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Abstract: To solve large deformation geotechnical problems, a novel strain-smoothed particle finite 

element method (SPFEM) is proposed that incorporates a simple and effective edge-based strain 

smoothing method within the framework of original PFEM. Compared to the original PFEM, the 

proposed novel SPFEM can solve the volumetric locking problem like previously developed 

node-based smoothed PFEM when lower-order triangular element is used. Compared to the 

node-based smoothed PFEM known as ��overly soft�� or underestimation property, the proposed 

SPFEM offers super-convergent and very accurate solutions due to the implementation of 

edge-based strain smoothing method. The advantage of the novel method is to use very simple 

lower-order triangular element without suffering from volumetric locking via the strain smoothing 

method, instead of the higher-order triangular element/mixed stabilised formulation in the original 

PFEM, while preserving the same calculation accuracy. To guarantee the computational stability, the 

proposed SPFEM uses an explicit time integration scheme, and adopts an adaptive updating time 

step. Performance of the proposed SPFEM for geotechnical problems is first examined by four 

benchmark numerical examples: (1) bar vibrations, (2) large settlement of strip footing, (3) collapse 

of aluminium bars column and (4) failure of a homogeneous soil slope. Finally, the progressive 

failure of slope of sensitive clay is simulated using the proposed SPFEM to show its outstanding 

performance in solving large deformation geotechnical problems. All results demonstrate that the 

novel SPFEM is a powerful and easily extensible numerical method for analysing large deformation 

problems in geotechnical engineering.
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1 Introduction

In geotechnical engineering, numerous problems involve large deformation, such as installation 

of foundations [1-4], landslides [5] and debris D�  [6]. E���F		�� from the sustained development of 

computing power, numerical simulations have become standard methods in geomechanics and its 

related F����' Among those numerical methods, the finite element method (FEM) features 

prominently in engineering practices [1, 3, 7-12]. For FEM, however, excessive deformation of a 

mesh can result in numerical inaccuracies, even to the point of making calculation impossible for 

large deformation problems. Many researchers adopt continuous remeshing and mapping of stresses 

from the old elements to the new elements method to solve very large deformation (using 

commercial finite element programs with purpose developed submodules), but such methods are 

quite tedious and time-consuming to be performed. 

A number of numerical methods have been developed to help tackling the large deformation 

problems, which can be generally divided into three categories: discontinuous, continuous and 

coupled continuous�discontinuous approaches. In contrast to the continuous approaches, practical 

applications of discontinuous approaches are limited by their burdensome computational cost, 

although the robustness and potential of such methods have been demonstrated in academic 

exercises. Continuous approaches can be roughly divided into three groups: (1) mesh-based methods, 

such as arbitrary Lagrangian�Eulerian (ALE) [13] and the remeshing and interpolation technique 

with small strain (RITSS) [13]; (2) mesh-free particle methods, such as smoothed particle 

hydrodynamics (SPH) [14] and element-free Galerkin (EFG) [15]; and (3) mesh-based particle 

methods, such the material point method (MPM) [16] and particle finite element method 

(PFEM)[17]. Beyond the foregoing approaches, the coupled Eulerian�Lagrangian (CEL) is another 

mesh-based method [18, 19], similar to MPM and requires a background mesh. Although both ALE 

and RITSS have been used to solve problems involving relatively large deformations, both methods 

fail when the original boundaries change during the deformation process [20]. For SPH, EFG, MPM 

and CEL, applying boundary conditions is difficult � and, moreover, is always inaccurate when 

solving small-deformation problems or during the early stages of large-deformation problems. By 

contrast, PFEM which is developed to solve D����structure interaction problems (Oñate et al. [17, 
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21, 22]) and fluid only problems [23, 24] can be employed as an ideal method for avoiding the 

aforementioned problems, and has recently been used to solve problems in geomechanics [25-33]. 

The key feature of PFEM is that nodes are regarded as �particles� and the continuum medium as a 

cloud of these particles, which transport all the information of the continuum medium (e.g., 

displacements, strains, stresses, material properties, state variables), allow free movement and even 

separation from the continuum to which they originally belong. Indeed, the PFEM is actually an 

updated Lagrangian approach with frequent remeshing, based on the Delaunay triangulation 

technique, to overcome mesh distortion problems. As such, it inherits both the D�6�<���	� of 

mesh-free particle methods for arbitrary changes in geometry and the solid mathematical foundation 

of the traditional FEM. 

For various applications of PFEM, 6-node (quadrilateral quadratic) triangle elements are always 

used in geotechnical applications (Zhang et al. [20, 27, 29, 34]). When seeking to reduce the 

computational cost, low-order finite elements such as 3-node triangular elements are very attractive 

for their simplicity and efficiency. However, in general, the accuracy of low-order elements is not 

sufficient for use in engineering practice because of the problem of volumetric locking (also called 

the zero-energy or hourglass effect). With a view to improve the accuracy of low-order elements 

while preserving their advantages, the strain smoothing technique has been developed to smooth the 

strain field [35] and has been successfully applied to various mechanics problems [35]. Although 

mixed stabilised formulations [36, 37] can also overcome the volumetric locking effect of the 3-node 

triangle element, implementation is difficult because of the more complex equations required than 

for strain smoothing methods. The smoothing domains can be constructed on the basis of a cell, 

node, edge or face; thus cell-based, node-based, edge-based and face-based smoothed-FEM (S-FEM) 

methods were devised [35]. Compared to the standard FEM, S-FEM achieves significantly improved 

accuracy, especially for 3-node triangular elements. The important advantage of S-FEM is that no 

additional degrees of freedom (DOFs) are required. As a result, the strain smoothing method can also 

be used in the original PFEM to reduce the computational cost. In fact, the implementation of strain 

smoothing in the original PFEM has already been conducted by Zhang et al. [26] implicitly and 

Yuan et al. [25] explicitly, adopting a node-based strain smoothing technique for nodal integration 
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proposed by Liu et al. [38]. However, among various smoothing methods, the edge-based S-FEM is 

generally known to be the most effective [39, 40]. Thus the edge-based strain smoothing technique is 

worth incorporating into original PFEM to improve accuracy while simultaneously reducing the 

computational cost. If so, only very simple lower-order triangular element can be directly adopted 

without suffering volumetric locking via the strain smoothing method, instead of using the 

higher-order triangular element/mixed stabilised formulation in original PFEM.

In this study, within the PFEM framework, a newly developed edge-based strain smoothing 

technique (the strain-smoothed element method) for 3-node triangle elements is incorporated and an 

SPFEM with explicit time integration scheme is then developed. Next, four benchmark tests are 

conducted to verify the correctness of the program�s implementation, the effectiveness of the adopted 

edge-based strain smoothing technique and the feasibility of the proposed SPFEM for 

large-deformation problems: (1) bar vibrations, (2) settlement of strip footing, (3) collapse of 

aluminium bars column and (4) failure of a homogeneous soil slope. Finally, the proposed SFPEM is 

applied to simulate the progressive failure of slope of sensitive clay.

2 Explicit edge-based smoothed particle finite element method

2.1 Particle Finite Element Method (PFEM)

In PFEM, the domain of the problem is first discretised into a cloud of particles. Then, on the 

basis of particles, the triangle elements are generated through Delaunay triangulation and the 

alpha-shape technique is used to remove elements that do not meet the requirements. Next, the 

governing equations are solved using a standard finite element method, such as the Newton�Raphson 

procedure [30]. Apart from the standard PFEM method, the explicit time integration procedure [25] 

and mathematical programming [20, 29, 34] can also be adopted to solve the governing equations. 

Finally, information related to particles is updated and the convergence criterion is checked. Fig. 1 

depicts the main procedures of PFEM. The details of original PFEM can be found in [27, 28, 30].

2.2 Momentum balance equation

The divergence theorem can be employed to give:

 (1)� �
V

dV� ��� � 	 
� 1 g a 0
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With stress vector � and gravity acceleration assembled in the vector g the linear momentum 

balance of a body V with boundary S reads: 

 (2)
S V V

dS dV dV� �� � 
� � �n 1 g a

where  is the material density, n is the outward unit vector at the boundary of the body, and a is �

the acceleration.

By taking the principle of virtual displacement, the equilibrium equation expressed in the weak 

form is given: 

 (3)� �� � s

TT T T

V S V

dV dS dV�   �� 
 �� � �u a L u 1 u t u g

in which  is the test function, which is assumed to satisfy  where the displacement u 0 
u

boundary conditions are prescribed, and  is the prescribed traction. L is operator matrix expressed st

as

 (4)

0 0 0

0 0 0

0 0 0

T

x y z

y x z

z y x

� �� � �
� �� � �� �
� �� � �


 � �� � �� �
� �� � �
� �� � �� �

L

To solve Eq.(3), it must be spatially discretised by finite elements. Similar to solve the standard 

FEM problem, an the explicit time integration scheme will can be adopted for such purpose. 

2.3 Adopted edge-based strain smoothing method

To overcome the volumetric locking problem caused by the strain constant in 3-node triangular 

elements, a simple and effective strain smoothing method (the strain-smoothed element method) for 

3-node triangular elements, developed by Lee and Lee [39] was employed in the original PFEM. 

Using the adopted strain smoothing method, the strains of all neighbouring elements are fully used in 

the strain smoothing process. For 3-node triangular elements, the strains of up to three surrounding 

elements can be used through element edges (see Fig. 2a), where is the strain of a target element � �e
5

and is the strain of the kth neighbouring element. Thus, the smoothed strains between the target � �k
5

element and neighbouring elements are defined as 
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 (5)� �
� � � �

� � � � � � � �� �1
�  with  = 1, 2, 3 k e e k k

e k
A A k

A A

 �

�
5 5 5 �

where and are the areas of the target element and the kth neighbouring element, respectively, � �e
A

� �k
A

as can be seen in Fig. 2(b). Note that if the kth edge of the target element corresponds to a boundary, 

there is no neighbouring element for the edge and  is thus adopted.� � � �� =k e
5 5

In the 3-node triangular element, three point Gauss integration is used to calculate the stiffness 

matrix and the external force. As shown in Fig. 2(d), the smoothed strain values in Eq.(5) are directly 

assigned to the Gauss points (a, b, and c in Fig. 2c) of the target element using the following 

equations, 

 (6)

� � � �� �
� � � �� �
� � � �� �

1 3

1 2

2 3

1
� �

2
1

� �
2
1

� �
2

a

b

c


 �


 �


 �

5 5 5

5 5 5

5 5 5

Note that in the adopted edge-based strain smoothing method, exterior (boundary) elements 

have fewer neighbouring elements than interior elements; thus the strain smoothing effect in the 

exterior region could be less than that in the interior region.

According to Lee and Lee [39], the 3-node triangular elements subject to the edge-based strain 

smoothing method pass all the basic tests (patch, isotropy and zero-energy mode tests). Thus the 

edge-based strain smoothing method shows satisfactory best performance among the various S-FEM 

methods [39]. We thus selected this method to improve the accuracy of the PFEM calculation. 

2.4 Explicit time integration and adaptive time step 

For the implicit PFEM [27]/SPFEM [26] schemes, a large part of the computing time is spent in 

the solution of the linear systems. On the contrary, no linear systems have to be solved when 

adopting the explicit approach, but obviously a smaller time step is necessary. According to [41, 42], 

the explicit scheme is more efficient than implicit scheme for large scale problems, where the 

computational cost increases approximately linearly with the number of freedoms. 

Therefore, the explicit time integration scheme is used for two primary reasons: (1) ease of 

implementation and (2) ability to avoid massive computation loads when dealing with large-scale 
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problems. One of the most popular explicit time integration schemes approximating velocity at 

mid-interval (Belytschko et al. [43]) is employed. The algorithm is summarised in the following box. 

Explicit time integration schemes have the advantage of reducing computational effort 

especially if a lumped mass matrix is used, as factorisation and storage of a system matrix are then 

not required. Two possible disadvantages of explicit time integration schemes are the stability of the 

solution and the impossibility of ascertaining whether the solution computes the �dynamic 

equilibrium path� with ��F����	 accuracy. That explicit time stepping schemes are only 

conditionally stable which implies that the time step size must be smaller than a critical value to 

ensure the computation stability, with that value is given by

 (7)min
stable

l
t

c
�� 


where  is the critical time step size, lmin is the characteristic length of the element. For a stablet�

triangular element, lmin is the minimum height for all triangle elements; c is the speed of the wave 

propagation which can be approximately estimated by  (where ��is material � �2c � � �
 �

density, and  and are two Lamé's constants); and � is the reduction factor, which usually � �
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equals ~1.0 according to ABAQUS [44]. Typically ��
�0.9 can be adopted. In this study, a 1 2

smaller reduction factor =0.7 is adopted for a stable calculation. Because the characteristic length �

of the element is changing during the simulation, the adaptive time step scheme is used. Note that the 

time step size depending on the mesh size is changing due to the rebuild of mesh in SPFEM.

2.5 Computational cycle of proposed SPFEM

A typical computational cycle for the proposed SPFEM is similar to that for the classical PFEM, 

as shown in Fig. 1. Incorporating the edge-based strain smoothing method and bulk viscosity, the 

main procedure of the proposed SPFEM can be simply written as follows:

(1) Discretise the domain into a set of nodes/particles.

(2) Build the computational mesh using the Delaunay triangulation technique.

(3) Define the domain boundary using an alpha-shape method.

(4) Transfer the information of variables (stresses and state variables of constitutive model) 

from Gauss points to nodes by the superconvergent patch recovery scheme [45].

(5) Solve the governing equations using explicit time integration scheme, get the incremental 

strains of each element (��=B�u) and then smooth the strains for each element using the 

edge-based strain smoothing technique, update the stresses via a constitutive model 

(�_new=��old+���D) and apply the bulk viscosity for calculating internal force.

(6) Transfer the updated stresses and state variables of constitutive model at Gauss integration 

points to nodes, and then update the information of nodes (the position and the transferred 

stresses and state variables) preparing for the new mesh of next time step. 

(7) Check the convergence criterion: if met, stop; otherwise, return to step (2).

Note that another available remapping approach is the Unique Element Method (UEM). This 

method maps the variables from the Gauss integration points belonging to old mesh to the Gauss 

integration points belonging to new mesh directly. More details about UEM can be found in [13] for 

readers with interesting. 

Following the proposed procedure, existing FEM codes can be easily changed to SPFEM.
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3 Numerical examples

To examine the proposed SPFEM, the linear elastic model and perfect elasto�plastic Mohr�

Coulomb (MC) model were implemented. Four benchmark examples were tested in this study: (1) 

axial vibration of a continuum bar using the elastic model, (2) penetration of rigid footing in soft soil 

using the Tresca model reduced from the MC model (c'=1 kPa, �=0°, E=100 kPa, �=0.495 and 

�=0°), (3) collapse of an aluminium bar column using the MC model and (4) failure of a 

homogeneous soil slope using the MC model. 

3.1 Constitutive model

The classic Mohr�Coulomb (MC) model under the framework of elastoplasticity was adopted. 

The elastic part is general Hook�s law requiring two input parameters (Young�s modulus E and 

Poisson�s ratio �), and plastic part follows the non-associated flow rule with three parameters 

(friction angle �, cohesion c and dilation angle �). The Mohr�Coulomb yield criterion f and plastic 

potential g are written in principal stresses as follow

 (8)� � � �1 3 1 3 sin 2 cosf c� � � � � �
 	 � � 	

 (9)� � � �1 3 1 3 sing � � � � �
 	 � �

Due to the existence of apex point at the yield surface, the integration solution of MC model is 

always a problem. According to Clausen et al.[46], an e�cient return algorithm for stress update in 

numerical plasticity computations was adopted for numerically integrating the non-associated Mohr�

Coulomb model. The source code for MC model used in following cases is available at 

http://alum.sharif.ir/~koohsari/doc/M-C_by_Johan_Clausen.for. All readers who are interesting on 

large deformation simulation can reproduce the presented cases by the proposed SPFEM with this 

MC model.

3.2 Validation examples

3.2.1 Axial vibration of a continuum bar

In this case, the dynamic vibration of a continuum bar is simulated as a benchmark test to 

examine the correctness of a proposed SPFEM. Fig. 3 shows the geometry and mesh of the bar. In 

the F��	 stage, at the right side of bar only a vertical velocity 0.1 m/s is applied, and then let the bar 

Page 18 of 51

http://mc.manuscriptcentral.com/nag

International Journal for Numerical and Analytical Methods in Geomechanics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

vibrate freely for 10 seconds. Note that no external force is applied during this vibration. In the 

simulation, the plane strain condition is assumed and the bar is considered to be elastic material with 

the following parameters: Young�s modulus E=100 kPa, density =1000 kg/m3. The gravitational �

acceleration is set to be zero, which means the weight of the beam is neglected. The left side of bar is 

fixed and the right side free. The top and bottom sides are free only in the horizontal directions. The 

analytical solution for the velocities and displacements are given as

 (10)
1 1

1 1

1

( )= cos( )sin( )

( ) sin( )sin( )

0

0

v x,t v t x

v
u x,t t x

�  

�  
�




where v0 is the size of initial velocity.  and , where  is the elastic 1 2L !
 1 1c�  
 c E �


wave speed. Initial velocity and displacements are given by

 (11)
( , ) sin( )

( 0) 0
0 1v x 0 v x

u x,

 





Fig. 4 compares the velocity and displacement between the analytical solution and simulation. 

Good agreement between the analytical solution and simulation are obviously found, demonstrating 

the correctness of SPFEM and its capability to simulate dynamic solid structure behaviours.

3.2.2 Penetration of rigid footing in soft soil

This numerical example considers a rough rigid strip footing penetrating an elastic�perfectly 

plastic soil which is assumed to be weightless. Because this case has been simulated using various 

numerical methods with the availability of analytical solutions, a comparison between the proposed 

SPFEM and other solutions can validate the correctness of the SPFEM.

Fig. 5 shows the geometry and mesh of the footing problem. The width of strip foundation B is 

assumed to be 2.0 m, while the rest of the dimension is 5B wide and deep, to reduce the boundary 

effect. A plane stain condition for the simulation is assumed. Because of the symmetry, only half the 

geometry of the problem is considered, with the boundary conditions properly applied along the 

symmetry plane. The bottom side is fixed in the horizontal and vertical directions, whereas the right 

hand side is fixed only in the horizontal direction. To guarantee both numerical accuracy and 

computational efficiency, a non-uniform initial particle distribution is assumed. The domain is 
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discretized into 6629 particles, and the initial number of elements is 12209, dense enough to obtain 

accurate and stable results. 

Due to the non-uniform mesh size, it is difficult to apply alpha shape technique to the whole 

model. Therefore, the alpha shape technique is only applied to the region where the large 

deformation occurs. In this case, the region applied alpha shape is shown in Fig. 5. In this region, the 

mesh size is almost uniform and is easy to use the alpha shape technique. 

In the simulation, the penetration speed is set to 0.01 m/s. Thus a total of 200 s would be 

required for a final depth of 2.0 m, which is consistent with other simulations using different 

techniques [47-49]. The soil underneath the rigid footing is modelled by the elastic�perfectly plastic 

Tresca model with the following parameters: unit weight "=16 kN/m#, Young�s modulus E=100 kPa, 

Poisson�s ratio �
0.495 and undrained shear strength cu=1 kPa. 

The results, in terms of a normalized vertical reaction force versus penetration depth, are shown 

in Fig. 6. Note that the unsmooth curve (blue line) of the resistance force is related to errors 

introduced during the remeshing process, which changes element topology relations and thus the 

elements connected to the particles, as well as the area of the strain smoothing cells. Since the 

SPFEM adopts the explicit integration scheme rather than the standard PFEM using the implicit 

integration scheme, it is reasonable that oscillations of the blue curve by SPFEM seem larger with 

respect to the oscillations of the curve of the standard PFEM. This can also be found in various 

calculations and comparisons [4, 19, 25]. For a large deformation calculation in geotechnical 

engineering, especially using an explicit time integration method, this numerical error is acceptable. 

The obtained result is also compared to various reference solutions (da Silva et al. [50], Prandtl [51] 

and Meyerhof [52]) and other numerical solutions (PFEM [47], MPM [53], ALE [54], iSPFEM [26] 

and eSPFEM [25] using a node integration scheme). All results are located between the analytical 

solution obtained by Prandtl [51] ( ) and the limit load obtained by Meyerhof [52] � �2 5.14u uc c! � 


( ). It is apparent that the obtained curve is closer to the solutions obtained by � �2 2 8.28u uc c! � 


PFEM [47], MPM [53] and ALE [54]. Note that the proposed SPFEM solution is obtained using 

3-node triangular elements, without the use of mixed stabilized formulations or high-order elements 

to overcome volumetric locking. The results demonstrate that the SPFEM with 3-node triangular 
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elements has the same simulation accuracy with the original PFEM with 6-node triangular elements. 

Thus the proposed SPFEM is superior to the original PFEM when directly adopting low-order 

triangular elements without suffering from volumetric locking. 

Furthermore, the obtained curve is higher than the eSPFEM [25] and iSPFEM [26] solutions, 

which is attributed to the difference of adopted strain smoothing techniques. In eSPFEM [25] and 

iSPFEM [26], the node-based strain smoothing method is adopted, which is known as ��overly soft�� 

or underestimation property and thus offers a upper bound solution [25, 26, 40]. In the proposed 

SPFEM, the edge-based strain smoothing method is used, which has a close-to-exact stiffness and 

often offers super-convergent and very accurate solutions [40]. Note that the Prandtl plasticity 

solution is obtained under small deformation condition so that and the computed result by SPFEM is 

higher than that because of large deformation.

Fig. 7 shows the contours of vertical displacement, horizontal displacement, the equivalent 

plastic strain  as well as the shear stress , where  is the plastic strain � �2 3p p p

q� 
 $5 5
xy% p

5

tensor. Fig. 7c shows a wedge-shaped zone developed below the footing: inside the wedge, elastic 

behaviour is dominant, but there is a transition zone below and on the side of the footing, where 

significant plastic strain develops. Fig. 7d shows below the footing corner a region of shear stress 

concentration with a maximum value exactly equal to the cohesion of the soil, assuming a weightless 

and frictionless soil. A wing-shaped shear stress bulb develops next to the corner of the footing and 

spreads out upwards into the soil, and the shear stress region shows a minimum value of �1.0 kPa.

For further showing robustness of the proposed SPFEM to capture the footing failure problem, 

the same problem was simulated using the Von-Mises model with the following parameters: Shear 

modulus G=1000 kPa, Poisson�s ratio �
0.49 and undrained shear strength cu=10 kPa in order to be 

comparable to the analytical solution (Prandtl [51]) and the simulated results by Qiu et al.[55]. Fig. 8 

shows the comparison that all simulated results are located between the analytical solution obtained 

by Prandtl [51] and the limit load obtained by Meyerhof [52]. Moreover, the obtained curve is closer 

to the solutions obtained by Qiu et al.[55] using different modules of ABAQUS. Therefore, the 

proposed SPFEM is robust to capture the failure problems. 

3.2.3 Collapse of aluminium bar column
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To further demonstrate the proposed method�s ability to solve large deformation geotechnical 

problems, the rectangular channel soil collapse tests conducted by Bui et al. [56] are analysed and the 

results compared with the experimental data and other numerical solutions (i.e., MPM [57] and SPH 

[58]). In the experiments, small aluminium bars of various diameters (0.1 and 0.15 cm) are used to 

model the soil. The bars are initially arranged into an area 20 cm long × 10 cm high × 2 cm wide, 

delimited by two D�	 solid walls. The experiment begun by quickly moving the right wall 

horizontally to the right, causing the aluminium bars to flow to the side due to gravity loading. The 

details of the experimental setup are given in [59] and shown in Fig. 9. 

In the simulation, a two-dimensional plain strain condition is assumed. The material behaviour 

of the aluminium bars is simulated using the Mohr�Coulomb (MC) model. According to Bui et al. 

[56], the following material parameters corresponding to MC are used: shear modulus, G=0.7 MPa; 

Poisson�s ratio, �=0.3; density, =2.650×103 kg/m3; cohesion, c=0 kPa; friction angle, �=19.8°; �

dilatancy angle, �=0°. The simple rigid plastic Coulomb interface model by controlling interface 

frictional coefficient � = tan(�int) between the aluminium bars and the rigid bottom surface is 

implemented into the code. The value of � = 0.36 corresponding to the same friction angle of 

aluminium bars is used in the simulation. The analysis is conducted in two stages: first, roller support 

is assumed on both sides of the column, and the bottom boundary is fully fixed, rendering the 

specimen initial stresses generated by gravity loading; second, the right-side wall is assumed to be 

removed instantaneously when the experiment starts, allowing the column to collapse from that side. 

The domain is discretized into 6327 particles, and the initial number of elements is 12268.

Fig. 10 shows the final ���F����	��� of soil collapse simulated by proposed SPFEM. The final 

surface configurations and failure lines are compared with the experimental results and two 

numerical simulations (MPM [57] and SPH [58]), as shown in Fig. 11. All numerical results show a 

very similar response, and good agreement can be found between numerical and experimental 

results. 

3.2.4 Failure of a homogeneous soil slope
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In this case, the failure of a homogeneous soil slope is analysed and the feasibility of the 

proposed SPFEM is also verified. The geometric description and initial mesh of this problem is given 

in Fig. 12. 

The soil behaviour is modelled by an elastic�perfectly plastic Mohr�Coulomb material, and the 

following material properties are used: Young�s modulus of E=100 MPa and Poisson�s ratio of 

�=0.3, with shear strength parameters a cohesion of c0=10 kPa and a friction angle of �&=20°. The 

dilation angle is taken to be �=0°, and the unit weight is "=20 kN/m#. The same problem has been 

analysed by K��F	�� and Lane [60] using a small-deformation FEM and by Zhang et al. [26] using 

an implicit SPFEM.

To analyse slope stability with the shear strength reduction technique, a series of shear strength 

parameters are estimated, ��F��� by

 (12)

0

0

=
SRF

tan
arctan

SRF

c
c

�
� ' (
 ) *

+ ,

where SRF=shear strength reduction factor. For each simulation, 3513 particles are used to discretize 

the problem domain with 6191 elements initially � enough to obtain results that qualify as accurate 

when compared to the same case using iSPFEM [26]. The loading time for all cases is 5 s. 

The critical value of SRF that causes the failure of slope is considered to be the factor of safety 

(FOS) of this slope. According to K��F	�� and Lane [60], a critical value of the SRF between 1.30 

and 1.40 was found for the small-deformation stage. Thus, to investigate the simulated performance 

of proposed SPFEM, a series of simulations with SRF=1.2, 1.3, 1.4, 1.5 and 1.6 was conducted and 

different variables (such as equivalent plastic strain and vertical stress) compared for different 

simulations at final loading time. Fig. 13 shows the evolution of the horizontal displacement at top of 

slope with different SRF values. The critical value of the SRF obtained by SPFEM agrees well with 

that found by K��F	�� and Lane [60], demonstrating the effectiveness of the proposed method. Fig. 

14 shows the F��� ���F����	���� and the equivalent plastic strain invariants for different values of 

SRF. When SRF=1.3, the band of plastic strain localization occurs but does not connect through the 

whole slope from toe to top � meaning that the slope is safe. When SRF�1.40, a continuous band of 
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plastic strain localization is detected. Moreover, the localized failure is accompanied by a large 

increment of displacement. Occurrence of slope failure is thus proved. Comparing Fig. 14(a) with 

Fig. 14(b) shows that the failure occurs F��	 at the slope toe and subsequently extends to the slope 

top, itis clear that when using the proposed SPFEM, highly distorted ���F����	���� induced by large 

deformation can be easily taken into consideration and the geometry of the F��� deposit predicted 

rationally. 

The preliminary results demonstrate that an accurate FOS can be obtained by the proposed 

SPFEM. To demonstrate the ability to model slope failure involving large deformation, simulation 

was performed with SRF=2.0 (corresponding to �=10° and c=5 kPa). Fig. 15 compares initial and 

final configurations of slope as well as equivalent plastic strain distribution. It is apparent that slope 

failure involving large deformation can also be well solved by the proposed SPFEM. 

3.3 Illustrative example

To show the outstanding performance of the proposed SPFEM, the progressive failure of slope 

of sensitive clay, one of typical problems in geotechnical engineering involving large deformation, is 

simulated.

In the region covered by sensitive clays, the progressive landslides generally occur in gently 

inclined slopes, as observed in Scandinavia and eastern Canada [61]. To illustrate the ability of the 

proposed method for modelling such a geohazard, the sensitive clay deposit is considered shown in 

Fig. 16. 

According to Locat et al. [61], theses ground movements for progressive landslides occur 

rapidly and failure propagates in essentially undrained condition. Moreover, these landslides occur in 

sensitive clays exhibiting a strong strain-softening behaviour during undrained shearing. Therefore, 

to well simulate such progressive landslides, a modified Mohr-Coulomb model considering strain 

softening proposed by Yerro et al. [62] is adopted. Based on classical Mohr-Coulomb model, the 

softening behaviour is achieved by reducing the effective strength parameters (friction angle, �,� and 

cohesion, c) with the accumulated equivalent plastic strain  according to the following eq
p�

exponential softening rules:
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 (13)
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 � 	/
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 � 	/1

where the subscripts �r� and �p� represent the residual and peak values, respectively; - is shape 

factor to control the rate of degradation. The equivalent plastic strain  is defined aseq
p�

 (14)eq

2
= :

3
p p p� e e

where e is the deviatoric strain tensor. 

For soft sensitive clay, the following parameters according to Zhang et al. [20] are adopted in 

the simulation: Young�s modulus E=1×103 kPa, friction angle �
&° assuming undrained shear 

strength fully taking by the cohesion, dilatancy angle �
&°, peak cohesion cp=22 kPa and residual 

cohesion cr=1.2 kPa, shape factor -=5 which is approximately equivalent to the value of linear 

reduction relationship adopted by Zhang et al. [20] and Wang et al. [63]. The soil density is �

=1.7×103 kg/m3. To achieve an approximate undrained condition, the Poisson�s ratio � is set to 0.49 

as used by Tran and =�[� �:� [64] in MPM simulation of retrogressive slope failure. The frictional 

coefficient � between the sensitive clay and the rigid bottom surface is set to 0.3, in consistent with 

the value used by Wang et al. [63]. The initial stress was generated by gravity loading with the earth 

pressure coefficient K0=0.5. A total of 3551 particles (6778 3-node triangular elements) are used to 

discretise the initial problem domain. The maximum size of element is 0.2 m, which is fine enough 

to get a reasonable phenomenon according to Tran and =�[� �:� [64]. The initial time step is 0.001 s 

and the simulation proceeds until the final deposit is obtained. 

The collapse process and development of retrogressive failures within the slope is illustrated in 

Fig. 17, with the coloured contours representing to the accumulated equivalent plastic strain. In 

practice, the collapse is triggered by removing the soil of toe which may be caused by erosion or 

excavation [61]. As illustrated, with the first retrogressive collapse moving far away from the new 

slip surface, the second retrogressive collapse occurs, and then the third retrogressive collapse 

follows. Due to the friction between collapse and ground, the retrogressive collapse cannot occur 

infinitely. When a considerable amount of mass is deposited in front of the new slope surface, the 
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further retrogressive collapse will stop. The final configuration of the slope, shown in Fig. 17(i), 

indicates that most of the clay involved in collapses has been remoulded. Eventually, the 

retrogressive failure results in a deposit with a run-out distance of 22.49 m and a retrogression 

distance of 18.61 m which is reasonable according to the parametric study of Zhang et al. [20]. Note 

that the run-out and retrogression distances are affected by the model parameters, the interface 

friction coefficient, and even the adopted constitutive model. 

The presented results indicate that the proposed SPFEM with strain-softening material model 

can simulate the retrogressive failure. Moreover, the outstanding performance of the proposed 

SPFEM in dealing with the large deformation geotechnical problems is demonstrated. 

4 Conclusions

A novel strain smoothing�based particle finite element method (SPFEM) for analysing 

geotechnical problems was developed. Within the framework of the original PFEM, a simple and 

effective edge-based strain smoothing method for 3-node triangular elements was implemented. With 

the adopted strain smoothing method, the strains of all neighbouring elements were fully used in the 

strain smoothing process. The advantage of the proposed method is to use very simple lower-order 

triangular element without suffering volumetric locking via the strain smoothing method, instead of 

using higher-order triangular element/mixed stabilised formulation in original PFEM. To guarantee 

the stability of calculation using explicit time integration, the computational algorithm employed an 

adaptive updating time step and used artificial bulk viscosity of numerical damping. 

The performance of the proposed SPFEM was first examined by four numerical examples: (1) 

bar vibrations with elastic material, (2) penetration of strip footing with Tresca material, (3) collapse 

of aluminium bar column with Mohr�Coulomb material and (4) failure of a homogeneous soil slope, 

also with Mohr�Coulomb material. Finally, an illustrative numerical example, the progressive failure 

of slope of sensitive clay, is simulated by the proposed SPFEM with strain-softening material model. 

All results show that the proposed SPFEM can well solve these typical large deformation problems 

in geotechnical engineering. Furthermore, since lower-order triangle elements can be used directly, 

the computational cost is reduced preserving the same calculation accuracy because of less degree of 
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freedom required. Accordingly, SPFEM can be a powerful numerical method for large deformation 

problems of geotechnics.

Further work will focus on the three-dimensional extension of the method and its application in 

geotechnical engineering.
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Figure captions

Fig. 1 Procedure of classical PFEM

Fig. 2 Strain-smoothed element method for the 3-node triangular element: (a) Strains of a target 

element and its neighbouring elements; (b) Strain smoothing between the target and each 

neighbouring element; (c) Three Gauss integration points in the natural coordinate system (r , 

s); (d) Construction of the smoothed strain field through Gauss points. (after Lee and Lee [39])

Fig. 3 Geometry and mesh for the axial vibration of a continuum bar problem.

Fig. 4 Numerical and analytical results of the continuum bar vibration problem: (a) velocity of the 

right edge,(b) displacement of the right edge.

Fig. 5 Geometry and mesh of the footing problem

Fig. 6 Normalized reaction force-displacement curves from footing penetration analysis on Tresca 

soil and compared to other solutions

Fig. 7 Contour of (a)vertical displacement, (b) horizontal displacement, (c) equivalent plastic strain 

and (d) shear stress at a penetration depth of 2.0 m. 

Fig. 8 Normalized reaction force-displacement curves from footing penetration analysis on 

Von-Mises soil and compared to other solutions

Fig. 9 Rectangular channel soil collapse experiments

Fig. 10 Final soil collapse ���F����	��� (a) horizontal displacement; (b) equivalent plastic strain

Fig. 11 Comparison of final surface ���F����	���� and failure lines between experimental results and 

simulations

Fig. 12 Geometry of a homogeneous soil slope

Fig. 13 Horizontal displacement at top point of slope with different values of SRF 

Fig. 14 ���F����	���� of the slope problem and the equivalent plastic strain invariant distribution: 

(a) SRF=1.3; (b) SRF=1.4; (c) SRF=1.5; (d) SRF=1.6

Fig. 15 Initial c��F����	���� of the slope problem and the equivalent plastic strain distribution for 

simulation with SRF=2.0

Fig. 16 Schematic diagram for the retrogressive failure of a slope

Fig. 17 Retrogressive failure procedures of the slope at different calculation times
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Figure 1
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Figure 2
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Figure 3
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Figure 4
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Figure 6
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Figure 12
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Figure 14

(a) SRF=1.3

(b) SRF=1.4

(c) SRF=1.5

(d) SRF=1.6
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Figure 15

Initial configuration
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Figure 17

(a) t=1.25 s
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