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Abstract

A constitutive model is proposed for tailing soils subjected to freeze-thaw cycles based on the meso-

mechanics and homogenization theory. The evolution of meso-structure upon loading was analyzed

within the framework of breakage mechanism. When the new model is formed, tailing soils are idealized

as composite materials composed of bonded elements described by an elastic brittle model and frictional

elements described by a double hardening model. Based on meso-mechanics and homogenization theory,

the nonuniform distributions of stress and strain within the representative volume element are given by

introducing a structure parameter of breakage ratio with the derivation of the strain coefficient tensor,

which connects the strains of the bonded elements and the representative volume element. The methods

for determining model parameters are suggested based on the available tested results. The model

proposed here can predict the deformation properties of tailing soils experiencing freeze-thaw cycles
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with acceptable accuracy. The strain-hardening and post-peak strain-softening behaviors of tailing soils

under various confining pressures as well as different numbers of freeze-thaw cycles are well captured,

and the dilatancy and contraction features are also adequately represented.

Keywords: Constitutive model; Tailing soils; Freeze-thaw cycles; Meso-mechanics; Homogenization theory

1. Introduction

Tailing soils discharged from mineral processing are appreciably distinct from general soils in terms

of size, shape and physical and chemical properties. To dispose of these mining residues, the current

practice is to pump the tailings slurry into storage facilities resisted by embankments, which are

constructed out of the tailing soils themselves. It was reported in the literature that China held

approximately 12 thousand tailings pounds up to 2012 [7], and 91.4% of these tailings storage facilities

were located in the cold regions [42], effectively most of which were distributed in seasonally frozen

regions. When the hydraulic filling method is applied during construction, a loose structure with a high

level of the phreatic line will be easily formed inside the tailings dykes because of the smaller size of

tailings. Particularly, those saturated tailings dykes in seasonally frozen regions can be intensely impacted

by the frost heave and thawing settlement, in a consequence, the strength deterioration of tailing soils

will occur during freeze-thaw cycles. In addition, tailings storage facilities are complexes with high

potential energy, large scale and poor stability. Once collapsing, it would pose a big threat to the people

and the ecological environment downstream. Hence, in order to guarantee the safety and stability of the

tailings dam in cold regions, it is essential to assess the mechanical properties and formulate constitutive

models of tailing soils subjected to the freeze-thaw cycles.

Up to the present, considerable efforts have been devoted on the mechanical properties of tailing soils
2



©CO~NOOOTA~AWNPE

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

by laboratory experiments [1, 4, 5, 12, 16, 32, 43, 50], in which the mineral compaosition, microstructure,

strength and deformation properties, dewatering treatment, and static and seismic liquefaction of tailing

soils were investigated. It is considered that during the freeze-thaw cycles, the water migration and phase

transformation can occur under the temperature gradient, leading to a microstructure adjustment inside

geological materials, consequently, it may cause heterogeneity in tailing soils and result in a property

deterioration in macroscale [15, 25, 51]. Frozen temperature is a crucial factor that impacts the amount

of freezable water within soils and influences the rate of freezing, which will affect the formation of ice

lenses and influence the soil structure [29, 33]. When subjected to freeze-thaw cycles, the supercooling

phenomenon and the hysteresis effect of volumetric unfrozen water content were both observed in fine

soils [49]. And different frozen temperature can lead to a contrary volumetric behavior [46]. A series of

molecular dynamics simulations were conducted by Zhang [47] to investigate the adsorption and un-

freezable threshold of porous materials, where an explicit mathematical equation has been suggested to

predict the melting temperature in cylindrical pores. On the contrary, other research suggests that the

influence of frozen and melting temperatures is insignificant on the water migration and its phase

transformation, as long as the frozen temperature drops below -4°C and rises above 0°C, respectively

[8].

It was demonstrated in a number of studies that the interstitial mineral particles can be squeezed up

with the growth of ice crystals, as a result, the mean pure size of tailing soils will expand during the

subsequent thawing process, and the internal water experiences enhanced permeability and seepage could

occur under gravity. Consequently, there will be an overall decrease incompressibility and volume of

tailing soils [2, 31, 37]. However, it should be noted that the improvement on the dewatering conditions

and the strength under freeze-thaw treatment has been reported only in sludge tailing soils.
3
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On the contrary, other researches recommended that tailing soils as artificial materials are more

complex in components when compared with natural geological materials, because they generally

contain some crystal water, metal oxides and some other unstable compounds [24, 44], which may break

up when experienced freeze-thaw cycles or upon loading. It is also considered that during the freeze-

thaw cycles, the growth of ice crystals can cause a loose structure in tailing soils, which means an increase

on void size and a decrease on density, as a result, the strength of tailing soils will significantly decline

after freeze-thaw cycles [45].

It was suggested in the previous studies that under relative low confining pressures with the increasing

numbers of freeze-thaw cycles, the stress-strain relationship of natural soft clay will transform from stain-

softening behavior to strain hardening behavior, even the post-peak reduction on deviatoric stress was

not noticeable in the strain-soften behavior [38, 39]. By contrast, both loose sand and coarse-grained

soils generally present strain-hardening behavior under various confining pressures and different

numbers of freeze-thaw cycles [11, 22]. However, due to breakage properties, tailing soils are distinct

from natural soils in terms of stress-strain relationships, which tend to present a significant post-peak

strain-softening behavior under low confining pressure, and it is significantly affected by freeze-thaw

cycles.

Much work so far has been focused on the non-linear deformation behavior of soils subjected to freeze-

thaw cycles, and some widely adopted methods involve revising or reformulating Duncan-Chang model

[18], elasto-plasticity model [9, 11, 17], and damage mechanical model [10, 41]. However, some of these

models are formulated based on the macroscopic observations of the stress-strain properties, and few of

them consider the heterogeneous distributions of stress and strain in geological soils. Based on the

mesoscopic profile and the composite mechanics theory, Liu [23] proposed a serial model and a parallel
4
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model, and a corresponding transversely isotropic frost heave modeling was then developed, which was
applied in the simulation of the frost heave problems. Similar to the soil-water characteristic curves for
unsaturated soils, ice-water characteristic curves for frozen soils were suggested and applied in
developing a coupled heat and fluid transfer model [3]. The model is used in investigating the fluid flow
in partially frozen ground. So far, very little information is available about constitutive models for tailing
soils, especially for tailing soils subjected to freeze-thaw cycles. And thus, the current practice that uses
conventional constitutive models in stability analysis for tailings dams [6, 27, 28] cannot capture the
fundamental distinctions between tailing soils and other geological materials, what’s more, it might cause
highly inaccurate predictions because of the difference in meso-scale aspect of failure mechanism.
Therefore, to improve the capability of disaster prevention and safety evaluation for tailings dam in cold
regions, it is essential to consider the breakage mechanism of tailing soils and to further formulate proper
constitutive models incorporated with the influence of freeze-thaw cycles.

To describe the heterogeneous distributions of stress and strain on geological materials, Shen [34, 36]
proposed a so-called breakage mechanics theory, in which the geological materials are idealized as
composites consisted of bonded elements and frictional elements. However, in the previous studies [20,
34, 36, 48], the strain coefficient tensor L;;,; (or a similar stress coefficient tensor) connecting the
strains (or stress) between bonded elements and representative volume element was given by an assumed
symmetry matrix [L,,]| and determined though fitting with test results, which may not well agree with
the complicate properties of geological materials. In the present study, the breakage mechanism under
loading and freeze-thaw cycles is discussed. Besides, an Eshelby-form tensor is introduced, and thus the
strain coefficient tensor L;j, is derived mathematically based on meso-mechanics and homogenization

theory. Furthermore, a new constitutive model, referred to as the binary-medium model, is formulated
5
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with consideration of the breakage process and nonuniform distribution of stress (or strain). The predicted
results and experimental data of tailing soils are compared and the salient features of the proposed model

are discussed.

2. Formulation of the constitutive model for tailing soils subjected to freeze-thaw

cycles

2.1 Breakage mechanism of tailing soils subjected to freeze-thaw cycles

Within the theory of breakage mechanics for geological materials [34, 36], the shear strength of
geological materials is considered to be composed of cohesive resistance and frictional resistance, in
which the former exhibits brittle behavior and the latter exhibits nonlinear behavior. And thus, geological
materials are idealized as binary-medium materials composed of bonded elements and frictional elements,
corresponding to the cohesive resistance and frictional resistance, respectively. A schematic diagram of
the binary-medium structure is shown in Fig. 1, where a bonded element is an elastic-brittle structure
composed of a brittle bond (b) and a spring (E}), and a frictional element is an elastoplastic medium
consisted of a plastic slider (f) and a spring (Ef). A structural unit of geological material can be assumed
as a continuum body containing many bonded elements and frictional elements, as shown in Fig. 1 (a).
With the gradual breaking of the brittle bonds upon loading, the bonded elements transform to
elastoplastic frictional elements, hence the two components contribute to the bearing capacity
collectively.

For tailing soils, the existence of crystal water, activating oxides and some other unstable compounds
makes it present a complex behavior upon loading, as the crystal water, unstable compounds and the

skeleton of tailing soil grains bear external loads collectively. In addition, activating oxides, for instance,
6
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Si0,, Al,05,Fe, 05 and CaO can transform to cement substances when immersed into water, which

provides a strong cohesive force. In order to consider these heterogeneous properties, tailing soils here

are idealized as quasi-continuous mediums composed of many binary-medium structures based on the

theory of the breakage mechanics. The bonded elements are represented by the soil aggregate structures

containing crystal water, unstable compounds and cement, while a frictional element is regarded as an

aggregate structure, which is transformed from a bonded element after an entire breakage of the inside

crystal water, unstable compounds and cement.

The bonded elements and frictional elements of tailing soils bear the external loading collectively,

however, their contributions for the resistance vary with the total strain or deformation level [19]. The

bonded elements make a full contribution within a relatively smaller strain level but the frictional

elements almost carry the whole external loading at a relatively larger deformation or strain level. Here,

two typical stress-strain relationships of tailing soils [24] are discussed, as shown in Fig. 2, where (a)

presents a strain-hardening behavior and (b) shows a strain-softening behavior, and both types of tested

results are divided into three segments. Within a small strain level on line 0A where the crystal water,

unstable compounds and cement are hardly broken, the bonded elements in both patterns stay at an elastic

level. Meanwhile, the external loads at this stage are primarily borne by the bonded elements, and thus

both types of tested results present a linear stress-strain relationship with a high deformation modulus.

As the development of axial strain, the tested results get into line AB, where the stress-strain behavior of

both types becomes non-linear and turns into an elastoplastic stage, accompanied by a gradual decrease

in tangential deformation modulus. At this stage, the initial damage is generated and begins developing

inside the crystal water, unstable compounds and cement owing to the stress concentration, which

aggravates the breakage process of the brittle bonds. Hence with the increasing strain, the bonded
7
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elements gradually break and transform to frictional elements, and the strength loss due to breakage is
compensated by the newly generated frictional elements. And tailing soils ultimately can present a strain-
hardening behavior or a strain-softening behavior, depending on whether the compensation effect of
frictional elements is strong or weak, as shown in Line segment BC in both Figure 2 (a) and (b). In
addition, the strain-hardening behavior of tailing soils always takes place accompanied by volume
compression, and strain-softening behavior often occurs with a volume compression at initial loading
followed by a volume dilatation.

In the current study, tailing soils composed of mineral particles, crystal water, unstable compounds
and cement are idealized as binary-medium materials. In order to investigate their failure mechanism,
a representative volume element (RVE) of binary-medium structures is defined and analyzed in this
section. To guarantee that the average stress and average strain of the RVE are consistent with the overall
tailing soil structure, the RVE should be chosen smaller enough compared with the overall volume of
the tailing soil specimen and also should simultaneously contain adequate meso-structure information.
Therefore, a RVE is extracted from an assumed quasi-continuum tailing soils sample, as shown in Fig.
3, where the soil particles are idealized to be spherical. In a binary-medium structure, a bonded element
NY s defined as a spherical collection of soil grains where the voids are occupied with crystal water,
unstable compounds and cement. These filling materials are regarded as brittle bonds which possess a
strong cohesive resistance. The elastic bonded element can convert into an elastoplastic frictional
element 2/ after an entire breakage of its brittle bond.

In the current formulation, all stresses used are effective stresses, and the superscript b and f denote
a variable of bonded elements and frictional elements, respectively. The variables are defined with tensor

by using a generalized three-dimensional Cartesian coordinate system (X;,j = x,y,z), where the
8
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Einstein summation convention is adopted over the repeated indices in the notations.
2.2 The local strain coefficient tensor

In this section, the meso-mechanic theory is introduced in order to derive the local strain coefficient
tensor A;j,;, Who bridges the strain of bonded elements and frictional elements. As the RVE shown in
Fig. 3, the bonded elements and frictional elements are regarded as inclusions and matrix materials based
on meso-mechanics, respectively.

The bonded elements are assumed to have elastic property within the critical strain level, and their
stress-strain relationship can be incrementally expressed as follows:

dffil} = Dibjkzdfi?z €Y
and
Dfjy = 1/3 (3KP —2G6")8;;611 + G (8851 + 6:4651.) (2)

where Di”jkl is the tensor of elastic modulus of bonded elements; oi’}

and Eibj are the average stress and
average stain increments of bonded elements, respectively; K? and G” denote the bulk modulus and
shear modulus of bonded elements, respectively; &;; is denoted by Kronecker delta, (i.e., 6;; = 1 if
i=j,and 8;; =0 if i #)).

The frictional elements compose the matrix of RVE, and they present elastoplastic property, with the

constitutive relationship expressed as:

do}, = D/, de], (3)
and
o 8
Difjkl _ Di];il B yymn 6UmnT ao_pq pakt (4_)
H+ {5%} ikl {aUkl}
9
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where Di’;kl is the tangential elastoplastic modulus tensor of the frictional elements; dai’;, deifj, b, g
and H denote the average stress increment, average stain increment, yielding function, plastic potential
function and Hardening modulus of the frictional elements, respectively; and

Dl = 1/3 BKT® = 2G7€)8;;81 + G*(8.8), + 841 (5)
where K'¢ and G’¢ denote the elastic bulk modulus and shear modulus of the frictional elements,
respectively.

In classical soil plasticity, the average stain increment deifj of elastoplastic frictional elements are

e

usually decomposed into recoverable elastic component de;;” and irrecoverable plastic component
dsifj” as the following expression:

def, = def? + de/? (6)
In the current study, the modulus Df,, Difjkl and Difj‘,"d are assumed to be incrementally linearized
during the loading process.

Suppose an RVE is fully occupied with frictional elements, and an eigenstrain increment de;; is
generated in an ellipsoidal area 2 of the RVE, as shown in Fig. 4 (a), thus an Eshelby-form tensor Si‘}.’,’d
could be employed to bridge the constrained strain increment deitj and the given eigenstrain increment
de;; among the ellipsoidal area £, with the following definition:

def; = Sip e (7)
where the Eshelby-form tensor Sf}iz has been given by the following expression [30]:
Sszi)cz = [(Difjfnn)_lDrCmop]_lsopqr[(D;rest)_leftkl )
and S;jx; is the Eshelby tensor [13, 14] of the corresponding reference infinite RVE filled only by

bonded elements as depicted in Fig. 4 (b), where the reference RVE has undergone the same eigenstrain

increment de;; as the frictional-elements RVE and it is entirely identical to the frictional-elements RVE
10
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in terms of configuration and elastic property.

It should be noted that both the Eshelby-form tensor 55’;{1 and Eshelby tensor S;j,, do not depend
on the given size of the eigenstrain area 2 and the value of the eigenstrain increment de;;, but only the
properties of the filling materials of RVE and the geometry of the eigenstrain area 2. To simplify, in

case of a spherical area £2, which is an ellipse inclusion with the equal semi-major axis and semi-minor

axis, Eshelby tensor S;j;; can be determined with the Green formula and ultimately given as follows:

Sijit = X610k + <5ik5jz + 6u6j, — %5”5“) €©))
where
1+v™®)
X= m (10)
VR Lk (11)

[15(1 = v7)]

and v is denoted by the Poisson ratio of the corresponding reference RVE, which is equal to the
Poisson ratio of frictional-elements RVE v/€. In the Fig. 4 (a), substituting the eigenstrain area 2 with
an arbitrary elastic bonded element denoted by 2° (regarded as inclusion in meso-mechanics), as shown
in Fig. 4 (c), it comes to be a single elastic spherical inclusion problem for the relative infinite
elastoplastic RVE (regarded as matrix in meso-mechanics). And thus, under a given boundary condition,
the Eshelby equivalent inclusion method [13, 14] can be adopted in solution, since the equilibrium
condition, boundary condition and consistency condition have not changed. The only alteration in the
solution is just to simply replace the elastic modulus with the tangent elastoplastic modulus of frictional
elements (matrix materials). And it can be finally expressed with the increment form as follows:

D{jkl(de,{{ "¢ + def, — dej;) = DBy (del[™® + defy) (12)

frve

where de;; ™ is the average strain increment of the frictional-elements RVE in Fig. 4 (c), which

includes a single bonded element and does not undergo any eigenstrain increments.
11
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Combining Egs. (7), (8) and (12) gives the following expression:

deb = [ijit + S hn (Dhnop) ™ (Dlora — DLpye)1 del] ™ (13)
where
Lijia = 1/2 (6 + 6udji) (14)

The components of a tailing soils RVE are not constant during the loading process since the bonded
elements can gradually break up and transform to frictional elements with the increasing deformation or
strain. However, the proportion of frictional elements (matrix materials) and bonded elements (inclusions)
are constant at a fixed strain level, and we can further suppose that the bonded elements are distributed
in the frictional-elements RVE in a random, as shown in Fig. 4 (d). Considering the interaction between
bonded elements during the loading process, the deformation response between frictional and bonded
elements can be obtained based on Eq. (13) by using Mori-Tanaka method [26], with the following
expressions:

del = A del, (15)
with
Ajjia = Uijia + Siejlr)nn(DrCmop)_l(Dgpkl - D({pkl)]_l (16)

where A;jy; is atensor of local strain coefficient.

2.3 Formulation of binary-medium constitutive model for tailing soils

2.3.1 Constitutive equation

To quantify the degree of the breakage of the RVE, a breakage ratio R, is introduced with the

following expression:

12
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vl v -vP
RVZVZ(V—) (17)

where V, V/ and V? are the whole volume of the tailing soil RVE, the volume of frictional elements
and the volume of bonded elements, respectively. Atailing soil sample contains sufficient RVE, and thus
a simple homogenization theory for heterogeneous materials [40] can be used in the mathematical
analysis of tailing soils, based on which the macroscopic average stress of the RVE ¢;;”® under an
arbitrary breakage ratio R,, can be expressed as:

rve — (1/V)f loch (18)
where the superscript loc represents the mesoscopic local stress.

b

The average stress tensors of bonded elements o and frictional elements o/, are expressed as

ij ij
follows:
b= (YY) j alecdy? (19)
o= ) oo
From Eq. (18), it gives:
TU 0 f
*= () [ algear = (V1) oty + (V1) o @)
Similarly, the average strain of the RVE &/ is given by:
el f
ve — (1/[/)] loch V /V) gibj + (V /V) gifj (22)
where s’j and 'Su are expressed by:
et = (Yy) [ elyear 23)
e = (Yyr) [ eyeave @)

Substituting Eq. (17) into Eq. (23) and Eq. (24), respectively, the average stress o;;”® and average

strain &;° of RVE can be written as the following expressions:

a/’*® = (1 = RY)a}® + Ry, (25)
&P = (1 — R’ + ROl (26)
where the superscript 0 denotes the current value of variables.

13
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Eq. (25) and Eq. (26) can be given with an incremental expression as follows:
dol® = do}; + RV(do —daf}) + dRV(a —a° (27)
de[’® = deb, + R)(de]. — del) + dR, (e[ — &b (28)
where dR, denotes the increment of the breakage ratio.
Substituting Eq. (1) and Eq. (3) into Eq. (27) gives
do[® = D}y depf; + RV(Dukldskl Dl degy) + dRV(ai -a)  (29)
Eq. (28) gives
de], = R0 [ds”’“’ del — dRy (ef? — %)) + del, (30)
Combining Egs. (29) and (30) gives the following expression:
dol’® = D], dety — (1 — RO)(D);\, — Dby )del, — dRy D/ (1) — €b?)
+dRy (/- o) (31)
Let R, = RV(s”’e) the increment of R, can be expressed as follows:
aR, = {ai} e 32)
Oeg

Combing Egs. (15) and (30), the average strain increment of bonded elements de?; can be expressed

ij

by:

1 aR, "
def; = Lymn Ilmnkl o (et = et { ag;;e} l ek (33)
where L;j, is defined as the coefficient tensor with the following expression:
Lijii = Aijmn Ry Inni + (1 = RD Apnga] ™1 (34)
Substituting Eqg. (33) into Eqg. (31) gives

1 oR, )"
do, rve = D:;kldgwe -(1- RV)(DUmn L}mn)Lmnop Iopkl Ro (Erveo 801(7) {W}

rve
€kl

14
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aR,
_[DL]mn(gf £mn) (O- )] {a rve} rve (35)

Egs. (25) and (26) give

1o b0 _ b

o-ij O.UO RO ( rvel O.UO (36)
fo b b

gij SUO — RO (grveo SLJO (37)

Combining Egs. (1), (35), (36) and (37), the constitutive relations of tailing soils can be given as
follows:

d TVE Dzﬁkld‘grve - ( RV) (Dljmn L}mn)Lmnopdggze

RO {[(1 - RV)(Dl]mn ijn)LmTwp L]op](srveo Sgg)

OR
+ (Girjveo umn mn)} {6 r:e} L’ (38)

Eqg. (38) indicates that the average stress increment of RVE can be decomposed into three components,
in which the first portion denotes the stress increment when the RVE is considered to be entirely
composed of frictional elements, and the second portion shows that the existence of bonded elements
contributes to the decrease of stress increment, with the final component presenting the impact of the
breakage.

During the frozen process at the open environment, the continued growth of the ice-crystal network
increases the pore size and the volume of tailing soil samples, part of adsorbed water, unstable compound
and cement failure due to nonuniform distribution of stress and strain inside RVE. Thus, the bonded
elements selected previously may lose their high cohesive force. However, based on meso-mechanics,
the coefficient tensor L;jy,;, which connects the average strain of bonded elements and average strain of
RVE, do not be affected by the size of bonded elements (or frictional elements), and thus a bigger
spherical area contains adsorbed water, unstable compound and cement can be selected as bonded

element for tailing soils exposed to freeze-thaw cycles. In addition, in the following thawing process, the
15
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plastic deformation does not get back to the original state, leading to a strength deterioration of tailing
soils. In the proposed constitutive model, the effects of freeze-thaw cycles on meso-structure of tailing
soils can be described as the decrease in modulus and variation in parameters of the bonded and frictional
elements.

In the following sections, the stress and strain invariants are employed in the formulation, with the

mean stress o, and generalized shear stress o are respectively denoted by:

1
Om = go-kk (39

/3
Os = Esijsij'sij = 0yj — O 0ij (40)

Similarly, the volumetric strain ¢, and distortional strain &g are respectively expressed as:

&y = Ekk (41)

3 1
& = Eeijeij:eij i §5kk5ij (42)

Therefore, those above four-order tensors Dy, DY, Dy Sijiets Sty Ajkts Lijiar @nd Iiji can be
written in the form of 2 x 2 matrix as [D2,],[DLS], [DL ], [Sey ) [S2] [Axy ] [Lay] Ly ] where the
subscripts x =m,s and y = v,s and the summation convention does not operate here.

And then, the constitutive relations of tailing soils [Eq. (38)] can be also rewritten as
() ) 45)
where
[Bxy] [D y] -1~ Rl(}) [[D:{y - [Dﬁlgy]] [ny]
+ ol = D051 - 08 Dlkw] - 051) (e} - ()
(e B [A) ) )

As presented in Eq. (43) and Eq. (44), the current model has four sets of parameters, including the strain
16
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coefficient, the breakage parameter and the constitutive parameters of bonded elements and frictional
elements. These model parameters can be evaluated by triaxial compression tests with an assumption

function of the particle breakage.
2.3.2 Constitutive relationship of bonded elements

The bonded element is a spherical collection of tailing soil skeleton, which is occupied with crystal
water, unstable compounds, and cement, with strong cohesive resistance. The bonded elements here are
assumed to be homogeneous, isotropic and incrementally linearized, and its stress-strain relationship [Eq.
(1)] is assumed to obey the generalized Hooke’s law as the following expression:

dopm) _ [Drw  Dms](des) _[K? 0 ](des
(= | pb b b{ = b b (45)
dog D, Dgs1lded 0 3G°1ldeg
where K? and G? are the elastic bulk modulus and shear modulus of bonded elements, respectively.
At the initial loading within a very small strain range, the bonded elements are hardly broken, they occupy

the whole volume of tailing soils RVE. Therefore, the elastic bulk modulus K® and shear modulus G?

of bonded elements can be determined by the tailing soil samples at the initial loading stage.
2.3.3 Constitutive relationship of frictional elements

The frictional element is a spherical area that originates from the bonded element when whose brittle
bonds have been completely broken, hence the mechanical properties of frictional elements can be
assumed to be the same as those of the remolded tailing soils samples, which are reconstituted by using
the particles of the tailing soil samples that have been experienced triaxial compression experiments.
Here, a double hardening model [21, 35] for saturated soils is introduced and modified to cater for the
elastoplastic behavior of frictional elements. The parameters of the double hardening model are given
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based on the test results of the triaxial compression tests.
According to classical plasticity, the average strain incremental of frictional elements [Eq. (6)] can be
given:;
{dsg} 3 {dsge} N {ds{,cp} 46)
de! del® del?
Based on double hardening model introduced, the elastic strain can be obtained by the generalized
Hooke’s law as following:
-1
{dsf} _ [D,f; D,C:—;] {do,z;} [k 0 - {dmﬂ} 7)
del® pl¢ Dple do! 0 3G6’¢ do!
where K'¢ and G’¢ are the elastic bulk modulus and elastic shear modulus of the frictional elements,

respectively, which can be determined by triaxial compression tests.

The yielding function of the double hardening model is expressed as:

o
¢=?77F_@ (48)
Iy
and
o]
n=—; (49)
o-m

where n is a power number varying with the confining pressures; and I, and 6 are two hardening

parameters which are the functions of plastic volumetric strain &/Pand plastic shear strain &7, with the

following expressions, respectively:

fp
0 =0(el?) = poexp( z ) (50)
Cc—Cq
Iy = I(el”) = oy = (e = ago)exp(el”) (51)

where p, denotes the reference stress, and c., c4, oy and oy, are material parameters obtained by

&

triaxial compression tests. Fig. 5 shows a schematic diagram of the yield surface on the deviatoric stress

g-mean stress p plane. The model is an isotropic hardening model and the yield surface both expands and
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contracts with the variation of hardening parameters. Besides, the proportion variation of two hardening
parameters can change the shape of the yield surface, extending the applicability of the model for
complicated stress path.

Taking the non-associated flow rule into account, the plastic potential function is assumed to be similar

to the yielding function, with the following expression;

o

=—"T -0 (52)
L=

g

where w is a model parameter varying with the confining pressures, and I is a hardening parameter

expressed as follows:

I, = I(el?) = ag — (g — ago)exp(el?) (53)

with o, and a4, are material parameters obtained by triaxial compression tests. If selecting ago =
and a4o = ag, the double hardening model can degenerate to the conventional elastoplastic model with
a single hardening parameter. As shown in Fig. 5, the yield surface and potential surface passing the
same plastic strain point have different exterior normal line.

Hence, according to the classical plasticity, the stress-strain relationship [Eq. (3)] of the frictional

elements can be expressed as follow:

{da&}_[DLv Df;s] {ds,f}
dasf Dsfv Dsfs dssf)

S og B2l 2y,
SR (T

where H denotes Hardening modulus, which can be calculated as

dp oI, dg ¢ 20 ag

B _@aesf” da! 090 9¢l? o)

B na,{ln"(ad, —Iy) wn®-D
2 2
L™= /)T [ - (/1)
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o wn" 3 1
g -G 1= (/)

(55)

2.3.4 The breakage ratio

The breakage ratio Ry, is regarded as an internal variable, which is a structure parameter depending
on soil type, stress and strain level, loading history and stress path. It should be determined by performing
an analysis on meso-structure and meso-mechanic properties of the materials. However, it’s hard to give
a dynamic evolution of the breakage with reliable accuracy based on the current experimental apparatus.
Therefore, the evolving relationship of breakage ratio is established using similar determination methods
of hardening parameters in plasticity or damage factors in damage mechanics. Theoretically, the
evolution of breakage ratio R, should be consistent with the following rules: R, — 0 at the initial
loading, referring to that the bonded elements are hardly broken; R, — 1 at the high strain level, which
means the bonded elements are almost entirely broken; and R, increases from 0 to 1 with increasing
deformation or strain level, accompanied with the bonded elements gradually break up and transform to
be frictional elements. In the view of meso-mechanism, the brittle bonds of the bonded elements seem to
be broken due to the increasing tension strain and hardly be affected by the spherical strain. However,
tailing soils are porous mediums, besides face-corner contact, face-face contact also exists between
particles. Hence the brittle bonds can also be broken when experienced increasing spherical strain, and
thus, the breakage ratio R, is assumed to be a function of generalized shear strain and volumetric strain
of RVE, with the following expression:

Ry =1 —exp[—Blef®|¥ — {lef"|”] (56)

where |x| is the absolute value of variable x; B, { and @ are material parameters varying with
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confining pressures; and 1 is material constant. The evolution of parameters 8, { and @ is given by

fitting with the triaxial test data of tailing soil samples. Fig. 6 (a) shows that at the initial loading stage,

the breakage ratio R, almost presents a linear increase at various value of S, which is responsible for

the fissures generating inside brittle bonds. Therefore, a subsequent slight disturbance can aggravate the

breakage process of bonded elements. Then, the breakage ratio gradually increases and finally reaches

an extremum value of 1, at this stage of which tailing soil sample entirely consists of frictional elements.

The evolution rules of the breakage ratio R, under different material parameters, shown in Fig. 6 (b)

and (c), are similar to that of Fig. 6 (a).

2.3.5 The strain coefficient tensor

By employing a strain coefficient tensor L;j,;, the strain relationship between the bonded elements

and RVE under an arbitrary breakage ratio R, are given in Eqg. (33), which can also be could be

expressed with stress and strain invariants as follows:

i e
dSS st Lss [sv Iss

1 {Srveo} { }{aR /asrve
RO rve0 aRV/aSTW

/)

rve

dej, }
rve

de;

57

The elements of matrix [Ll-j] can be determined through the given constitutive relationships of

bonded elements and frictional elements, with the following expressions:

-Lmv Lms] ]
RY
sv Ass V

ep S
mv
Asv Ass . [Isv Iss ep Sel)] [

517

- -1
[Sﬁfij Sms| _ [Dr]:w D,’;s] [Dﬁ’w Dins
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3. Model calibration and evaluation

In this section, the determination of model parameters is presented. For calibrating and evaluation of

the proposed model, the previous experimental data [24] of drained compression triaxial tests of saturated

zinc tailing soils are employed, the tailing soil used was extracted from a seasonally frozen region. In the

experiments, a series cylinder specimens which were 39.1 mm in diameter and 80 mm in height were

prepared. The samples were saturated by vacuum and hydraulic method until the pore pressure parameter

B reached beyond 0.95, and the freeze-thaw process was conducted in an open environment with no

confining pressure applying, meanly, water exchange with surroundings was allowed during freeze-thaw

process. A freeze-thaw process lasted for 24h and the tested freezing and thawing temperatures range

from -20°C to 40°C with the number of freeze-thaw cycles N=0, 1, 5 and 15. Besides, the specimens

with N=0 were pulverized and remodeled after they have been subjected to triaxial tests, and the newly

generated frictional samples, which are entirely composed of frictional elements, were employed to

determine the parameters of frictional elements.

In an open environment, the samples are kept at a saturated state, the samples experienced increased

volume and weight after freeze-thaw cycles. The volume and weight variation of tailing soil samples

after freeze-thaw cycles were recorded in the experiments, as their average weight-growth ratio shown

in Fig. 7 (a), which is defined as a ratio between the sample’s weight increment after freeze-thaw cycles

and its initial weight. The increased weight of the tailing soil sample majorly results from the water

supplement, which is a consistent tendency with the volume increment of the specimen, as shown in Fig.

7 (b). Therefore, the decrease in density and increase in pore size are important factors that decrease the

strength of tailing soils. However, the volume change majorly occurs in the axial direction due to the
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restraining effect of rubber mold during freeze-thaw process. After 15 numbers of freeze-thaw cycles,

the volume of tailing specimens dilated by 22.03% with a 7.2 mm increase in height but only with a 2.3

mm growth in diameter, therefore, the pervious stones which diameter is a bit larger than 39.1mm was

applied during the triaxial test.

Under triaxial stress conditions, the maximal principal stress is applied along the vertical direction,

which is set as the z-axial direction, and thus, the stress and strain invariants can be simplified as the

follows:

0, = (0,+203)/3 61)
g = 0y — 03 (62)
£, = & + 2&3 (63)
& = 2(g; — £3)/3 (64)

3.1 Parameter determination for bonded elements

Tailing soils specimens at the initial loading stage are regarded as materials entirely composed of
bonded elements, and hence the mechanical properties of bonded elements are regarded to be the same
as those of tailing soil specimens at this stage. Under triaxial conditions, a distortional strain &, 0f 0.4%
is adopted to calculate the elastic bulk modulus K? and shear modulus G? of tailing soil samples based
on the previous experimental data, with the results presented in Fig. 8. At a various number of freeze-
thaw cycles N, both elastic bulk modulus K? and shear modulus G? can be fitted with exponential
functions, with expressed as K? = X;(—N/t;) +Y, and G? = X,(—N/t,) +Y,, respectively. And
under the confining pressure g;= 50kPa, 100kPa, 200kPa and 300kPa, the fitting parameters are taken

as X; = 22912.80, 22004.05, 18725.92 and 17973.74, t, =1.35, 1.31, 1.24 and 1.19, Y; = 4090.77,
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5449.33, 9424.85 and 11092.08, X, = 17556.45, 17434.15, 17261.43 and 16681.79, t, = 0.90, 1.74,

1.78 and 1.85, and Y, = 3545.62, 4615.12, 12204.60 and 15793.85, respectively.

3.2 Parameter determination for frictional element

After triaxial compression tests, the bonded elements are entirely broken, and they all transform into
frictional elements. By pulverizing and remodeling the tailing soil samples after they have been subjected
to triaxial tests, new triaxial specimens entirely composed of frictional elements can be obtained, which
obtained through this method are called frictional samples.

The mechanical properties of frictional elements are assumed to be the same as those of the frictional
samples, therefore, the parameters of frictional elements here are determined with the previous results of
the frictional tailing soils samples, which are presented in Fig. 9. The elastic bulk modulus K’¢ and
shear modulus G’¢ of frictional elements are obtained based on a distortional strain &, =0.4%. Besides,
Eq. (50) has a similar form as the equation in Cam-caly model, where p, is the reference confining
pressures at e,’;p = 0 in drained triaxial compression tests. The parameter c. is determined by c. =
A/(1 +e,), where A denotes the virgin compression slope on s{; —Inp/ plot in the isotropic
compression tests, and e, denotes the initial void ratio. The parameter c,; can be expressed by c; =
Mk/(1+ ey)lexp(—Z a5/P,) , where k is the rebounding slope on s{; —Inp/ plot, and the
parameters M and Z are material constants, with the parameter P, denoting the standard atmospheric
pressure, which is approximately equal to 101.4kPa. In Eq. (51), a4 = V1 + nsing,, where ¢,
denotes the residual angle of inner friction, and n = —ayIn(o3) + by; g, reflects the contribution
degree of the generalized shear strain, and it is determined by g, = Apag, Where Ay is a material

constant with 0 < Ay < 1. In Eq. (53), a, = Y1+ wsing, and ago = Agay, Where A, is another
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material constant with 0 <A, <1, w= —a,ln(o3) +b,. a;, a,, by, and b, are material
parameters.

Under the number of freeze-thaw cycles N = 0, at confining pressure g; =50kPa, 100kPa, 200kPa
and 300kPa, the elastic bulk modulus K/¢ = 33243kPa, 32624kPa, 33869kPa and 33981kPa and shear
modulus G’¢ = 9303, 12373, 13704, and 18417 kPa, respectively. Other experimental parameters of
frictional elements under N = 0 are obtained from the test results of triaxial tests of the frictional tailing
soil samples: virgin compression slope A = 0.123, rebounding slope k = 0.025, initial void ratio e, =
1.1, residual angle of inner friction ¢, = 32°.

The experimental parameters of the frictional tailing soil samples under N = 1, 5 and 15 are
determined based on those under N=0. Similar to the determination of the elastic bulk modulus K? and
shear modulus G? for bonded elements, the elastic bulk modulus K’¢ and shear modulus G’¢ of
frictional samples under a different number of freeze-thaw cycles are fitted by: K/¢ = X;(— N/t3) + Y,
and G'¢ =X,(—N/t,) +Y,, respectively. And under the confining pressure o;= 50kPa, 100kPa,
200kPa and 300kPa, the fitting parameters are taken as X; = 29626.89, 28419.62, 27799.90 and
2752719, t; = 1.14, 1.40, 1.86 and 2.07, Y; = 3615.80, 4203.98, 6068.90 and 6454.12, X, =
8150.17,9754.30, 10224.40 and 12893.71, t, = 1.28,1.58,2.59 and 2.85,and Y, = 1152.60, 2618.87,
3479.30 and 5523.45, respectively. Besides, experimental parameters of the frictional tailing soils
samples 1, k, ¢, and ey under various number of freeze-thaw cycles are given by: 1=
—0.010exp(— N/—0.139) 4+ 0.136, k = 0.012 exp(—N/1.692) + 0.013, ¢, = 7.95(— N/2.19) +
23.63 and e, = —0.29(— N/2.76) + 1.39. In addition, under the confining pressure of 50kPa,
100kPa, 200kPa and 300kPa, material parameters M = 4.263, 45.62, 8.49, 48.83, Z = 0.06,

0.21, 0.39, 0.82, a; = —1.13, —0.88, —0.54, —0.84, a, = 3.62, 3.60, 3.54, 3.47, and b, = 8.4,
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7.2, 5.5, 5.0, respectively. Finally, the rest of material constants have a fixed value at an arbitrary

number of freeze-thaw cycles and confining pressures: b, = 0.002, A4 = 0.8, and A, = 0.72.

3.3 Parameter determination for the breakage ratio

In this paper, the breakage ratio R, for tailing soils is regarded as an internal variable, whose
dominant parameters are very difficult to establish at meso-scale based on the existing testing technology.
It is considered that the compaction effect on tailing soils can be enhanced as the increasing confining
pressures, which will improve the stiffness of brittle bond and slow down the ratio of bond breaking,
even though a slight breakage may happen at the consolidation procedure. Therefore, the impact of
confining pressure is implicitly integrated into the breakage ratio R, with the material parameters g,
¢ and @ expressed by: B = Byo3Y, { = {403 + 0, and @w = w,In(a3) + 6, where B,, y and o
are model parameters, and {,, @ and 6 are material constants. ¢, takesa constant value with various
confining pressures.

Here, the above parameters can be obtained by fitting with the test results. Under the number of freeze-
thaw cycles N =0, 1, 5 and 15, the model parameters g, = 0.074, 0.103, 0.105, 0.180, y =
0.54, 0.52, 0.45, 0.44, o=45, 25, 15, 4, and y, = 0.030, 0.037, 0.048 and 0.050,
respectively. Besides, material constants ¢, = 0.03, @w, = —0.213,and 6 = 1.5 for various confining

pressures and an arbitrary number of freeze-thaw cycles.

3.4 Parameter determination for the strain coefficient tensor

For the spherical bonded elements, the matrix form of the Eshelby tensor Sf, under triaxial
compression conditions can be determined by:
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5ol =g ¢ ]= P Lo (65)

Ssv Sss 2GS
P 14 vfe e 4 — 5yfe 66
T 9(1—vfe)’ T 15(1 —v/e) (66)

where v/¢ is the elastic Poisson ratio of the frictional elements, which can be determined from the

elastic bulk modulus and elastic shear modulus of the frictional elements. And matrix [I,,] gives

1
Iy Ims] _| /3 0
= (67)
Isv Iss 0 3/2

And thus, the strain coefficient tensor L;j, under triaxial compression conditions can be obtained by
Eq. (58) incorporated with the breakage ratio and the constitutive relationships of bonded elements and

frictional elements obtained previously.
3.5 Model Verification

To further confirm the reasonability and applicability of the model proposed here, the comparisons
between the computed results with the previous tested data are depicted in Fig. 10, where T-x kPa and
C-x kPa represent the tested and computed results at a confining pressure of x kPa, respectively.
Comparisons with the previous experimental date demonstrate that under low confining pressures within
a small number of freeze-thaw cycles (N=0-0;=50kPa, N=0-05=100kPa and N=1-0;=50kPa), the
proposed model can describe the strain-softening behavior of tailing soils, which is accompanied by a
volume contraction followed by volume dilation behavior. Although the computed peak deviatoric
stresses present a slight delay than those of the experimental results, their residual strength is very close.

Besides, the other computed results agree well with the tested results. As presented in the figure that
the computed results with relative lager number of freeze-thaw cycles under low confining pressures

(N=1-05=100kPa, N=5-05=50kPa and N=5-0;=100kPa) present strain-softening behavior and
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volume compression. In addition, the rest of the computed results all present strain-hardening behavior

with the volume contracting all the time.

Although there are slight differences in values between the computed and tested results, the results

demonstrate that the theoretical model proposed can reproduce the major aspects of the freeze-thaw

influences on the mechanical behaviors of tailing soils, and the predicted results are in well agreement

with the tested data.

4. Conclusions

In this study, a new binary-medium constitutive has been developed for freeze-thaw tailing soils based

on the homogenization theory. The new constitutive model proposed here idealizes the tailing soils as

composite materials composed of bonded elements and frictional elements, which are described by

generalized Hooke’s law and a double hardening model, respectively, and the failure or breakage

mechanism of tailing soils is discussed at a multi-scale coupling of macroscopic and mesoscopic views.

Compared with the previous binary-medium constitutive, the strain coefficient tensor connecting the

strain of bonded elements with the strain of RVE has been derived based on meso-mechanics and the

breakage mechanism. The comparisons between the computed and experimental results demonstrate that

the new theoretical model can reproduce the main influence of the freeze-thaw cycles on the mechanical

behavior of tailing soils, including the strain-softening behavior and the volume contraction behavior

followed by a volume dilatancy under low confining pressures within a small number of freeze-thaw

cycles, and the slight strain-softening behavior with a continuous volume contraction behavior under low

confining pressures with a relative lager number of freeze-thaw cycles, as well as the strain-hardening

behavior accompanied by a continuous volume contraction under high confining pressure and large
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Nomenclature

superscript b denotes the variable of bonded elements

superscript f denotes the variable of frictional elements

superscript frve denotes the variable of frictional — elements RVE
superscript rve denotes the variable of representative volume element (RVE)
superscript loc denotes the ssmesoscopic local variable

superscript 0 denotes the current value of variables

&;j Stress tensor

g;j Stain tensor

&;; eigenstrain tensor

sl-tj constrained strain tensor
0, = p mean stress

o, generalized shear stress
&, volumetric strain
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624
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627

628

629

630

631

632

& distortional strain

01, 02,03 major, intermedine and minor principle stress,respectively

&1, &, &3 major, intermedine and minor principle strain, respectively

Dibjkl elastic modulus of bonded elements
Difjkl tangential elastoplastic modulus of frictional elements

Difj‘,‘;l elastic modulus of frictional elements

K bulk modulus
G shear modulus

vF€ Poisson ratio of the frictional elements

¢ yielding function

g plastic potential

H Hardening modulus

0, [ and Iy hardening parameters

n and w power numbers varying with the confining pressures

po reference confining pressures at zero plastic volumetric strain in drained

triaxial compression tests
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Cer Cay Ogpy A, Oy And ayo material parameters
A virgin compression slope on s,f —Inp/ plot
ey initial void ratio on s,f —Inp/ plot

Kk rebounding slope on s,{ — Inp/ plot

M, Z,A¢ and Agmaterial constants

P, standard atmospheric pressure

@, residual angle of inner friction

N Number of freeze — thaw cycles

Ry breakage ratio
B, ¢ and @ material parameters varying with confining pressures

1) material constant

Ajjiq local strain coef ficient which connects the strain of bonded and frictional elements
Liji strain coef ficient which connects the strain of bonded elements and RVE
I;jj unit tensor

6;j Kronecker delta
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