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Abstract

In this work, some new effective methods for suppressing homoclinic chaos in a weak periodically excited non-
smooth oscillator are studied, and the main idea is to modify slightly the Melnikov function such that the zeros
are eliminated. Firstly, a general form of planar piecewise-smooth oscillators is given to approximatively model
many nonlinear restoring force of smooth oscillators subjected to all kinds of damping and periodic excitations. In
the absence of controls, the Melnikov method for non-smooth homoclinic trajectories within the framework of a
piecewise-smooth oscillator is briefly introduced without detailed derivation. This analytical tool is useful to detect
the threshold of parameters for the existence of homoclinic chaos in the non-smooth oscillator. After some methods of
state feedback control, self-adaptive control and parametric excitations control are respectively considered, sufficient
criteria for suppressing homoclinic chaos are derived by employing the Melnikov function of non-smooth systems.
Finally, the effectiveness of strategies for suppressing homoclinic chaos is analytically and numerically demonstrated
through a specific example.
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1. Introduction

Stimulated by the development in control theory and mechanical engineering, the study of non-smooth or even
discontinuous dynamical systems has recently received extensive attention [1-7]. In actual engineering systems, there
are usually a large number of non-smooth factors such as gap [8], impact [9], dry friction [10], variable stiffness
[11], switching in control and electronic circuit [12-14] and so on. They are mainly determined by constraints,
constitutive relations and control methods. Planar non-smooth periodic perturbation systems are often employed to
approximatively model many nonlinear restoring force of smooth oscillators under all kinds of damping effects and
periodic excitations, hence, it is an interesting and challenging topic to study the mechanism and control of chaos by
geometrical or analytical techniques for this class of systems.

From the view of controlling purpose, chaos control can be divided into chaos suppression and chaos generation,
also known as anti-control of chaos. From the control principle, chaos control may be divided into feedback control
and non-feedback control [15]. In 1990, Ott, Grebogi and Yorke [16] has put forward a typical feedback control of
chaos, also named as OGY method. Many scholars have made many improvements and further generalizations to
OGY method [17-20]. Feedback control methods require continuous and accurate monitoring of system variables and
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real-time calculation of perturbation feedback variables, it is often difficult to implement in reality. At the same time,
non-feedback control methods can often make up for their shortcomings, such as constant excitation control [21],
impulse excitation control [22] and weak harmonic perturbations control with relative phase [23-25]. The research in
[26] shows that resonant excitations are effective ways to drive a nonlinear oscillator towards a given target dynamics.
Braiman et al. [27] further obtained that an additional periodic external excitation was really an effective way for
controlling chaos and provided the numerical evidence for the effectiveness of the control through a periodically
driven pendulum.

The Melnikov method is well know as a rare analytical tool for detecting the occurrence and parametric thresh-
old of chaos induced by the existence of transverse homoclinic solutions for time-periodic perturbed systems. In the
following we will briefly review the development of the Melnikov method from smooth dynamical systems to dis-
continuous dynamical systems. In 1963, the classical Melnikov method for planar smooth periodic perturbed systems
was first proposed by Melnikov in [28]. The key idea of this method is to study the transverse homoclinic points
of the corresponding two-dimensional Poincaré map. Since the Melnikov method was studied and employed to s-
tudy homoclinic tangencies of the Duffing equation with negative stiffness under the action of weak periodic forcing
and weak damping [29], it has been well known as the analytical method for studying homoclinic chaos and global
bifurcations. The Melnikov method in the case of high-dimensional nonlinear systems with action-angle variables
was also developed by Wiggins, see the monographs [30]. Zhang et al. [31, 32] extended Melnikov method for
non-autonomous nonlinear dynamical systems and application to multi-pulse chaotic dynamics. To further investigate
the bifurcation characteristics and homoclinic chaos in non-smooth or even discontinuous dynamical systems, many
scholars attempted to extend the Melnikov method within an appropriate framework. For the simple case of non-
smooth trajectories crossing switching manifolds, Kunze [2] first presented a basic geometrical approach of extending
the Melnikov method for a concrete non-smooth dynamical system under time-periodic perturbations, but there is no
detailed proof process. Then, Kukucka [33] and Shi et al. [34] further derived the Melnikov functions in detail for
planar discontinuous systems with only one switching manifold. However, the derived Melnikov function contains
difference items which are induced by the discontinuous features of vectors on the switching line, its application in
engineering is limited because of the difficulty of calculation. The Melnikov method for a kind of impact oscillators
was also studied by Du and Zhang [35] and Xu et al. [36] by choosing different normal line on the Poincaré section,
respectively. Granados et al. [37] has employed a reset map to describe the orbital collision with switching manifolds
and proposed the Melnikov theory for analyzing subharmonic and heteroclinic trajectories in a planar non-smooth
systems under weak time-periodic perturbations. Battelli and Feckan. [38-40] used alternative techniques to obtain
Melnikov functions for high-dimensional discontinuous systems with one switching manifold, but the intuition of
geometry is not obvious. Tian et al. [41] also derived the Melnikov function and studied the chaotic threshold for a
non-smooth pendulum with different impulsive excitations realized by collision with a rigid wall. In order to study the
global dynamics of discontinuous systems with geometric visualization and overcome the difficulties in calculation
and applications, more recently Li et al. [42-47] employed a geometrical approach and different proof to systemati-
cally derive the Melnikov function in a simple form for trajectories transversally crossing or instantaneously jumping
on switching manifolds.

Many scholars have made great efforts in the field of the controlling of homoclinic chaos and achieved some re-
sults based on the classical Melnikov method presented in [28-30]. Chaos control by means of the Melnikov method
began in about 1990. Indeed, Lima et al. [48] employed the Melnikov method to demonstrate that resonant para-
metric perturbations in the Duffing-Holmes equation was effective to suppress chaos. Rajasekar [49] considered a
Duffing-van der-Pol oscillator subjected to weak periodic perturbations and studied the parametric regimes for con-
trolling of chaos by the classical Melnikov method. Lenci et al. [50] employed the Melnikov method and studied
the optimal forcing in the Duffing oscillator to avoid homoclinic tangencies so that chaotic dynamics was suppressed.
Leung and Liu [51, 52] proposed several methods and criteria of controlling chaos through adding controls such that
the new Melnikov function no longer has zeros. Chacén has systematically summarized the Melnikov method and
control mechanism of weak periodic excitations for suppressing homoclinic/heteroclinic chaos in their monographs
[53]. Yang et al. [54] considered a parametrically and externally excited pendulum and investigated the analytical
and numerical evidences of chaos control by using the Melnikov method. Jimenez et al. [55] further investigated
homoclinic chaos and suppression in the Duffing system by applying a class of discontinuous periodic parametric
perturbations based on the Melnikov method. Li et al. [56] studied chaos control of a piecewise smooth oscillator
under small parametrical perturbations. In 2018, Du et al. [57] considered a fractional-order deflection Duffing oscil-
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lator and studied the strategies of adding excitations by the classical Melnikov method for suppressing chaos. More
recently, the key issue of relative phase has been explored both experimentally and theoretically through the Melnikov
analysis in the duffing oscillator by Martinez and Chacén et al. [58, 59].

How to study the mechanism and control of chaos for non-smooth systems by geometrical or analytical techniques
is an interesting and challenging topic. In this work, we employ the developed Melnikov function for time-periodic
perturbed planar non-smooth or even discontinuous systems to study some simple and easy to implement control
methods of homoclinic chaos. We give a general form of planar piecewise smooth systems to approximatively model
many nonlinear restoring force of smooth oscillators under weak damping and periodic excitations. We first assume
that there exist homoclinic solutions which are piecewise defined and transversally cross two switching manifolds
in the unperturbed system, that is, there are no action of damping and excitations. Then, the Melnikov method of
planar non-smooth systems is employed to detect the parametric threshold for homoclinic chaos for the time-periodic
perturbed system. When some methods of state feedback control, self-adaptive control and parametric excitations
control [51, 52] are respectively considered, sufficient criteria for suppressing homoclinic chaos are derived. The basic
mechanism is to detect the threshold of parameters such that the modified Melnikov function’s zeros are eliminated.

The structure of this paper is as below. In Sect. 2, a brief introduction to the Melnikov method is provided for
a non-smooth oscillator under weak time-periodic perturbation. In Sect. 3, some control methods of state feedback
control, self-adaptive control and parametric excitations control are respectively considered and sufficient criteria for
suppressing homoclinic chaos are derived. In Sect. 4, global bifurcations, homoclinic chaos and the strategies for
suppressing chaos are analyzed in detail for a concrete oscillator under external excitation by using the Melnikov
method. Numerical results for a specific oscillator by adjusting control parameters are also shown to verify the
feasibility of the presented chaos control method. Finally, the conclusions are given.

2. A brief introduction of Melnikov method for non-smooth oscillators

2.1. Non-smooth oscillators

In this section, we will briefly introduce the derivation of the Melnikov method within the framework of a piece-
wise described non-smooth oscillator. The dynamical equation with a dimensionless general form is shown as follows:

X+ f(x) + edg(x, X) = €f cos Qf, @)

where 0 < € < 1 is a small perturbation parameter of this systems, edg(x, x) and €f cos Qr respectively denote weak
dampings and weak external periodic excitations, f(x) is a piecewise defined restoring force of the form

[ £ W>a
= { £, h<a @

where a > 0 is a constant used to define the switching manifolds X, = {(xa, y)ly € R}.

As we all know that f(x) can be used to express restoring forces in actual mechanical models. There are two
reasons to study the aforementioned piecewise smooth systems. One reason is that elastic restoring forces in many
mechanical elastic impact systems are often described by piecewise-defined functions. For instance, the restoring
force is piecewise linear for an unilateral elastic impact model studied in [60]. A bilateral elastic impact model shown
in Fig.1 consists of a slender block with mass M, attached to two linear springs with stiffness K; and two linear
dashpots of damping factor C. When the system is subjected to a periodic external excitation F cos wt, this block M
moves to the left or right. When the motion distance exceeds a certain value X, the second spring of stiffness K, will
contact the block M. Without loss of general assumption that X, > 0, all springs produce an overall restoring force
which is defined by a piecewise linear function of the form
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Figure 1: An elastic impact oscillator.

_ [ 2KX, 1X] < Xo,
fx) = { 2K X + Kx(X — sign(X)Xo), 1X| > Xo. )
such that the equation of motion for the block can be written as
MX + f(X) + 2eCX = €F cos Q. 4)

The other reason for considering the general system (1)-(2) is that the restoring force is described by smooth
irrational [61, 62] or more complex functions in many nonlinear mechanical models. In most cases, it is difficult
to analyze the dynamic behavior through analytical methods. Therefore, piecewise linear approximation is often
an effective way to solve such problems. For example, a smooth irrational function is employed to describe the
restoring force in a simple mechanical model with geometrical nonlinearity presented in [61] as shown in Fig.2, the
dimensionless equation of motion may be written as follows:

Figure 2: A simple oscillator with irrational restoring forces.

1
¥+ wx(l - ———=) + €6x = &f cos Q, (5)

Va2 + a?

where a = %, when & = 0, the irrational restoring force can be written as:

1
D R S
J(x) = —wx(l rﬂyz). (6)
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Direct analysis of dynamics for the aforementioned systems by analytical methods is very difficult because of the
limitation of elementary functions. The authors in [61] presented an idealized linear approximation for the restoring

forces f(x) in the case of @ € (0, 1) written of the form

2
_ | wix, x| < xo,

J = { —w3(x — sign(x)w,), x| > xo. ™
where w% =1 -ao)a, w% = (1 —a?) and x = x is the switching line for the ideal piecewise linear restoring forces
obtained by

a(l + @) V1 — a?
Xp= ———5—.
l+a+a?
A idealized piecewise linear approximation to the theoretical restoring force is shown in the following Figure 3 when
the parameter « is chosen as @ = 0.5.
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Figure 3: An idealized piecewise linear approximation to the theoretical restoring force

2.2. Melnikov function for piecewise smooth homoclinic orbits
In this paper, we briefly introduce the Melnikov method for non-smooth oscillators. Firstly, we define the switch-
ing manifolds £, which divide the state-space R?into S_and S, such that R> =S_US, UX,. The subsets S_, S,

and the switching manifolds X, can be written as:
S.={(x,y) eR? | |x] > al,
S_={(x,y) e R* | |x| < a}, (®)
%, = {(x,y) € R? | x = za}.
It is necessary to note that the normal of the switching manifolds X is expressed of the form
n= n(xay) = (1’0)7 (X,y) € 2i~

The dynamical equation of the piecewise smooth oscillator described by Eq. (1) can be rewritten as an equivalent
systems of the form

x=y,
{ v =—fi(x) — €dg(x,y) + €f cos Qt, |x| > a, ©

xX=y,
{ y=—f(x) — €dg(x,y) + €f cos Qt, x| < a.
5



By setting € = 0, we obtain a unperturbed Hamiltonian system of the form

{ X =y=0H.(x,y)/dy,

¥ = —fi(x) = —=0H.(x,y)/0x, x| > a, 10)
X =y=0H_(x,y)/0y,
y=—f(x)=-0H_-(x,y)/0x, x| < a.
where the Hamiltonian functions H.(x,y) are expressed of the form
{H+(x,y> = 57+ [ fulo)ds, (x,)) €S, o
H-(x,y) = 35 + [ f-(s)ds, (xy)es-.

We first assume that the Hamiltonian functions H,. € C"(R2,R), with > 1,and the weak damping e€dg(x, X) is
also assumed to be enough smooth in the disjoint zone S, and S_. Without loss of generality, we may assume that
the geometrical structure of the system (10) is topologically equivalent to Figure 4. In order to further describe the
Melnikov method, the following geometrical assumption of homoclinic structure is necessary and given as follows:

Ay

X=-a

X=a
Figure 4: phase portrait of unperturbed system.

Assumption 1. The unperturbed system (10) has a hyperbolic saddle point py € S - and a pair of solutions homoclinic
to po. The right homoclinic trajectory y(t) transversally crosses the switching manifolds X twice such that the three
branches can be piecewise expressed of the form

YLt = L@,y () e S, fort < -T,
YO =9 v+ = (x:(D, ¥+ (D) €S+, for =T <t<T, (12)
Y2 = (2 (0,2 () €S, fort>T

satisfying yL(=T) = y.(=T) = (a,y0) € X, and y*(T) = y.(T) = (a,—yy) € Z., where Yy is the ordinate of the
intersection of the switching manifolds and the homoclinic orbit.

When the weak damping edg(x, x) and the weak forcinge f cos Qf come into play in the unperturbed system, the
homoclinic orbits may be broken and homoclinic chaos will occur when the stable and unstable manifolds of the
perturbed systems intersect transversally. Therefore, we will discuss the thresholds of parameters for homoclinic
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chaos by applying the Melnikov method presented in [42]. We can use the Hamiltonian function H. (x,y) to measure
the distance between stable manifolds and unstable manifolds for system (9) as we did in [42, 45, 46] for discontinuous
systems. The basic idea is to extend the vector fields and find the relationship of the perturbed solutions on both sides
of the switched manifold by introducing a transfer matrix. Here, we omit the details of the derivation and give the
corresponding non-smooth Melnikov functions as follows:

n(y(-T)) - y.(-T) ("

n(y(=T)) - yL(-T) J-
T

+ f Y+(1) - (=0g(y+(0) + f cos Q(z + 6p))dt (13)
-T

n(y(T)) - y.(T) %

n(y(1)) - ¥2(T) Jr

Notice that n(x,y) = (1, 0) as the normal of the switching manifold £, makes

n-T) - 7o(=T) _ (1,0)- Go, /(@) _ o

n(y(-T))-y.(-T)  (1,0)- (o, —f~(@)) Yo

(D)) - 32(T) _ (1,0) (<o, ~fo(@) _ =¥o
(D) -FAT) (L0 (o, =f-@) =¥

M(6o) = yL(0) - (=6g(yL(0) + f cos Q(t + 6p))dr

Y20 - (=68(Y2 (1)) + f cos Q(t + bp))dt.

=1,

=1.

So the corresponding Melnikov function can be simplified of the form

-T
M, (60) = f YL - (=6g(yL (1)) + f cos Q(t + 6p))dt

00

T
+ IT V+(O)(—=0g(y+(2)) + f cos Q(t + 6p))dt (14)

+ f ) Y2(1)(=68(y2 (1)) + f cos Q(t + 0p))dt
T
=- 611 - fIQ(Q) sin Q 90,

where

—T T +00
I = f yL@t) - g(xL (o), yL()dt + f V(1) - g (), y+ (0)dt + f y2(t) - g(xL (), yL (1))t
—0 -T T

T T oo (15
L(Q) = f yL(#) - sin Qudr + f v (7) - sin Qrdt + f V2 () - sin Quds.
_ T T

00 —

Theorem 1. Under all the assumptions aforementioned, if the parameters f, 6, Q satisfy the following condition:

I f
o< 5 (16)

then there exists 0y € R such that
M(6p) =0, M{(6p) #0,

that is, stable manifolds and unstable manifolds intersect transversely near 6.

For a rigorous proof of this theorem, readers are referred to [42].

3. Methods of suppressing chaos

In this section, we will consider some criteria and method for suppressing homoclinic chaos through the Melnikov
function for systems with non-smooth homoclinic structures. The main idea of the Melnikov method is to study
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the existence of transverse homoclinic points of the corresponding two-dimensional Poincar map. Next we consider
three-types control methods to modify slightly the non-smooth Melnikov function such that the zeros are eliminated.
Eq. (9) with control items is rewritten of the form

xX=y,
{ ¥ = —fi(x) — €5g(x,y) + €f. cos Qt + €C(x, y, 1), x| > a, a7

x=y,
{ ¥ =—f(x)—€dg(x,y) + €f. cos Qt + eC(x, y, ), x| < a.

In this system, C(x, v, ?) is the control item divided into three types:

1. C(x,y,1) = —Ey, namely, state feedback control;

2. C(x,y,t) = —sz(t)g(x, y), namely, self adaptive control;

3. C(x,y,1) = xf, cos(wt + ¢), namely, parametric excitations control;

where E, P, f,, are control coeflicients. Next we will employ the Melnikov method to describe the conditions of chaos
control.

3.1. Control of chaos with state feedback method

Firstly, we consider the state feedback control by adding weak velocity signal y(¢) to the system, then the system
with state feedback variable becomes

x=y,
{ V= —fi(x) — edg(x,y) + €f. cos Qt — eEy, |x| > a, (18)

x=y,
{ ¥ =—f_(x)— €dg(x,y) + €f. cos Qt — gEYy, [x| < a.

The state feedback control strategy for this perturbed system Eq. (18) will be designed to change chaotic motions
into regular periodic motions. By substituting Eq.(18) into Melnikov analysis, we can obtain the Melnikov function
including control items of the form

-T

M(8o) =M (6p) + f YL@ - (—EyL(0)dt

—00

T
+ f TY+(t)'(—Ey+(t))dt

oo (19)
+ f YA(1) - (—EY2(t))dt
T
=M,(6p) — EI;
= - 6[1 — fclz(Q) sin Q 90 - E13,
where M;(6y) is shown in Eq. (14) and I3 is given by
—T T +00
L= f L) dt + f (4 (D)*dt + f O (t))*dt > 0. (20)
—oo -T T

Theorem 2. Assume system (9) be chaotic motion under a given initial condition and a set of parameters of systems,
if the following parametric inequality holds

611 + EI3| > foll2(Q)], @1

then the corresponding Melnikov function M(6y) has no zeros, which implies that the homoclinic chaos appearing in
system (9) is suppressed by the state feedback method.



3.2. Control of chaos with self-adaptive method
Now, we let the parameter ¢ in Eq.(9) be designed to satisfy the self-adaptive control

5 = —2Px()x(1), (22)
that is
5 =6y — PX2(1), (23)

where d is the value ¢ in system (9) such that chaotic motions occur. Therefore, the system (9) becomes

x=y,
{ ¥ = —f(x) — €S + Px*(1)g(x,y) + €f cos Q, Il > a. (24)

x=y,
{ ¥ = —f(x) — €(S + Px*(1)g(x,y) + €f. cos Q, Ixl <a,
After a series of mathematical deductions, we can obtain the Melnikov function M(6y) including control items
given by

T
M(60) =M (6p) + f YL@ - (PG @))g(xL (), yL (1))t

—00

T
+ f V() - (=P, (1))g (x4 (1), v (1)))dt
-T

o0 25)
+ fT Y2 - (P22 (1), y2 (1))dt
=M,(6p) — Pl4
= — 5()11 — fcI2(Q) sin Q 9() - PI4,
where
T T
I = f (O Oy OO ()i + f (5008 0.3 ) )
e B (26)

+ fT (2 () g(x2 (1), Y2 ()Y~ (Ddt.

Theorem 3. Assume system (9) be chaotic motions under a given initial condition and a set of parameters of systems,
if the following parametric inequality holds,

16011 + P4 > fell2(Q), 27

then the corresponding Melnikov function M(68y) has no zeros, which implies that the homoclinic chaos appearing in
system (9) is suppressed by the self-adaptive method.

3.3. Control of chaos with adding parametric excitations

We impose the parametric excitations x f,, cos(wt + ¢) on system (9). Then, the controlled system is rewritten as:

X =y,
{ ¥ = —fi(x) — €6g(x)y + €f. cos Qt + exf, cos(wt + ), |x| > a, (28)

xX=y,
{ ¥ = —fo(x) — €6g(x)y + €f, cos Qt + exf, cos(wt + @), x| < a,



where f., w and ¢ respectively represent the amplitude, the frequency, and the initial phase of the parametric excita-
tions. The Melnikov function M(8y) of system (28) is obtained of the form

-T

M) =M (6o) + f xL(t)yL (1) cos[w(t + 6p) + pldt

—00

T
+fp f X4 (0)y4 (1) cos[w(t + 6y) + @ldt
-T

+ £, f N X2 (D2 (1) cos[w(t + ) + ¢ldt
T

(29)
-T
=M;(6p) — f, sin(wbp + @)l f xL )y (¢) sin wrdt
T - +00
+ f X, (0)y.(¢) sin wrdt + f x2(1)y? (¢) sin wrdt]
-T T
=~ 61 — f.1(Q) sin Qb — f, sin(wby + )I5(w),
where
—T T —+00
Is(w) = f xL(0)yl (¢) sin wrdr + f X, (1) (t) sin wrdt + f X2 (0)y2 (¢) sin wrdt. (30)
—00 -T T
Theorem 4. If I} > 0, L,(Q) > 0, Is(w) > 0, , and f, satisfies
I, — £.L(Q
0<fp<—5l fel2 () 31

Is(w)
then the Melnikov function M(0y) < 0 and the homoclinic chaos in system (9) can be suppressed for any phase .
Proof: From (29) we can obtain

M(6y) = — 61, — f1(Q) sin Qb — f,, sin(wby + ¢)Is(w)
<=0 + fob(Q) + fol5(w),

when
—611 + lez(Q) + prS(w) < O,

that is

ool — fela(€)

0 <"Tw

then inequality (31) holds, it will imply M(6p) < 0, in other words, the Melnikov function M(6y) has no zeros for any
¢. Therefore, the parameter condition can be achieved for suppressing chaos.
Let
_ 6L - fh(Q)
fpn e ——
I5(w)

the condition 0 < f,, < f,,, implies M(6y) has no zeros for any ¢. In other words, in the parameter interval f,, € (0, f},),
the phase ¢ has no effect on suppressing chaotic motions.

Next we further study the suppression of chaos under the parameter condition f, > fp,. If there exists positive
integers m and n with reciprocal prime such that w = m€Q/n, obviously, M(6y) is a periodic function in 6, with period
2nn/mC), we will get some subintervals that satisfy the following conditions.

(32)
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Theorem 5. If I} > 0, [,(Q) > 0, IS(%) > 0and f, > fpo, for any 6y € [0,2nn/mQ], sin[(m€2/n)f] and sin(Q6)
satisfy the following inequalities:

U < sin(m—Qf)o) <1 (33)
f n

)4
(fp - fpo)h(%)
Jela(€2)

then the Melnikov function M(8y) < 0 and the homoclinic chaos in system (9) can be suppressed for any phase .

-1+ < sin(Qfy) < 1 (34

Proof: From the Eq. (29), we have:

. . m& mQ
M) = — 611 — fc1r(Q)sin Qb — f, SIH(TG’O + 90)15(7)

(fp_fpo)IS(%) m fp()
<- 611 + fLIQ(Q) . (1 — w) + fpls(T)f—p
Q Q
= =6l + £1(Q) + fpols(’"T> ~(f, - fpo>15<m7) (35)

Sol1 — fe[r(Q)

=— 6l + fo[(Q
1+ fel2() + 1522

Q Q
Is<’"7> -, —fpo>15(m7>

Q
=~ (fy = Fro)ls(==) <.

then inequality holds, it will imply M(6y) < O, that is to say, the Melnikov function M(6p) has no zeros for any ¢.
Therefore, the parameter conditions can be achieved for suppressing chaos with parametric excitations.

4. Applications

We will employ the theorems obtained in the above section to study the suppression of chaotic motions for a
concrete piecewise smooth oscillator subjected to weak damping and weak periodic external excitations. Illustrative
examples are presented to show effectiveness of strategies for suppressing chaos based on the Melnikov analysis for
the non-smooth oscillator. Finally, numerical evidences are further presented to verify the validity of methods of chaos
control.

4.1. A piecewise smooth oscillator
The dynamical equation for a specific piecewise smooth oscillator is written of the form

x=y,
{ v = w(L = 1)x = 2euy + efy cos Q, x| < a,
y=wy(; -1 Wy + €fo 36)

Xx=y,
{ ¥ = —wl(x — sign(x)) — 2epy + €y cos Q1, x| > a,

where 0 < @ < 1, wg > 0, u is the coefficient of damping, fy and Q are respectively the amplitude and the frequency
of the external excitations.

When the effect of damping and excitations is not considered, the unperturbed system obtained by letting € = 0 is
a three-segment defined Hamiltonian system of the form

. oH
XxX=y= 3=,

{ D= (W2 lay_l — _0H
y=wyly — Dx=-%, x| < a,
. ol (37)
XxX=y= 8__\)’

{ ¥ = —wj(x - sign(x)) = -4, x| > a,
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where the Hamiltonian function is of the piecewise defined form

2_ 1,22

H_(x,y) = 1y2 + 1232 — L2432, x| < a,
Hex = e te @)
H,(x,y) = 5y + 3w5x" — wy(sign(x))x + 5w, x| > a

satisfying H_(xa, y)=H.(xa, y).

From the unperturbed system (37), we can easily get three equilibrium state (0, 0), (1, 0) and (-1, 0), who belong
to three different regions separated by the switching manifolds X, = {(x,y) € R? | x = +a}. Simple calculation of
eigenvalues of matrices at the three fixed points shows that the origin (0, 0) is a hyperbolic saddle-type point and
lies in the region V, = {(x,y) € R?> | —a < x < a}, and (+1, 0) are center-type fixed points withe pure imaginary
eigenvalue and surrounded by piecewise-defined periodic orbits with arbitrary periods. Furthermore, there also exists
piecewise defined a pair of solutions homoclinic to the origin (0, 0). The geometrical structure on the phase plane for
the unperturbed system is similar to the Figure 4. We only analytically express the homoclinic orbit on the right side
of x = 0 of the form

y]_(l) — (e/l(H—T), /le/I(H—T))’ for t< —T,
y(t) =1 y+() = (1 +dcoswot, —wod sinwpt), for —T <t<T, 39)
Y2(0) = (e, — 27D, fort>T,

where

1 1 —1
A=wo|——1,d=VI-a, T = — arcsin(——). (40)
a wy d

The Melnikov function is calculated by the formula (14) and is written as:
M(6y) = — 2uA(@, wy, A, T) + foB(a, wy, 4, Q, T) sin Q6,, 41

where {
Ala, g, 4, T) = A+ d*wi(T - 3 sin 2woT) > 0,
wo

sin(wg — Q)T sin(wy + QT
wy —Q B wy + Q )
We here note that the parameters d, T and A involved in the above formula have been given in Eq.(40). We
conclude that when the inequality

24
B(a, wg, 4, Q,T) = ———=(Asin QT + Qcos QT) + dwy(
22+ Q2

2pA(a, wo, 4,T) < fol B(er, wo, 4,2, T)| (42)

holds, the Melnikov function
M) =0 (43)
possess a simple zero at some 6.
When the inequality is established, the threshold of the parameters for the existence of homoclinic chaos is analyt-
ically obtained. To illustrate the reliability of prediction by the Melnikov analysis, we first fix the parameter wy = 1.
The detected chaotic threshold for system (36)for @ = 0.6 and a = 0.8 is respectively plotted in Figure 5.

08
f éiﬁ

04

0.2

Figure 5: The chaotic threshold for system (36): (a) @ = 0.6, (b) @ = 0.8
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Next we first fix Q = 1.05, and adjust @, u and the amplitude of the excitation fj to facilitate the following analysis.

From the Fig. 5, for every fixed ¢ and a, if fj is in the region above the plotted curve as Q varies, the Melnikov
function M(6y) has a simple zero 6y, which implies that homoclinic chaos will occur for system (36). The typical
strange chaotic attractors with finger-like are demonstrated with @ = 0.6 and f; = 0.82 in Figure 6 for different
damping. Figure 7 is the corresponding chaotic motions plotted in time process diagram. The damping is set to
(= 0.01 in the Fig. 6(a) and Fig. 7(a), and the damping is ¢ = 0.08 in the Fig. 6(b) and Fig. 7(b).

5 5
4 4
3 3
2 2
1 1
Y Y
0 0
Bl A
2 -2
3 3
4 -4
5 -5
5 0 5 5 0 5
xT xT
(@) (®)

Figure 6: Chaotic strange attractors with finger-like for system (36) with @ = 0.6 and fy = 0.82: (a) for u = 0.01, (b) for u = 0.08
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1 1
x 0 x 0
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t t
() (b)

Figure 7: Time process diagram for system (36) with @ = 0.6 and fy = 0.82:(a) for u = 0.01, (b) for u = 0.08

Similar numerical simulations, strange attractors and chaotic motions are also presented in Figure 8 and Figure 9
for fy = 0.6 and @ = 0.8 under different damping.

Y

Lo o =
- R T

b b b %A ot n e s

(a) (b)

Figure 8: Chaotic attractors for system (36) with @ = 0.8 and fy = 0.6: (a) for u = 0.01, (b) for u = 0.08
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Figure 9: Time process diagram for system (36) with @ = 0.8 and fy = 0.6: (a) for u = 0.01, (b) for u = 0.08

4.2. Adding state feedback control method

The weak velocity control signal y(¢) is a simple linear feedback to system (36), then the new system is

x=y,
{ v = wi(L = 1)x = 2euy + €fy cos Qt — €Ey, x| < a,
y' oz — D wuy + €fo y 44)
x=y,
{ ¥ = —wi(x — sign(x)) — 2euy + €fy cos Qr — €Ey, x| > a,
where —eEYy indicates weak damping force. After a series calculations, the corresponding Melnikov function is
M(6y) =(=2u — E)A(@, wo, A, T) + foB(a, wo, 4, Q, T) sin Qfl, (45)
If the inequality
Cu + E)A(a, wo, 4, T) > folB(a, wo, 4, Q, T (46)
holds, it can be seen that for any 6,
M(6p) # 0, 47

that is M(6y) has no zeros. Hence the above Melnikov analysis provide us with a good idea to only adjust the parameter
E of the linear feedback such that inequality (46) holds. Thus chaotic behavior in the system (36) will be suppressed
through the aforementioned state feedback control method.

Through the non-smooth Melnikov analysis, the threshold curve for the linear state feedback with different damp-
ing is respectively shown in Figure 10 for two sets of parameters @ = 0.6, fy = 0.82 and @ = 0.8, fy = 0.6. For every
fixed damping y, if E is in the zone above the plotted curve as Q varies, then the homoclinic chaos exhibited in the
Fig. 6 and Fig. 8 under given initial conditions will be suppressed for system (36).

——u=001
— = u=002
1 1=0.04
——u=008

Figure 10: The thresholds of parameters for system (44) with state feedback control, (a) for @ = 0.6, fy = 0.82, (b) for @ = 0.8, fy = 0.6.
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In addition to adjusting the state feedback E, the initial conditions and system parameters used in the Fig. 6 and
Fig. 7 have not been changed. Periodic motions are demonstrated in Figure 11 and Figure 12 with @ = 0.6 and
Jfo = 0.82 to show the effectiveness in suppressing chaotic attractors in the Fig. 6 by the state feedback control. The
periodic motion only crosses the switching manifold X, = {(x,y) € R? | x = @} and the control parameter is chosen
as E = 1.3 in the Fig. 11(a) and Fig. 12(a) with the damping ¢ = 0.01, and we also adjust the control parameter to
E = 0.5 in the Fig.11(b) and Fig. 12(b) such that the periodic motion crosses through two switching manifolds where
the damping is u = 0.08.

"o DD

<

G B b M A ok N ow s o
<

G b b M A ok N w s oo

(@ (b)

-4 -4
1800 1820 1840 1860 1880 1900 1920 1940 1960 1980 2000 1800 1820 1840 1860 1880 1900 1920 1940 1960 1980 2000
t t

() (b)

Figure 12: Time process diagram for state feedback control system (44) with @ = 0.6 and fy = 0.82: (a) for u = 0.01,E = 1.3, (b) for
n=008,E=05.

Similar periodic motions crossing only one of the two switching manifolds £, = {(x,y) € R? | x = +a} are
generated in Figure 13 and Figure 14 by adjusting the state feedback E such that the chaotic motions shown in the
Fig.7 are suppressed for @ = 0.8 and f; = 0.6. The control parameter is £ = 0.85 in the Fig.13(a) and the Fig. 14(a)
for the damping p = 0.01, and the state feedback E is chosen as E = 0.9 in the Fig.13(b) and the Fig. 14(b) for the
damping u = 0.08.
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Figure 14: Time process diagram for system (44) with @ = 0.8 and fy = 0.6: (a) E = 0.85, u = 0.01,, (b) E = 0.9, u = 0.08,.

4.3. Adding self-adaptive control method

Assume that the parameter ¢ implements to the self-adaptive control

= —2Px(1)x(t)
i.e.
W= po — PX*(1) (48)

The system with self-adaptive control is written of the form

x=y,
{ y = a)(z)(é - Dx —2e(uo — sz)y + €fo cos Qt, x| < a 49)
x=y,
y = —wg(x — sign(x)) — 2e(uo — Px*)y + €fy cos Qt, |x| > a.
Similar Melnikov analysis yields
M(6y) = — 2upA(a, wo, A, T) + foB(a, wy, 4,Q, T)sin Qb + PC(a, wy, A, T). 50)

where
1 8 1 1
Cla,wp, A, T) = A+ 2d*w(T - 2—sin2w0T) + §d3w0sin3on + Ew(z,d“T - §w3d4sin4on.
w(
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The damping 1 can be seen as the same value of damping given in advance in the Figure 6 and the Figure 8 for the
existence of chaotic attractors. If the self-adaptive control parameter P satisfies the following parametric inequality:

folB(a’9 wo, /19 Q& T)| < |2/~10A(aa wo, ﬂ, T) - PC(Q’, wo, /l, T)l& (51)

then for any 6,
M(6p) + 0,

which implies that chaotic motion can be suppressed by adding self-adaptive control.
Through the non-smooth Melnikov analysis, the threshold curve of self-adaptive control method is obtained as

shown in Figure 15 for two sets of parameters @ = 0.6, fo = 0.82 and @ = 0.8, fo = 0.6 respectively, and other
parameters remain unchanged.

—— =001

#=0.02
1 — — =004
—— =008

[ 0.2 0.4 0.6 0.8 1 12

Q
()

Figure 15: The thresholds of parameters for system (49) by adding self-adaptive control method , (a) for @ = 0.6, f = 0.82 (b) for @ = 0.8, f = 0.6

From the Fig. 15, for every fixed damping y and the parameter «, if P is in the zone above the plotted curve as
Q varies, then the homoclinic chaos shown in the Fig.6 and the Fig.8 will be suppressed for system (36). Periodic
motions are demonstrated from the Figure 16 to the Figure 19 to verify the feasibility of the presented self-adaptive
control, and the homoclinic chaos is suppressed only by adjusting the control parameter P.

& & 2] N EN oQ - N w s o
a
‘ |
|
\

&a IS @ ) - otd - N w IS @
Q

(@) (b)

Figure 16: Controlled period motions for system (49) with @ = 0.6 and fp = 0.82: (a) u = 0.01, P = 0.5, (b) u = 0.08, P = 0.7.
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Figure 17: Time process diagram for self-adaptive control system (49) with @ = 0.6 and fp = 0.82: (a) u = 0.01, P = 0.5, (b) u = 0.08, P = 0.7.
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Figure 18: Controlled period motions for system (49) with @ = 0.8 and fy = 0.6: (a) x = 0.01, P = 0.85, (b) u = 0.08, P = 0.95.
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Figure 19: Time process diagram for self-adaptive control system (49) with @ = 0.8 and fo = 0.6: (a) u = 0.01, P = 0.85, (b) u = 0.08, P = 0.95.

4.4. Control of chaos with adding parametric excitations

The controlled system with parametric excitations is rewritten as:
xX=y,
y= w%(é — Dx —2euy + €fy cos Qt + exf), cos(wt + ¢), x| < a, (52)
x=y,
y= —w%(x — sign(x)) — 2euy + €fo cos Qt + exf, cos(wt + ¢), |x| > a,
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where f,, w and , ¢ respectively denote the amplitude, frequency, initial phase of control excitation, respectively. By
similar mathematical technique, the corresponding Melnikov function is obtained of the form

M(6p) = — 2uA(a, wo, A, T) + foB(a, wo, 4,2, T)sin Qb + f,D(a, wy, A, w, T) sin(wby + ¢), (53)
where
D@, wo 6. T) :412 sinw? +20lcoswl dwo[sin(wo ~ )T sin(wy + w)T
422 + w? Wy — w Wy + w (54)
1 5,  sinQwo—w)T sinQRwy + w)T
+ =d a)()[ -
2 2wy — W 200 + w

Based on the Theorem 4 in Section 3, we can obtain the parameter condition

2uA(e, wo, A, T) = folBa, wo, A, Q, T)|

, 55
ID(a, w0, 4, @, T) (53)

0<f,<
such that for any 6y and control phase ¢
M(6o) <0,
which implies that chaotic motion can be suppressed by adding the parametric excitation.
Through the Melnikov analysis, the threshold curve of adding parametric excitations control is obtained as shown

in Figure 20 for two sets of parameters @ = 0.6, fy = 0.82 and @ = 0.8, fy = 0.6 respectively, and other parameters
remain unchanged.

#=001
1#=002
— — §=004
1#=0.08
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—— 4=0.08

(@) (b)

Figure 20: The thresholds of parameters for system (52) with parametric excitations. (a) for @ = 0.6, fo = 0.82, (b) for @ = 0.8, fo = 0.6.

From the Fig.20, for every fixed damping p and the parameter a, if f,, is in the zone above the plotted curve as Q
varies, then homoclinic chaos will be suppressed for system (36) only by adjusting the amplitude f, of the parametric
excitation.

We first fix wg = 1, Q = w = 1.05, u = 0.08 in the following analysis. Two sets of parameters are respectively
setto @ = 0.6, fy = 0.82 and @ = 0.8, fy = 0.6 to ensure that the Melnikov’s function M(6y) has no zeros. Very
rich periodic motions crossing the switching manifolds are demonstrated from Figure 21 to Figure 24 to state the
effectiveness for suppressing chaos by adjusting the control parameter f,, of the parametric excitations.
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Figure 22: Time process diagram for system (52) with @ = 0.6, fo = 0.82: (a) f, = 0.6, (b) f, = 0.98.
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Figure 23: Controlled period motions for system (52) with & = 0.8, fo = 0.6: (a) for f, = 1.1, (b) for f, = 1.28.
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Figure 24: Time process diagram for system (52) with @ = 0.8, = 0.08: (a) for f, = 1.1, (b) for f, = 1.28.

5. Conclusions

In this paper, we present some simple and easily accessible control methods of homoclinic chaos for a non-smooth
oscillator with weak time-periodic perturbation. The key idea is to modify slightly the Melnikov function such that
the zeros of the function are eliminated through additional controls, namely, state feedback control, self-adaptive
control and parametric excitations control. This paper gives a general form of planar piecewise smooth oscillators,
which often be seen as an ideal model to approximate many nonlinear restoring force of smooth oscillators under all
kinds of damping effects and periodic excitations. The unperturbed system is assumed to has a pair of homoclinic
solutions with piecewise smooth, which transversally cross through switching manifolds. Then, the Melnikov analysis
is employed to detect the threshold of parameters for homoclinic chaos in the perturbed system with damping and
excitations. When some methods of state feedback control, self-adaptive control and parametric excitations control
are respectively considered, detailed Melnikov analysis and sufficient criteria for suppressing homoclinic chaos are
analytically derived. Finally, sufficient criteria are obtained to study the control of homoclinic chaos through a concrete
piecewise smooth oscillator. Numerical simulations are also presented to verify the validity of suppressing chaos by
the analytical Melnikov method for non-smooth oscillators.
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