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Abstract: Parameter identification using Bayesian approach with Markov Chain Monte Carlo 

(MCMC) has been verified only for certain conventional simple constitutive models up to now. This

paper presents an enhanced version of the Differential Evolution Transitional MCMC (DE-TMCMC) 

method and a competitive Bayesian parameter identification approach for applying to advanced soil 

models. To realise the intended computational savings, a parallel computing implementation of 

DE-TMCMC is achieved using the Single Program/Multiple Data (SPMD) technique in MATLAB. 

To verify its robustness and effectiveness, synthetic numerical tests with/without noise and real 

laboratory tests are used for identifying the parameters of a critical state–based sand model based on 

multiple independent calculations. The original TMCMC are also used for comparison to highlight 

that DE-TMCMC is highly robust and effective in identifying the parameters of advanced sand 

models. Finally, the proposed parameter identification using DE-TMCMC is applied to identify 

parameters of an elasto-viscoplastic model from two in situ pressuremeter tests. All results 

demonstrate the excellent ability of the enhanced Bayesian parameter identification approach on 

identifying parameters of advanced soil models from both laboratory and in situ tests. 
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1 Introduction 

Constitutive models play an important role in geotechnical engineering and can be classified as 

(1) linear-elastic model, (2) elastic perfectly plastic models (such as the Mohr-Coulomb), (3) 

nonlinear models (such as hardening soil model [1], nonlinear Mohr-Coulomb [2,3]), (4) 

critical-state-based advanced models (such as the modified cam-clay model [4]; Nor-Sand model [5]; 

CSAM model [6]; Severn–Trent model [7]; UH models [8-11]; SANISAND model [12]; SIMSAND 

model [13,14,2]; ANICREEP model [15,16]), hypoplasticity models [17-19,3,20,21], and (5) 

micromechanical models [22-28]. The last two categories are usually called advanced soil models, 

and such models have allowed the garnering of increasingly accurate and reliable descriptions of 

state-dependent mechanical behaviours of soils, resulting in complexities as well as some additional 

parameters. The accuracy of parameters of a model significantly influences its modelling 

performance and can even result in inaccurate predictions [29-35]. Accordingly, parameter 

identification is a vital issue surrounding the application of advanced constitutive models in 

geotechnical engineering.  

Yin et al. [36] distinguished three approaches of parameters determination from experimental 

data: analytical methods, empirical correlations and inverse analysis methods. Among them, inverse 

analysis produces a relatively objective determination of the parameters for an adopted soil model, 

even for those without direct physical meaning, and thus has been widely adopted. The key methods 

of inverse analysis are divided into two categories: (1) deterministic methods and (2) probabilistic 

methods. Deterministic methods merely focus on finding a set of fixed values for the input 

parameters of concern [13,14,2,37,35,36,38-42] without taking into account the variability and 

uncertainty of soils. By contrast, probabilistic methods are competitive because of their consideration 

of uncertainty. Of these, the Bayesian approach to parameter identification has been applied in 

different fields [43-62] in which parameters of concern have been treated as random variables and 

expressed in terms of posterior distributions and statistics. Up to now, such applications have 

involved only certain conventional simple soil models (e.g., the linear elastic model [54], the 

one-dimensional elasto-plastic model [53], the Hardening Soil model [45]), whereas parameter 
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identification involving advanced constitutive models (e.g., critical state–based models) has rarely 

been reported – hence this investigation. 

When conducting Bayesian parameter identification, the Markov chain Monte Carlo (MCMC) 

simulation is generally known for its ability to efficiently derive a posterior distribution 

[51,52,63,48,64,65]. The adopted MCMC highly governs the performance of identified parameters in 

terms of accuracy and reliability. MCMC sampling (e.g., Metropolis–Hastings algorithm [66]) 

produces samples that are statistically dependent, possibly reducing the efficiency of statistical 

estimators, and indeed most of them become inefficient when the number of variables is large [67]. 

In seeking to overcome such issues, the transitional MCMC (TMCMC) proposed by Ching and Chen 

[68] has proved to be more efficient for high-dimensional problems [69-72,67,68]. Evidently, such 

efforts have improved the performance of MCMC, but some observations have indicated that the 

posteriors estimated using the TMCMC tend to fall into local convergence when solving certain 

problems [67]. Accordingly, further improvement of TMCMC for Bayesian parameter identification 

is necessary, especially for advanced soil models.  

This paper aims to develop an efficient approach to Bayesian parameters identification for 

advanced soil models through the enhancement of TMCMC. To this end, Bayesian parameter 

identification is first introduced in principle. To improve the performance of TMCMC, a differential 

evolution–Markov chain algorithm is implemented in the process of new samples. To save on 

computational costs, a parallel computing implementation of DE-TMCMC is achieved using the 

Single Program/Multiple Data (SPMD) technique in MATLAB. The enhanced DE-TMCMC based 

parameter identification approach is validated by identifying parameters of a critical state–based sand 

model from synthetic numerical tests with/without noise first and then from real laboratory tests. 

Finally, an application of the proposed approach to an elasto-viscoplastic clay model based on two in 

situ pressuremeter tests is presented.  

2 Enhanced DE-TMCMC based Bayesian identification with parallel computing 

2.1 Framework of Bayesian parameter identification  

According to Yuen [73], the Bayesian approach can update model parameters and characterize 

uncertainties using their posterior probability distribution functions (PDFs).  
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Following a Bayesian formulation [74,75,73] and assuming that the observation data and the 

model predictions satisfy the prediction error equation, the observation can be expressed as: 

  obs numU c U  b   (1) 

where b is a vector of model parameters; c~N (1,
2) are a one-mean Gaussian random variable 

with variance 
2 that represents the prediction error variance, and this 

 is an unknown parameter 

in addition to the soil model parameters b . 

Uncertainties of parameters can be evaluated using the posterior PDFs, with the expression of 

the posterior PDF for data D written as follows: 

  
   

 

p p D
p D

p D


θ θ
θ   (2) 

where  = , θ b is the uncertain parameters; p(D) is the evidence;  p θ  is the prior PDF of the 

uncertain parameters θ , which is based on the previous knowledge or user’s judgment; and 

 p D θ  is the likelihood function expressing the level of data fitting. If the prediction errors in 

different measured data are statistically independent, then the likelihood function can be computed as 

follows [76-78]: 

      2 2
2

2 exp ;
2

N

g

N
p D J D






  
  

 
θ b   (3) 

where N is the number of measured data and  ;gJ Db  is the goodness-of-fit function representing 

the degree of data fitting. For reasons of numerical stability and algebraic simplicity it is often 

convenient to work with the log-likelihood. Accordingly, the log-likelihood  ln p D θ is expressed 

as: 

      2

2
ln ln 2 ;

2 2
g

N N
p D J D






  θ b   (4) 

Generally, deformation and stress are two extremely important indicators for soil behaviours. 

The measurement produced by a laboratory test usually contains two curves, such as the curves a–q 

and a–e for the drained triaxial test or the curves a–q and a–u for the undrained triaxial test (where 

a is axial strain, q is deviatoric stress, e is void ratio, and u is excess pore water pressure). 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

 

Accordingly, a goodness-of-fit function involving these two important indicators is reasonable. 

According to Jin et al. [13,2], a normalized goodness-of-fit function is adopted due to the error 

independent of the magnitude of different variables (e.g., q and e or u), which is expressed as: 

  
0

2

obs num

1 10 obs

1
;

N i iN

g i
j i

j

U U
J D

N N U 

  
   
   

 b   (5) 

where N is the number of measured values, N0 is the number of curves for one test, obs

iU is the value of 

measurement point i, and num

iU  is the value of calculation at point i.  

With multiple observations and types of observations, likelihood values for each observation 

must be combined into an overall value for each candidate parameter set [79]. When the measured data 

D involve M tests during Bayesian parameter identification, the likelihood function is expressed as:  

    
1

ln w ln
M

i i

i

p D p D


θ θ   (6) 

where M is the number of involved tests, wi is weight of  ip D θ , and  ip D θ  is the likelihood 

corresponding to the test i. In this study, the weight of each likelihood for all involved tests is 

considered the same and thus equal to 1.  

Because the soil model involves high-dimensional nonlinear functions, the posterior  p Dθ  

must be evaluated numerically, such as by the TMCMC method. The posterior PDF  p Dθ  

represents the updated belief about the parameter vector θ  after obtaining the evidence of D. An 

accurate estimator of the parameters θ  for the adopted soil model is the Maximum a Posteriori 

(MAP) estimation. The MAP parameter vector MAPθ  can be computed as follows: 

  
   

 MAP arg max arg max
p p D

p D
p D

 
θ θ

θ θ   (7) 

where the arg max is to find the points within a domain for a given function at which the function 

values are maximized. 
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2.2 Proposition of enhanced DE-TMCMC 

The TMCMC method was originally developed by Ching and Chen [68] as a combination of the 

sequential particle filter method [80] and MCMC. The method begins with the prior distribution 

 p θ  and makes a gradual transition to the posterior by optimization at each round of samplings. 

The key idea of TMCMC is that of proposal density, which corresponds to the jth round of sampling 

 
j

p θ  determined as,  

       jq

j
p p L D θ θ θ   (8) 

where qj∈[0, 1] is chosen following q0=0< q1<…< qm=1 with j=0, 1, ….., m denoting the stage level. 

Consequently,  
0

p θ  equals the prior distribution  p θ  for j=0, and  
m

p θ  is the posterior 

distribution  p Dθ  for j=m.  

Details about execution of the TMCMC algorithm can be found in Ching and Chen (2007) [68]. 

In this study, only certain key steps are summarized: 

1. Calculate the qj. If qj>1, then set qj=1.  

2. For all samples k=1, 2, …, Ns, compute a weighting coefficient ,j kw : 

 
    

-1-

, 1,
=

j jq q

j k j k
w L D


 
 

θ   (9) 

3. Compute the mean of the weighting coefficient 

  ,
1

1 sN

j j k
ks

S w
N 

    (10) 

4. Compute the covariance matrix of the Gaussian proposal distribution 

 
 

     ,2

1, 1,
1

sN T
j k

j j jj k j k
k j s

w

S N


 


 
     

  
Σ θ θ θ θ   (11) 

with 

 
   

 

, 1,1

,1

=

s

s

N

j l j ll

j N

j ll

w

w









θ
θ   (12) 

5. For each l in [1,…, Ns], set 
   , 1,

=c

j l j l
θ θ . Then for k=1, 2, …, Ns, do the following MCMC 

sampling: 
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5.1 Select the index l from the set [1, 2, …, Ns] using the sequential importance sampling 

(SIS) method, where each l is assigned probability
   , ,1

sN

j l j nn
w w . 

5.2 Propose a new sample: Draw c
θ from the normal distribution N(

 ,

c

j l
θ , jΣ ). 

5.3 The remaining steps are identical to those in the Metropolis algorithm. 

6. If qj=1, then stop the iteration; otherwise set j=j+1 and continue the above process.  

The details of the original TMCMC method, with its MATLAB code, can be found in Ching and 

Chen [68].  

To improve the performance of original TMCMC, a differential evolution–Markov chain 

algorithm proposed by Vrugt [81] was adopted in this study to replace the process that proposes a 

new sample in step 5.2, which can be generated as: 

 
     
new

, , ,
= c

j l j l j l
dθ θ θ   (13) 

with 

 
           , , , ,

= 1 best c

jj l j l j a j b
d          

 
θ θ θ θ θ   (14) 

where 
 
new

,j l
θ  is the new sample; 

 ,

c

j l
θ  is the current sample; best

jθ  is the sample corresponding to 

the maximum weight in the current iteration; d is the dimension of θ ; 
 ,j a
θ  and 

 ,j b
θ  are two 

vectors consisting of d variables, where the indices a and b are two integers drawn from [1,…, Ns]; 

= 2.38 2 d  is the jump rate;  denotes the number of chain pairs used to generate the jump with 

a default value of =3 according to Vrugt [81]. The values of  and  are sampled independently 

from the uniform distribution [–c, c] and the normal distribution N(0, c*), respectively. In this study, 

the c=0.1 and c*=10–12 were employed, as recommended by Vrugt [81].  

After differential evolution, a binomial crossover operation forms the final sample,  

  

   

 

new

,new

,

,

,  if rand 0,1  or 

,  otherwise

randj l

j l c

j l

CR l l  
 


θ
θ

θ
  (15) 

where rand(0, 1) is a uniform random number within [0, 1]; lrand=randint (1, d) is an integer randomly 

chosen from 1 to d and is newly generated for each l; the crossover probability CR∈[0, 1] 
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corresponds roughly to the average fraction of the vector components that are inherited from the 

mutation vector, with CR=0.9 taken in this study.  

For simplicity’s sake, the original TMCMC is referred as “O-TMCMC,” and the enhanced 

TMCMC as “DE-TMCMC” in the following sections.  

2.3 Parallel computing DE-TMCMC 

Stochastic simulation algorithms, such as the TMCMC algorithm, used in Bayesian inverse 

modelling require numerous simulation runs when used for geotechnical engineering problems. For 

large-order computational models, the computational demands involved in the TMCMC sampling 

algorithm are excessive, sometimes to the point of being unacceptable. Accordingly, 

high-performance computing (HPC) techniques are vital for their ability to reduce computation time. 

Most MCMC algorithms involve a single Markov chain and are thus not parallelizable. Hence 

parallel computing algorithms should be implemented for use with the enhanced DE-TMCMC 

algorithm, efficiently distributing computations on multicore CPUs [82,83]. 

In this study, the SPMD (Single Program/Multiple Data) technique in MATLAB was adopted to 

achieve a parallel computing implementation of DE-TMCMC. Typical applications appropriate for 

SPMD are those that require simultaneous execution of a program on multiple data sets when 

communication or synchronization is required between the workers. The SPMD efficiently 

distributes the computations involved in the DE-TMCMC algorithm to available heterogeneous 

GPUs and multi-core CPUs so that the number of log-likelihood evaluations is the same for each 

computer worker. The SPMD technique is computationally efficient when the computational time for 

a log-likelihood evaluation is the same independent of the location of sample in the parameter space. 

More information about the SPMD technique can be found in the MATLAB manual.  

Fig. 1 shows the parallel computing strategy in DE-TMCMC using the SPMD technique, where 

log-likelihood represents the user-defined function for computing the log-likelihood; N_workers is 

the total number of computer workers (e.g., 8 for a 4-cores CPU) and “labindex” is the index of 

computer workers, automatically identified in MATLAB. The entire calculation will be distributed 

among different computer workers according to the value of labindex. Note that the number of 
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samples Ns should be an integer multiple of the number of computer workers, N_workers, in parallel 

computation.  

Not surprisingly, drastic reductions of time can be achieved using this parallel implementation 

of the DE-TMCMC algorithm. Furthermore, the time savings differ for the same case on different 

computers with different settings: powerful computers with many multi-core CPUs can save more 

computational time. 

3 Performance of parallel computing DE-TMCMC 

In order to assess the efficiency of the parallel computing DE-TMCMC methodology for the 

identification of parameters of advanced constitutive models, several MCMC simulations were 

carried out using the O-TMCMC and DE-TMCMC respectively for a comparison on synthetic data 

and real experimental data. The following cases were considered: 

(1) Identifying parameters of SIMSAND model (see Appendix) from synthetic test data for the 

numerical validation; 

(2) Identifying parameters of SIMSAND model from real experimental data for the applicability. 

3.1 Numerical validation on synthetic laboratory tests 

To generate the synthetic tests, a set of typical parameters of SIMSAND model were adopted, as 

summarized in Table 1. Using these values, three synthetic drained triaxial tests (e0=0.6 and p'0=800 

kPa, e0=0.7 and p'0=200 kPa, e0=0.8 and p'0=25 kPa) were computed. Note that the stain 

measurement (e.g., linearized strain suitable for small strain, logarithmic strain suitable for large 

strain) may influence the obtained parameters such as stiffness or critical state related parameters, 

depending on their contributions to the material model. In these synthetic tests only the linearized 

strain measurement was used as usually adopted in analysing laboratory tests (e.g. Verdugo and 

Ishihara [84]). According to Jin et al. [2], tests with wider range of confining stress involved in 

parameter identification would be helpful on finding the accurate CSL. To increase the difficulty of 

evaluation, the computed stress and void ratio of three tests were contaminated by additive Gaussian 

noise with standard deviation 0.1. Adding Gaussian noise to synthetic data is a relatively intuitive 

and quantitative approach for investigating this problem. The purpose of this adding Gaussian noise 
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is to show the anti-interference ability of the proposed algorithm in parameter identification. The 

results of three synthetic drained tests without/with noise are shown in Fig. 2.  

For both cases, 2000 samples per stage was implemented, and thus 2000*m (m representing 

total number of stages in TMCMC) samples were totally generated in TMCMC simulation. 

According to previous studies [71,68,72,67,78], the total number of stages for different cases were 

not always the same. The prior PDF of all uncertain parameters was assumed to follow a 

multivariable uniform distribution. These were independently uniformly distributed within the lower 

and upper bounds. The bounds of each prior PDF for all parameters are summarized in Table 1. In 

this case, the Poisson’s ratio , bulk modulus K0 and nonlinear elasticity parameter n were fixed. The 

remaining parameters of SIMSAND along with the uncertainty  were identified using the Bayesian 

parameter identification, adopting O-TMCMC and DE-TMCMC, respectively. Note that both 

O-TMCMC and DE-TMCMC were enhanced with the parallel computing technique to save the 

computational costs.  

For both TMCMC simulations, ten independent runs were performed to avoid the randomness 

in order to show the performance of the proposed DE-TMCMC. For Bayesian analysis, the generated 

samples should be represented by the “entire” PDF to evaluate the performance of adopted 

approaches. However, commonly the multidimensional distribution over all the space of unknown 

parameters cannot be directly illustrated due to its high dimension. Thus, the obtained posterior PDF 

of each parameter was presented by mean and standard deviation values for a convenient comparison 

between O-TMCMC and DE-TMCMC. Fig. 3 and Fig. 4 show the mean values of all parameters and 

the uncertainties for DE-TMCMC and O-TMCMC on synthetic data without/with noise, respectively. 

Regardless of whether the used data is noisy, the parameters identified by DE-TMCMC in 

comparison to O-TMCMC fluctuate slightly, and basically stabilize to a constant value among 

multiple calculations, demonstrating the excellent performance of the proposed DE-TMCMC on 

attaining the robustness.  

A good MCMC method is not only robust but also effective that the concerned parameters 

should be exactly identified. The presented results in Fig. 3 also show that the value of each 

parameter identified by DE-TMCMC is closer to the true value than the one identified by 
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O-TMCMC on synthetic data without noise, which indicates the effectiveness of the proposed 

DE-TMCMC. Moreover, as shown in Fig. 4, the similar exact parameters can also be identified by 

DE-TMCMC even though the used data is noisy, which indicates the outstanding anti-interference 

capability of the DE-TMCMC. Thus, the DE-TMCMC is more suitable and reliable than O-TMCMC 

when identifying the parameters for advanced sand models from noisy data. Furthermore, besides the 

MAP values of parameters of SIMSAND, the uncertainties of used data can also be exactly identified 

by DE-TMCMC, as shown in Fig. 3(i) and Fig. 4(i). However such uncertainty is overestimated by 

O-TMCMC. This comparison demonstrates the reliability of DE-TMCMC when identifying the 

uncertainty of practical observations.  

Table 1 summarizes the average MAP values of SIMSAND parameters identified by 

DE-TMCMC. Except three CSL-related parameters (eref,  and ), others approximately equal to the 

true values. Fig. 5 shows the comparison of CSL computed by the parameters identified by 

DE-TMCMC from the data without/with noise. Slight difference between three CSLs is found at the 

stress level ranging from 100 to 1000 kPa. Using the MAP parameters, three drained triaxial tests 

were simulated by SIMSAND, as shown in Fig. 6. Good agreement between simulations and 

synthetic data first shows that the identified parameters are accurate, and secondly, although the 

parameters of CSL are inaccurate, the impact on simulation results is not significant. 

Overall, the proposed DE-TMCMC is superior to O-TMCMC in identifying parameters of 

advanced sand model in terms of robustness, effectiveness and reliability regardless of whether the 

used data is noisy or not.  

3.2 Performance on real laboratory tests 

3.2.1 Laboratory tests of Toyoura sand 

A series of drained triaxial tests performed on Toyoura sand by Verdugo and Ishihara [84] was 

selected for this case. Toyoura sand is a uniform fine quartzitic sand consisting of sub-rounded to 

sub-angular particles having a mean grain size d50=0.17 mm and a uniformity coefficient 

Cu=d60/d10=1.7. The minimum and maximum void ratios are emin=0.597 and emax=0.977.   

The initial void and confining pressure for each test is summarized in Table 2. The experimental 

results for all triaxial tests are shown in Fig. 7. To form a comprehensive group of experiments that 
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can well reflect the common sand behaviours, following the recommendation of Jin et al. [2], three 

triaxial tests (one drained (test 2) and two undrained (tests 7 and 12)) were selected as objectives for 

parameter identification. Other remaining tests were used to assess the accuracy of obtained 

parameters.  

In this study, the Poisson’s ratio  was assumed to be 0.2, a common value for most sands. 

Except for the Poisson’s ratio (), the remaining parameters of SIMSAND along with the uncertainty 

 were identified using DE-TMCMC combining with Bayesian method.  

3.2.2 Results and discussions 

Similarly, this case also independently ran 10 times to avoid randomness. To show the 

effectiveness of the proposed DE-TMCMC in identifying parameters of sand model, the 

identification of parameters was also conducted by optimization techniques [36,13] for comparison. 

The obtained parameters are summarized in Table 3. Although the optimization based identification 

does not take the soil uncertainty into account, the results can be deemed a set of reference values to 

assess the effectiveness of the proposed DE-TMCMC: a closer distance between the solution of 

optimization and generated samples of MCMC means more reliable parameters achieved, indicating 

a more effective MCMC method adopted or developed.  

Fig. 8 compares the mean values of each parameter and the uncertainty for two approaches 

under multiple calculations. Similar phenomenon that the parameters identified by DE-TMCMC 

fluctuate slightly is found. In contrast, the results of O-TMCMC are unsatisfactory with large 

fluctuations, which obviously demonstrate the bad robustness of O-TMCMC, especially for the 

friction angle  which should be almost constant for a given granular material. Except three 

CSL-related parameters, other parameters identified by DE-TMCMC are very close to the reference 

values compared to O-TMCMC. The reason leading to the inaccurate CSL is also the small stress 

range of test involved in the parameter identification. Without considering this, the comparison 

between DE-TMCMC and O-TMCMC demonstrates that the DE-TMCMC is robust and effective in 

identifying parameters of SIMSAND from real laboratory tests. 

Fig. 9 shows the values of standard deviation of each parameter and the uncertainty for two 

approaches. Large fluctuation in data of standard deviation indicates the instability of posterior PDF. 
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Furthermore, the large value of standard deviation means the generated samples distribute in a large 

range, implying the existence of local convergence. For granular material, the friction angle  is a 

key parameter relating to material strength. In SIMSAND, the plastic modulus kp and 

dilatancy-related parameters Ad and nd are key parameters relating to material deformation. Thus the 

accuracy of , kp, Ad and nd can be an indicator of the effectiveness of DE-TMCMC. The evolutions 

of four selected parameters corresponding to the larger standard deviation at final stage with qj=1 for 

O-TMCMC and DE-TMCMC were plotted. For and kp, the comparisons at the calculations 2th, 3th, 

6th, and 10th are shown in Fig. 10. Fig. 11 shows the comparison of evolutions at final stage for Ad 

and nd. For DE-TMCMC, the parameters gradually converge to a narrow range from the prior 

uniform distribution. However, for O-TMCMC, the identification falls into local convergence and 

thus results in unreasonable values of , kp, Ad and nd for Toyoura sand [13,12]. In contrast, this 

situation is overcome by DE-TMCMC with a domain of more reliable parameters. All comparisons 

demonstrate that the proposed DE-TMCMC is robust and can overcome the problem of local 

convergence for parameter identification of advanced soil models. 

The average MAP parameters and the standard deviation of posterior PDF–identified by 

O-TMCMC and DE-TMCMC – are also summarized in Table 3. The MAP parameters identified 

using DE-TMCMC are more close to those obtained by Taiebat and Dafalias [12] and Jin et al. [13], 

which indicates that the parameters obtained by DE-TMCMC are more reasonable and reliable than 

those by O-TMCMC. Furthermore, finding the uncertainty of parameters is also important compared 

to the MAP values, which is the characteristic of Bayesian approach unlike the deterministic methods. 

The uncertainty of obtained parameters can be used to assess the uncertainty of predictions. 

Therefore, using all obtained 2000 samples, the uncertainty of predictions for two used approaches 

was compared by error bar plot, as shown in Fig. 12 on objective tests 2, 7 and 12. In fact, the 

outstanding predictive ability of SIMSAND model that can well capture the behaviour of Toyoura 

sand is known before conducting this case [13,85]. Thus, it seems that the O-TMCMC overstates the 

uncertainty of predictions compared to the proposed DE-TMCMC, indicating that the proposed 

DE-TMCMC is more effective than O-TMCMC in terms of the reliability of identified parameters. 

To demonstrate the performance of the MAP parameters identified by DE-TMCMC, a series of 
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predictions were conducted, as shown in Fig. 13. Good agreement can be found between the 

numerical predictions and experiments, demonstrating the rationality of the parameters obtained by 

the Bayesian parameter identification with DE-TMCMC. 

Furthermore, the test results sometimes are not consistent themselves, which is probably caused 

by: (a) an inherent spatial variability of soil properties, (b) experimental uncertainty (measurement 

scatter) due to limitations of the experimental techniques and (c) sampling uncertainty (statistical 

uncertainty) due to the limited number of soil samples used in the investigation. Such inconsistency 

would lead to variability of parameters for model of interest, which can be quantified by the 

proposed Bayesian approach with DE-TMCMC from available experimental data. In practice, such 

inconsistency (experimental and sampling uncertainties) can be incorporated into probabilistic 

analyses using random field methods, such as by the approach developed by David Mašín [86].  

Overall, through the above comparisons, the enhanced DE-TMCMC is highly robust and 

efficient in identifying the parameters of advanced soil models.  

4 Application to in-situ testing 

4.1 Identifying parameters from pressuremeter test 

To evaluate the performance of Bayesian parameter identification in conjunction with the 

DE-TMCMC through use of in situ testing, two self-boring pressuremeter (SBP) tests performed in 

the Burswood Peninsula site at a depth of 5.25 m by Lee and Fahey [87] were selected as the 

objectives. A two-dimensional finite element model, with boundaries in an axisymmetric condition to 

simulate the pressuremeter, was created in a commercial finite element code ABAQUS, as shown in 

Fig. 14. The upper and bottom sides were fixed only for vertical displacement, whereas the right side 

was fixed for horizontal displacement. The loading could then be generated by applying horizontal 

displacement at the left side. Accordingly, the horizontal displacement had its biggest value at the left 

side and gradually decreased to zero as it reached the right side. Altogether, 240 four-node 

reduced-integration elements (CAX4RP) were used to simulate the soil. The same displacement seen 

in a typical field test was applied, and at each step, the same displacement increment was applied. 

For the two tests, the expansion phase was conducted at two different rates up to around 10 % 

of the cavity strain: 0.167 %/s and 0.0185 %/s, respectively. The initial effective vertical stress ′v0 
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was 31 kPa, and the lateral earth coefficient K0 was 0.9, where the initial value of vertical stress is 

estimated from the effective unit weight of soils with the depth, and the horizontal stress relating to 

the earth pressure coefficient is measured as the initial value of lateral stress from test results 

according to the site investigation and two SBP tests conducted by Lee and Fahey [87]. The water 

pore pressure was 38.8 kPa. In this case, the elasto-viscoplastic model ANICREEP was adopted to 

simulate the rate-dependency behaviour of soft clay. More details of ANICREEP with its finite 

element implementation can be found in Yin et al. [16,36]. To help identify the rate-dependent 

parameters, the initial void ratio, e0, the swelling index, ,and the compression index, , with the 

permeability (k=3.3×10-9 m/s) provided by Lee and Fahey [87] were fixed in the parameter 

identification. Note that the swelling index , the compression index  and the permeability k could 

not be put into the Bayesian-based identification process since test results of oedometer tests and 

excess pore pressure measurements in SBP testing are not available. The Poisson’s ratio  was 

assumed to be 0.3 for soft clays [38]. The other parameters (the slope of critical state line M, the 

initial pre-consolidation pressure ′p0, and the secondary compression coefficient Ce) were 

determined by Bayesian identification with DE-TMCMC. The bounds of uniform distribution of 

parameters are given in Table 4. The settings of DE-TMCMC were same as those given previously. 

For purpose of comparison, the case was also carried out using O-TMCMC.  

4.2 Results and discussions  

Fig. 15 shows the posterior PDFs of three identified parameters of ANICREEP model using 

DE-TMCMC and O-TMCMC. The value of M distributes primarily in a large range within [1.5, 1.8] 

for DE-TMCMC, with an MAP value of 1.71, but for a narrow range [0.95, 1.05] for O-TMCMC, 

with an MAP value of 0.98. Similarly, the identified ′p0 and Ce also distribute in a large range for 

DE-TMCMC, with MAP values of 58.4 kPa and 0.020, compared to a narrow range for O-TMCMC, 

with MAP values of 102.6 kPa and 0.055. According to Low [88], it can be found that the identified 

M (=1.71) and ′p0 (=58.4 kPa) were close to measured values and the identified parameter 

Ce=0.020 identical to the Ce=0.020 experimentally estimated by Low [88] based on the strain-rate 

dependency parameter =0.055 of Burswood clay using the unified formulation of Yin et al. [89,90]. 
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These comparisons demonstrate that much more reasonable parameters can be achieved through 

Bayesian parameter identification with DE-TMCMC than those with O-TMCMC.   

All parameters of ANICREEP for Burswood clay are summarized in Table 5. Using all solutions 

obtained by DE-TMCMC, numerous simulations of two pressuremeter tests were performed. Fig. 16 

compares the predictions with uncertainties and measurements for the SBP tests in terms of total 

pressure at the cavity wall versus cavity strain. The measurements are mostly covered by the 

simulations. Accordingly, all findings demonstrate that the Bayesian parameter identification using 

the DE-TMCMC is efficient and applicable for in-situ testing.  

5 Discussions 

Using statistical methods in calibrating has a long tradition in soil mechanics, which has been 

reviewed in the introduction. As the calibrating procedure is an inverse problem and the solution is 

generally not unique, i.e. many parameter combinations provide similar acceptable results in the 

sense that a user defined error measurement is small enough [41,14,42]. Moreover, the solutions 

depend on user defined error measurement, for which no general rule exists. However, the 

performance of error function in the likelihood defined in the proposed method has been highlighted 

in various cases [13,14,2,37,34,35,42,36,38]. The defined error function considers both the effect of 

quantities for different test curves (such as deviatoric stress-axial strain curve for different confining 

pressures) and the effect of dimension/unit for different variables (such as deviatoric stress and 

volumetric strain in same test). Thus, a set of reliable parameters totally reflecting the material 

behaviours can be obtained by the proposed method.  

In traditional calibration, one uses experiments suitable for calibrating sub sets of the material 

parameters. The critical state friction angle, for example, can be calibrated from three triaxial tests, 

without considering other parameters like elastic stiffness. Although one gets a better feeling of the 

specific parameter influences a specific behaviour of the soil by doing such calibration works, such 

way can be successful only for few conventional laboratory tests, such as 1D compression and 3D 

triaxial tests. Identification of parameters from in-situ or field tests cannot be completed by such kind 

of traditional calibration methods. Moreover, the amount of parameters directly determined by such 

way is limited. With the development of constitutive modelling, numerous advanced soil models 
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with a large number of parameters have been proposed [36]. The traditional calibration method 

becomes ineffective for a large number of parameters, in particular becomes invalid for parameters 

without clear physical meaning. For this situation, the trial and error method is usually used. In 

practice, such calibrations often depend on the user’s preferences and experiences. In that sense, 

calibrating of material parameters by the proposed method is more competitive than by traditional 

calibration methods.  

Furthermore, the local convergence problem inevitably exists for most inverse methods. 

However, the proposed Bayesian identification with DE-TMCMC has the ability to prevent the 

identification process from the local convergence, which has been demonstrated by aforementioned 

results and the comparisons to original TMCMC (see Figs. 10 and 11).  

Overall, the proposed Bayesian parameter identification has advantages in dealing with different 

parameter calibration works, even when some parameters have non-physical meaning.  

6 Conclusions 

To identify parameters also considering soil uncertainty, a method of Bayesian parameter 

identification using an enhanced DE-TMCMC with parallel computing technique has been 

developed in this paper. The DE-TMCMC, enhanced through implementing a differential evolution 

into TMCMC to replace the process of proposing a new sample, has been proposed. To save on 

computational costs, a parallel computing DE-TMCMC was achieved by implementing the SPMD 

technique.  

The performance of DE-TMCMC during Bayesian parameter identification was first validated 

through comparison to the original TMCMC for the case of identifying parameters of a critical 

state–based model from triaxial tests in terms of robustness and effectiveness: three synthetic drained 

triaxial tests with/without noise for numerical validation, and three real drained triaxial tests on 

Toyoura sand for applicability. To avoid randomness, the calculations were independently conducted 

10 times. The results demonstrate that the DE-TMCMC is highly robust and efficient, producing 

reasonably ranged posterior PDFs as well as a set of accurate parameters regardless of whether the 

used data is noisy.  
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Finally, the enhanced DE-TMCMC based parameter identification approach was applied to two 

in-situ pressuremeter tests on soft clays. The elastic viscoplastic model ANICREEP was adopted to 

take into account the time effect for clays. The identified MAP parameters agree well with values 

measured in oedometer and triaxial tests, indicating a high level of efficiency for the proposed 

approach and the applicability to the in-situ testing.  

In addition to the parameter identification by DE-TMCMC, the approach can also be used to 

estimate the evidence of the chosen probabilistic model class conditioning on the measured data, a 

key component for Bayesian model class selection and model averaging [68,67]. Therefore, future 

works will focus on the application of this approach to Bayesian model class selection and model 

averaging in geotechnical engineering through use of advanced soil models. 
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Appendix-introduction of SIMSAND 

The selected critical state–based sand model was SIMSAND, which has seen widely used in 

various studies [13,2,37,91]. Accordingly, only basic principles were introduced herein for ease of 

understanding. Consistently with the elastoplastic theory, the total strain rate is composed of the 

elastic and plastic strain rates:  

    el pl

ij ij ij
  (I) 

where  ij denotes the (i, j) the total strain rate tensor, and the superscripts el and pl represent the 

elastic and plastic components, respectively. 

The nonlinear elastic behaviour is assumed to be isotropic with the Young’s modulus E: 

 
1  

   


  el

ij ij kk ij
E E

  (II) 

where  is Poisson’s ratio,  ij is the effective stress rate tensor, and ij  is the Kronecker’s delta. E 

is calculated by using the isotropic elastic bulk modulus K by E=3K(1-2), and for sand, is defined 

as:  
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where K0 and n are elastic parameters, e is void ratio, p′ is the mean effective stress, and pat is the 

atmospheric pressure (pat = 101.325 kPa).  

The yield surface for shear sliding can be expressed as, 

 =0   
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p d
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p d
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
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 
  (IV) 

where q is the deviatoric stress, kp is related to the plastic shear modulus, Mp is stress ratio 

corresponding to the peak strength calculated by the peak friction angle p (Mp=6sin(p)/(3-sin(p)) 

in compression), and p

d  is the deviatoric plastic strain. 

The gradient of the plastic potential surface for stress-dilatancy g can be expressed as: 

 with  ;  1d pt

ij ij ij

g g p g q g q g
A M

p q p p q  
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where Ad is the stress-dilatancy parameter, and Mpt can be calculated from the phase transformation 

friction angle pt (Mpt=6sin(pt)/(3-sin(pt)) in compression). The double index ij is simplified as 

1 11,  2 22,  3 33,  4 12,  5 23,  6 31ˆ ˆ ˆ ˆ ˆ ˆ      . 

A nonlinear critical state line (CSL) formulation to guarantee the positiveness of the critical 

void ratio was well suited to sand modelling, 

 
c ref exp
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  (VI) 

where ec is the critical void ratio, eref is the initial critical void ratio at p′ = 0, and  and  are the 

parameters controlling the shape of CSL in the e-logp′ plane.  

Soil density and the interlocking grains effects are introduced through the expression of the 

friction angle as: 

 tan tan    tan tan
p dn n

c c
p u pt

e e

e e
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   
    
   

；   (VII) 

where the parameters np and nd are material constants, and  is friction angle at critical state. The 

Lode angle dependent strength and stress-dilatancy are introduced as described in Sheng et al. [92], 

but could also be incorporated by using the transformed stress method of Yao et al. [93,8,94,9]. 

All parameters of the sand model can be divided into three groups: (1) elasticity parameters (K0, 

 and n), (2) CSL-related parameters (eref, , and ), and (3) interlocking-related parameters (Ad, kp, 

np and nd).  
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Tables 

Table 1 Identification results of SIMSAND from synthetic data and the bounds used in the calculation 

Parameters  K0 n eref    kp Ad np nd 

Upper bound 

- - - 

1.5 0.1 1.0 50 0.01 2.0 0.1 0.1 

Lower bound 0.5 0.001 0.01 20 0.0001 0.5 10.0 10.0 

True value 

0.2 100 0.6 

0.750 0.03 0.60 30.0 0.003 1.0 2.0 2.0 

Average 
MAPθ (without noise) 0.750 0.03 0.60 30.0 0.003 1.0 2.0 2.0 

Average 
MAPθ (with noise) 0.753 0.034 0.57 30.05 0.0031 0.98 2.04 2.15 

 

Table 2 Summary of triaxial tests on Toyoura sand 

Test type Drained tests Undrained tests 

Test number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

e0 0.996 0.916 0.831 0.959 0.885 0.809 0.735 0.833 

p' / MPa 0.1 0.1 0.1 0.5 0.5 0.5 0.1 1 2 3 0.1 1 2 3 

 

Table 3 Bounds in prior PDF, reference values, mean MAP values and standard deviations in posterior PDF for all 

parameters 

Parameters 

and bounds 

K0 n eref    kp Ad np nd 

[50, 

300] 

[0.1, 

0.9] 

[0.5, 1.5] 

[10-3, 

10-1] 

[0.1, 

1.0] 

[20, 

50] 

[10-3, 

10-1] 

[0.1, 2] 

[0, 

10] 

[0, 

10] 

[0, 1] 

MAP 

O-TMCMC 

172.6 

(13.2) 

0.449 

(0.029) 

0.928 

(0.004) 

0.0212 

(0.0016) 

0.81 

(0.028) 

30.74 

(0.67) 

0.0010 

(0.001) 

0.68 

(0.065) 

5.35 

(0.98) 

5.00 

(0.49) 

0.28 

(0.008) 

MAP 

DE-TMCMC 

144.6 

(6.96) 

0.463 

(0.018) 

0.904 

(0.002) 

0.0097 

(6.62e-4) 

0.933 

(0.019) 

32.18 

(0.26) 

0.0043 

(4.42e-4) 

0.42 

(0.023) 

3.157 

(0.52) 

4.24 

(0.43) 

0.057 

(0.0055) 

Reference 

values 

130 0.5 0.920 0.0131 0.78 32.40 0.0030 0.50 1.60 4.10 - 
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Table 4 Search domain for three parameters of ANICREEP model 

Parameters M ′p0 / kPa Ce 

Lower bound 0.5 10 0.001 

Upper bound 2.0 200 0.05 

 

 

Table 5 MAP values of ANICREEP model for Burswood clay 

MAP Parameters  e0   M ′p0 / kPa Ce 

DE-TMCMC 

0.3 2.8 0.036 0.40 

1.71 58.4 0.020 

O-TMCMC 0.98 102.6 0.055 
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Figure captions 

Fig. 1 Parallel computing strategy in DE-TMCMC using SPMD technique 

Fig. 2 Results of synthetic drained triaxial tests computed by SIMSAND using true parameters: (a, b) 

without noise; (c, d) with noise 

Fig. 3 Comparison of MAP value of each parameter and the uncertainty for O-TMCMC and 

DE-TMCMC on synthetic data without noise 

Fig. 4 Comparison of MAP value of each parameter and the uncertainty for O-TMCMC and 

DE-TMCMC on synthetic data with noise 

Fig. 5 Comparison of CSL computed by the identified parameters from the data without/with noise 

by DE-TMCMC 

Fig. 6 Comparison between experimental and MAP simulations of the synthetic drained tests 

Fig. 7 Results of triaxial tests of Toyoura sand 

Fig. 8 Comparison of mean value of each parameter and the uncertainty for O-TMCMC and 

DE-TMCMC 

Fig. 9 Comparison of standard deviation of each parameter and the uncertainty for O-TMCMC and 

DE-TMCMC 

Fig. 10 Comparison of evolution of samples between O-TMCMC and DE-TMCMC at final stage for 

 and kp 

Fig. 11 Comparison of evolution of samples between O-TMCMC and DE-TMCMC at final stage for 

Ad and nd 

Fig. 12 Simulations using parameters of final state for objective tests 2, 7 and 12 

Fig. 13 Comparison between simulations and experiments of triaxial tests on Toyoura sand  

Fig. 14 Finite element model of pressuremeter test 

Fig. 15 Posterior PDF of parameters of ANICREEP model for Burswood clay: (a-c) by DE-TMCMC; 

(d-f) by O-TMCMC 

Fig. 16 Comparison between simulated and experimental results for SBP tests on Burswood clay 
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Figure 2 

(a) (b)

e0=0.6, p'0=800 kPa

e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa

e0=0.6, p'0=800 kPa

e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa

 

(c) (d)

e0=0.6, p'0=800 kPa

e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa
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e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa
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Figure 3 

(a) eref (b) 

 

(c) 
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(e) kp
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Figure 4 

(a) eref
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(c)  (d) 

 

(e) kp (f) Ad

 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

 

(g) np
(h) nd

 

 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

 

Figure 5 

e0=0.6, p'0=800 kPa

e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa
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Figure 6 

e0=0.6, p'0=800 kPa

e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa

p'0=800 kPa

200 kPa

25 kPa

p'0=25 kPa

200 kPa

800 kPae0=0.6, p'0=800 kPa

e0=0.7, p'0=200 kPa

e0=0.8, p'0=25 kPa

 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

 

Figure 7 

 

0

300

600

900

1200

1500

0 5 10 15 20 25

D
ev

ia
to

ri
c 

st
re

ss
 /

 k
P

a

Axial strain / %

Test 1

Test 2

Test 3

Test 4

Test 5

Test 6

(a)

1
23

5

6

Toyoura sand, drained tests

4

0.7

0.8

0.9

1

1.1

0 5 10 15 20 25

V
o

id
 r

at
io

 e

Axial strain / %

Test 1

Test 2

Test 3

Test 4

Test 5

Test 61

(b)

2
3

4

5

Toyoura sand, drained tests

6

 

0

1000

2000

3000

4000

0 5 10 15 20 25

D
ev

ia
to

ri
c 

st
re

ss
 /

 k
P

a

Axial strain / %

Test 7

Test 8

Test 9

Test 10

(c)

7

9

10

Toyoura sand, undrained tests

8

0

1000

2000

3000

4000

0 1000 2000 3000 4000

D
ev

ia
to

ri
c 

st
re

ss
 /

 k
P

a

Mean effective stress / kPa

Test 7

Test 8

Test 9

Test 10

(d)

7
9 10

Toyoura sand, undrained tests

8

 

0

500

1000

1500

2000

0 5 10 15 20 25

D
ev

ia
to

ri
c 

st
re

ss
 /

 k
P

a

Axial strain / %

Test 11

Test 12

Test 13

Test 14

(e)

11

13

14

Toyoura sand, undrained tests

12

0

500

1000

1500

2000

0 1000 2000 3000 4000

D
ev

ia
to

ri
c 

st
re

ss
 /

 k
P

a

Mean effective stress / kPa

Test 11

Test 12

Test 13

Test 14

(f)

11 13 14

Toyoura sand, undrained tests

12

 

 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

 

Figure 8 

(a) K0 (b) n

 

(c) eref (d) 

 

(e) 

(f) 
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Figure 9 

(a) K0 (b) n

 

(c) eref (d) 

 

(e)  (f) 
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Figure 10 

(a) 2th calculation (b) 2th calculation

 

(c) 3th calculation (d) 3th calculation

 

(e) 6th calculation (f) 6th calculation
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(g) 10th calculation (h) 10th calculation
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Figure 11 

(a) 2th calculation (b) 2th calculation

 

(c) 3th calculation (d) 3th calculation

 

(e) 6th calculation (f) 6th calculation
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Figure 12 

(a) DE-TMCMC (b) DE-TMCMC

 

(c) O-TMCMC (d) O-TMCMC
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Figure 13 
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Figure 15 

(a) (b) (c)

 

(d) (e) (f)
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Figure 16 

Simulations at 0.0185 %/s

Simulations at 0.167 %/s
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