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Abstract 11 

A constitutive model is proposed for tailing soils subjected to freeze-thaw cycles based on the meso-12 

mechanics and homogenization theory. The evolution of meso-structure upon loading was analyzed 13 

within the framework of breakage mechanism. When the new model is formed, tailing soils are idealized 14 

as composite materials composed of bonded elements described by an elastic brittle model and frictional 15 

elements described by a double hardening model. Based on meso-mechanics and homogenization theory, 16 

the nonuniform distributions of stress and strain within the representative volume element are given by 17 

introducing a structure parameter of breakage ratio with the derivation of the strain coefficient tensor, 18 

which connects the strains of the bonded elements and the representative volume element. The methods 19 

for determining model parameters are suggested based on the available tested results. The model 20 

proposed here can predict the deformation properties of tailing soils experiencing freeze-thaw cycles 21 
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with acceptable accuracy. The strain-hardening and post-peak strain-softening behaviors of tailing soils 22 

under various confining pressures as well as different numbers of freeze-thaw cycles are well captured, 23 

and the dilatancy and contraction features are also adequately represented. 24 

Keywords: Constitutive model; Tailing soils; Freeze-thaw cycles; Meso-mechanics; Homogenization theory 25 

1. Introduction 26 

Tailing soils discharged from mineral processing are appreciably distinct from general soils in terms 27 

of size, shape and physical and chemical properties. To dispose of these mining residues, the current 28 

practice is to pump the tailings slurry into storage facilities resisted by embankments, which are 29 

constructed out of the tailing soils themselves. It was reported in the literature that China held 30 

approximately 12 thousand tailings pounds up to 2012 [7], and 91.4% of these tailings storage facilities 31 

were located in the cold regions [42], effectively most of which were distributed in seasonally frozen 32 

regions. When the hydraulic filling method is applied during construction, a loose structure with a high 33 

level of the phreatic line will be easily formed inside the tailings dykes because of the smaller size of 34 

tailings. Particularly, those saturated tailings dykes in seasonally frozen regions can be intensely impacted 35 

by the frost heave and thawing settlement, in a consequence, the strength deterioration of tailing soils 36 

will occur during freeze-thaw cycles. In addition, tailings storage facilities are complexes with high 37 

potential energy, large scale and poor stability. Once collapsing, it would pose a big threat to the people 38 

and the ecological environment downstream. Hence, in order to guarantee the safety and stability of the 39 

tailings dam in cold regions, it is essential to assess the mechanical properties and formulate constitutive 40 

models of tailing soils subjected to the freeze-thaw cycles. 41 

Up to the present, considerable efforts have been devoted on the mechanical properties of tailing soils 42 
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by laboratory experiments [1, 4, 5, 12, 16, 32, 43, 50], in which the mineral composition, microstructure, 43 

strength and deformation properties, dewatering treatment, and static and seismic liquefaction of tailing 44 

soils were investigated. It is considered that during the freeze-thaw cycles, the water migration and phase 45 

transformation can occur under the temperature gradient, leading to a microstructure adjustment inside 46 

geological materials, consequently, it may cause heterogeneity in tailing soils and result in a property 47 

deterioration in macroscale [15, 25, 51]. Frozen temperature is a crucial factor that impacts the amount 48 

of freezable water within soils and influences the rate of freezing, which will affect the formation of ice 49 

lenses and influence the soil structure [29, 33]. When subjected to freeze-thaw cycles, the supercooling 50 

phenomenon and the hysteresis effect of volumetric unfrozen water content were both observed in fine 51 

soils [49]. And different frozen temperature can lead to a contrary volumetric behavior [46]. A series of 52 

molecular dynamics simulations were conducted by Zhang [47] to investigate the adsorption and un-53 

freezable threshold of porous materials, where an explicit mathematical equation has been suggested to 54 

predict the melting temperature in cylindrical pores. On the contrary, other research suggests that the 55 

influence of frozen and melting temperatures is insignificant on the water migration and its phase 56 

transformation, as long as the frozen temperature drops below -4℃ and rises above 0℃, respectively 57 

[8].  58 

It was demonstrated in a number of studies that the interstitial mineral particles can be squeezed up 59 

with the growth of ice crystals, as a result, the mean pure size of tailing soils will expand during the 60 

subsequent thawing process, and the internal water experiences enhanced permeability and seepage could 61 

occur under gravity. Consequently, there will be an overall decrease incompressibility and volume of 62 

tailing soils [2, 31, 37]. However, it should be noted that the improvement on the dewatering conditions 63 

and the strength under freeze-thaw treatment has been reported only in sludge tailing soils.  64 
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On the contrary, other researches recommended that tailing soils as artificial materials are more 65 

complex in components when compared with natural geological materials, because they generally 66 

contain some crystal water, metal oxides and some other unstable compounds [24, 44], which may break 67 

up when experienced freeze-thaw cycles or upon loading. It is also considered that during the freeze-68 

thaw cycles, the growth of ice crystals can cause a loose structure in tailing soils, which means an increase 69 

on void size and a decrease on density, as a result, the strength of tailing soils will significantly decline 70 

after freeze-thaw cycles [45].  71 

It was suggested in the previous studies that under relative low confining pressures with the increasing 72 

numbers of freeze-thaw cycles, the stress-strain relationship of natural soft clay will transform from stain-73 

softening behavior to strain hardening behavior, even the post-peak reduction on deviatoric stress was 74 

not noticeable in the strain-soften behavior [38, 39]. By contrast, both loose sand and coarse-grained 75 

soils generally present strain-hardening behavior under various confining pressures and different 76 

numbers of freeze-thaw cycles [11, 22]. However, due to breakage properties, tailing soils are distinct 77 

from natural soils in terms of stress-strain relationships, which tend to present a significant post-peak 78 

strain-softening behavior under low confining pressure, and it is significantly affected by freeze-thaw 79 

cycles. 80 

Much work so far has been focused on the non-linear deformation behavior of soils subjected to freeze-81 

thaw cycles, and some widely adopted methods involve revising or reformulating Duncan-Chang model 82 

[18], elasto-plasticity model [9, 11, 17], and damage mechanical model [10, 41]. However, some of these 83 

models are formulated based on the macroscopic observations of the stress-strain properties, and few of 84 

them consider the heterogeneous distributions of stress and strain in geological soils. Based on the 85 

mesoscopic profile and the composite mechanics theory, Liu [23] proposed a serial model and a parallel 86 
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model, and a corresponding transversely isotropic frost heave modeling was then developed, which was 87 

applied in the simulation of the frost heave problems. Similar to the soil-water characteristic curves for 88 

unsaturated soils, ice-water characteristic curves for frozen soils were suggested and applied in 89 

developing a coupled heat and fluid transfer model [3]. The model is used in investigating the fluid flow 90 

in partially frozen ground. So far, very little information is available about constitutive models for tailing 91 

soils, especially for tailing soils subjected to freeze-thaw cycles. And thus, the current practice that uses 92 

conventional constitutive models in stability analysis for tailings dams [6, 27, 28] cannot capture the 93 

fundamental distinctions between tailing soils and other geological materials, what’s more, it might cause 94 

highly inaccurate predictions because of the difference in meso-scale aspect of failure mechanism. 95 

Therefore, to improve the capability of disaster prevention and safety evaluation for tailings dam in cold 96 

regions, it is essential to consider the breakage mechanism of tailing soils and to further formulate proper 97 

constitutive models incorporated with the influence of freeze-thaw cycles.  98 

To describe the heterogeneous distributions of stress and strain on geological materials, Shen [34, 36] 99 

proposed a so-called breakage mechanics theory, in which the geological materials are idealized as 100 

composites consisted of bonded elements and frictional elements. However, in the previous studies [20, 101 

34, 36, 48], the strain coefficient tensor 𝐿𝑖𝑗𝑘𝑙  (or a similar stress coefficient tensor) connecting the 102 

strains (or stress) between bonded elements and representative volume element was given by an assumed 103 

symmetry matrix [𝐿𝑥𝑦] and determined though fitting with test results, which may not well agree with 104 

the complicate properties of geological materials. In the present study, the breakage mechanism under 105 

loading and freeze-thaw cycles is discussed. Besides, an Eshelby-form tensor is introduced, and thus the 106 

strain coefficient tensor 𝐿𝑖𝑗𝑘𝑙  is derived mathematically based on meso-mechanics and homogenization 107 

theory. Furthermore, a new constitutive model, referred to as the binary-medium model, is formulated 108 
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with consideration of the breakage process and nonuniform distribution of stress (or strain). The predicted 109 

results and experimental data of tailing soils are compared and the salient features of the proposed model 110 

are discussed.  111 

2. Formulation of the constitutive model for tailing soils subjected to freeze-thaw 112 

cycles 113 

2.1 Breakage mechanism of tailing soils subjected to freeze-thaw cycles 114 

Within the theory of breakage mechanics for geological materials [34, 36], the shear strength of 115 

geological materials is considered to be composed of cohesive resistance and frictional resistance, in 116 

which the former exhibits brittle behavior and the latter exhibits nonlinear behavior. And thus, geological 117 

materials are idealized as binary-medium materials composed of bonded elements and frictional elements, 118 

corresponding to the cohesive resistance and frictional resistance, respectively. A schematic diagram of 119 

the binary-medium structure is shown in Fig. 1, where a bonded element is an elastic-brittle structure 120 

composed of a brittle bond (𝑏) and a spring (𝐸𝑏), and a frictional element is an elastoplastic medium 121 

consisted of a plastic slider (𝑓) and a spring (𝐸𝑓). A structural unit of geological material can be assumed 122 

as a continuum body containing many bonded elements and frictional elements, as shown in Fig. 1 (a). 123 

With the gradual breaking of the brittle bonds upon loading, the bonded elements transform to 124 

elastoplastic frictional elements, hence the two components contribute to the bearing capacity 125 

collectively.  126 

For tailing soils, the existence of crystal water, activating oxides and some other unstable compounds 127 

makes it present a complex behavior upon loading, as the crystal water, unstable compounds and the 128 

skeleton of tailing soil grains bear external loads collectively. In addition, activating oxides, for instance, 129 
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SiO2, Al2O3, Fe2O3 and CaO can transform to cement substances when immersed into water, which 130 

provides a strong cohesive force. In order to consider these heterogeneous properties, tailing soils here 131 

are idealized as quasi-continuous mediums composed of many binary-medium structures based on the 132 

theory of the breakage mechanics. The bonded elements are represented by the soil aggregate structures 133 

containing crystal water, unstable compounds and cement, while a frictional element is regarded as an 134 

aggregate structure, which is transformed from a bonded element after an entire breakage of the inside 135 

crystal water, unstable compounds and cement.  136 

The bonded elements and frictional elements of tailing soils bear the external loading collectively, 137 

however, their contributions for the resistance vary with the total strain or deformation level [19]. The 138 

bonded elements make a full contribution within a relatively smaller strain level but the frictional 139 

elements almost carry the whole external loading at a relatively larger deformation or strain level. Here, 140 

two typical stress-strain relationships of tailing soils [24] are discussed, as shown in Fig. 2, where (a) 141 

presents a strain-hardening behavior and (b) shows a strain-softening behavior, and both types of tested 142 

results are divided into three segments. Within a small strain level on line 0A where the crystal water, 143 

unstable compounds and cement are hardly broken, the bonded elements in both patterns stay at an elastic 144 

level. Meanwhile, the external loads at this stage are primarily borne by the bonded elements, and thus 145 

both types of tested results present a linear stress-strain relationship with a high deformation modulus. 146 

As the development of axial strain, the tested results get into line AB, where the stress-strain behavior of 147 

both types becomes non-linear and turns into an elastoplastic stage, accompanied by a gradual decrease 148 

in tangential deformation modulus. At this stage, the initial damage is generated and begins developing 149 

inside the crystal water, unstable compounds and cement owing to the stress concentration, which 150 

aggravates the breakage process of the brittle bonds. Hence with the increasing strain, the bonded 151 
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elements gradually break and transform to frictional elements, and the strength loss due to breakage is 152 

compensated by the newly generated frictional elements. And tailing soils ultimately can present a strain-153 

hardening behavior or a strain-softening behavior, depending on whether the compensation effect of 154 

frictional elements is strong or weak, as shown in Line segment BC in both Figure 2 (a) and (b). In 155 

addition, the strain-hardening behavior of tailing soils always takes place accompanied by volume 156 

compression, and strain-softening behavior often occurs with a volume compression at initial loading 157 

followed by a volume dilatation.  158 

In the current study, tailing soils composed of mineral particles, crystal water, unstable compounds 159 

and cement are idealized as binary-medium materials. In order to investigate their failure mechanism, 160 

a representative volume element (RVE) of binary-medium structures is defined and analyzed in this 161 

section. To guarantee that the average stress and average strain of the RVE are consistent with the overall 162 

tailing soil structure, the RVE should be chosen smaller enough compared with the overall volume of 163 

the tailing soil specimen and also should simultaneously contain adequate meso-structure information. 164 

Therefore, a RVE is extracted from an assumed quasi-continuum tailing soils sample, as shown in Fig. 165 

3, where the soil particles are idealized to be spherical. In a binary-medium structure, a bonded element 166 

𝛺𝑏  is defined as a spherical collection of soil grains where the voids are occupied with crystal water, 167 

unstable compounds and cement. These filling materials are regarded as brittle bonds which possess a 168 

strong cohesive resistance. The elastic bonded element can convert into an elastoplastic frictional 169 

element 𝛺𝑓 after an entire breakage of its brittle bond.  170 

In the current formulation, all stresses used are effective stresses, and the superscript 𝑏 and 𝑓 denote 171 

a variable of bonded elements and frictional elements, respectively. The variables are defined with tensor 172 

by using a generalized three-dimensional Cartesian coordinate system (Χ𝑗 , 𝑗 =  𝑥, 𝑦, 𝑧) , where the 173 
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Einstein summation convention is adopted over the repeated indices in the notations. 174 

2.2 The local strain coefficient tensor 175 

In this section, the meso-mechanic theory is introduced in order to derive the local strain coefficient 176 

tensor 𝐴𝑖𝑗𝑘𝑙 , who bridges the strain of bonded elements and frictional elements. As the RVE shown in 177 

Fig. 3, the bonded elements and frictional elements are regarded as inclusions and matrix materials based 178 

on meso-mechanics, respectively. 179 

The bonded elements are assumed to have elastic property within the critical strain level, and their 180 

stress-strain relationship can be incrementally expressed as follows:            181 

d𝜎𝑖𝑗
𝑏 = 𝐷𝑖𝑗𝑘𝑙

𝑏 d𝜀𝑘𝑙
𝑏                              (1) 182 

and 183 

                                     𝐷𝑖𝑗𝑘𝑙
𝑏 = 1

3⁄ (3𝐾𝑏 − 2𝐺𝑏)𝛿𝑖𝑗𝛿𝑘𝑙 + 𝐺𝑏(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘)                         (2) 184 

where 𝐷𝑖𝑗𝑘𝑙
𝑏  is the tensor of elastic modulus of bonded elements; 𝜎𝑖𝑗

𝑏  and 𝜀𝑖𝑗
𝑏  are the average stress and 185 

average stain increments of bonded elements, respectively; 𝐾𝑏 and 𝐺𝑏  denote the bulk modulus and 186 

shear modulus of bonded elements, respectively; 𝛿𝑖𝑗 is denoted by Kronecker delta, (i.e., 𝛿𝑖𝑗 = 1 if 187 

𝑖 = 𝑗, and 𝛿𝑖𝑗 = 0 if 𝑖 ≠ 𝑗). 188 

  The frictional elements compose the matrix of RVE, and they present elastoplastic property, with the 189 

constitutive relationship expressed as: 190 

d𝜎𝑖𝑗
𝑓

= 𝐷𝑖𝑗𝑘𝑙
𝑓

d𝜀𝑘𝑙
𝑓

                               (3) 191 

and 192 

                                                   𝐷𝑖𝑗𝑘𝑙
𝑓

= 𝐷𝑖𝑗𝑘𝑙
𝑓𝑒

−

𝐷𝑖𝑗𝑚𝑛
𝑓𝑒

{
𝜕𝑔

𝜕𝜎𝑚𝑛
} {

𝜕𝜙
𝜕𝜎𝑝𝑞

}
T

𝐷𝑝𝑞𝑘𝑙
𝑓𝑒

𝐻 + {
𝜕𝜙
𝜕𝜎𝑖𝑗

}
T

𝐷𝑖𝑗𝑘𝑙
𝑓𝑒

{
𝜕𝑔
𝜕𝜎𝑘𝑙

}

                                          (4) 193 
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where 𝐷𝑖𝑗𝑘𝑙
𝑓

 is the tangential elastoplastic modulus tensor of the frictional elements; d𝜎𝑖𝑗
𝑓
, d𝜀𝑖𝑗

𝑓
, 𝜙, 𝑔 194 

and 𝐻 denote the average stress increment, average stain increment, yielding function, plastic potential 195 

function and Hardening modulus of the frictional elements, respectively; and 196 

                                              𝐷𝑖𝑗𝑘𝑙
𝑓𝑒

= 1
3⁄ (3𝐾𝑓𝑒 − 2𝐺𝑓𝑒)𝛿𝑖𝑗𝛿𝑘𝑙 + 𝐺𝑓𝑒(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘)                         (5) 197 

where 𝐾𝑓𝑒  and 𝐺𝑓𝑒  denote the elastic bulk modulus and shear modulus of the frictional elements, 198 

respectively. 199 

  In classical soil plasticity, the average stain increment d𝜀𝑖𝑗
𝑓

 of elastoplastic frictional elements are 200 

usually decomposed into recoverable elastic component d𝜀𝑖𝑗
𝑓𝑒

 and irrecoverable plastic component 201 

d𝜀𝑖𝑗
𝑓𝑝

 as the following expression: 202 

d𝜀𝑖𝑗
𝑓

= d𝜀𝑖𝑗
𝑓𝑒

+ d𝜀𝑖𝑗
𝑓𝑝

                             (6) 203 

In the current study, the modulus 𝐷𝑖𝑗𝑘𝑙
𝑏 , 𝐷𝑖𝑗𝑘𝑙

𝑓
 and 𝐷𝑖𝑗𝑘𝑙

𝑓𝑒
 are assumed to be incrementally linearized 204 

during the loading process. 205 

Suppose an RVE is fully occupied with frictional elements, and an eigenstrain increment d𝜀𝑖𝑗
∗  is 206 

generated in an ellipsoidal area 𝛺 of the RVE, as shown in Fig. 4 (a), thus an Eshelby-form tensor 𝑆𝑖𝑗𝑘𝑙
𝑒𝑝

 207 

could be employed to bridge the constrained strain increment d𝜀𝑖𝑗
𝑡  and the given eigenstrain increment 208 

d𝜀𝑖𝑗
∗  among the ellipsoidal area 𝛺, with the following definition: 209 

d𝜀𝑖𝑗
𝑡 = 𝑆𝑖𝑗𝑘𝑙

𝑒𝑝
d𝜀𝑘𝑙

∗                              (7) 210 

where the Eshelby-form tensor 𝑆𝑖𝑗𝑘𝑙
𝑒𝑝

 has been given by the following expression [30]: 211 

𝑆𝑖𝑗𝑘𝑙
𝑒𝑝

 = [(𝐷𝑖𝑗𝑚𝑛
𝑓𝑒

)−1𝐷𝑚𝑛𝑜𝑝
𝑓

]−1𝑆𝑜𝑝𝑞𝑟[(𝐷𝑞𝑟𝑠𝑡
𝑓𝑒

)−1𝐷𝑠𝑡𝑘𝑙
𝑓

]                (8) 212 

and 𝑆𝑖𝑗𝑘𝑙  is the Eshelby tensor [13, 14] of the corresponding reference infinite RVE filled only by 213 

bonded elements as depicted in Fig. 4 (b), where the reference RVE has undergone the same eigenstrain 214 

increment d𝜀𝑖𝑗
∗  as the frictional-elements RVE and it is entirely identical to the frictional-elements RVE 215 
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in terms of configuration and elastic property. 216 

It should be noted that both the Eshelby-form tensor 𝑆𝑖𝑗𝑘𝑙
𝑒𝑝

 and Eshelby tensor 𝑆𝑖𝑗𝑘𝑙  do not depend 217 

on the given size of the eigenstrain area 𝛺 and the value of the eigenstrain increment d𝜀𝑖𝑗
∗ , but only the 218 

properties of the filling materials of RVE and the geometry of the eigenstrain area 𝛺. To simplify, in 219 

case of a spherical area 𝛺, which is an ellipse inclusion with the equal semi-major axis and semi-minor 220 

axis, Eshelby tensor 𝑆𝑖𝑗𝑘𝑙  can be determined with the Green formula and ultimately given as follows: 221 

                                                   𝑆𝑖𝑗𝑘𝑙 = 𝜒𝛿𝑖𝑗𝛿𝑘𝑙 + 𝜓 (𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘 −
2

3
𝛿𝑖𝑗𝛿𝑘𝑙)                               (9) 222 

where 223 

                                                                         𝜒 =
(1 + 𝜈𝑟𝑒)

[9(1 − 𝜈𝑟𝑒)]
                                                                 (10) 224 

                                                                         𝜓 =
(4 − 5𝜈𝑟𝑒)

[15(1 − 𝜈𝑟𝑒)]
                                                              (11) 225 

and 𝜈𝑟𝑒  is denoted by the Poisson ratio of the corresponding reference RVE, which is equal to the 226 

Poisson ratio of frictional-elements RVE 𝜈𝑓𝑒 . In the Fig. 4 (a), substituting the eigenstrain area 𝛺 with 227 

an arbitrary elastic bonded element denoted by 𝛺𝑏  (regarded as inclusion in meso-mechanics), as shown 228 

in Fig. 4 (c), it comes to be a single elastic spherical inclusion problem for the relative infinite 229 

elastoplastic RVE (regarded as matrix in meso-mechanics). And thus, under a given boundary condition, 230 

the Eshelby equivalent inclusion method [13, 14] can be adopted in solution, since the equilibrium 231 

condition, boundary condition and consistency condition have not changed. The only alteration in the 232 

solution is just to simply replace the elastic modulus with the tangent elastoplastic modulus of frictional 233 

elements (matrix materials). And it can be finally expressed with the increment form as follows: 234 

𝐷𝑖𝑗𝑘𝑙
𝑓

(𝑑𝜀𝑘𝑙
𝑓𝑟𝑣𝑒

+ d𝜀𝑘𝑙
𝑡 − d𝜀𝑘𝑙

∗ ) = 𝐷𝑖𝑗𝑘𝑙
𝑏 (𝑑𝜀𝑘𝑙

𝑓𝑟𝑣𝑒
+ d𝜀𝑘𝑙

𝑡 )               (12) 235 

where 𝑑𝜀𝑖𝑗
𝑓𝑟𝑣𝑒

 is the average strain increment of the frictional-elements RVE in Fig. 4 (c), which 236 

includes a single bonded element and does not undergo any eigenstrain increments. 237 
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  Combining Eqs. (7), (8) and (12) gives the following expression: 238 

d𝜀𝑖𝑗
𝑏 = [𝐼𝑖𝑗𝑘𝑙 + 𝑆𝑖𝑗𝑚𝑛

𝑒𝑝
(𝐷𝑚𝑛𝑜𝑝

𝑓
)−1(𝐷𝑜𝑝𝑘𝑙

𝑏 − 𝐷𝑜𝑝𝑘𝑙
𝑓

)]−1𝑑𝜀𝑘𝑙
𝑓𝑟𝑣𝑒

              (13) 239 

where 240 

𝐼𝑖𝑗𝑘𝑙 = 1
2⁄ (𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘)                        (14) 241 

The components of a tailing soils RVE are not constant during the loading process since the bonded 242 

elements can gradually break up and transform to frictional elements with the increasing deformation or 243 

strain. However, the proportion of frictional elements (matrix materials) and bonded elements (inclusions) 244 

are constant at a fixed strain level, and we can further suppose that the bonded elements are distributed 245 

in the frictional-elements RVE in a random, as shown in Fig. 4 (d). Considering the interaction between 246 

bonded elements during the loading process, the deformation response between frictional and bonded 247 

elements can be obtained based on Eq. (13) by using Mori-Tanaka method [26], with the following 248 

expressions: 249 

                                                                             d𝜀𝑖𝑗
𝑏 = 𝐴𝑖𝑗𝑘𝑙d𝜀𝑘𝑙

𝑓
                                                           (15) 250 

with 251 

                                             𝐴𝑖𝑗𝑘𝑙 = [𝐼𝑖𝑗𝑘𝑙 + 𝑆𝑖𝑗𝑚𝑛
𝑒𝑝

(𝐷𝑚𝑛𝑜𝑝
𝑓

)−1(𝐷𝑜𝑝𝑘𝑙
𝑏 − 𝐷𝑜𝑝𝑘𝑙

𝑓
)]−1                         (16) 252 

where 𝐴𝑖𝑗𝑘𝑙  is a tensor of local strain coefficient. 253 

2.3 Formulation of binary-medium constitutive model for tailing soils 254 

2.3.1 Constitutive equation  255 

To quantify the degree of the breakage of the RVE, a breakage ratio 𝑅𝑉  is introduced with the 256 

following expression: 257 
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                                                                    𝑅𝑉 =
𝑉𝑓

𝑉
=

(𝑉 − 𝑉𝑏)

𝑉
                                                        (17)  258 

where 𝑉, 𝑉𝑓 and 𝑉𝑏 are the whole volume of the tailing soil RVE, the volume of frictional elements 259 

and the volume of bonded elements, respectively. A tailing soil sample contains sufficient RVE, and thus 260 

a simple homogenization theory for heterogeneous materials [40] can be used in the mathematical 261 

analysis of tailing soils, based on which the macroscopic average stress of the RVE 𝜎𝑖𝑗
𝑟𝑣𝑒  under an 262 

arbitrary breakage ratio 𝑅𝑉 can be expressed as: 263 

                                                                      𝜎𝑖𝑗
𝑟𝑣𝑒 = (1 𝑉⁄ )∫𝜎𝑖𝑗

𝑙𝑜𝑐𝑑𝑉                                                         (18) 264 

where the superscript 𝑙𝑜𝑐 represents the mesoscopic local stress. 265 

  The average stress tensors of bonded elements 𝜎𝑖𝑗
𝑏  and frictional elements 𝜎𝑖𝑗

𝑓
 are expressed as 266 

follows: 267 

                                                            𝜎𝑖𝑗
𝑏 = (1

𝑉𝑏⁄ )∫𝜎𝑖𝑗
𝑙𝑜𝑐𝑑𝑉𝑏                                                        (19) 268 

                                                             𝜎𝑖𝑗
𝑓

= (1
𝑉𝑓⁄ )∫𝜎𝑖𝑗

𝑙𝑜𝑐𝑑𝑉𝑓                                                       (20) 269 

From Eq. (18), it gives: 270 

                                        𝜎𝑖𝑗
𝑟𝑣𝑒 = (1 𝑉⁄ )∫𝜎𝑖𝑗

𝑙𝑜𝑐𝑑𝑉 = (𝑉
𝑏

𝑉⁄ )𝜎𝑖𝑗
𝑏 + (𝑉

𝑓

𝑉⁄ )𝜎𝑖𝑗
𝑓
                         (21) 271 

  Similarly, the average strain of the RVE 𝜀𝑖𝑗
𝑟𝑣𝑒 is given by: 272 

                                        𝜀𝑖𝑗
𝑟𝑣𝑒 = (1 𝑉⁄ )∫ 𝜀𝑖𝑗

𝑙𝑜𝑐𝑑𝑉 = (𝑉
𝑏

𝑉⁄ ) 𝜀𝑖𝑗
𝑏 + (𝑉

𝑓

𝑉⁄ ) 𝜀𝑖𝑗
𝑓
                            (22) 273 

where 𝜀𝑖𝑗
𝑏  and 𝜀𝑖𝑗

𝑓
 are expressed by: 274 

                                                            𝜀𝑖𝑗
𝑏 = (1

𝑉𝑏⁄ )∫ 𝜀𝑖𝑗
𝑙𝑜𝑐𝑑𝑉𝑏                                                      (23) 275 

                                                            𝜀𝑖𝑗
𝑓

= (1
𝑉𝑓⁄ )∫ 𝜀𝑖𝑗

𝑙𝑜𝑐𝑑𝑉𝑓                                                      (24) 276 

Substituting Eq. (17) into Eq. (23) and Eq. (24), respectively, the average stress 𝜎𝑖𝑗
𝑟𝑣𝑒 and average 277 

strain 𝜀𝑖𝑗
𝑟𝑣𝑒 of RVE can be written as the following expressions: 278 

                                                       𝜎𝑖𝑗
𝑟𝑣𝑒0 = (1 − 𝑅𝑉

0)𝜎𝑖𝑗
𝑏0 + 𝑅𝑉

0𝜎𝑖𝑗
𝑓0

                                               (25) 279 

                                                       𝜀𝑖𝑗
𝑟𝑣𝑒0 = (1 − 𝑅𝑉

0)𝜀𝑖𝑗
𝑏0 + 𝑅𝑉

0𝜀𝑖𝑗
𝑓0

                                                  (26) 280 

where the superscript 0 denotes the current value of variables. 281 
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  Eq. (25) and Eq. (26) can be given with an incremental expression as follows: 282 

                                       𝑑𝜎𝑖𝑗
𝑟𝑣𝑒 = 𝑑𝜎𝑖𝑗

𝑏 + 𝑅𝑉
0(𝑑𝜎𝑖𝑗

𝑓
− 𝑑𝜎𝑖𝑗

𝑏) + 𝑑𝑅𝑉(𝜎𝑖𝑗
𝑓0

− 𝜎𝑖𝑗
𝑏0)                       (27) 283 

                                        𝑑𝜀𝑖𝑗
𝑟𝑣𝑒 = 𝑑𝜀𝑖𝑗

𝑏 + 𝑅𝑉
0(𝑑𝜀𝑖𝑗

𝑓
− 𝑑𝜀𝑖𝑗

𝑏 ) + 𝑑𝑅𝑉(𝜀𝑖𝑗
𝑓0

− 𝜀𝑖𝑗
𝑏0)                         (28) 284 

where 𝑑𝑅𝑉 denotes the increment of the breakage ratio. 285 

  Substituting Eq. (1) and Eq. (3) into Eq. (27) gives 286 

                            𝑑𝜎𝑖𝑗
𝑟𝑣𝑒 = 𝐷𝑖𝑗𝑘𝑙

𝑏 𝑑𝜀𝑘𝑙
𝑏 + 𝑅𝑉

0(𝐷𝑖𝑗𝑘𝑙
𝑓

𝑑𝜀𝑘𝑙
𝑓

− 𝐷𝑖𝑗𝑘𝑙
𝑏 𝑑𝜀𝑘𝑙

𝑏 ) + 𝑑𝑅𝑉(𝜎𝑖𝑗
𝑓0

− 𝜎𝑖𝑗
𝑏0)       (29) 287 

Eq. (28) gives 288 

                                       𝑑𝜀𝑖𝑗
𝑓

=
1

𝑅𝑉
0 [𝑑𝜀𝑖𝑗

𝑟𝑣𝑒 − 𝑑𝜀𝑖𝑗
𝑏 − 𝑑𝑅𝑉(𝜀𝑖𝑗

𝑓0
− 𝜀𝑖𝑗

𝑏0)] + 𝑑𝜀𝑖𝑗
𝑏                          (30) 289 

 Combining Eqs. (29) and (30) gives the following expression: 290 

   𝑑𝜎𝑖𝑗
𝑟𝑣𝑒 = 𝐷𝑖𝑗𝑘𝑙

𝑓
𝑑𝜀𝑘𝑙

𝑟𝑣𝑒 − (1 − 𝑅𝑉
0)(𝐷𝑖𝑗𝑘𝑙

𝑓
− 𝐷𝑖𝑗𝑘𝑙

𝑏 )𝑑𝜀𝑘𝑙
𝑏 − 𝑑𝑅𝑉𝐷𝑖𝑗𝑘𝑙

𝑓
(𝜀𝑘𝑙

𝑓0
− 𝜀𝑘𝑙

𝑏0)291 

+ 𝑑𝑅𝑉(𝜎𝑖𝑗
𝑓0

− 𝜎𝑖𝑗
𝑏0)   (31) 292 

Let 𝑅𝑉 = 𝑅𝑉(𝜀𝑖𝑗
𝑟𝑣𝑒), the increment of 𝑅𝑉 can be expressed as follows: 293 

                                                                       𝑑𝑅𝑉 = {
𝜕𝑅𝑉

𝜕𝜀𝑘𝑙
𝑟𝑣𝑒}

T

𝑑𝜀𝑘𝑙
𝑟𝑣𝑒                                                         (32) 294 

Combing Eqs. (15) and (30), the average strain increment of bonded elements 𝑑𝜀𝑖𝑗
𝑏  can be expressed 295 

by: 296 

                                   𝑑𝜀𝑖𝑗
𝑏 = 𝐿𝑖𝑗𝑚𝑛 [𝐼𝑚𝑛𝑘𝑙 −

1

𝑅𝑉
0
(𝜀𝑚𝑛

𝑟𝑣𝑒0 − 𝜀𝑚𝑛
𝑏0 ) {

𝜕𝑅𝑉

𝜕𝜀𝑘𝑙
𝑟𝑣𝑒}

T

] 𝑑𝜀𝑘𝑙
𝑟𝑣𝑒                       (33) 297 

 where 𝐿𝑖𝑗𝑘𝑙  is defined as the coefficient tensor with the following expression:  298 

                                                     𝐿𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑗𝑚𝑛[𝑅𝑉
0𝐼𝑚𝑛𝑘𝑙 + (1 − 𝑅𝑉

0)𝐴𝑚𝑛𝑘𝑙]
−1                              (34) 299 

  Substituting Eq. (33) into Eq. (31) gives 300 

𝑑𝜎𝑖𝑗
𝑟𝑣𝑒 = 𝐷𝑖𝑗𝑘𝑙

𝑓
𝑑𝜀𝑘𝑙

𝑟𝑣𝑒 − (1 − 𝑅𝑉
0)(𝐷𝑖𝑗𝑚𝑛

𝑓
− 𝐷𝑖𝑗𝑚𝑛

𝑏 )𝐿𝑚𝑛𝑜𝑝 [𝐼𝑜𝑝𝑘𝑙 −
1

𝑅𝑉
0 (𝜀𝑜𝑝

𝑟𝑣𝑒0 − 𝜀𝑜𝑝
𝑏0) {

𝜕𝑅𝑉

𝜕𝜀𝑘𝑙
𝑟𝑣𝑒}

T

] 𝑑𝜀𝑘𝑙
𝑟𝑣𝑒 301 
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                     −[𝐷𝑖𝑗𝑚𝑛
𝑓

(𝜀𝑚𝑛
𝑓0

− 𝜀𝑚𝑛
𝑏0 ) − (𝜎𝑖𝑗

𝑓0
− 𝜎𝑖𝑗

𝑏0)] {
𝜕𝑅𝑉

𝜕𝜀𝑘𝑙
𝑟𝑣𝑒}

T

𝑑𝜀𝑘𝑙
𝑟𝑣𝑒                                                    (35) 302 

  Eqs. (25) and (26) give 303 

                                                        𝜎𝑖𝑗
𝑓0

− 𝜎𝑖𝑗
𝑏0 =

1

𝑅𝑉
0 (𝜎𝑖𝑗

𝑟𝑣𝑒0 − 𝜎𝑖𝑗
𝑏0)                                                  (36) 304 

                                                         𝜀𝑖𝑗
𝑓0

− 𝜀𝑖𝑗
𝑏0 =

1

𝑅𝑉
0 (𝜀𝑖𝑗

𝑟𝑣𝑒0 − 𝜀𝑖𝑗
𝑏0)                                                    (37) 305 

Combining Eqs. (1), (35), (36) and (37), the constitutive relations of tailing soils can be given as 306 

follows: 307 

𝑑𝜎𝑖𝑗
𝑟𝑣𝑒 = 𝐷𝑖𝑗𝑘𝑙

𝑓
𝑑𝜀𝑘𝑙

𝑟𝑣𝑒 − (1 − 𝑅𝑉
0)(𝐷𝑖𝑗𝑚𝑛

𝑓
− 𝐷𝑖𝑗𝑚𝑛

𝑏 )𝐿𝑚𝑛𝑜𝑝𝑑𝜀𝑜𝑝
𝑟𝑣𝑒                                 308 

+
1

𝑅𝑉
0 {[(1 − 𝑅𝑉

0)(𝐷𝑖𝑗𝑚𝑛
𝑓

− 𝐷𝑖𝑗𝑚𝑛
𝑏 )𝐿𝑚𝑛𝑜𝑝 − 𝐷𝑖𝑗𝑜𝑝

𝑓
](𝜀𝑜𝑝

𝑟𝑣𝑒0 − 𝜀𝑜𝑝
𝑏0)309 

+ (𝜎𝑖𝑗
𝑟𝑣𝑒0 − 𝐷𝑖𝑗𝑚𝑛

𝑏 𝜀𝑚𝑛
𝑏0 )} {

𝜕𝑅𝑉

𝜕𝜀𝑘𝑙
𝑟𝑣𝑒}

T

𝑑𝜀𝑘𝑙
𝑟𝑣𝑒                                                          (38) 310 

  Eq. (38) indicates that the average stress increment of RVE can be decomposed into three components, 311 

in which the first portion denotes the stress increment when the RVE is considered to be entirely 312 

composed of frictional elements, and the second portion shows that the existence of bonded elements 313 

contributes to the decrease of stress increment, with the final component presenting the impact of the 314 

breakage.  315 

During the frozen process at the open environment, the continued growth of the ice-crystal network 316 

increases the pore size and the volume of tailing soil samples, part of adsorbed water, unstable compound 317 

and cement failure due to nonuniform distribution of stress and strain inside RVE. Thus, the bonded 318 

elements selected previously may lose their high cohesive force. However, based on meso-mechanics, 319 

the coefficient tensor 𝐿𝑖𝑗𝑘𝑙 , which connects the average strain of bonded elements and average strain of 320 

RVE, do not be affected by the size of bonded elements (or frictional elements), and thus a bigger 321 

spherical area contains adsorbed water, unstable compound and cement can be selected as bonded 322 

element for tailing soils exposed to freeze-thaw cycles. In addition, in the following thawing process, the 323 
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plastic deformation does not get back to the original state, leading to a strength deterioration of tailing 324 

soils. In the proposed constitutive model, the effects of freeze-thaw cycles on meso-structure of tailing 325 

soils can be described as the decrease in modulus and variation in parameters of the bonded and frictional 326 

elements. 327 

In the following sections, the stress and strain invariants are employed in the formulation, with the 328 

mean stress 𝜎𝑚 and generalized shear stress 𝜎𝑠 are respectively denoted by: 329 

                                                                            𝜎𝑚 =
1

3
𝜎𝑘𝑘                                                                              (39) 330 

                                                        𝜎𝑠 = √
3

2
𝑠𝑖𝑗𝑠𝑖𝑗 , 𝑠𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝑘𝑘𝛿𝑖𝑗                                                          (40) 331 

  Similarly, the volumetric strain 𝜀𝑣 and distortional strain 𝜀𝑠 are respectively expressed as: 332 

                                                                           𝜀𝑣 = 𝜀𝑘𝑘                                                                                   (41) 333 

                                                       𝜀𝑠 = √
3

2
𝑒𝑖𝑗𝑒𝑖𝑗 , 𝑒𝑖𝑗 = 𝜀𝑖𝑗 −

1

3
𝜀𝑘𝑘𝛿𝑖𝑗                                                        (42) 334 

Therefore, those above four-order tensors 𝐷𝑖𝑗𝑘𝑙
𝑏 , 𝐷𝑖𝑗𝑘𝑙

𝑓𝑒
, 𝐷𝑖𝑗𝑘𝑙

𝑓
, 𝑆𝑖𝑗𝑘𝑙 , 𝑆𝑖𝑗𝑘𝑙

𝑒𝑝
, 𝐴𝑖𝑗𝑘𝑙 , 𝐿𝑖𝑗𝑘𝑙 , and 𝐼𝑖𝑗𝑘𝑙  can be 335 

written in the form of 2 × 2 matrix as [𝐷𝑥𝑦
𝑏 ], [𝐷𝑥𝑦

𝑓𝑒
], [𝐷𝑥𝑦

𝑓
], [𝑆𝑥𝑦], [𝑆𝑥𝑦

𝑒𝑝
], [𝐴𝑥𝑦], [𝐿𝑥𝑦], [𝐼𝑥𝑦], where the 336 

subscripts 𝑥 = 𝑚, s and 𝑦 = 𝑣, s and the summation convention does not operate here.  337 

And then, the constitutive relations of tailing soils [Eq. (38)] can be also rewritten as  338 

                                                                     {
𝑑𝜎𝑚

𝑟𝑣𝑒

𝑑𝜎𝑠
𝑟𝑣𝑒} = [𝐵𝑥𝑦] {

𝑑𝜀𝑣
𝑟𝑣𝑒

𝑑𝜀𝑠
𝑟𝑣𝑒}                                                             (43) 339 

where 340 

               [𝐵𝑥𝑦] = [𝐷𝑥𝑦
𝑓

] − (1 − 𝑅𝑉
0) [[𝐷𝑥𝑦

𝑓
] − [𝐷𝑥𝑦

𝑏 ]] [𝐿𝑥𝑦]341 

+
1

𝑅𝑉
0 {((1 − 𝑅𝑉

0)([𝐷𝑥𝑦
𝑓

] − [𝐷𝑥𝑦
𝑏 ])[𝐿𝑥𝑦] − [𝐷𝑥𝑦

𝑓
]) ({

𝜀𝑣
𝑟𝑣𝑒0

𝜀𝑠
𝑟𝑣𝑒0} − {

𝜀𝑣
𝑏0

𝜀𝑠
𝑏0})342 

+ ({
𝜎𝑚

𝑟𝑣𝑒0

𝜎𝑠
𝑟𝑣𝑒0} − [𝐷𝑥𝑦

𝑏 ] {
𝜀𝑣

𝑏0

𝜀𝑠
𝑏0})} {

𝜕𝑅𝑉 𝜕𝜀𝑣
𝑟𝑣𝑒⁄

𝜕𝑅𝑉 𝜕𝜀𝑠
𝑟𝑣𝑒⁄

}
T

                                                                (44) 343 

As presented in Eq. (43) and Eq. (44), the current model has four sets of parameters, including the strain 344 
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coefficient, the breakage parameter and the constitutive parameters of bonded elements and frictional 345 

elements. These model parameters can be evaluated by triaxial compression tests with an assumption 346 

function of the particle breakage. 347 

2.3.2 Constitutive relationship of bonded elements 348 

The bonded element is a spherical collection of tailing soil skeleton, which is occupied with crystal 349 

water, unstable compounds, and cement, with strong cohesive resistance. The bonded elements here are 350 

assumed to be homogeneous, isotropic and incrementally linearized, and its stress-strain relationship [Eq. 351 

(1)] is assumed to obey the generalized Hooke’s law as the following expression: 352 

                                          {
𝑑𝜎𝑚

𝑏

𝑑𝜎𝑠
𝑏} = [

𝐷𝑚𝑣
𝑏 𝐷𝑚𝑠

𝑏

𝐷𝑠𝑣
𝑏 𝐷𝑠𝑠

𝑏 ] {
𝑑𝜀𝑣

𝑏

𝑑𝜀𝑠
𝑏} = [𝐾

𝑏 0
0 3𝐺𝑏] {

𝑑𝜀𝑣
𝑏

𝑑𝜀𝑠
𝑏}                                  (45) 353 

where 𝐾𝑏 and 𝐺𝑏  are the elastic bulk modulus and shear modulus of bonded elements, respectively. 354 

At the initial loading within a very small strain range, the bonded elements are hardly broken, they occupy 355 

the whole volume of tailing soils RVE. Therefore, the elastic bulk modulus 𝐾𝑏 and shear modulus 𝐺𝑏  356 

of bonded elements can be determined by the tailing soil samples at the initial loading stage. 357 

2.3.3 Constitutive relationship of frictional elements 358 

The frictional element is a spherical area that originates from the bonded element when whose brittle 359 

bonds have been completely broken, hence the mechanical properties of frictional elements can be 360 

assumed to be the same as those of the remolded tailing soils samples, which are reconstituted by using 361 

the particles of the tailing soil samples that have been experienced triaxial compression experiments. 362 

Here, a double hardening model [21, 35] for saturated soils is introduced and modified to cater for the 363 

elastoplastic behavior of frictional elements. The parameters of the double hardening model are given 364 
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based on the test results of the triaxial compression tests. 365 

According to classical plasticity, the average strain incremental of frictional elements [Eq. (6)] can be 366 

given: 367 

                                                             {
𝑑𝜀𝑣

𝑓

𝑑𝜀𝑠
𝑓
} = {

𝑑𝜀𝑣
𝑓𝑒

𝑑𝜀𝑠
𝑓𝑒

} + {
𝑑𝜀𝑣

𝑓𝑝

𝑑𝜀𝑠
𝑓𝑝

}                                                      (46) 368 

Based on double hardening model introduced, the elastic strain can be obtained by the generalized 369 

Hooke’s law as following: 370 

                                   {
𝑑𝜀𝑣

𝑓𝑒

𝑑𝜀𝑠
𝑓𝑒

} = [
𝐷𝑚𝑣

𝑓𝑒
𝐷𝑚𝑠

𝑓𝑒

𝐷𝑠𝑣
𝑓𝑒

𝐷𝑠𝑠
𝑓𝑒

]

−1

{
𝑑𝜎𝑚

𝑓

𝑑𝜎𝑠
𝑓
} = [𝐾

𝑓𝑒 0
0 3𝐺𝑓𝑒

]
−1

{
𝑑𝜎𝑚

𝑓

𝑑𝜎𝑠
𝑓
}                     (47) 371 

where 𝐾𝑓𝑒 and 𝐺𝑓𝑒 are the elastic bulk modulus and elastic shear modulus of the frictional elements, 372 

respectively, which can be determined by triaxial compression tests. 373 

The yielding function of the double hardening model is expressed as: 374 

                                                                    𝜙 =
𝜎𝑚

𝑓

1 − [
𝜂
𝛤𝜙

]𝑛
− 𝛩                                                               (48) 375 

and 376 

                                                                            𝜂 =
𝜎𝑠

𝑓

𝜎𝑚
𝑓
                                                                           (49) 377 

where 𝑛 is a power number varying with the confining pressures; and 𝛤𝜙 and 𝛩 are two hardening 378 

parameters which are the functions of plastic volumetric strain 𝜀𝑣
𝑓𝑝

and plastic shear strain 𝜀𝑠
𝑓𝑝

, with the 379 

following expressions, respectively: 380 

                                                    𝛩 = 𝛩(𝜀𝑣
𝑓𝑝

) = 𝑝0𝑒𝑥𝑝 (
𝜀𝑣

𝑓𝑝

𝑐𝑐 − 𝑐𝑑

)                                                     (50) 381 

                                       𝛤𝜙 = 𝛤𝜙(𝜀𝑠
𝑓𝑝

) = α𝜙 − (α𝜙 − α𝜙0)𝑒𝑥𝑝(𝜀𝑠
𝑓𝑝

)                                             (51) 382 

where 𝑝0 denotes the reference stress, and 𝑐𝑐, 𝑐𝑑, α𝜙 and α𝜙0 are material parameters obtained by 383 

triaxial compression tests. Fig. 5 shows a schematic diagram of the yield surface on the deviatoric stress 384 

q-mean stress p plane. The model is an isotropic hardening model and the yield surface both expands and 385 
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contracts with the variation of hardening parameters. Besides, the proportion variation of two hardening 386 

parameters can change the shape of the yield surface, extending the applicability of the model for 387 

complicated stress path.  388 

Taking the non-associated flow rule into account, the plastic potential function is assumed to be similar 389 

to the yielding function, with the following expression: 390 

                                                                          𝑔 =
𝜎𝑚

𝑓

1 − [
𝜂
𝛤𝑔

]𝑤
− 𝛩                                                        (52) 391 

where 𝑤 is a model parameter varying with the confining pressures, and 𝛤𝑔 is a hardening parameter 392 

expressed as follows: 393 

                                                   𝛤𝑔 = 𝛤𝑔(𝜀𝑠
𝑓𝑝

) = α𝑔 − (α𝑔 − α𝑔0)exp(𝜀𝑠
𝑓𝑝

)                                      (53) 394 

with α𝑔 and α𝑔0 are material parameters obtained by triaxial compression tests. If selecting α𝜙0 = α𝜙 395 

and α𝑔0 = α𝑔, the double hardening model can degenerate to the conventional elastoplastic model with 396 

a single hardening parameter. As shown in Fig. 5, the yield surface and potential surface passing the 397 

same plastic strain point have different exterior normal line. 398 

Hence, according to the classical plasticity, the stress-strain relationship [Eq. (3)] of the frictional 399 

elements can be expressed as follow: 400 

                          {
𝑑𝜎𝑚

𝑓

𝑑𝜎𝑠
𝑓
} = [

𝐷𝑚𝑣
𝑓

𝐷𝑚𝑠
𝑓

𝐷𝑠𝑣
𝑓

𝐷𝑠𝑠
𝑓

] {
𝑑𝜀𝑣

𝑓

𝑑𝜀𝑠
𝑓)} 401 

                                        =

[
 
 
 
 

[𝐾
𝑓𝑒 0
0 3𝐺𝑓𝑒

] −
[𝐾

𝑓𝑒 0
0 3𝐺𝑓𝑒] {

𝜕𝑔
𝜕𝜎

} {
𝜕𝜙
𝜕𝜎

}
𝑇

[𝐾
𝑓𝑒 0
0 3𝐺𝑓𝑒]

𝐻 + {
𝜕𝜙
𝜕𝜎

}
𝑇

[𝐾
𝑓𝑒 0
0 3𝐺𝑓𝑒

] {
𝜕𝑔
𝜕𝜎

}
]
 
 
 
 

{
𝑑𝜀𝑣

𝑓

𝑑𝜀𝑠
𝑓
}          (54) 402 

where 𝐻 denotes Hardening modulus, which can be calculated as 403 

                            𝐻 = −
𝜕𝜙

𝜕𝛤𝜙

𝜕𝛤𝜙

𝜕𝜀𝑠
𝑓𝑝

𝜕𝑔

𝜕𝜎𝑠
𝑓
−

𝜕𝜙

𝜕𝛩

𝜕𝛩

𝜕𝜀𝑣
𝑓𝑝

𝜕𝑔

𝜕𝜎𝑚
𝑓

 404 

                                = − [
𝑛𝜎𝑚

𝑓
𝜂𝑛(𝛼𝜙 − 𝛤𝜙)

𝛤𝜙
(𝑛+1)[1 − (𝜂 𝛤𝜙⁄ )

𝑛
]
2] [

𝑤𝜂(𝑤−1)

𝛤𝑔
𝑤[1 − (𝜂 𝛤𝑔⁄ )

𝑤
]
2] 405 
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                                    −
𝛩

𝑐𝑐 − 𝑐𝑠

[
𝑤𝜂𝑤

𝛤𝑔
𝑤[1 − (𝜂 𝛤𝑔⁄ )

𝑤
]
2 −

1

1 − (𝜂 𝛤𝑔⁄ )
𝑤]                                                  (55) 406 

2.3.4 The breakage ratio 407 

The breakage ratio 𝑅𝑉 is regarded as an internal variable, which is a structure parameter depending 408 

on soil type, stress and strain level, loading history and stress path. It should be determined by performing 409 

an analysis on meso-structure and meso-mechanic properties of the materials. However, it’s hard to give 410 

a dynamic evolution of the breakage with reliable accuracy based on the current experimental apparatus. 411 

Therefore, the evolving relationship of breakage ratio is established using similar determination methods 412 

of hardening parameters in plasticity or damage factors in damage mechanics. Theoretically, the 413 

evolution of breakage ratio 𝑅𝑉  should be consistent with the following rules: 𝑅𝑉 → 0 at the initial 414 

loading, referring to that the bonded elements are hardly broken; 𝑅𝑉 → 1 at the high strain level, which 415 

means the bonded elements are almost entirely broken; and 𝑅𝑉 increases from 0 to 1 with increasing 416 

deformation or strain level, accompanied with the bonded elements gradually break up and transform to 417 

be frictional elements. In the view of meso-mechanism, the brittle bonds of the bonded elements seem to 418 

be broken due to the increasing tension strain and hardly be affected by the spherical strain. However, 419 

tailing soils are porous mediums, besides face-corner contact, face-face contact also exists between 420 

particles. Hence the brittle bonds can also be broken when experienced increasing spherical strain, and 421 

thus, the breakage ratio 𝑅𝑉 is assumed to be a function of generalized shear strain and volumetric strain 422 

of RVE, with the following expression: 423 

                                                    𝑅𝑉 = 1 − exp[−𝛽|𝜀𝑣
𝑟𝑣𝑒|𝜓 − 𝜁|𝜀𝑠

𝑟𝑣𝑒|𝜛]                                             (56) 424 

where |𝑥| is the absolute value of variable 𝑥 ; 𝛽, 𝜁  and 𝜛  are material parameters varying with 425 
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confining pressures; and 𝜓 is material constant. The evolution of parameters 𝛽, 𝜁 and 𝜛 is given by 426 

fitting with the triaxial test data of tailing soil samples. Fig. 6 (a) shows that at the initial loading stage, 427 

the breakage ratio 𝑅𝑉 almost presents a linear increase at various value of 𝛽, which is responsible for 428 

the fissures generating inside brittle bonds. Therefore, a subsequent slight disturbance can aggravate the 429 

breakage process of bonded elements. Then, the breakage ratio gradually increases and finally reaches 430 

an extremum value of 1, at this stage of which tailing soil sample entirely consists of frictional elements. 431 

The evolution rules of the breakage ratio 𝑅𝑉 under different material parameters, shown in Fig. 6 (b) 432 

and (c), are similar to that of Fig. 6 (a). 433 

2.3.5 The strain coefficient tensor 434 

By employing a strain coefficient tensor 𝐿𝑖𝑗𝑘𝑙, the strain relationship between the bonded elements 435 

and RVE under an arbitrary breakage ratio 𝑅𝑉  are given in Eq. (33), which can also be could be 436 

expressed with stress and strain invariants as follows: 437 

                     {
𝑑𝜀𝑣

𝑏

𝑑𝜀𝑠
𝑏} = [

𝐿𝑚𝑣 𝐿𝑚𝑠

𝐿𝑠𝑣 𝐿𝑠𝑠
] {[

𝐼𝑚𝑣 𝐼𝑚𝑠

𝐼𝑠𝑣 𝐼𝑠𝑠
]438 

−
1

𝑅𝑉
0 {{

𝜀𝑣
𝑟𝑣𝑒0

𝜀𝑠
𝑟𝑣𝑒0} − {

𝜀𝑣
𝑏0

𝜀𝑠
𝑏0}} {

𝜕𝑅𝑉 𝜕𝜀𝑣
𝑟𝑣𝑒⁄

𝜕𝑅𝑉 𝜕𝜀𝑠
𝑟𝑣𝑒⁄

}
T

} {
𝑑𝜀𝑣

𝑟𝑣𝑒

𝑑𝜀𝑠
𝑟𝑣𝑒}                                                     (57) 439 

  The elements of matrix [𝐿𝑖𝑗]  can be determined through the given constitutive relationships of 440 

bonded elements and frictional elements, with the following expressions: 441 

                         [
𝐿𝑚𝑣 𝐿𝑚𝑠

𝐿𝑠𝑣 𝐿𝑠𝑠
] = [

𝐴𝑚𝑣 𝐴𝑚𝑠

𝐴𝑠𝑣 𝐴𝑠𝑠
] [𝑅𝑉

0 [
𝐼𝑚𝑣 𝐼𝑚𝑠

𝐼𝑠𝑣 𝐼𝑠𝑠
] + (1 − 𝑅𝑉

0) [
𝐴𝑚𝑣 𝐴𝑚𝑠

𝐴𝑠𝑣 𝐴𝑠𝑠
]]

−1

                (58) 442 

   [
𝐴𝑚𝑣 𝐴𝑚𝑠

𝐴𝑠𝑣 𝐴𝑠𝑠
] = [[

𝐼𝑚𝑣 𝐼𝑚𝑠

𝐼𝑠𝑣 𝐼𝑠𝑠
] + [

𝑆𝑚𝑣
𝑒𝑝

𝑆𝑚𝑠
𝑒𝑝

𝑆𝑠𝑣
𝑒𝑝

𝑆𝑠𝑠
𝑒𝑝] [

𝐷𝑚𝑣
𝑓

𝐾𝑚𝑠
𝑓

𝐷𝑠𝑣
𝑓

𝐾𝑠𝑠
𝑓

]

−1

([
𝐷𝑚𝑣

𝑏 𝐷𝑚𝑠
𝑏

𝐷𝑠𝑣
𝑏 𝐷𝑠𝑠

𝑏 ] − [
𝐷𝑚𝑣

𝑓
𝐷𝑚𝑠

𝑓

𝐷𝑠𝑣
𝑓

𝐷𝑠𝑠
𝑓

])]

−1

(59) 443 

   [
𝑆𝑚𝑣

𝑒𝑝
𝑆𝑚𝑠

𝑒𝑝

𝑆𝑠𝑣
𝑒𝑝

𝑆𝑠𝑠
𝑒𝑝]  = {[

𝐷𝑚𝑣
𝑓

𝐷𝑚𝑠
𝑓

𝐷𝑠𝑣
𝑓

𝐷𝑠𝑠
𝑓

]

−1

[
𝐷𝑚𝑣

𝑏 𝐷𝑚𝑠
𝑏

𝐷𝑠𝑣
𝑏 𝐷𝑠𝑠

𝑏 ]}

−1

[
𝑆𝑚𝑣 𝑆𝑚𝑠

𝑆𝑠𝑣 𝑆𝑠𝑠
] {[

𝐷𝑚𝑣
𝑓

𝐷𝑚𝑠
𝑓

𝐷𝑠𝑣
𝑓

𝐷𝑠𝑠
𝑓

]

−1

[
𝐷𝑚𝑣

𝑏 𝐷𝑚𝑠
𝑏

𝐷𝑠𝑣
𝑏 𝐷𝑠𝑠

𝑏 ]}  (60) 444 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

22 

 

3. Model calibration and evaluation 445 

In this section, the determination of model parameters is presented. For calibrating and evaluation of 446 

the proposed model, the previous experimental data [24] of drained compression triaxial tests of saturated 447 

zinc tailing soils are employed, the tailing soil used was extracted from a seasonally frozen region. In the 448 

experiments, a series cylinder specimens which were 39.1 mm in diameter and 80 mm in height were 449 

prepared. The samples were saturated by vacuum and hydraulic method until the pore pressure parameter 450 

B reached beyond 0.95, and the freeze-thaw process was conducted in an open environment with no 451 

confining pressure applying, meanly, water exchange with surroundings was allowed during freeze-thaw 452 

process. A freeze-thaw process lasted for 24h and the tested freezing and thawing temperatures range 453 

from -20℃ to 40℃ with the number of freeze-thaw cycles N=0, 1, 5 and 15. Besides, the specimens 454 

with N=0 were pulverized and remodeled after they have been subjected to triaxial tests, and the newly 455 

generated frictional samples, which are entirely composed of frictional elements, were employed to 456 

determine the parameters of frictional elements.  457 

In an open environment, the samples are kept at a saturated state, the samples experienced increased 458 

volume and weight after freeze-thaw cycles. The volume and weight variation of tailing soil samples 459 

after freeze-thaw cycles were recorded in the experiments, as their average weight-growth ratio shown 460 

in Fig. 7 (a), which is defined as a ratio between the sample’s weight increment after freeze-thaw cycles 461 

and its initial weight. The increased weight of the tailing soil sample majorly results from the water 462 

supplement, which is a consistent tendency with the volume increment of the specimen, as shown in Fig. 463 

7 (b). Therefore, the decrease in density and increase in pore size are important factors that decrease the 464 

strength of tailing soils. However, the volume change majorly occurs in the axial direction due to the 465 
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restraining effect of rubber mold during freeze-thaw process. After 15 numbers of freeze-thaw cycles, 466 

the volume of tailing specimens dilated by 22.03% with a 7.2 mm increase in height but only with a 2.3 467 

mm growth in diameter, therefore, the pervious stones which diameter is a bit larger than 39.1mm was 468 

applied during the triaxial test. 469 

Under triaxial stress conditions, the maximal principal stress is applied along the vertical direction, 470 

which is set as the z-axial direction, and thus, the stress and strain invariants can be simplified as the 471 

follows: 472 

                                                                        𝜎𝑚 = (𝜎1+2𝜎3) 3⁄                                                               (61) 473 

                                                                               𝜎𝑠 = 𝜎1 − 𝜎3                                                                    (62) 474 

                                                                               𝜀𝑣 = 𝜀1 + 2𝜀3                                                                   (63) 475 

                                                                         𝜀𝑠 = 2(𝜀1 − 𝜀3) 3⁄                                                                 (64) 476 

3.1 Parameter determination for bonded elements 477 

Tailing soils specimens at the initial loading stage are regarded as materials entirely composed of 478 

bonded elements, and hence the mechanical properties of bonded elements are regarded to be the same 479 

as those of tailing soil specimens at this stage. Under triaxial conditions, a distortional strain 𝜀𝑠 of 0.4% 480 

is adopted to calculate the elastic bulk modulus 𝐾𝑏 and shear modulus 𝐺𝑏  of tailing soil samples based 481 

on the previous experimental data, with the results presented in Fig. 8. At a various number of freeze-482 

thaw cycles N, both elastic bulk modulus 𝐾𝑏 and shear modulus 𝐺𝑏  can be fitted with exponential 483 

functions, with expressed as 𝐾𝑏 = 𝑋1(− 𝑁 𝑡1⁄ ) + 𝑌1  and 𝐺𝑏 = 𝑋2(−𝑁 𝑡2⁄ ) + 𝑌2 , respectively. And 484 

under the confining pressure 𝜎3= 50kPa, 100kPa, 200kPa and 300kPa, the fitting parameters are taken 485 

as 𝑋1 = 22912.80, 22004.05, 18725.92 and 17973.74, 𝑡1 =1.35, 1.31, 1.24 and 1.19, 𝑌1 = 4090.77, 486 
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5449.33, 9424.85 and 11092.08, 𝑋2 = 17556.45, 17434.15, 17261.43 and 16681.79, 𝑡2 = 0.90, 1.74, 487 

1.78 and 1.85, and 𝑌2 = 3545.62, 4615.12, 12204.60 and 15793.85, respectively. 488 

3.2 Parameter determination for frictional element 489 

After triaxial compression tests, the bonded elements are entirely broken, and they all transform into 490 

frictional elements. By pulverizing and remodeling the tailing soil samples after they have been subjected 491 

to triaxial tests, new triaxial specimens entirely composed of frictional elements can be obtained, which 492 

obtained through this method are called frictional samples.  493 

The mechanical properties of frictional elements are assumed to be the same as those of the frictional 494 

samples, therefore, the parameters of frictional elements here are determined with the previous results of 495 

the frictional tailing soils samples, which are presented in Fig. 9. The elastic bulk modulus 𝐾𝑓𝑒 and 496 

shear modulus 𝐺𝑓𝑒 of frictional elements are obtained based on a distortional strain 𝜀𝑠 =0.4%. Besides, 497 

Eq. (50) has a similar form as the equation in Cam-caly model, where 𝑝0 is the reference confining 498 

pressures at 𝜀𝑣
𝑓𝑝

= 0 in drained triaxial compression tests. The parameter 𝑐𝑐 is determined by 𝑐𝑐 =499 

𝜆 (1 + 𝑒0)⁄ , where 𝜆  denotes the virgin compression slope on 𝜀𝑣
𝑓
− ln𝑝𝑓  plot in the isotropic 500 

compression tests, and 𝑒0 denotes the initial void ratio. The parameter 𝑐𝑑 can be expressed by 𝑐𝑑 =501 

𝛭[𝜅 (1 + 𝑒0)⁄ ]exp(−𝛧 𝜎3 𝑃𝑎⁄ ) , where 𝜅  is the rebounding slope on 𝜀𝑣
𝑓
− ln𝑝𝑓  plot, and the 502 

parameters 𝛭 and 𝛧 are material constants, with the parameter 𝑃𝑎 denoting the standard atmospheric 503 

pressure, which is approximately equal to 101.4kPa. In Eq. (51), α𝜙 = √1 + 𝑛
𝑛

𝑠𝑖𝑛𝜑𝑟 , where 𝜑𝑟 504 

denotes the residual angle of inner friction, and 𝑛 = −𝑎1ln(𝜎3) + 𝑏1; α𝜙0  reflects the contribution 505 

degree of the generalized shear strain, and it is determined by α𝜙0 = 𝛬𝜙α𝜙, where 𝛬𝜙 is a material 506 

constant with 0 ≤ 𝛬𝜙 ≤ 1. In Eq. (53), α𝑔 = √1 + w
𝑤

𝑠𝑖𝑛𝜑𝑟 and α𝑔0 = 𝛬𝑔α𝑔, where 𝛬𝑔 is another 507 
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material constant with 0 ≤ 𝛬𝑔 ≤ 1 , 𝑤 = −𝑎2ln(𝜎3) + 𝑏2 . 𝑎1 , 𝑎2 , 𝑏1 , and 𝑏2  are material 508 

parameters. 509 

Under the number of freeze-thaw cycles 𝑁 = 0, at confining pressure 𝜎3 =50kPa, 100kPa, 200kPa 510 

and 300kPa, the elastic bulk modulus 𝐾𝑓𝑒 = 33243kPa, 32624kPa, 33869kPa and 33981kPa and shear 511 

modulus 𝐺𝑓𝑒 = 9303, 12373, 13704, and 18417 kPa, respectively. Other experimental parameters of 512 

frictional elements under 𝑁 = 0 are obtained from the test results of triaxial tests of the frictional tailing 513 

soil samples: virgin compression slope 𝜆 = 0.123, rebounding slope 𝜅 = 0.025, initial void ratio 𝑒0 =514 

1.1, residual angle of inner friction 𝜑𝑟 = 32⁰.  515 

The experimental parameters of the frictional tailing soil samples under 𝑁 =  1, 5 and 15 are 516 

determined based on those under N=0. Similar to the determination of the elastic bulk modulus 𝐾𝑏 and 517 

shear modulus 𝐺𝑏  for bonded elements, the elastic bulk modulus 𝐾𝑓𝑒  and shear modulus 𝐺𝑓𝑒  of 518 

frictional samples under a different number of freeze-thaw cycles are fitted by: 𝐾𝑓𝑒 = 𝑋3(− 𝑁 𝑡3⁄ ) + 𝑌3 519 

and 𝐺𝑓𝑒 = 𝑋4(−𝑁 𝑡4⁄ ) + 𝑌4 , respectively. And under the confining pressure 𝜎3= 50kPa, 100kPa, 520 

200kPa and 300kPa, the fitting parameters are taken as 𝑋3 =  29626.89, 28419.62, 27799.90 and 521 

27527.19, 𝑡3 =  1.14, 1.40, 1.86 and 2.07, 𝑌3 =  3615.80, 4203.98, 6068.90 and 6454.12, 𝑋4 = 522 

8150.17, 9754.30, 10224.40 and 12893.71, 𝑡4 = 1.28, 1.58, 2.59 and 2.85, and 𝑌4 = 1152.60, 2618.87, 523 

3479.30 and 5523.45, respectively. Besides, experimental parameters of the frictional tailing soils 524 

samples 𝜆 , 𝜅 , 𝜑𝑟  and 𝑒0 under various number of freeze-thaw cycles are given by: 𝜆 =525 

−0.010𝑒𝑥𝑝(−𝑁 −0.139⁄ ) + 0.136 , 𝜅 = 0.012 exp(−𝑁 1.692⁄ ) + 0.013 , 𝜑𝑟 = 7.95(− 𝑁 2.19⁄ ) +526 

23.63  and 𝑒0 = −0.29(−𝑁 2.76⁄ ) + 1.39 . In addition, under the confining pressure of 50kPa , 527 

100kPa , 200kPa  and 300kPa , material parameters 𝛭 = 4.263, 45.62 , 8.49 , 48.83, 𝛧 = 0.06, 528 

0.21, 0.39, 0.82, 𝑎1 = −1.13, −0.88, −0.54, −0.84, 𝑎2 = 3.62, 3.60, 3.54, 3.47, and 𝑏1 = 8.4, 529 
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7.2, 5.5, 5.0, respectively. Finally, the rest of material constants have a fixed value at an arbitrary 530 

number of freeze-thaw cycles and confining pressures: 𝑏2 = 0.002, 𝛬𝜙 = 0.8, and 𝛬𝑔 = 0.72. 531 

3.3 Parameter determination for the breakage ratio 532 

In this paper, the breakage ratio 𝑅𝑉  for tailing soils is regarded as an internal variable, whose 533 

dominant parameters are very difficult to establish at meso-scale based on the existing testing technology. 534 

It is considered that the compaction effect on tailing soils can be enhanced as the increasing confining 535 

pressures, which will improve the stiffness of brittle bond and slow down the ratio of bond breaking, 536 

even though a slight breakage may happen at the consolidation procedure. Therefore, the impact of 537 

confining pressure is implicitly integrated into the breakage ratio 𝑅𝑉, with the material parameters 𝛽, 538 

𝜁  and 𝜛  expressed by: 𝛽 = 𝛽0𝜎3
𝛾 , 𝜁 = 𝜁0𝜎3 + 𝜊 , and 𝜛 = 𝜛0 ln(𝜎3) + 𝜃 , where 𝛽0 ,  𝛾  and 𝜊 539 

are model parameters, and 𝜁0, 𝜛 and 𝜃 are material constants. 𝜙0 takes a constant value with various 540 

confining pressures.  541 

Here, the above parameters can be obtained by fitting with the test results. Under the number of freeze-542 

thaw cycles 𝑁 = 0, 1, 5 and 15, the model parameters 𝛽0 = 0.074, 0.103, 0.105, 0.180, 𝛾 =543 

0.54 , 0.52 , 0.45 , 0.44 , 𝜊 = 45 , 25 , 15 , 4, and 𝜓0 = 0.030 , 0.037 , 0.048  and 0.050 ,  544 

respectively. Besides, material constants 𝜁0 = 0.03, 𝜛0 = −0.213, and 𝜃 = 1.5 for various confining 545 

pressures and an arbitrary number of freeze-thaw cycles. 546 

3.4 Parameter determination for the strain coefficient tensor  547 

For the spherical bonded elements, the matrix form of the Eshelby tensor 𝑆𝑖𝑗𝑘𝑙
𝑒  under triaxial 548 

compression conditions can be determined by: 549 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 

27 

 

                                                    [𝑆𝑥𝑦] = [
𝑆𝑚𝑣 𝑆𝑚𝑠

𝑆𝑠𝑣 𝑆𝑠𝑠
] = [

3𝐾𝑠 0
0 2𝐺𝑠]                                                       (65) 550 

                                                    𝐾𝑠 =
1 + 𝜈𝑓𝑒

9(1 − 𝜈𝑓𝑒)
;  𝐺𝑠 =

4 − 5𝜈𝑓𝑒

15(1 − 𝜈𝑓𝑒)
                                                    (66)  551 

where 𝜈𝑓𝑒  is the elastic Poisson ratio of the frictional elements, which can be determined from the 552 

elastic bulk modulus and elastic shear modulus of the frictional elements. And matrix [𝐼𝑥𝑦] gives  553 

                                                               [
𝐼𝑚𝑣 𝐼𝑚𝑠

𝐼𝑠𝑣 𝐼𝑠𝑠
] = [

1
3⁄ 0

0 3
2⁄
]                                                              (67) 554 

And thus, the strain coefficient tensor 𝐿𝑖𝑗𝑘𝑙  under triaxial compression conditions can be obtained by 555 

Eq. (58) incorporated with the breakage ratio and the constitutive relationships of bonded elements and 556 

frictional elements obtained previously. 557 

3.5 Model Verification 558 

To further confirm the reasonability and applicability of the model proposed here, the comparisons 559 

between the computed results with the previous tested data are depicted in Fig. 10, where T-x kPa and 560 

C-x kPa represent the tested and computed results at a confining pressure of x kPa, respectively. 561 

Comparisons with the previous experimental date demonstrate that under low confining pressures within 562 

a small number of freeze-thaw cycles (𝑁=0-𝜎3=50kPa, 𝑁=0-𝜎3=100kPa and 𝑁=1-σ3=50kPa), the 563 

proposed model can describe the strain-softening behavior of tailing soils, which is accompanied by a 564 

volume contraction followed by volume dilation behavior. Although the computed peak deviatoric 565 

stresses present a slight delay than those of the experimental results, their residual strength is very close. 566 

 Besides, the other computed results agree well with the tested results. As presented in the figure that 567 

the computed results with relative lager number of freeze-thaw cycles under low confining pressures 568 

(𝑁=1-𝜎3=100kPa , 𝑁= 5 -𝜎3=50kPa  and 𝑁= 5 -𝜎3=100kPa ) present strain-softening behavior and 569 
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volume compression. In addition, the rest of the computed results all present strain-hardening behavior 570 

with the volume contracting all the time.   571 

Although there are slight differences in values between the computed and tested results, the results 572 

demonstrate that the theoretical model proposed can reproduce the major aspects of the freeze-thaw 573 

influences on the mechanical behaviors of tailing soils, and the predicted results are in well agreement 574 

with the tested data.  575 

4. Conclusions 576 

  In this study, a new binary-medium constitutive has been developed for freeze-thaw tailing soils based 577 

on the homogenization theory. The new constitutive model proposed here idealizes the tailing soils as 578 

composite materials composed of bonded elements and frictional elements, which are described by 579 

generalized Hooke’s law and a double hardening model, respectively, and the failure or breakage 580 

mechanism of tailing soils is discussed at a multi-scale coupling of macroscopic and mesoscopic views. 581 

Compared with the previous binary-medium constitutive, the strain coefficient tensor connecting the 582 

strain of bonded elements with the strain of RVE has been derived based on meso-mechanics and the 583 

breakage mechanism. The comparisons between the computed and experimental results demonstrate that 584 

the new theoretical model can reproduce the main influence of the freeze-thaw cycles on the mechanical 585 

behavior of tailing soils, including the strain-softening behavior and the volume contraction behavior 586 

followed by a volume dilatancy under low confining pressures within a small number of freeze-thaw 587 

cycles, and the slight strain-softening behavior with a continuous volume contraction behavior under low 588 

confining pressures with a relative lager number of freeze-thaw cycles, as well as the strain-hardening 589 

behavior accompanied by a continuous volume contraction under high confining pressure and large 590 
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number of freeze-thaw. 591 
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(a) (b) 

Fig. 1 Sketch of binary-medium structure 
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(a) Strain-softening behavior (b) Strain-hardening behavior 

Fig. 2 Components of shear resistance  
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Fig. 3 Structure model of tailing soils 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Four types of RVE of tailing soils 
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Fig. 5 Comparison between yield surface and potential surface of the double hardening model 
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(a) The influence of material parameters 𝛽 

 

(b) The influence of material parameters 𝜁 

 

(c) The influence of material parameters 𝜛 

Fig. 6 The evolution of breakage ratio 𝑅𝑉 versus distortional strain 𝜀𝑠 under various material 
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(a) The weight variation (b) The volume variation 

Fig. 7 The influence of freezing-thawing cycles on the weight and volume variation of tailing soils 
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(a) The elastic bulk modulus 𝐾𝑏 

 

(b) The shear modulus 𝐺𝑏  

Fig. 8 The variation of parameters of bonded elements with freeze-thaw cycles N 
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(a) The generalized shear stress –distortional 

strain curves 

(b) The volumetric strain –distortional strain 

curves 

Fig. 9 Drained triaxial test results of frictional tailing soils samples. 
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(a) The generalized shear stress–distortional strain curves 

  

  

(b) The volumetric strain–distortional strain curves 

Fig. 10 Comparisons between predicted and tested results. 




