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safety. Hereto, researchers have studied methods to improve
the fatigue performance from multiple perspectives such as
materials and structures [7—10]. However, it is impractical to
solely rely on experimental means to address the problem of
high cycle fatigue failure in the development process, and the
probabislitc estimation techniques for bladed discs are
needed to provide guidance. This is because the high cycle
fatigue test of the actual aeroengine bladed disc consumes a
long cycle time and is unaffordably expensive, and the influ-
ence of random factors on the fatigue lifetime dispersion is
also be easily ignored [11—-13]. Probabilistic estimation pri-
marily comprises the response evaluation of stress level and

1. Introduction

High cycle fatigue failure is the most common failure mode of
aeroengine compressor bladed discs, and it is one of the most
difficult challenges that has plagued numerous generations of
aeroengine development [1-3]. According to the aero statis-
tics, high cycle fatigue failure of bladed discs accounts for
about 25% of all accidents [4—6]. The development of aeroen-
gines has focused heavily on how to reduce the probability of
high cycle fatigue failure of bladed discs, lower the cost of
unscheduled aeroengine maintenance, and improve the flight
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Abbreviation list

LSSVR Least squares support vector regression
FLSSVR Fuzzy Least squares support vector regression
MRE Mean relative error

RMSE  Root mean square error

SWT Smith-Watson-Topper

PDF Probability density function

CDF Cumulative distribution function

MCS Monte Carlo simulation

Py(e) Fuzzy probability function

0] Hilbert space transformation function

V(o) Kernel function

[lell Norm function

®(o) Standard normal distribution function

y Logarithmic fatigue lifetime

y* Equivalent logarithmic fatigue lifetime

S Stress level

w Logarithmic lifetime mean value

o Logarithmic lifetime standard deviation
Yso(e) Median logarithmic fatigue lifetime function
t;¢(n — 1) Bilateral « quantile with n degrees of freedom
S Equivalent cyclic symmetric stress amplitude
Smax Maximum stress

Sa Stress amplitude

S Average stress

Ps Survival probability

fatigue modeling of strength level, namely stress response
evaluation and fatigue strength assessment. In this regard,
relevant scholars have conducted extensive studies, yielding
more productive outcomes [14—18].

At the level of stress response evaluation, given the long
computing time of structural responses, the construction of
surrogate models representing the mapping connection be-
tween input variables and output response is the common
method for doing efficient evaluation [19-23]. Currently, in
response to the conflict between accuracy and efficiency
brought on by the complicated and high-nonlinearity stress
response assessment, several surrogate model approaches
with ensured correctness have been presented one after
another. For example, Niu et al. combined reliability theories
and sampling techniques to establish a fatigue reliability
framework for multivariate uncertainty problems including
geometric dimensions [24]; Zhu et al. developed a
computational-experimental framework for fatigue reliability
assessment and presented a comprehensive uncertainty
quantification procedure to quantify multiple types of uncer-
tainty [25,26]; Gao et al. combined Kriging models with sub-
structure techniques in structural dynamics, to propose an
efficient probabilistic analysis method for bladed disc com-
posite lifetime [27]; For the dynamic fatigue reliability of
integrally bladed discs, Zhang et al. built a generalized
regression extremum neural network and examined the fa-
tigue reliability under the influence of thermo-solid coupling
loads [28]; Song et al. proposed a distributed collaborative
wavelet neural network based on the error control technique

for the probabilistic fatigue lifetime assessment of turboma-
chinery [29]; By combining surrogate model into cooperative
design, Meng et al. developed a framework for reliability
optimization of turbine blades, offering a creative way to
lessen the high computational tasks associated with inter-
disciplinary optimization [30].

At the level of fatigue strength assessment, researchers
have proposed a set of fatigue models and calibrated models
for complicated load states of material standards. For
example, Walls et al. suggested a high cycle fatigue crack
expansion model for bladed discs based on fatigue fracture
theory, measuring the relationship between the stress in-
tensity factor and the crack length [31]; Hou et al. established a
power-law lifetime model based on crystallography to study
the fatigue lifespan of a nickel-based single crystal bladed disc
[32]; Zhang et al. developed a high cycle fatigue model for
predicting the bladed disc fatigue lifetime induced by aero-
dynamic loads [33]; Han et al. projected the safe service life-
time of bladed discs with residual lifetime using the
calibration technique of probabilistic characteristic parame-
ters [34]; Zhu et al. yield an ultrahigh cycle probabilistic fatigue
lifetime prediction model under size effect based on calibrated
weakest-link theory by taking the defect factor into account,
and the proposed technique is confirmed to be accurate in
fatigue lifetime prediction for defective materials [35—38]. In
summary, the probabilistic methods and calibrated fatigue
models discussed above provide an effective strategy for
predicting probabilistic fatigue lifetime for complex structures
(i.e., aeroengine bladed discs).

It is believed that the probabilistic properties can accu-
rately describe the uncertainties of variables like material
properties, geometric dimensions and suffering loads, and
that the information reflected by the test data relied on their
fatigue modeling process is sufficient and does not require
additional consideration. However, all of these probabilistic
methods and models are proposed based on the stochastic
framework. In actuality, not all of the aforementioned pa-
rameters are always met when predicting the probabilistic
high cycle fatigue lifetime of bladed discs [39—42]. For
instance, some input variables may not be accurately estab-
lished or described (i.e., have ambiguity) when modeling the
stress response [43—45], such as the rotor speed of a
compressor, which is jointly controlled by several systems,
and its small fluctuations within the allowable range may
exhibit irregular characteristics that cannot be accurately
described by a typical probability distribution. Additionally,
when modeling strength models, the calibrations to the
models may be uncertain due to a lack of information [46—48],
i.e., during the calibration of average stress, the small sample
test conditions allow for the simultaneous admission of
multiple probability patterns of inherent material dispersion
at a given confidence level, which results in significant dis-
crepancies between the calculated and true values of cali-
bration parameters [49]. The ambiguities of stress and the
non-precision of strengths may be characterized by the
fuzziness of probabilistic fatigue model, both of which influ-
ence the estimation accuracy. Therefore, it is important to
account for the fuzziness of stress and strength, to further
improve the estimation accuracy of probabilistic fatigue
modeling.
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In this case, a probabilistic fatigue estimation framework
by considering multiple fuzziness (i.e., stress and strength) is
proposed for aeroengine bladed discs. In the presented
framework, a fuzzy variable randomization-based fuzzy least
squares support vector regression is proposed for stress
fuzziness, a fuzzy strength model with average stress cali-
bration is established for strength fuzziness, and the corre-
sponding sampling-based probabilistic fatigue estimation
framework is constructed. By regarding a typical compressor
bladed disc as a case, the proposed framework is validated. In
what follows, Section 2 introduces the basic theory of the
proposed estimation framework; the probabilistic fatigue
lifetime estimation for a bladed disc is regarded as a validation
case in Section 3; some conclusions are summarized in Sec-
tion 4.

2. Basic theory

In this section, the influence of fuzziness on the probabilistic
fatigue lifetime assessment is considered at both stress and
strength levels, and a probabilistic estimation framework for
high cycle fatigue lifetime is established, including surrogate-
based fuzzy stress evaluation, calibration-based fuzzy
strength assessment and the specific probabilistic fatigue
framework under multiple fuzziness.

2.1. Surrogate-based fuzzy stress evaluation

To address the problem that plentiful input parameters are
ambiguous and cannot be accurately described by random
probability theory, by combining the fuzzy set theory with the
least squares support vector regression (LSSVR) [50-53], a
fuzzy LSSVR (FLSSVR) method is proposed, by first realizing
the interconversion of fuzzy space and probability space
based on the sample prior distribution, and then building the
training sample set in probability space for LSSVR fitting. The
detailed modeling process of the FLSSVR is summarized as
follows.

Assuming that (2, F, P) denotes the probability space and A
is a fuzzy event in the probability space; for the membership
function u , the fuzzy probability can be expressed as [54]:

P,(A) & /AdP:/uA(x)dx (1)

When the prior probability density function f (-) of proba-
bility event P is integrable, the Eq. (1) can be rewritten as

P,(A) = / 1, (XI0)f (6)d0 2)

R

According to the normalization of the fuzzy probability
(i-e., Pz(Q) = 1), the probability density function of the fuzzy
event A is obtained as

£ -2t O)
/ , (X|0)f (0)d6

R

(3)

For the fuzzy probability problems with a scarcity of

samples, the uniform distribution is normally taken as the cut
set distribution, then the above probability density function
can be simplified as

Mz (%) @)
; (x)dx

fA(X)_/;LA

R

According to the conditions of regularity, normalization
and continuity of the probability density function, the distri-
bution function F(x) of the fuzzy variables is derived as

/ / g (X dx ®

Considering the distribution function of any continuous
real random variable obeys uniform distribution U(0,1), based
on the above probability distribution function, the process of
transformation from fuzzy space to probability space can be
established by: firstly, replacing the fuzzy input parameter x
with z ~ U(0,1), and co sampling between z and random input
parameter x to construct equivalent input parameter set (x, z);
thenceforth, the input parameter set x = (x, %) is acquired by
performing x = F,~"(z); finally, actual sample set (x,y) is ob-
tained through structural simulation. Based on the built
sample set and the LSSVR model, the regression model is
mapped from the original space to the high-dimensional
space, to realize the mutual transformation of fuzzy space
and probability space. Among them, the nonlinear regression
function of FLSSVR is expressed as

f(x,0)=wo(x) +b 6)

where w denotes the parameter vector. By applying the error
2-norm and the regularization parameter y to design the loss
function, the nonlinear regression problem can be trans-
formed into the optimization problem as

min o|* + v} (i - (we(x) +b))* )

Assuming that the kernel function is y(x, x;)=<¢(x), ¢(x;)>,
by employing the Lagrange method, the above optimization
problem can be solved by the following linear equation set,
ie.,

ro 1 1 1 7
1 yY(xq,%1) + % Y(X1,%z) W(X1, Xn)
1 ¥(Xa,X1) Y(X2, %) + % Y(X2, Xn)
1 1
L ‘//(mel) W(XTHXQ) l//(Xy,,Xn) +Z_
b 0
oy ya
X 0(.2 = y.z (8)
an) LY

After acquiring the solutions of the equation set (i.e., a¥,
b*), the FLSSVR model can be obtained as
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f(x)= Z ay(x,x;) + b’ 9)

Based on the proposed transformation method for fuzzy
parameter and its equivalent random parameter, sampling
simulation on Eq. (9) can be realized through co-sampling
between random parameters and equivalent random param-
eters of fuzzy parameters.

2.2. Calibration-based fuzzy strength assessment

In high cycle fatigue modeling from the material level to the
component level, it is frequently necessary to introduce cali-
bration parameters to achieve high-accuracy lifetime predic-
tion. For example, the actual stress loads of considerable
structures are asymmetric cyclic loads, which mostly needs to
be corrected for average stress. For complex structures like
aeroengine bladed discs, the fatigue tests of large quantities of
expensive components are not only challenging to be ach-
ieved but invariably subject to cognitive factors in few tests,
making the model calibration inaccurate. To address this
problem, a fuzzy calibrated fatigue dispersion modeling is
presented.

2.2.1. Fatigue dispersion modeling

Based on the probability quantile consistency principle for
logarithmic fatigue lifetime assessment as shown in Fig. 1
[55,56], it is assumed that the logarithmic lifetime of the
same batch of specimens at different stress level is situated at
the same probability quantile in respective logarithmic life-
time distribution (i.e., Ig N ~ N(g, ¢?)), i.e.,

i i j — M
P(IgN; < i) =@ (y l”):P(lgNj <yj):<1><yJTj’> (10)

where y = 1g N denotes the logarithmic lifetime of the same
specimen,; i, j denotes the i-th and j-th stress levels.

A large number of tests show that there is also an
approximate linear relationship between the logarithmic
lifetime standard deviation ¢ and the stress level S for the
same batch of metal specimens [57,58]. Based on the fitted
coefficient k, it can be expressed as

oi—0;=k(Si—-5;) (11)

Considering the low dispersion of specimen lifetime at
high stress level, the equivalent logarithmic lifetime can be

T
5 A
& P(nu)=P(nx)
w2
-
| P(ﬂl 1)
| I
g o e A
|
| : P(nyy)
1 s »
ni N Fatigue lifetime

Fig. 1 — Probability quantile consistency principle.

derived by converting the test logarithmic lifetime of each
stress level to the logarithmic lifetime at high-stress level S* as
o (yi—w)o”

_ o Dimm)e
Yi= i MG 0+k(S—S) (12)

where the mean value of logarithmic lifetime is calculated
from the median logarithmic lifetime curve u = y,(S). Since
the parent sample of the equivalent logarithmic lifetime at
stress level S* should obey N(u*, ¢*?), the coefficient k can be
derived from

n—12<o +ks)—a; ))2:“*2 (13)

where n indicates the total number of specimens. For complex
and expensive aeroengine bladed discs, it is still difficult to
determine the lifetime distribution under a certain stress level
by high cycle fatigue test (at least required 15 specimens),
namely ¢* in Eq. (13) is difficult to be counted accurately. In
this regard, this study proposes a strategy to determine the
value of ¢*: considering that the population mean value u* of
fatigue logarithm lifetime at stress level S* can be considered
as known, the population variance should make the sample
mean value pass the hypotheses-test and the calculated
standard deviation at each sample should be positive, i.e.,

n712<a +kS—S)>
g

& m

[ERE=.

o +R(S—S)>0,i=1,2-n

2

s.t.

> <t1,%(n — 1)

Assuming that the standard deviation solution interval is

*

t i Tmay) and G denotes the standard deviation of specimen
lifetime under stress level S*, then the ¢* can be obtained as

(o

o x P *
0 = 0mins 0 <0Opin

* * e *
0 = Omax) 0 > Opin (15)

¢ =75 ,otherwise

2.2.2. Calibrated fatigue model

Taking into account the limited sample size certainly raises
the probability of evaluation bias, which leads to large
dispersion assessment mistakes. In this context, considering
that the errors in the calibrated model are mathematically
reflected in the cognitive uncertainty of model parameters, we
employ the fuzzy calibration parameters, instead of deter-
ministic calibration parameters, to establish a fuzzy calibrated
model. Herein, the Walker calibrated model [59,60] is adopted
as the basis for deriving the fuzzy calibrated modeling, i.e.,
Sar=SL 1S (16)

max*=a

where S,.x denotes the maximum stress at weak site; S, the
stress amplitude; S, the equivalent cyclic symmetric stress
amplitude, i.e., the stress level S under stress ratioR = —1; y
the calibration factor of average stress, belongs to (0.4, 0.8).
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(b) normal type
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(d) ridge type

Fig. 2 — Probabilistic characteristics of membership functions.

Based on the fatigue dispersion modeling in section 2.2.1, the
mean value and standard deviation of logarithmic lifetime is
Sar; =y Srlnﬂ;sz
f"( 'Y) *}’50( a ) . (17)
o(Sar;¥) =k(S" = SpSI) + o

max*-a

Moreover, the equivalent logarithmic lifetime of the
transformation of the test sample values to the stress level S*
can be expressed as

. yi— . S;a;is;/,i “
¥ =g(r) = (k G 5"527 <) Z)U +u (18)

max,i~a,i

when v is a fuzzy variable, the equivalent logarithmic lifetime
can be considered as a random variable with a conditional
probability density, i.e.,

1 _g-u")?

Fi17) = e (19

Considering that the empirical or calibration parameters in
the calibrated model are usually regarded as the fixed values,
the commonly applied L-R membership functions [61,62]
(including triangular type, normal type, gamma type, and
ridge type) are used, whose median point m and shape pa-
rameters ¢ are shown in Fig. 2.

Given that the classical set is a special case of the fuzzy set,
the Walker calibration parameters can thus be viewed as
derived from the fuzzy sample set with constant eigenvalues
of 1. Therefore, when the median value of the membership
function m is difficult to obtain by fuzzy statistics, the optimal
parameter in the classical set can be used as the median point
in the fuzzy set with the membership degree of 1, i.e., the
parameter value can be estimated by minimizing the sum of
squared residuals (SSE) of the median S—N curve

m = argmin > (N; — Nso;) ’
¥ (20)
st. 04<v<0.8

According to the conditional probability density of Eg.
(19), the posterior distribution of the fuzzy random calibra-
tion parameters can be obtained from the Bayesian equa-
tion, i.e.,

FGY)<f ' 7)f 5 (v) (21)

where y* = (y1,y,, ...,¥y,) indicates the equivalent logarithmic
lifetimes, the probability density of fuzzy random variables
f5(v) is obtained from Eq. (4). The shape parameters 6 can be
derived from the likelihood function:

0" = argmax (y'|9)f,(v) (22)

To solve for the optimal parameter #*, the equivalent
logarithmic lifetime samples are calibrated to the unbiased
estimation samples of N(u*, ¢*%). Moreover, from Eq. (18),
the probability density of an equivalent logarithmic lifetime
is

w97 ()
[ wla ey

Therefore, the shape parameter of the fuzzy variables y can
be derived by

fiyi)=f,(g7' (i) = (23)

CEEELITEED WY I CINAL S
- (24)

DY) =g 2 [ (x B o= o
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Fig. 3 — Flow chart of the probabilistic fatigue lifetime
estimation approach.

To acquire optimal membership function of fuzzy cali-
bration parameters, different forms of membership functions
are used and the above fitting process is repeated. The likeli-
hood values of large samples suggest stronger goodness of fit
of the calibration parameters, thus producing an average
stress fuzzy fatigue model, where the sample likelihood
values can be determined by

n f’('Y) (yl *,U(Smih’))z
L= ————exp| —— " |d 25
I];! / ’Y\/Z-TTO' (Suy,i |’Y) P 20'(Sa'r.i ‘7)2 Y ( )
2.3. Probabilistic fatigue framework under multiple
fuzziness

For any stress level S = (Smax, Sa), the mean value, variance of
the log-life distribution can be expressed as

Intake

Compression

Air Inlet Combustion Chamber

Cold Section

Combustion

Turbine

Hot Section

u=(Si) = [ Fuo(Sulr)f, (1)dy (262)
3 (x—p)’
. *R/ f‘mR/ Vo (k(S Skt 1 1) T
(26b)

( (= slSaln)’ 2) xdy
2(k(S" — SkaxSy) +07)

For a given survival probability P, the logarithmic lifetime
can be calculated by

Yo =t = Rp, 100 (27)

where kpsq., represents the one-side tolerance coefficient
[63—65]. Since the equivalent probability density function of
fuzzy variables f_(v) is usually an atypical distribution func-
tion, it is hard to achieve the solution of the variance of Eq.
(26). But it is noticed that for each value of fuzzy calibration
parameter, the median logarithmic lifetime and its standard
deviation can be calculated by the equation below, which
provides a way for the statistics of probabilistic fatigue life-
time by sampling.

1= Yso(StmaiS)

28
a:k(S*fsl’V‘S“") +0 (28)

max*=a

In summary, this paper considers the influence of fuzzi-
ness on the probabilistic fatigue lifetime assessment from
multiple fuzziness levels: firstly, in terms of stress fuzziness,
for the influence of load fuzziness on stress level, a fuzzy
variable randomization method with arbitrary membership is
established, and a FLSSVR model is proposed; moreover, in
terms of strength fuzziness, for the influence of average stress
on fatigue strength, a fuzzy average stress calibration coeffi-
cient method is proposed, and the corresponding membership
function fitting strategy and lifetime calculation method are
given; finally, considering stress and strength fuzziness
simultaneously, a probabilistic fatigue framework considering
stress/strength fuzziness is established, as shown in Fig. 3.

3. Case study: probabilistic fatigue lifetime
estimation for bladed disc

In this section, to validate the proposed framework, the

probabilistic fatigue lifetime estimation of aeroengine

Exhaust O High cycle fatigue

Compressor bladed disc

Fig. 4 — Schematic diagram of a typical compressor blade disc.
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Table 1 — Distribution characteristics of material
parameters.

Random o, kg/m® E,GPa G,GPa a,107° °C v
variables

Mean values 4440 109 44 9.1 0.34
Variances 44 4 1.09 0.44 0.091 0.0034

o, MPa
i 735
653
572
490
. 408
327

245
163

81.7
0.06

Suction surface

Pressure surface

Fig. 5 — Stress distribution on bladed disc under 100%
rotational speed.

compressor bladed disc [66] is performed with the consider-
ation of stress/strength fuzziness, the schematic diagram of
an aeroengine bladed disc as shown in Fig. 4. It should be
noted that all computations are performed on an Inter(R)
Core(TM) Desktop Computer (i7-9700K CPU 3.6 GHz and 16 GB
RAM).

3.1. Material preparations
Given that the randomness of material parameters has a large
influence on the fatigue lifetime dispersion of titanium-based

superalloy (TC4 material) bladed disc, the material density p,
elastic modulus E, shear modulus G, expansion coefficient «,

780 " " . :

£
®

=

nE 760 B
%]

172}

b
B 740t

7]

5

)

e

o 720t

>

=
o
g 700

S L
ks P — Perfect prediction
E ® Observations of Sm

680 1 L 1 L

680 700 720 740 760 780
True average stress Sm, MPa

(a) average stress

and Poisson's ratio v are considered as the random variables,
and their distribution characteristics are shown in Table 1;
moreover, according to the compressor speed load spectrum
with large fuzzy characteristics, the bladed disc speed is
considered as a fuzzy variable with a priori distributed as
N(225, 2.25), and its membership function is shown in Eq. (29).
By introducing these uncertain variables into the finite
element model of the bladed disc, and the deterministic
analysis is carried out to derive the stress level of the bladed
disc at 100% operating speed (n = 225 r/s). As can be seen in
Fig. 5, the maximum stress of the bladed disc occurs at the disc
rim site, which reaches 735.17 MPa and is the weakest site
where fatigue damage is most likely to occur. Therefore, the
probabilistic fatigue lifetime estimation will be carried out
subsequently for this weak site.

(x—225)2

e 22 x<225
o (x) = 1, x=225 (29)
(x-225)2
e sa2 . X>225

3.2. FLSSVR surrogate modeling

Based on the numerical characteristics of the uncertain vari-
ables, a small number of training samples are extracted. By
employing the surrogate modeling strategy proposed in Sec-
tion 2.1, the surrogate models for average stress
Sm = Sm(p,E,G, o, v,n) and stress amplitude S; = Sq(p,E, G, a, )
are established. The regression effects and relative errors of
the built surrogate models are shown in Figs. 6—7, respec-
tively. To further verify the generalization ability of the built
surrogate models, the quantitative indicators like mean rela-
tive error (MRE) and root mean square error (RMSE) are
introduced in Eq. (30), it is found that the MRE values of the
average stress surrogate model and stress amplitude surro-
gate model are 0.0013 and 0.00021 respectively, and the RMSE
values are 1.192 and 0.0311 respectively. Therefore, the built
surrogate models are validated to hold high accuracy and can
replace the complex nonlinear finite element simulation for
efficient and accurate stress level prediction.

- 128 . ‘ : . .
o
=
w 127.5¢
n
S
2 1277 1
o
g 1265" ]
%
o
2 126 1
=l
8
._% 125.5 ¢ — Perfect prediction
33 ® Observations of Sa
B~ 125

125 1255 126 1265 127 127.5 128
True stress amplitude Sa, MPa

(b) stress amplitude

Fig. 6 — Regression effect of the built surrogate model.
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Fig. 7 — Relative error of the built surrogate model.

1 — i .

Table 2 — Model parameters of the built Walker and SWT MRE = n Z X : X ,Ji=1,2,--,n
models. i=1 ! (30)
Parameter Walker SWT Walker SWT 1 R

R=01) ([®=01) (R=05 (R=0.5) RMSE = [~ ; (% — %) i=1,2,n
% 0.4869 0.5 0.5033 0.5
u* 4.1733 4.0460 4.1400 4.1844
a* 0.1075 0.1005 0.1685 0.1187

max’

(c) gamma membership function (d) ridge membership function

Fig. 8 — Lifetime distribution under R = 0.1 with different membership functions.
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Fig. 9 — Lifetime distribution under R = 0.5 with different membership functions.

3.3. Fatigue modeling of TC4 material

1 1
Under the stress ratio R = —1 loading conditions, the fatigue 1gN = (IgA+1g50) — 1 18(5 ~ S0)
lifetime test data of TC4 standard components are shown in
Table A in Appendix section [67]. Based on Stromeyer's for-
mulas [68,69], the high cycle fatigue lifetime of TC4 material
can be acquired by

(31)
s.t.So = argmax r?

where S, indicates the model coefficient; r the correlation
coefficient. By fitting the test data in Table A with the least
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Fig. 10 — Prediction accuracy of the presented fatigue modeling.
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(a) R=0.1

(b) R=0.5

Fig. 11 — Standardized test sample of the probabilistic fatigue modeling.

squares method, the S—N curve of median fatigue lifetime can
be established

y=1g N =9.6060 — 2.2087 Ig(S — 297) (32)

According to the presented fatigue dispersion modeling in
Section 2.2.1, with a standard deviation slope of u* = 4.1813,
o* = 0.1767 and k = —0.0004868, the logarithmic lifetime dis-
tribution at stress level S* = 583 MPa is estimated for the most
fatigue lifetime test data among each stress level as is shown
in Table A, then the standard deviation of logarithmic lifetime
at any stress level can be expressed as

#(S) =0.0004868(583 — S) -+ 0.1767 (33)

By using the fatigue lifetime test data [67] of TC4 material
(as shown in Tables B-C in Appendix section) under stress
ratio R = 0.1 and 0.5 loading conditions: six columns (15 data)
on the left side in Tables B-C are used as fitted samples and
four columns on the right side are used as test samples, and
the fatigue lifetime curve based on the Smith-Watson-Topper
(SWT) calibrated model is regarded as the comparison model,
as shown in Eq. (34). From the estimation results in Table 2, it
is clear that using the average stress calibrated model with
given parameters to estimate the lifetime will produce sig-
nificant errors in calculation results, which, if not addressed,

(a) R=0.1

will make it hard to accurately predict the fatigue lifetime of
the bladed disc.

Yero1 = 1g Nro1 = 13.0235 — 3.5207 1og(\/SmaXSa - 228)
Yeros = 1g Nros = 12.6068 — 3.5910 1og( SmaxSa — 283)

3.4. Calibration for fatigue model

Based on the fatigue test lifetimes with stress ratios of R = 0.1
and R = 0.5 as shown in Tables B-C, the fatigue model is fuz-
zified by selecting the membership functions of triangular,
normal, I and ridge distributions, respectively, and the fatigue
lifetime distribution under each stress level at R = 0.1 and
R = 0.5 stress ratios are shown in Figs. 8—9, the corresponding
membership functions and maximum likelihood values are
shown in Tables D-E in Appendix section, respectively. Here-
in, the red lines, blue lines, and green dots indicate the prob-
ability density function (PDF) curves, cumulative distribution
function (CDF) curves, and test data, respectively. From Tables
D-E, it is clear that the normal type and the ridge type mem-
bership function fits the data best for R = 0.1 and R = 0.5
respectively, what will be used to create the fuzzy calibrated
fatigue model. Note that the test data under two stress ratios
are taken to accomplish the fatigue modeling and verify the

(b) R=0.5

Fig. 12 — Lifetime distribution comparisons of the Walker and the proposed model.
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Fig. 13 — Fatigue strength surface under different survival probability.

superiority of the presented model, which can better illustrate
the advantages of the proposed method.

3.5.  Validations for the built fatigue model

Based on the calibration-based modeling proposed in Section
2.2.2, a fuzzy calibrated fatigue model for TC4 material is
developed from fitting data in Tables B-C, its prediction ac-
curacy is shown in Fig. 10. To verify the performance of the
constructed fuzzy model in terms of fatigue lifetime
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(a) average stress

distribution estimation, it is compared with the Walker
calibrated model, as shown in Figs. 11 and 12. Among them,
the green lines and red lines indicate the PDF curves of the
Walker calibrated model and the proposed model, respec-
tively; the pink lines and blue lines indicate the CDF curves of
the Walker calibrated model and the proposed model,
respectively; and the green dots indicate the test data. From
the comparison of the lifetime distribution and deviation
under the stress ratio R = 0.1 and R = 0.5, we can observe that
the test likelihood values obtained from the fuzzy calibrated
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Fig. 14 — Probabilistic simulation results of stress level.
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Table 3 — Estimation results of probabilistic fatigue lifetime.

Numerical traits Average stress, MPa

Stress amplitude, MPa Median lifetime, cycles

737.47
15.828

Mean value
Standard deviation

126.32 4.7822 x 10°
0.504 43266 x 10°

model and the Walker calibrated model under the stress ratio
R = 0.1 are 3.0042 and 1.2681, respectively, and the test
likelihood values obtained from the fuzzy calibrated model
and the Walker calibrated model under R = 0.5 are 0.3561 and
0.3354, respectively, which verifies the fuzzy calibrated
model possesses higher evaluation accuracy.

3.6. Probabilistic fatigue lifetime estimation

In view of the average stress at weak site of bladed disc is
usually much larger than the stress amplitude, the stress ratio
R = 0.5 test data is chosen to establish the fatigue fuzzy
probability model, and the correction coefficient is taken as
1.1 which often belongs 1.1 to 1.3 in engineering practice.
When considering both random and fuzzy variables, the
probabilistic fatigue model is built as

1gN =9.6060
—2.2087 1g<1.1(sm(x, ) + Sa(x, %)) 7Sa(x,%)T — 297) (35)
20 1e-6
. [ S
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(c) MCS only with stress fuzziness

Based on lifetime sampling at each stress level, the fatigue
strength lifetime curve with given survival probability Ps is
shown in Fig. 13. By imported input variables into the built
FLSSVR and calibrated fatigue model for 10 000 times, the
distributions of average stress, stress amplitude are obtained,
as shown in Fig. 14. As shown in Table 3, the average stress
and stress amplitude obey normal distributions with mean
values of (737.47 MPa, 126.32 MPa) and standard deviations of
(15.828 MPa, 0.504 MPa) respectively, and the median lifetime
obeys a lognormal distribution with mean value of
4.7822 x 10° cycles and standard deviation of 4.3266 x 10°
cycles.

3.7. Methods comparison

To verify the effectiveness of the proposed method, the
probabilistic fatigue lifetime evaluation results of the pro-
posed method are compared with that of the Monte Carlo
simulation (MCS) with regard to stress/strength fuzziness, the
MCS only with regard to strength fuzziness and the MCS
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Fig. 15 — Probabilistic fatigue lifetime with regard to fuzziness.
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Table 4 — Result comparisons of different simulation methods.

Methods P, =50% P, =90% P =95% P =99%
Lifetime Precision Lifetime Precision Lifetime Precision Lifetime Precision

MCS with fuzziness of stress/strength 354 572 = 134 799 = 103 029 = 62 592 =

MCS only with fuzziness of strength 358 281 98.95% 135 861 99.21% 103 749 99.30% 62 925 99.47%

MCS only with fuzziness of stress 414 086 83.22% 168 299 75.15% 130 447 73.39% 80 900 70.75%

The proposed method 354 036 99.85% 134 635 99.88% 102 871 99.85% 62 464 99.79%

without regard to any fuzziness, the corresponding fatigue
lifetime distributions obtained using the above methods are
shown in Fig. 15. Note that the 5 million group probability
fatigue lifetime is calculated by computing the standard de-
viation of median fatigue lifetime corresponding to each
group's average stress and stress amplitude, and then
repeated sampling 500 times. Therein, the results of MCS with
regard to stress/strength fuzziness are taken as the theoretical
truth, the fatigue lifetime and evaluation accuracy under
survival probability Ps obtained by each method are shown in
Table 4.

As revealed in Table 4, when without regard to stress
fuzziness, the calculated fatigue lifetime has errors under
each survival probability, and the error of the calculation re-
sults gradually increases as the survival probability decreases,
which indicates that the stress fuzziness will have a certain
influence on the fatigue lifetime evaluation; when without
regard to strength fuzziness, the error of fatigue lifetime
evaluation under each survival probability increases signifi-
cantly, which indicates that the accuracy of fatigue lifetime
prediction is heavily affected by the fuzziness of strength; The
assessment findings of the suggested approach are nearly
identical to the MCS with regard to stress/strength fuzziness,
its accuracy under each survival probability is more than
99.97%, which proves that the proposed method is an efficient
and accurate method for probabilistic fatigue lifetime evalu-
ation of aeroengine bladed discs.

4, Conclusions

Toreduce the estimation errors of probabilistic fatigue lifetime
caused by artificial cognitive factors, this study considers the
fuzzy factors from multiple levels (i.e., stress and strength),
proposes a fuzzy least squares support vector regression for
fuzzy stress prediction and a fuzzy fatigue strength model with
fuzzy calibration parameter, and then combines the two to
establish a novel probabilistic fatigue estimation framework.
The effectiveness of the proposed approach is verified by tak-
ing the probabilistic fatigue estimation of a typical compressor

bladed disc as an example, and some conclusions are sum-
marized as follows.

(1) The S—N curve and lifetime distribution of titanium-
based superalloy (TC4 material) bladed disc under
asymmetric cyclic loading are established, and it is
discovered that taking multiple fuzziness into account
can significantly improve the accuracy of probabilistic
fatigue estimation.

(2) From methods comparison, we discover that the esti-

mation results of the proposed method are similar to

those of the Monte Carlo simulation with stress/strength
fuzziness, demonstrating the method's benefit of high
computing accuracy in probabilistic fatigue estimation.

Considering the deterministic model is a special case of

the fuzzy model, the proposed fuzzy modeling and life-

time assessment method can be extended to other fields,
like fatigue reliability estimation of complex structures,
which are affected by artificial cognitive factors.

—
w
-

Declaration of competing interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

The current study is co-supported by the National Natural
Science Foundation of China (Grant 52105136 and 51975028),
the Hong Kong Scholars Program (Grant XJ2022013) and China
Postdoctoral Science Foundation (Grant 2021M690290). The
authors would like to thank them.

Appendix

Table A — Fatigue test data for TC4 (R = —1) (6max/MPa , N/cycle)

Omax N Omax N Omax N Omax N Omax N
782.7 3436 582.0 10 486 465.0 45 687 367.9 139 422 337.7 479 085
782.9 3962 582.3 13 615 465.0 50 238 375.5 164 625 358.4 652 278
783.2 5395 584.3 16 076 408.0 75 212 407.2 203 835 366.3 1 099 606
683.5 7521 582.6 18 982 385.9 78 869 407.4 258 447 346.7 2 350 358
683.8 10 486 582.7 21 375 406.8 132 957 348.5 343 623 328.3 2 646 552
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Table B — Fatigue test data for TC4 (R = 0.1) (¢max/MPa , N/cycle)

Omax N Omax N Omax N Omax N Omax N

834.3 13 755 639.2 56 734 547.9 193 722 834.1 12 515 589.9 107 342
834.3 14 765 639.7 82784 588.9 218 003 756.6 17 013 547.2 107 342
757.0 24 245 639.9 95 387 589.0 245 326 756.7 18 698 590.0 117 976
757.2 27 935 640.0 107 342 550.2 282 672 756.8 21 544 638.5 142 510
639.1 50 416 547.7 164 204 540.1 646 036 638.8 40 762 527.5 193 722

Table C — Fatigue test data for TC4 (R = 0.5) (6max/MPa , N/cycle)

Omax N Omax N Omax N Omax N Omax N

983.1 17 835 845.3 58 090 778.3 228 546 982.9 15 118 844.4 129 664
983.2 19 602 845.6 73 564 765.7 333485 913.0 27 283 844.6 152 973
983.4 22 586 777.5 117 976 710.6 547 598 845.1 50 416 766.9 184 785
913.2 30 703 787.0 145 916 718.4 693 467 845.9 93 160 787.7 269 631
915.6 46 967 787.2 176 260 748.8 1281 422 786.6 104 837 786.7 510 143

Table D — Fuzzy calibration parameter under stress ratio R = 0.1

Fuzzy calibration parameter Membership function Maximum likelihood value
Y1 9.7088
x —0.2999
—— < 0.
o107 X =0:4869
#X) =1 06548 - x
W7 x> 0.4869
(x — 0.4869)*
Y2 exp< - W , X<0.4869 11.3714
He = 0.4869)°
” exp( — 0‘7‘742> . x>04869 7.9165
0.0955

(x) = { eXP(21.35(x - 04869)), x < 04869

K= exp(—21.35(x — 0.4869)), x>0.4869

Y 8.3455
™

. .5 si - 0. . <0.
i {05+0551n[0'181(x 03964)], 0.3059 <x < 0.4869

05— 05sin[—" (x —0.568 , 0.4869<x <0.6491
0.1622

Table E — Fuzzy calibration parameter under stress ratio R = 0.5

Fuzzy calibration parameter Membership function Maximum likelihood value
& 0.4614 09490
X —0.
_—— y < b
s { o041y 04614 <x<05033
_ 0.5244 — x
=2 0. <x<0. 0.9408
Yo 00911 0.5033 < x < 0.5244
2
exp| — w , x<0.5033
0.0285
u(x) = )
73 exp( - X-05033)7) . 05033 RS
0.0069
(x) = exp(73.67(x — 0.5033)), x < 0.5033
M) =\ exp(~73.67(x — 0.5033)), x>0.5033
A 0.9540
0.5+05 sin {L (x— 0.3964)]. 0.3059 <x < 0.4869
4 = 0.181
. ™
_ — <
0.5 0.5 sin [01622 (x 0.568)], 0.4869 <x < 0.6491
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