate the erosion process of soil particles in granular filters. The microscopic migration of 62 

soil particles can be clearly visualized. The discrete methods can represent fairly well the 63 

microstructure and describe better and better the physical mechanisms within granular materials. 64 

However, they are still restricted to problems with a limited number of particles which is far 65 

from real engineering structures. The continuous approach is thus strongly recommended for 66 

solving boundary value problems.  67 

Therefore, this paper attempts to formulate a new numerical approach considering both erosion 68 

and filtration in suffusion under the framework of the porous continuous medium theory. First, 69 

four-constituent based mass exchange formulations are proposed to describe the detachment of 70 

finer particles and the clogging of initial voids. The coupling formulations are solved 71 

numerically by a finite difference method. Then, the model is validated by simulating 1-D 72 

internal erosion tests by demonstrating that it can reproduce the main features of both erosion 73 

and filtration during the suffusion process. The influence of the coupling between erosion and 74 

filtration is further studied.  75 

2. Model formulations 76 

2.1. Mass exchange and mass balance equations  77 

According to [39], it is possible to consider the saturated porous medium as a material system 78 

composed of 4 constituents: the stable fabric of the solid skeleton (ss), the erodible fines (se), the 79 

fluidized particles (fp) and the pure fluid phase (ff), as shown in Fig. 1. The fines can behave 80 

either as a fluid-like (described as fluidized particles) or as a solid-like (described as erodible 81 

fines) material. Thus, a liquid-solid phase transition process has been accounted for in the present 82 

model by the introduction of a mass and volume production term into the corresponding mass 83 

and volume balances for erodible fines (se) and fluidized particles (fp).  84 
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                             85 

                                           (a) Micro-scale                       (b) 4 constituents 86 

Fig. 1 REV of a fully-saturated soil mixture and the four-constituent continuum model 87 

In a given Representative Elementary Volume (REV), dV, constituted by the four constituents, 88 

the volume fraction of a single constituent i is expressed as follows: 89 

 ( )
( )d ,

,
d

i

i
V x t

n x t
V

=   (1) 90 

with  , , ,i ss se ff fp= denoting the 4 constituents, iV  denoting the volume of the corresponding 91 

constituent. 92 

At a material point level, the mass balance for the i phase is given, neglecting the hydro-93 

mechanical dispersion tensor, by Schaufler et al. [39]: 94 
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where ,ex i  and 
i

v  denote, respectively, the mass exchange term and the velocity of the 96 

corresponding constituent. The partial density i is defined as the ratio between the mass d im of 97 

the constituent i with respect to the total volume dV of the REV, leading to a relation between 98 

partial densities i and effective densities iR , which corresponds to the bulk density of the 99 

corresponding constituents:  100 
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The mass balances for the four constituents are then reduced to the corresponding volume 102 

fraction balance:  103 
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,ex in is the term of the volume of mass exchange to be discussed in the following section.  105 

Moreover, it is assumed that fluid and fluidized particles have at any time and at a given point the 106 

same velocity. The solid skeleton is assumed to be deformable but non-erodible. The porosity 107 

field ( ),x t , the amount of erodible fines ( ),cf x t  and the concentration of the fluidized 108 

particles ( ),c x t  are defined as follows: 109 

 
d d d

d d

ff fp
ff fpvV V V

n n
V V


+

= = = +   (5) 110 
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The phase transition of the fine particles from solid to fluidized particles leads to:  113 

 , , , ,,  0,  0ex fp ex se ex ss ex ffn n n n n− = = = =   (8) 114 

The mass balance equations are then given by the following expressions: 115 
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 ( ) ( )div div 0w s+ =q v   (12) 119 

where w
q denotes the volume discharge rate (the volume of flow through the unit cross-sectional 120 

area in unit time): 121 
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with ( ).x tu  indicating the displacement field of the soil skeleton. The strain 
ij  and volumetric 124 

strain v are then given by the following expressions under small strain assumption: 125 

 ( ), ,

1

2
ij i j j iu u = − +   (15) 126 

 
( )

( )div
v

s
t


= −


v   (16) 127 

This study focuses on the erosion-clogging process, in which only elastic model is used to 128 

calculate the displacement field according to the change of effective stress due to the pore 129 

pressure evolution. The selected experimental tests presented later on are also only under 130 

hydraulic loadings for this purpose. Note that the irreversible coupling from mechanics to 131 

hydraulics has already been considered implicitly by introducing the volume deformation in the 132 

mass balance equations Eq. (9)-(12), the mechanical coupling can be easily implemented if the 133 

elastic model is replaced by elastoplastic models. For the cases with external mechanical 134 

loadings, the strength degradation induced by the evolution of the porosity and the fines may 135 

then be captured which will be discussed in future studies. 136 

Eq.(9) describes the behavior of the solid phase (solid skeleton and erodible fines). Eq.(10) 137 

represents the balance of volume of the erodible fines, whereas Eq.(11) is the balance of volume 138 

of the fluidized particles. The balance of the mass of the mixture, i.e., the continuity equation, is 139 

given by Eq.(12). 140 

Note that the amount of erodible fines cf  can be obtained explicitly from the current porosity   141 

and the volumetric strain v , which indicates that Eq.(10) can be replaced by : 142 

 
( )( )( )0 01 1 1

1
1

v c

c

f
f

 



+ − −
= −

−
  (17) 143 

where ( )0 x  and ( )0cf x  denote the initial value of ( ),x t  and ( ),cf x t , respectively.  144 

2.2. Coupling of erosion and filtration  145 

The variable n  in Eqs.(9)-(12) is the volume of mass exchange, which corresponds to the rate of 146 
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eroded mass volume ( en ) and filtrated mass volume (
fn ) at any time and any point.  147 

 
e fn n n= +   (18) 148 

A model for the rate of the eroded mass is given by the relation [50]: 149 

 ( )( )1e e c cn f f  = − − − wq   (19) 150 

where cf   is the ultimate fine content fraction after a long seepage period, e  is a material 151 

parameter. The ultimate fine content fraction cf   is assumed to be decreasing with the increase 152 

of the hydraulic gradient [51] as 153 

 ( ) ( )2

0 1 11 exp 10c cf f
 

 = − −  +
 wq   (20) 154 

where 0cf is the initial fine content fraction, 1  and 2 are material parameters. The term 155 

( )c cf f −  in Eq.(19) corresponds to the residual fine content fraction. The erosion rate depends 156 

not only on the total discharge of liquid w
q but also on the residual fine content fraction as shown 157 

by Eq.(19). 158 

It is assumed that, with an increasing concentration of transported fine particles, the probability 159 

of the existence of the filtration phenomenon in the system of pore canals will also increase. The 160 

following model for the rate of the filtrated mass is suggested:  161 

 min
f fn c



 




−
= wq   (21) 162 

where 
f  and   are material parameters, min is the minimum porosity of the soil mixture. The 163 

probability of filtration increases with an increasing discharge of the fluidized particles ( c wq ). 164 

Moreover, the filtration process is expected to be more intense in intact regions, which are 165 

characterized by smaller pore canals, i.e. smaller porosity.   is related to the heterogeneity of 166 

the soil mixture, which is discussed in the following section.  167 

2.3. One-dimensional suffusion process  168 

This paper focuses on one-dimensional suffusion problems along the x  axis, chosen normal to 169 

the free surface and pointing downward into the interior of the specific finite domain (see Fig. 2). 170 
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The flow in the porous medium is governed by Darcy’s law which states that the flow rate is 171 

driven by the gradient of the pore fluid pressure: 172 

 
( )

( )

( ),c w

w

k

k f p
q

c x



 


= −


  (22) 173 

where ( ),ck f   denotes the intrinsic permeability of the medium, k  is the kinematic viscosity 174 

of the fluid, wp  is the pore fluid pressure, and ( )c is the density of the mixture defined as: 175 

 ( )1s fc c  = + −   (23) 176 

with s  the density of the solid and 
f  the density of the fluid. For a mixture, the intrinsic 177 

permeability ( ),k x t  of the porous medium depends on the current porosity ( ),x t  and on the 178 

fine content fraction as [52]: 179 

 ( )
3

0 1
m

vk k = −   (24) 180 

where m  is the so-called “cementation exponent” and varies with the pore geometry. A high 181 

value of the cementation exponent indicates a strong decoupling between the total interconnected 182 

porosity and the effective porosity that controls the flow. ( ),v x t  is the volume fraction of the 183 

fine content: 184 

 ( )1v cf = −   (25) 185 

Therefore, by combining Eqs. (9)-(25), the governing equations for the pore pressure ( ),wp x t , 186 

the porosity ( ),x t  and the concentration of fluidized particles ( ),c x t  can be expressed as 187 

follows under one-dimensional condition: 188 
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  (28) 191 

The coupled non-linear problem is supplemented by the following boundary and initial 192 

conditions: 193 

 ( ) ( ) ( )
( )

0 0 0 0

,
, ,   , ,  , ,  0

L

w w L L

c x t
p x t p p x t p c x t c
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 ( ) ( ) ( ) ( ) ( ) ( )0 0,0 0,  ,0 0,  ,0 ,  ,0w c cp x c x x x f x f x = = = =   (30) 195 

The initial porosity and the initial fine content depend on the homogeneity of the soil, which can 196 

vary along the space.  197 

 198 

Fig. 2 Geometry and finite difference grid in space-time of analyzed 1-D internal erosion 199 

3. Finite difference based numerical solution 200 

Eqs. (26)-(28) make up an unsteady, coupled non-linear system of partial differential equations. 201 

The current state of the system depends on its previous state. The primary unknowns are the pore 202 

pressure ( ),wp x t , the porosity ( ),x t , and the transport concentration ( ),c x t . Other unknowns 203 

such as displacement ( ),u x t , attached fine content ( ),cf x t  and flow rate ( ),wq x t  can be 204 
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determined explicitly by Eqs. (15), (17) and (22). 205 

This system of partially differential equations has been solved through an explicit finite 206 

difference procedure. With the terminology shown in Fig. 2, Eqs. (26)-(28) become 207 
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  (32) 209 
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1 1 1

1
0

k k k k
k k kj j j j k

c c j cj j j

c c c c
A B c C

t x
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  (33) 210 

where the subscripts ( )0,1...,j N  represent the variation in length, described by the x  co-211 

ordinate, and the subscripts ( )0,1...,k M  represent the variation in the time t  co-ordinate. 212 

( ),ck f  , ( )c  and ( ),wq x t  vary with depth and time. As a simple approximation, their values 213 

at ( ),j k  are used. A , B  and C  are equation coefficients given in Appendix A. 214 

Eqs. (31)-(33) can then be solved with initial and boundary conditions for ( ),wp x t , ( ),x t , 215 

( ),c x t  given in Eqs. (29)-(30). The model has been coded with MATLAB software [53]. To 216 

obtain accuracy and run-time efficiency, the sensitivity of the results to space and time 217 

increments was examined. The computations of the following sections were carried out with 218 

45 10 mx − =  (100 nodes) and 2000 increments in time. 219 

4. Numerical simulations of laboratory tests 220 

Two series of erosion tests on cohesionless soils were selected to examine the model 221 

performances: (1) Series A: Rochim et al. [23] performed hydraulic-gradient controlled 222 

downward erosion tests on gap-graded sand and gravel mixtures to evaluate the effects of the 223 

hydraulic loading history on the suffusion susceptibility of cohesionless soils, and (2) Series B: 224 

Aboul Hosn [54] performed flow-rate controlled downward erosion tests on gap-graded mixtures 225 

of coarse and fine silica Hostun sand in order to investigate the effects of the soil density on 226 

suffusion. 227 
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4.1. Series A 228 

4.1.1. Review of experiments 229 

The experimental set-up consisted of a modified triaxial cell surrounded by a steel mold to 230 

ensure the oedometric condition, a pressurized water supply system, and a water/soil collecting 231 

system. The specimens of 50 mm in diameter and 50 mm in height were prepared by using a 232 

single layer semi-static compaction technique, and then placed on a 4 mm pore opening grid to 233 

allow the migration of all sand particles. Two values of the initial dry density were targeted: 90% 234 

and 97% of the optimum Proctor density. After saturating the sample with an upward interstitial 235 

flow, the fluid was forced through the sample in the downward direction during the erosion test. 236 

Three gap-graded sand-gravel mixtures with different initial fine contents (20% for soil A, 25% 237 

for soil B and 29% for soil C) under two different hydraulic loadings were simulated. Fig. 3 238 

shows the time evolution of the applied hydraulic gradients. The first multi-stage hydraulic 239 

gradient condition (named a) consisted of increasing the hydraulic gradient by steps of 0.1, 0.15, 240 

0.2 and 0.25 up to 0.5, 0.8, 1 and 2, respectively, then by steps of 0.5 between 2 and 4 and by 241 

steps of 1 beyond 4. For the second kind of hydraulic loading named (b), the hydraulic gradient 242 

increment was directly imposed equal to 1. For both hydraulic loadings, each stage of the 243 

hydraulic gradient was kept constant for 10 min. Table 2 summarizes the initial dry density and 244 

initial permeability of the tested specimens, the values of the applied hydraulic gradient, and the 245 

duration of each test.  246 

Table 1 properties of simulated test specimens 247 

Soil 

reference 

Specimen 

reference 
Initial dry density d  

(kN/m3) 

Initial permeability k  

(m/s) 

Applied hydraulic 

gradient, i 

Test duration 

(min) 

A A90-a 17.39 51.2 10−  Type a, from 0.1 to 15 270 

A90-b 17.39 52.0 10−  Type b, from 1 to 13 130 

B B97-a 18.74 51.3 10−  Type a, from 0.1 to 12 240 

B97-b 18.74 52.0 10−  Type b, from 1 to 9 90 

C C97-a 18.74 51.2 10−  Type a, from 0.1 to 9 210 

C97-b 18.74 52.0 10−  Type b, from 1 to 7 70 

 248 
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 249 

Fig. 3 Time evolution of multi-staged hydraulic gradients 250 

The physical properties of the soil mixtures are summarized in Table 2, taken directly from the 251 

referred laboratory test [23]. The erosion parameters ( e , 1  and 2  ), filtration parameters (
f  252 

and  ) and permeability parameter ( m ) were calibrated by fitting the evolution of the hydraulic 253 

conductivity and the cumulative loss of dry mass of soil mixture C (shown by the blue lines in 254 

Fig. 4) simultaneously in the case of hydraulic loadings (a) and (b), by trial-error which can also 255 

be identified using optimization technique [55,56]. All the values determined for the model 256 

parameters, summarized in Table 3, were used to predict the other tests.  257 

Table 2 Physical properties of the soil mixtures 258 

Density of fluid f  1.0  g/cm3 

Density of solids s  2.65  g/cm3 

Kinematic viscosity of fluid k  65.0 10−  m2s-1 

Minimum porosity  min  0.22 

Table 3 Values of model parameters for tested soil mixtures A, B and C 259 

Tests 
Erosion parameters  Filtration parameters  Permeability parameter 

e  1  2   f     m
 

Series A 151.6 0.89 3.42  170.6 1.0  16 

Series B 3.1 0.74 2.68  13.4 1.0  16 

 260 



 13 / 27 

 

4.1.2. Results  261 

Fig. 4 presents the comparison between experimental and numerical results of erosion tests on 262 

three types of soil mixtures in the case of hydraulic loadings (a) and (b). It shows that the history 263 

of the hydraulic loading and the initial fine content affect significantly the hydraulic behavior of 264 

the tested soil mixtures. Two phases can be distinguished from the time evolution of the 265 

hydraulic conductivity. At first, the hydraulic conductivity slowly increased or decreased, 266 

depending on the hydraulic loading type. The duration of this first phase was much longer under 267 

less severe hydraulic loading. For a given hydraulic loading, the decreasing phase was longer for 268 

a specimen with a smaller initial fine content. These results illustrate a positive correlation 269 

between the erosion rate and the initial fine content. The second phase of the hydraulic 270 

conductivity evolution was characterized by its rapid increase. Finally, the hydraulic 271 

conductivity reached a constant value. 272 

The proposed model was able to reproduce the two phases of the erosion until a stable stage was 273 

reached. However, in some cases, discrepancies between experimental and numerical hydraulic 274 

conductivity evolution could be found, especially during the first phase. Only few data are 275 

available in the literature concerning the self-filtration phenomenon during an erosion test. Ke 276 

and Takahashi [26,57] attributed the deviation of the hydraulic conductivity to the difference in 277 

homogeneity along the reconstituted soil specimens. Another aspect which has not been taken 278 

into account is the unknown influence of the saturation stage, which may also lead to the 279 

heterogeneity of the soil sample before erosion. The influence of the soil heterogeneity is 280 

discussed in the following section.  281 

The predicted eroded mass can be calculated by [32]: 282 

 ( ) ( )0 0
0

1 1
L

sM c c dx   = − − −     (34) 283 

Marot et al. [22] proposed an energy-based method to characterize the erosion susceptibility. The 284 

authors suggested characterizing the fluid loading by the total flow power flowP , expressed as  285 

 flow w wP q h=    (35) 286 

 where wq  is the flow rate; w  is the unit weight of water; h  is the drop of hydraulic head. In 287 
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series A, Rochim et al. [23] characterized the evolution of the cumulative eroded mass with the 288 

variation of the cumulative expended energy flowE , computed by the time integration of the 289 

instantaneous flow power flowP . 290 

Experimental and numerical values of the eroded mass are in good agreement for the calibration 291 

tests C97-a and C97-b, but also for other validation tests differing from the initial fine content 292 

and the hydraulic loading history. However, the prediction of the eroded mass is not totally in 293 

agreement with the experimental data for tests A90-a and A90-b. The eroded masses represent 294 

only 0.4% (test A90-a) and 1.2% (test A90-b) of their initial fine content, whereas the hydraulic 295 

conductivity increased by a factor of 9 (test A90-a) and 4 (test A90-b) in the second phase of the 296 

hydraulic conductivity evolution. Obviously, such small loss mass should not in itself result in 297 

such a rapid increase of the hydraulic conductivity. This discrepancy could be explained by the 298 

early presence of preferential flows created by particle rearrangements in the case of a lower 299 

initial fine content of the soil.  300 

  301 

(a) (b) 

Fig. 4 Comparison between laboratory tests (symbols) and simulated data (continuous lines): (a) 302 

cumulative eroded masses versus cumulative expended energy; (b) time evolution of hydraulic 303 

conductivity 304 
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4.2. Series B 305 

Similar erosion tests on gap-graded mixtures of coarse and fine silica Hostun sand were 306 

performed by Aboul Hosn [54] to investigate the effects of the soil density on suffusion. The 307 

suffusion tests were carried out using a newly developed permeameter made up of a cylindrical 308 

Plexiglass cell (140 mm in height and 70 mm in internal diameter), a pressurized water supply 309 

system and a fine collector. Three soil samples with the same initial fine content (fc=25%) and 310 

three different relative densities (Id=0.2, 0.4, 0.6) were subjected to erosion tests by flushing 311 

water in the downward direction under a controlled multi-stage flow rate. The model parameters 312 

summarized in Table 3, were calibrated by fitting simultaneously the evolution of the hydraulic 313 

conductivity and the cumulative loss of dry mass of test ES-0.2-CD (shown by the red lines in 314 

Fig. 5) by trial-error which can be alternatively identified using optimization technique. They 315 

were then used to predict the other tests. 316 

   317 

(a) (b) 
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 318 

(c) 

Fig. 5 Comparison between laboratory tests (symbols) and simulated data (continuous lines) for 319 

three different initial densities: (a) the variation of cumulative eroded masses with the increasing 320 

flow rate; (b) the variation of hydraulic gradient, i, with the increasing flow rate; (c) the variation 321 

of hydraulic conductivity with the increasing flow rate 322 

The comparison between experimental and numerical results of the erosion tests with three 323 

different relative densities (Id=0.2, 0.4, 0.6) is presented in Fig. 5. The curves show similar 324 

tendencies. With the increase in Darcy’s flow velocity, the eroded mass increased with time at a 325 

gradual decrease rate. The deviations of the experimental results appear to be very small, 326 

possibly due to the minor differences of their initial porosity (0.36, 0.34, 0.32 for Id=0.2, 0.4, 0.6, 327 

respectively). The proposed model was able to capture the main features of the flow-rate 328 

controlled erosion tests. 329 

5. Discussion 330 

Comparing the time evolution of the hydraulic conductivity with the measured eroded mass 331 

constitutes a way to improve the understanding of the suffusion process. Fig. 6 shows how the 332 

numerical results depend on the choice of the parameter   which controls the filtration rate (Eq. 333 

22). The complex phenomenon of suffusion appears to be a combination of three processes: 334 

detachment, transport, and filtration of the finer fraction. This combination results in the 335 

development of heterogeneities in the soil grading. Experimental results [23,58] showed that the 336 
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loss of fine particles is higher in the upstream part. The transport of detached particles from 337 

upstream to downstream can partly offset the loss of particles in the downstream region. The 338 

spatial profiles of porosity at different time steps for different values of  are compared in Fig. 7. 339 

A larger value of   leads to a more severe soil heterogeneity at the early stage of the suffusion, 340 

which suggests that more detached particles are filtered in the downstream part of the soil. 341 

However, to calibrate the value of  , it is necessary to measure the concentration of fluidized 342 

particle within the outlet flow at discrete times during an experiment. Under a given hydraulic 343 

gradient condition, a strong increase of the concentration of fluidized particle in the outlet flow 344 

occurs simultaneously to the rapid increase of the hydraulic conductivity, as shown in Fig. 8. For 345 

a given density, a lower fine content is accompanied by a larger amount of coarse particles and a 346 

smaller constriction size within the porous network, which facilitates the filtration process. 347 

   348 

(a) (b) 

Fig. 6 Comparison between laboratory tests (symbols) and simulated data (continuous lines) for 349 

different values of : (a) cumulative eroded masses versus cumulative expended energy; (b) time 350 

series of hydraulic conductivity 351 
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  352 

(a) (b) 

Fig. 7 Spatial profiles of porosity at various time steps: (a)  = 3.0; (b)  = 6.4  353 

 354 

Fig. 8 Comparison of the concentration of fluidized particle of the outlet flow for different values 355 

of  356 

The rapid decrease of the hydraulic conductivity is systematically accompanied by a clogging of 357 

the pores. The compaction of the reconstituted soil specimens and the disturbance during the 358 

saturation stage may lead to initially heterogeneous soil samples. Fine particles that are displaced 359 

can fill certain pores during compaction and saturation. Fig. 10 compares experimental and 360 

numerical results for different soil homogeneities. The initial fine content and the corresponding 361 
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porosity are presented in Fig. 9. 362 

  363 

(a) (b) 

Fig. 9 Initial soil state before erosion for different soil homogeneity: (a) initial fine content 364 

fraction; (b) initial porosity 365 

A clogging, at first restricting the water flow, can then be blown away, accompanied by a 366 

significant increase of the hydraulic conductivity. Thus, the predominant process during the 367 

second phase is the detachment and transport of fine particles. Finally, the hydraulic conductivity 368 

tends to stabilize when the hydraulic drag force can no longer transport any more fine particles 369 

through the soil skeleton. 370 
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  371 

(a) (b) 

Fig. 10 Comparison between laboratory tests (symbols) and simulated data (continuous lines) for 372 

different soil homogeneity: (a) cumulative eroded masses versus cumulative expended energy; (b) 373 

time series of hydraulic conductivity 374 

6. Conclusion 375 

This study provided a novel contribution to the numerical approach in modeling the internal 376 

erosion of soils. The approach consisted of modeling the erosion of the soil skeleton, the 377 

transport by the water flow and the filtration of fine particles through the mass exchange between 378 

the solid and fluid phases. The governing differential equations were formulated based on the 379 

mass balance of four assumed constituents: the stable fabric of the solid skeleton, the erodible 380 

fines, the fluidized particles, and the pure fluid. The terms of mass exchange were introduced into 381 

the mass balance equations. It was complemented by a filtration term to simulate the filling of 382 

initial voids due to the filtration of transported fines from the suspension to the solid fraction. 383 

The model was solved numerically by a finite difference method restricted to 1-D flows normal 384 

to the free surface and, accordingly, the hydrodynamic dispersion was disregarded. 385 

Two series of erosion tests on cohesionless soils were selected in order to examine the model 386 

performance. Two phases of the suffusion process up to a stable stage could be distinguished 387 

from the time evolution of the hydraulic conductivity and both were well reproduced by the 388 

model. The hydraulic conductivity first slowly increased, or even decreased, depending on the 389 
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hydraulic loading history. The second phase of the hydraulic conductivity evolution was 390 

characterized by a rapid increase. Finally, the hydraulic conductivity reached a constant value. 391 

The results showed that the numerical model is able to describe both erosion and filtration during 392 

the tests. 393 

A complementary study on the coupling between erosion and filtration indicated that a larger 394 

value of the parameter   controlling the amplitude of filtration leads to a more severe soil 395 

heterogeneity at the early stage of the erosion, which suggests that more detached particles are 396 

filtered in the downstream part of the soil. Thus, the hydraulic conductivity of the whole 397 

specimen could slowly increase or decrease. The second phase of the hydraulic conductivity 398 

evolution characterized by a rapid increase occurs simultaneously with the unblocking of the 399 

clogged pores. Finally, the hydraulic conductivity reaches a constant value when the hydraulic 400 

force is no longer able to drag fine particles through the soil skeleton. 401 

Note that the proposed numerical approach is formulated for the boundary value problems at the 402 

scale of an entire engineering structure for gap-graded or broadly graded granular soils. The 403 

grain-scale or particle size distribution related parameters were not considered for the sake of 404 

simplicity. In future works, the grain-scale parameters will be calibrated and introduced into the 405 

erosion law or filtration law based on well documented experimental tests; the coupling model 406 

will also be extended to 3D conditions so that more complex geometries and boundary 407 

conditions can be treated for a soil mass subjected to suffusion. 408 
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Appendix A. Finite difference solution for 1D suffusion process 413 

Defining ( )
2

1r t x=    and 2r t x=    allows the Eqs.(31)-(33) to be rewritten 414 
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where ( )1,2,3..., 1; 1,2,3..., 1j N k M= − = − . 427 
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Figure captions 567 

Fig. 11 REV of a fully-saturated soil mixture and the four-constituent continuum model 568 

Fig. 12 Geometry and finite difference grid in space-time of analyzed 1-D internal erosion 569 

Fig. 13 Time evolution of multi-staged hydraulic gradients 570 

Fig. 14 Comparison between laboratory tests (symbols) and simulated data (continuous lines): (a) 571 

cumulative eroded masses versus cumulative expended energy; (b) time evolution of hydraulic 572 

conductivity 573 

Fig. 15 Comparison between laboratory tests (symbols) and simulated data (continuous lines) for 574 

three different initial densities: (a) the variation of cumulative eroded masses with the increasing 575 

flow rate; (b) the variation of hydraulic gradient, i, with the increasing flow rate; (c) the variation 576 

of hydraulic conductivity with the increasing flow rate 577 

Fig. 16 Comparison between laboratory tests (symbols) and simulated data (continuous lines) for 578 

different values of : (a) cumulative eroded masses versus cumulative expended energy; (b) time 579 

series of hydraulic conductivity 580 

Fig. 17 Spatial profiles of porosity at various time steps: (a)  = 3.0; (b)  = 6.4  581 

Fig. 18 Comparison of the concentration of fluidized particle of the outlet flow for different 582 

values of  583 

Fig. 19 Initial soil state before erosion for different soil homogeneity: (a) initial fine content 584 

fraction; (b) initial porosity 585 

Fig. 20 Comparison between laboratory tests (symbols) and simulated data (continuous lines) for 586 

different soil homogeneity: (a) cumulative eroded masses versus cumulative expended energy; (b) 587 

time series of hydraulic conductivity 588 

 589 
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Table 4 properties of simulated test specimens 591 

Soil 

reference 

Specimen 

reference 
Initial dry density d  

(kN/m3) 

Initial permeability k  

(m/s) 

Applied hydraulic 

gradient, i 

Test duration 

(min) 

A A90-a 17.39 51.2 10−  Type a, from 0.1 to 15 270 

A90-b 17.39 52.0 10−  Type b, from 1 to 13 130 

B B97-a 18.74 51.3 10−  Type a, from 0.1 to 12 240 

B97-b 18.74 52.0 10−  Type b, from 1 to 9 90 

C C97-a 18.74 51.2 10−  Type a, from 0.1 to 9 210 

C97-b 18.74 52.0 10−  Type b, from 1 to 7 70 

 592 

 593 

Table 5 Physical properties of the soil mixtures 594 

Density of fluid f  1.0  g/cm3 

Density of solids s  2.65  g/cm3 

Kinematic viscosity of fluid k  65.0 10−  m2s-1 

Minimum porosity  min  0.22 

 595 

 596 

Table 6 Values of model parameters for tested soil mixtures A, B and C 597 

Tests 
Erosion parameters  Filtration parameters  Permeability parameters 

e  1  2   f     m
 

Series A 151.6 0.89 3.42  170.6 1.0  16 

Series B 3.1 0.74 2.68  13.4 1.0  16 
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