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Abstract

Variances and covariances of multiple financial returns play foundational roles in many
financial applications. Rather than being homogeneous, covariance matrices are well
known to be dynamic. To address such heterogeneity in a setting with high-frequency
noisy data contaminated by measurement errors, we propose a new approach for estimat-
ing the dynamic covariances with high-dimensional series of data. By utilizing an appro-
priate localization, our approach attempts to incorporate generic accompanying variables
in order to account for the heterogeneity. We then analyze the high-dimensional global
minimal-variance sparse portfolio construction that incorporates the proposed dynamic
covariance estimator. Our theory establishes the validity of our methods in handling
high-dimensional, high-frequency noisy data. The promising performance of our methods
is illustrated by extensive simulations and empirical studies. In particular, we demon-
strate that the accuracy of the covariance estimator and the portfolio performance are
substantially improved by accounting for the dynamics.

Keywords: Dynamic covariance estimation; Global minimal-variance sparse portfolio; High-

frequency data analysis; High-dimensional data analysis; Measurement errors.



1 Introduction

Variances and covariances play elementary roles in finance; see Markowitz (1952), Merton
(1990), and Back (2010) for a recent overview. Modern practical problems usually involve
series of high-dimensional data. Extensive studies have focused on handling large covariance
matrices; see Bickel and Levina (2008a,b) and the reviews of Fan et al. (2016) and Cai (2017).
Recently, dealing with the covariance matrix of multivariate and high-dimensional time-series
data has received increasing attention; see the monographs Tsay (2013) and Tsay and Chen
(2019) and references therein.

Use of the sample covariance matrix is standard for investigating a large covariance matrix.
Clearly, a foundational assumption for the validity of a study based on the sample covariance
matrix is that replications of the random vectors share the same distribution, that is, there is
an assumption of a homogeneous distribution. However, in practice, such homogeneity may be
questionable; see the recent work by Chen and Leng (2016) addressing this issue. Furthermore,
the covariations between the random variables may be explained by connections with other
variables. In finance, this kind of observation has also been documented; see Brandt (1999)
and Ait-Sahalia and Brandt (2001) for approaches that handle this issue with conditioning
variables.

For handling of heterogeneity of the covariance matrix with conditioning variables, Chen and
Leng (2016) recently proposed a kernel-smoothing approach to estimate the dynamic covariance
matrices; see also Jiang et al. (2020) and Wang et al. (2020). More recently, Chen et al. (2019)
developed an approach for handling of many conditioning variables whose number may diverge.
We observe that in the existing literature, dynamic covariance estimation is developed in the
context of so-called low frequency (e.g., daily or weekly) data with a relatively long time span
that covers months and years.

Besides low-frequency data, high-frequency data such as within-day tick-by-tick trading/quote
data are becoming increasingly available in practice. Covariance estimation with high-frequency
data is an actively developing topic; see Ait-Sahalia et al. (2010), Tao et al. (2013), Ait-Sahalia
and Xiu (2017), Ait-Sahalia and Xiu (2018), and references therein. Applications in portfolio
construction with the covariance estimated from high-frequency data have been investigated
in Fan et al. (2012) and Cai et al. (2020). Nonetheless, this area remains less explored in the
context of high-frequency data where dynamic covariance estimation is used and the aforemen-
tioned possible heterogeneity is addressed.

In the context of covariance estimations, features and challenges of high-frequency data

are unique. On one hand, thanks to high-frequency data, recovering the realized value of the



latent stochastic volatility and the covariances becomes possible; see Hansen and Lunde (2006)
and Ait-Sahalia et al. (2005). On the other hand, high-frequency data are contaminated by
measurement errors from sources such as the market microstructure noises. For an overview
of methods and theory for handling of noisy high-frequency data, we refer to the monographs
Jacod and Protter (2012) and Ait-Sahalia and Jacod (2014) and reference therein. For re-
covering the stochastic realized variances and covariances from high-frequency data, numerous
approaches are available, for example the two-scale realized variance (TSRV) approach (Zhang
et al., 2005), the multiple-scale realized variance (MSRV) approach (Zhang, 2006), the quasi-
maximum likelihood approach (QMLE) (Xiu, 2010; Ait-Sahalia et al., 2010; Liu and Tang,
2014), and the realized kernel approach (Barndorff-Nielsen et al., 2011).

Both the classic and the current literature support a well-known discovery that the dynam-
ics of the financial returns in the market are driven by some common systematic sources; see
the classical studies of Markowitz (1952) and Fama and French (1993). Current investigations
with high-frequency data are revealing analogous phenomena; see Ait-Sahalia and Xiu (2017),
Ait-Sahalia and Xiu (2018), and Dai et al. (2019). Such common factors may account for the
aforementioned heterogeneity in the dynamic variances and covariances. Also, abundant infor-
mation is available in addition to the high-frequency data alone. Such extra information may
provide powerful support in attempting to identify the common sources driving the dynamics.
For example, the CBOE volatility index (VIX) and prices of its tradable contingents such as
futures and options are available. Since they can be viewed as market forward-looking volatility
measures, incorporating such information is expected to improve the accuracy of the variance
and covariance estimations.

We are thus motivated to conduct this investigation, which considers dynamic covariance
estimations with high-frequency high-dimensional data. Our approach is built upon first recov-
ering the realized stochastic variances and covariances of the high-dimensional variables from
noisy high-frequency data over a short period of time. Then we propose a localized covariance
function estimation based on realized high-dimensional covariance matrices over multiple short
periods of time. The localization is developed by conditioning on information that accompa-
nies the realized high-dimensional covariance matrices. Our approach provides a new method
for covariance estimation with high-frequency data which accounts for the heterogeneity. We
attempt to effectively combine information from the realized covariance matrices over multi-
ple periods of time. Compared with an approach that uses simple averaging, our localizing
approach is capable of incorporating heterogeneity in the data via appropriate conditioning.

Since the conditioning information does not have to be high frequency, our approach also pro-



vides a new method for combining both high-frequency and low-frequency information; for
studies that combines multiple frequency information, see Tao et al. (2011). Our theoretical
analysis reveals that dynamic covariance estimation is valid in a setting with measurement
errors that are contaminating the price data. From a technical standpoint, establishing the
theory of the proposed approach is challenging because of the additional dimension of uncer-
tainty which is due to the recovery of the stochastic covariance matrices from high-frequency
data contaminated by measurement errors. We show that in a high-dimensional setting the
elementwise maximum discrepancy diminishes to zero in a setting in which the number of assets
in the portfolio grows exponentially with the number of observations.

Based on the dynamic covariance estimated from high-frequency data, we pursue further
analysis of portfolio allocation problems. Starting from the pioneering work of Markowitz
(1952), extensive studies have focused on the mean-variance (MV) efficient portfolio and the
global minimal-variance (GMV) portfolio. DeMiguel et al. (2009b) compared the naive 1/N
portfolio with sample-based sophisticated MV portfolios and found that the naive 1/N portfolio
could be more efficient. Tu and Zhou (2011) proposed to improve the performances of sophis-
ticated mean-variance rules by combining them with the 1/N rule. Ledoit and Wolf (2017)
improved the out-of-sample performance of sampled-based portfolios by developing a better
covariance matrix estimator called the nonlinear shrinkage of the covariance matrix. For the
GMYV portfolio, Jagannathan and Ma (2003) showed that imposing no-short-sale constraints
could reduce the risk of the portfolio. DeMiguel et al. (2009a) tried to improve the performance
of sample-based GMV portfolios by adding a constraint on the norm of the portfolio-weight
vector. In this study, we set out to improve the sample-based GMV portfolio by adding a
1-norm constraint and considering the dynamics of the covariance matrix. We propose a new
approach to covariance estimation using high-frequency data. By using conditioning variables,
our new estimator achieves a balance between the heterogeneity of the covariance matrix and
the level of variation in the estimators. In addition to providing a theoretical justification of
the validity of our approach, we show that its performance is promising, by providing extensive
numerical examples of both simulations and real-data analysis.

The rest of this paper is structured as follows. The methodology for dynamic covariance
estimation with high-frequency high-dimensional data is outlined in Section 2. The global
minimum-variance sparse portfolio construction that incorporates the proposed dynamic co-
variance estimation is presented in Section 3. Section 4 contains all the theoretical results.
The results of simulation and empirical studies are given in Sections 5 and 6, respectively. All

proofs are provided in the Appendix.



2 Dynamic integrated covariance modeling

2.1 Overview

Following the convention in the literature and practice, we consider a multivariate stochastic
process X; = (X14, -+, Xp:)" for the log-prices of equities or other tradable instruments. We

work with a general model which assumes that X; follows
1/2
dX; = p,dt +3,'7dBy, (1)

where B, is a p-dimensional continuous-time standard stochastic process with stationary and
independent increments (e.g., standard Brownian motion), g, = (p1,- - , fp+) is the drift,
and 32, is the instantaneous variance-covariance matrix, which is allowed to be stochastic. We
are interested in investigating problems that involve ¥, in a setting with high-frequency data.

From known results in the literature based on high-frequency observations of X;, a realiza-
tion of the integrated X, over a short period of time—say one trading day—can be consistently
recovered, even though the observations may be contaminated by measurement errors; see Ja-
cod and Protter (2012) and Ait-Sahalia and Jacod (2014). In our study, we consider multiple
periods of time with each period of length §, where ¢ is typically equivalent to one trading day.
Then we refer to the integrated covariance matrix (ICM) over ¢ as

o ks
S / Sdt, k=1, N. @)
(k—1)5
Here, the use of multiple &’s in (2) recognizes the fact that such an evaluation may occur over
multiple periods of time. If 3; is stochastic, {35}, forms a sequence of random matrices
that are unobservable in practice but consistently recoverable with high-frequency data.

The series {35}, is informative in a few aspects. Foremost among them is that § is typi-
cally small, so that it precisely reflects the short-term and even spot volatility and covariations
between the prices. Therefore, compared with a return series calculated with only the daily
opening and closing prices, {35}, is ideally a more accurate account. Second, the series
{25}, over multiple periods of time comprehensively reflects the behavior of the variances
and covariances between the equity prices. For example, under reasonable assumptions, the
increments of X; are stationary, so that the series {3, 5}, is expected to be informative for
recovering the stationary variance-covariance matrix. In the context of the classical capital
asset pricing model (CAPM), such variance-covariance is the foundation for a portfolio theory;
see Markowitz (1952).

Nevertheless, the stationary assumption of a series is questionable, especially when the

market is experiencing huge between-day changes in volatility. For example, in the last two



weeks of March 2020, the between-day volatility level changed drastically as a results of the huge
market turmoil. In such a period of time, the assumption of between-day stationarity seems
shaky. Even worse, the assumption of local stationarity—stationarity within a short period of
time—also becomes questionable when between-day volatility changes are so drastic. Therefore,
the previous day’s ICM is less informative, and even counter-productive, in predicting the next
day’s volatility and covariations.

Market information is broad and provides opportunities for investments. Concretely, we
denote the random quantities by {Ek’(s, Uy}, where Uy accompanies the ICM and is allowed to
be stochastic too. For instance, the CBOE VIX index is instantaneously available, which is an
ideal candidate for Uy. Since dependence between Ek,é and Uy, is anticipated, an estimation of
X5 given Uy should more adequately capture the dynamics in the random ICMs. Specifically,

we propose to consider the ICM as a dynamic function:
¥5(u) = E{X} /Uy, = u}. (3)

Clearly, 35(u) is dynamic with u—an attempt to incorporate information from Uj. The
more informative Uy, is, the more effective 3s5(u) is in reflecting the variance-covariance of the
equity prices. We note that our focus in (3) does not require stationarity or local stationarity
of 3y, 5; in fact, it can actually be viewed as a generalization of local stationarity, more broadly
localizing via Uy. In practice, the choices of Uy in our framework are broad and include
localizing at a given time. As an example, the CBOE VIX and its contingency instruments—
tradable futures and options—are natural candidates for investigating the dynamic covariance
matrix.

In the context of the conventional CAPM, conditional modeling has received attentions; see
Jagannathan and Wang (1996), Lewellen and Nagel (2006), and Petkova and Zhang (2005). The
conditional CAPM recognizes the fact that betas and risk premiums may be time dependent,
and it attempts approaches for incorporating such heterogeneity. In contrast, our framework
concerns the variance-covariance between the log-prices, focusing on the possible heterogeneity
that may depend on broadly defined Uy,.

We denote the conditioning variable that accompanies the time interval ((k — 1)d, ko] by
U,.. The true underlying process in our setting is thus (X5, Ug) (k= 1,..., N). In practice,
{5} is not directly observable. Thanks to the opportunities enabled by high-frequency data,
consistently recovering Ek’,é is feasible. Our practical objective is thus to estimate ¥s(u) with

the sequence {EM} that is recovered from high-frequency data.



2.2 Recovering {3 s}

We denote by 6,(5”5) the (i, 7)th element of 345 (i, = 1,...,p). We consider a setting with
high-frequency observations over each period of length 4, for a total of N periods. Thus the
entire range of time we consider is 7' = Nd. Over each time interval ((k—1)d, kd] (k =1,...,N),

we denote by {tx1,...,tkn,} the times at which the prices are observed. Under model (1) and

as ny — 00, 5,(;,’5” can be consistently approximated by
ng—1
(X, Xj](k?) = Z [Xi,tk,url - Xi»tk,l][Xj,tk,lJrl - Xj,tk,l]v (4)

=1
provided that max;{(tx; — tx;—1)} — 0, thanks to the benefit of high-frequency data. For
ease of presentation, we start with the ideal case where the observations of all processes
are synchronous. Our method and theory are also applicable to asynchronous data—data-
synchronization and pairwise-estimation approaches are applicable for handling of asynchronous
data.
High-frequency data are commonly contaminated by measurement errors; see Hansen and
Lunde (2006), Ait-Sahalia et al. (2005), and Zhang et al. (2005), among others. To incorporate

the measurement errors, we consider the additive error model for the observations:
}/;',t :Xi,t+€i,t7 1= 17"'7p7 (5)

where t represents a time at which the price is observed and the ¢;;’s are random errors.

Because of the contamination by the measurement errors, the realized covariance (4) be-
comes seriously biased when Y;, is observed instead of X;;. Recovering the ICM from the
observed Y;; with model (5) has been extensively studied. Numerous approaches are available,
for example the two scales covariance estimator (Zhang, 2011), the quasi-maximum likelihood
estimator (QMLE) (Ait-Sahalia et al., 2010; Liu and Tang, 2014), and the realized kernel ap-
proach (Barndorff-Nielsen et al., 2011).

Concretely in our development, to handle the measurement errors in the high-frequency
observations, we adopt the pair-wise two scales covariance estimator of Zhang (2011) to recover
3.5 for the time interval ((k — 1)d, kd]. We note that our framework is equally applicable with
the sequence {35} consistently recovered from contaminated high-frequency data using other
approaches.

To accommodate asynchronous data, we denote by Ty, = {tx.1,. .., tkn, } the set of all times
in the interval ((k — 1)0, k6] at which at least one price process is observable. Let T,ﬁi) C Ty, be
the set of times at which the ith process is observed in the period k, (i = 1,...,p;k=1,...,N).



The dependence of T,Ei) on both k and i allows for asynchronous data and for unequal numbers
of observations over multiple days. We denote the observations in this interval by Y;; (¢ €
TV i=1,....pk=1,...,N).

To address data asynchronicity, we first synchronize the data using the pairwise-refresh time
scheme of Barndorff-Nielsen et al. (2011). For the ith and jth assets, the set of pairwise-refresh

times is given by Vi, = {vr0, k1, - - -, Ukinyy. }, Where v = (kK — 1)d and for all [ > 0,
U = Max [min {t € T,gi) Dt > vk,(l_l)} , min {t S T,ij) Dt > Ula(l—l)H .

Hence n;;, is the number of observations after synchronizing the observations of the ith and
jth assets by the pairwise-refresh time scheme.
As a result of the refresh times, the actual sampling times of the ith and jth assets are

respectively
f,(;)l = max {t € T,gi),t < Uk,l} 5 tz(cjl) = max {t < Tlij)vt = U’f’l} :

The two-scale method estimates U,(;’g) by

- T(ngpe — K + 1
569 = [v;, ;)5 (4 — K +1)

f Y,Y(J) 6
» 2 J1(k) K(n%k—J—l—l)[ 7]] ()

(k)

where
Nij k

() _ 1 o .
Ml = 7 2 (g —Ya,) (M~ V)

Zhang (2011) suggested choosing K = O( i k) and setting J to a constant. In this paper, we
simply set J to 1.

2.3 Estimating ¥;(u)

From (6), we get EN]M = (5;ifg))1§i,j§p (k=1,...,N). Combining this with other dynamic
variables, we have {ikﬁ, U}, which we use to estimate X;(u) in (3). We propose to estimate

3s(u) by localizing via kernel smoothing:

$,(u) = >y Kn(Up —w) S5
chvﬂ Ky (Ui — u)

where K}(+) is a kernel function with bandwidth h.

, (7)

Clearly, if the X5 in (2) replaces the X4 in (7), this becomes the conventional kernel
smoothing, which is an unrealistic version. Since Ek’(s itself is stochastic, replacing it with
an estimator f)k,(; from high-frequency data introduces new features of our study. In partic-

ular, in the context of kernel smoothing, our estimator (7) is new and handles the response
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variables that are recovered with the estimation errors. Additionally, if p is large, (7) is a high-
dimensional matrix-valued function estimations—another challenge of the estimation problem.
As demonstrated by our theory, (7) converges uniformly to our target (3) if technical challenges
due to the estimation procedure (6) with high-frequency data and high data dimensionality are
handled appropriately.

Our covariance estimator (7) is dynamic, incorporating information via Uy. Dynamic co-
variance estimation has received attention recently; see, for example, Chen and Leng (2016),
Chen et al. (2019), and Jiang et al. (2020). Despite the fact that our method also exploits
the dynamics via the localization, we broaden the scope of dynamic covariance estimation by
incorporating a new dimension induced by the estimation errors. As shown in the next section,
we propose a new approach using (7) in constructing a high-dimensional portfolio. Without
requiring further regularization in (7), we show that a sparse optimal portfolio can be delivered
with our dynamic covariance estimation approach. Such a scope is different from that in Chen
and Leng (2016), who proposed to further regularize the high-dimensional dynamic covariance

estimator.

3 Portfolio analysis with high-dimensional dynamic ICM

We are interested in constructing a portfolio based on tradable X; € RP. A portfolio at time
T is seen to be equivalent to a vector wr € RP that satisfies w/.1 = 1, where 1 is a p-dimensional
vector all of whose components are equal to 1. We consider a generic re-balancing horizon 7,
where the portfolio will be held for a period of time 7 after T'. Here, 7 is finite, and for simplicity

we assume that both 7/6 = N and 7/0 = N* are integers. Thus over the period [T, T + 7| the

portfolio has a return w/, < TT +T dXt>, and its expected risk is Ry ,(wr) = w37 wr, where
TH41 N* .
E*T’T =Er (/ Etdt) =Er Z YNtk (8)
T k=1

and Er denotes the expectation which is taken by conditioning on information up to time 7'
Therefore, once X7, is obtained, the portfolio allocation strategy can be applied upon getting

the weights wp. We observe that

N N* N*
Er {Zf(z\uk),a} =Er {ZE (E(N—i-k),é‘ UN+k)} =Er {Z 25<UN+I€)} :
=1 =1

k=1

10



Hence by choosing Uy, the variable associated with the kth period after 7', as some JFp-

measurable quantity, we propose to estimate 37 = by
N*
= 5(Unis), (9)
k=1

where fl(;(u) is given by (7). Here, we note that Uy should be taken to be Fr-measurement,
and constructing such a quantity is conceptually feasible. For example, in some settings where
Uk itself is not observable, a convenient choice in our study is U Nk = Ep(Unig), which is
the predicted value of Uy .

We consider a high-dimensional portfolio construction where p is large. A realistic strategy
is to construct a sparse portfolio, one that targets at a w many of whose components are 0;
see Fan et al. (2012) and references therein. In particular, for a given tuning parameter ¢, the

global minimum-variance (GMV) sparse portfolio is constructed by
minw'Y; w s t. wl=1 and [w[;<c (10)

We note that this is equivalent to identifying the optimal direction of w, which we denote by 3

and then normalizing it via w = 3/(3'1). To appreciate this, in a case without the constraint
)

|lw|l1 < ¢ the solution of (10) is wr, := IS

. We consider By 1= E*TTTII, and wr, can be
obtained by normalizing B ..

Note that By, is the solution of miné(8) := @'Y} B8 — 26'1. By the convexity of the
objective function and the Kuhn-Tucker Theorem, there exists a constant A > 0 such that
the GMV sparse portfolio formulation (10) is equivalent to solving the following {; penalized

formulation up to a normalization:

B7., = argming.p, {8'S5 .8 — 281 + X[ 8|1} (11)

Specifically, ignoring the normalization constraint w'l = 1: if ¢ > ||wr,||1, then (10) is equiva-

lent to (11) with A = 0; and if ¢ — 0, then (10) is equivalent to (11) with A — +o0. Otherwise,
1871
B;, |

For a given sparsity parameter A, we then propose to estimate the sparse portfolio direction
by

we have ¢ =

. Similar to ¢, A controls the sparsity of the portfolio allocation.

~)\ . ~ %
B, = argming., 8558 — 281+ A8 (12)

We remark that since f)(;(u) is constructed elementwise based on the two scales covariance
estimator (Zhang, 2011), it may not be positive semidefinite. To ensure that fI*TT is positive

semidefinite in practice, inspired by the approach of Fan et al. (2012), we apply the following
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projection procedure to ig(uN+k), k=1,...,N*. Here, uyy is the observation or an estimator
of Upyyg. Specifically, for any p X p symmetric matrix A, we denote by D the diagonal matrix
with the same diagonal elements as A, and we define R = D~ Y2AD~'2. Suppose the eigen-
decomposition of R is given by R = I"diag(\y, ...\,)T', where Ay, ..., \, are the eigenvalues and

I' is an orthogonal matrix with the p eigenvectors of R as its columns. Define

AT =D {(R+ A, L)/(1+A,,)} D2

min

where A\ is the absolute value of the minimum eigenvalue of R if that eigenvalue is less than
0, and A_;, = 0 otherwise, and I, denotes the p x p identity matrix.
Note that (12) is an [;-penalized quadratic function of 3. After obtaining f)*TT, (12) can be

efficiently solved using, for example coordlnate descent algorithms. We can then estimate the

sparse portfolio w._ 1= ——5= by WTT = AT{ . Denote the conditional minimum variance
BTT 1/ﬂT,T
given uyy1,...,unyn+ by Rr, = (w3, )E% wj . We can then estimate Ry, by R}, =

(Q\V%’T)’ f];Tv/\\/%T We shall see in Section 4 that, under mild conditions, uniform consistency
results for B;T, W{)T and R}T are achievable.

We remark that the 37, _in (8) is the key to the portfolio construction, hence the estimation
of 37, is most important. In our sparse portfolio construction, we propose to apply (9). An
alternative approximation in the high-frequency data context is by

T
7_12’}’7 ~ 5‘1/ Sidt =0y (13)

T—5
for some §; see Fan et al. (2012). By observing that Xy is the most recent ICM at time
T, such an approximation is seen as a localization by time. In our approach using (8), the
localization is more general, with broad choices. In our empirical study, we demonstrate the

promising performance of our approach using the VIX index as Uy.

4 Theory

4.1 Conditions

Note that the impact of the drift p, on the estimation of the ICM is asymptotically negligible
when sampling interval lengths that shrink to zero in high-frequency financial data analysis.
For simplicity, we assume hereinafter that pu, = 0 . In addition, we assume that the dynamic
factor Uy, is univariate. Generalization of our results to the case where U is multivariate is
straightforward by using a productive kernel function as in Jiang et al. (2020), with a minor

modification of the asymptotic bounds to take into account the dimension d.

12



Denote the support of Uy by €2. For any matrix A = (a;;)pxq, We denote the elementwise

matrix max norm by ||Allc = maxi<;<pi<j<q|ai;|, the Frobenius norm by ||A ||, and the vector

I« norm induced matrix norm by || A, 1= maxi<i<p ) ;_; |a;|. For any vector b = (by,...,b,)’,

we denote the vector [; norm by |/b||; :== >"F_| |b;] and the Iy norm by ||b|lo := >_%_, I{b; # 0}.

Here, I{-} is the indicator function. We shall use || to denote the smallest integer function.

Before proceeding to the main theoretical results, we introduce some regularity conditions:

(C1)

Denote the hypothetical conditional covariance by X (u) = [3;|U|;/5) = u], and its (7, j)th
element by Jg?i)(u). There exists a constant M such that supycq [|Ze(u)|lec < M < 0.
For all i, j with 1 < i,j < p, let X, = Xisy Xis+ X5, or X; s — X, and let Er%(’t(u) =
o), o¢Y ) + 2087 () + 0¥ (W), or oY () — 2007 (w) + 07 (1), respectively.
For all v,s with 0 < v < s < ¢, let AVXS = XS — XS_V. There exist constants C' > 0
and 0, > 0 such that if \/vf, is sufficiently small we have E{exp{f,v 2[(A,X,)?* —
[2, 6%, (0)dt)} F,oy, Upys) = u} < 1+ Cvf?, where F; is the filtration of o-algebras

generated by the path X 0,4]-

For all 4,¢ in the additive error model (5), the measurement errors ¢;;’s are independent
of the X, process and the U’s, and are independently distributed with Ee;; = 0.
Denote €, — Ee;, by 7j;;. There exist constants o7 and o] such that Ee;, < o7 and

Eq;, < 0. In addition, there exists a positive constant L such that for all positive

integers k, Ele},| < 0?LF2k!/2 and E|if,| < o2 L k!/2.

The observation times are independent of the X; process. For any pair of elements
Xit, X in Xy, the set of refresh times vy, ... s Uk g satisfies: SUP1<i<n,, , Nk (Ve —
Vgi—1) < Cs for some constant Cs. In addition, we assume that there exist a constant
C,, > 1 such that C;;'n < nyj, < Cpn for 4,7 with 1 <4 < j < p. In addition, we assume
that the scale parameter K in (6) satisfies K =< O(n?/%), that is, there exist constants

ax, b with 0 < ax < by < oo such that axgn??® < K < bgn??.

(*2£2)*"" (log N)(loglog N) — 0 and %2 — 0.

{U,,U,,...} is stationary, and {(Zys, Us); k = 1,2,...} is strong mixing such that

a(t):==sup sup |P(ANB)— P(A)P(B)| < exp{—2sn}
k>1 AEAk,BEBkth

for some constant s > 0. Here, A, = o(X;5,U;;i < k) is the o-field generated
by {25, Ui < k}, and By = O’(f‘j’é,UJ‘;j > k +t) is the o-field generated by
{3,5,U;;j > k+t}. Denote the marginal probability density function of U; by f(u),u €

13



). We assume that the support 2 is compact and that f(u) is bounded away from zero
and infinity on Q. In addition, we assume that f(u) has bounded continuous first and

second derivatives on §2.

(C6) The entries of 35(u) and their first and second derivatives are uniformly bounded and con-
tinuous on u € €. There exists a positive constant 1 such that ™ < infyeq A (Es(u)) <
SUpuea Ap(Xs(u)) < n, where \(Xs5(u)) and A\,(Xs(u)) are the smallest and largest

eigenvalues of 3;(u).

(C7) The kernel function is symmetric in that K (z) = K(—x), and there exist constants K7, Ko
such that sup,p |K(z)| < K; and sup,.p |K'(z)] < Ka.

These conditions are standard for studying kernel smoothing and high-frequency data in
a high-dimensional setting (Fan et al., 2012; Chen and Leng, 2016). Note that 1 + Crv#? <
exp{Cv#?}. Condition (C1) thus imposes a sub-Gaussian structure on the process A,X,.
Condition (C2) holds if the noise is normally distributed. The introduction of a same order
n for the sample sizes of the covariates in Condition (C3) could greatly simplify our notation.
Condition (C4) characterizes the relationships between N,n, and p for establishing estimation
consistency. Condition (C5) allows the underlying factor sequence {(X4s, Up);k = 1,2,...}
to be weakly dependent. In particular, (C5) is true if {(Zys, Up);k = 1,2,...} is locally
dependent (Bradley, 2005). Conditions (C6) and (C7) are regular conditions in the kernel-

smoothing literature.

4.2 Theoretical results for the estimation of the ICM function

Next, we establish uniform concentration inequalities for the estimation of the ICM function.
Let ,(“;), a,(jt’;t), o (), and 5 (u) be the (s, t)-th elements of Xy 5, X5, Bg(u), and (),
respectively.

The following proposition provides a concentration inequality for the two-scale estimator

s

)

Proposition 1. Under Conditions (C1)-(C5), there exist positive constants Cy,Cy,Co such
that iof N 1s sufficiently large, we have that for any e with 0 < e < Cy and all s,t with1 < s,t < p,
P <k£nax ’cfksét)(Uk) — aks(;t)(Uk)’ > ) < C1Nexp {—an1/3€2} .

=1,...

The next proposition establishes a uniform concentration for local smoothing based on Ek,(g.
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Proposition 2. Suppose ey(log N)(loglog N) — 0, Nhed, — oo, and €% > Cnph? for some
sufficiently large constant Cy,. Under Conditions (C6) and (C7), there exist positive constants
Cs,Cy, and Cs, Cg such that

P(sup _ZK” (Ug —u) — f(u)‘ > eN> < Csh™*exp {—CyNhe, } (14)

and for all s,t with 1 < s,t < p,

P(lsllé% —ZKh k—u)T (5)(Uk) —U((;S’t)(u)f(u)‘ > €N> < Csh™exp {—CsNhey } .

Combining Propositions 1 and 2, we obtain the following uniform concentration inequality

for f](;(u).

Theorem 1. Suppose ex(log N)(loglog N) — 0, Nhed, — oo, and €% > Cph* for some suf-
ficiently large constant Cy, > 0. Under Conditions (C1)-(C7), there exist positive constants
By, By, B3, and By such that of N is sufficiently large, for all s, t with 1 < s,t < p,

P (a0 -0 2 )
ueQ
< Blwexp{_anl/HHBS toxp {~BiNhek } . (16)

From the proof of this theorem, we know that the first term on the right-hand side of (16) is
mainly introduced by the two-scale estimation scheme, while the second term is introduced by
local smoothing. The two terms are connected to each other via a common €y, which depends
on h and N. If n is large enough so that n'/3 = Nh + e]_vz log N, the upper bound on the
two-scale estimator will be dominated by the local smoothing error.

If we follow the traditional local smoothing scheme and set the bandwidth h so that h =<

(10%)1/5, we have the following corollary.

Corollary 1. Assume that the bandwidth h satisfies h =< (k’ﬂ)l/5.

i Under conditions (C1)-

(C7), there exist positive constants By, Bg, By such that for any sufficiently large constant By >

V2B 1,
log p 2/
SupH25 zé(u)H zBO( N>
ueQ [eS)

log p 4/ N\ 2
< Bsp®’N exp —B§B6n1/3< N) + By (10gp) p?~BoBs, (17)

For a sufficiently large By, the first term on the right-hand side of (17) tends to zero if
4/5
(log(pN))n=1/3 <L> — 0. While it is not surprising to see that the first term would vanish

log p
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when n grows fast enough, it is interesting to see that the powers of N and n that ensure
convergence are different in this case. The second term on the right-hand side of (17), which
tends to zero at a geometric rate of p, is an error term introduced by local smoothing among
all N observations.

On the other hand, to balance the two parts of right-hand side of (16) while controlling the
estimation error €y to be as small as possible, we should consider letting h depend on both
n and N. Note that ey would be as least O(h?). If h < (%)1/5 = (%)1/4’ we have
n'/3e3, < Nhed =< log(pN). The two terms on the right-hand side of (16) would then both
vanish geometrically in p if the constants B, and B, are sufficiently large. Specifically, we have

the following corollary:

1/5 1/4
Corollary 2. Let h < (%) + <1Oi(1%m) }, and assume that h*(log N)(loglog N) —

0. Under the assumptions of Theorem 1, for any constant Bg > 0 there exists a sufficiently

large constant By > 0 which is independent of n, N, and p and such that

~ o 2/5 o 1/2
P (ls;ég IS5(0) = Ss(u) o > By { () () }) <y )

4.3 Theoretical results on portfolio estimation

Before we introduce the theoretical results on portfolio estimation, we study the theoretical

properties of the solution for the following generic penalized quadratic loss: For a given u € €2,

define
b(u) = argmin,,g,b'A(u)b/2 — b'1 + Ay||b]1, (19)

where Ay is the tuning parameter and ;‘;(u) is a consistent estimator of the p x p parameter

matrix A(u) for a given u. Let
b*(u) = argmingcg,b’A(u)b/2 — b'1 4+ Ay||b||1,

and let Sy = {i : bf(u) # 0} be the support of b*(u). When there is no ambiguity, we shall
use S instead of Sy. For example, we shall use bs(u) instead of bs,, (u) to denote the subset

of b(u) whose elements are nonzero. In addition, we shall use S¢ to denote the complement of

S.

Proposition 3. Denote ||[A(u)—A(u)]b* ()]s by eu. Suppose supyeq ||Ase.s(u)As.s(u)™L <
1 — K and supyeq Hb*(u)HOHAS,g(u)_lHLH;‘;(U) — A(u)|leo < 1=k for some constant k with

0 < k < 1. For A\q > €u, we have the following:
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(i) bse(u) =0 for any u € Q;

(i) supycq Ib(w) = b* (W)l < £~ supuco cullAs.s(w) -

Proposition 3 provides sufficient conditions for establishing consistency results for the generic
estimator defined in (19), and it captures the dependence of the estimation errors on the
structure of A(u) and the estimation accuracy of A(u) From Proposition 3, we immediately

have the following proposition.

Proposition 4. Assume that supycq |Ases(u)Ass(u)™|L < 1— & for some constant k with

0 < Kk < 1, and that for any positive constant B, we have that, with probability larger than 1 —
~ 2/5 1/2

O(p8), supyeq [|A(0) — A(u)|| < Cy {(%) + (loi(l%m) } for some sufficiently large

2/5 1/2
constant Cy. In addition, assume that { (%) + (%) } Supueq [|b*()|o]|Ass(w) L —

2/5 1/2
0. For a given Au such that Ay > Cs { (M) + (%) }supuGQ |Ib*(u)]y for some
sufficiently large positive constant Cy, we have that, with probability larger than 1 — O(p~5)
the following hold:

)

(i) Bgc(ll) =0 for any u € Q;

.. N * O 2/5 O 1/2 * -
(ii) supuc ||b(u)~b <u>||ms0{(%) + () }supuegnb (w)[l1 | As.s(w) 7|2

for some sufficiently large constant C' > 0.

Now we establish theoretical results for portfolio estimation. Denote the optimal sparse
portfolio for a given A by wy, . = (w?,,...,w, ). With some abuse of notation, let S = {i :
w;, # 0} be the support of wj . and let s5 be the cardinality of S. From Proposition 4 and

Corollary 2, we obtain the following theorem.

Theorem 2. Assume that supy,cq y<i<nt N+

(E*T,T)SC,S(E;,T)E,%SHL < 1=k for some constant

_ . 2/5 . 1/2 L
k with0 < k < 1, and that { (%) + (li(l%m) SUPY, eq N<i< NN+ 5:/\F,THO||(2T,T)$,13||L —

6%‘,7’”1
for some sufficiently large positive constant Cy, we have that, with probability larger than

1 — O(p=B), the following hold:

2/5 1/2
0. Forany B > 0, by choosing Ay > Cs {(%) + (%) SUPW, e N<i<N+N*

(Z) (IBT,T)SC =0 fOT any UN4i, - - -, UNyN* € Q;‘
A
(i) There exists a sufficiently large constant C' > 0 such that supy,cq n<i<nin: 1B, —

2/5 1/2
log(pN log(pN * —
Bl <C {( gg\p; )> + ( i(les )> }SupuieQ,NSiSN—l-N* ﬁ%,rHlH(ET,T)S}SHL-
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The next theorem provides consistency results for the weight estimator vAV%T and risk esti-

mator R7. .

Theorem 3. Under the assumptions of Theorem 2, and assuming that there exist constants
Dy, Dy > 0 such that Dy < min(\,@?pﬁl) < ma:v(]ﬁi_\pﬁ\) < D,, where mz’n(!ﬁg\pﬁ\) and max(\ﬁi}ﬁ\)
are the smallest and largest absolute values of elements ofﬁf\pﬁ, respectively. We have that, with

probability larger than 1 — O(p~P) for a given positive constant B, the following hold:

(i) (Wr,)se =0 for any unyq,...,uyen~ € §;

A

(i) There exists a sufficiently large constant C' > 0 such that supy,co n<i<nin: [|[Wp, —

2/5 1/2
log(pN log(pN * —
wh, e sc{(—gﬁé )7 4 () }supuieQ,NgiW* (5,5l

(iii) There exists a large enough constant Cy > 0 such that supy,co y<i<n+ N+

2/5 1/2
log(pN log(pN * —
s3C1 {<—g§\}; )> + <—i(11/73 )) }SUPuieQ,Ngz‘gNJrN* (ET,T)S,lsnL-

DA A
RT,T - RT,Tl <

5 Simulations

We conducted extensive simulations to show the advantages of our dynamic covariance es-
timation approach, and the merits of its use in constructing high-dimensional sparse portfolios.
The tuning parameter h in (7) for estimating i;(u) was chosen using the cross validation

method. Specifically, given {im, Ui}, h was chosen by minimizing

N N
K, (U, —-U = =
l(h) = {Z - n (U k) 21,5} — S
k=1 1k Zm;ék K (Um - Uk) 7
In our simulations, we generated data with the following model:
Yt = Xt + €y, dXt = 22/2dBt, (20)

where B; is a p-dimensional standard Brownian motion and €; is the measurement error. Similar
to the settings in Ait-Sahalia et al. (2010) and Liu and Tang (2014), we generated independent
and identically distributed €;’s from N(0,0.0005°L,). In our simulations, we set Uy to be
1-dimension; thus we write it as U, hereinafter.

We considered § = 1/252——corresponding to one business day—in the simulations. Together
with X; from (20) and the associated X 5 defined by (2), we generated the Uy’s from the CIR
process (Cox et al., 1985):

dUt = /{(9 — Ut)dt + nv Utth,
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where W, is a Brownian motion independent of B;. By setting (x,0,n) = (6,0.5%,1.2), we
can ensure Uy’s to be always positive. This mimics the fact that in our empirical studies we
advocate using variance-related quantities such as the VIX index and its contingencies. The
initial value of the {U,} process was generated from the stationary marginal distribution of the
CIR process.

When generating {EM,Uk}, we incorporated dependence between Ek,ﬁ and Ug. Corre-

spondingly, we considered two models for X;.

e Model 1:

We assumed that ¥; is time invariant during each short time period ((k—1)d, kd], so that
1—
EEM = 2/3,@(Uk)R(Uk)ﬁ/(Uk) + 1/3F(Uk>F/(Uk),

where B(Uy) is a diagonal matrix and F(Uy) is a vector; both are of appropriate sizes. We
set B(Uy) to diag!/?(0.5¢~UsT, 2(1—U},)?T,)’, and diag {F(U;)} to diag"/?(6U2T%, 0.5e~UrT,)
with Ty, ..., T’y being vectors of length p/2 whose components were independently gener-
ated from the uniform distribution U(0.2,0.5). The (7, j)th element of R(Uy) was set to
{min(Uy,0.8)}" .

e Model 2:

We considered a time-varying 3; where the spot correlation matrix of the log-returns is
time invariant during each short time period ((k — 1)d, k] and the volatility of each asset

is time varying. Specifically, for any ¢ € ((k — 1)d, kd], we let
S = LR(UyLy,  R(Uy) = (diag {S(U)}) " S(Ux) (diag {S(U)}) ",

where S(Uy) was generated in the same way as %Ekﬁ in Model 1 and L; is a diagonal

matrix whose jth diagonal element Lg follows a CIR process:

AL} = k;(0; — L})dt + n;\/ L] dW7

for t € (0,7 + 7], where W/’s are mutually independent Brownian motions. For all

Jje{1,...,p}, welet (kj,0;,m;) = (5,0.3%,0.3) and set the initial value of L7 to 0.32.

To generate data for each business day, we first generated n observations. To create an
asynchronous scheme, we then used p independent Bernoulli trials with successful probability
0.6 to randomly select subsets of the sample.

We considered the global minimum-variance (GMV) portfolio problem with a norm con-

straint ¢ for the weight in (10). We estimated X5 for k = 1,..., N by the two scales covariance
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estimator (Zhang, 2011) and rebalanced the weights of each portfolio at the end of each day,
hence we needed to estimate 37, in (8) for only 7 = §. We considered the investment period
to be 252 x 2 business days, representing two years. For comparison, the following estimators

for X7 5 were considered:

(1) The average of the estimators of the previous N daily ICMs, + SV ik,g, which does
not use the information contained in the Uy’s. This is an alternative estimator for (8)

that was used in Fan et al. (2012). We refer to this estimator as Aver;

(2) i;(ﬁNH) with [7N+1 predicted by the AR(1) model constructed based on Uy, ..., Uy. We

refer to this estimator as KerAR1.

We first studied the performances of our proposed approach on predicting the future ICM.
We considered T = N§. The averages of ||§5((7N+1)—§N+175||F/|§N+175||F>< 100 and ||+ S -
Y ni1sllr/IZ N6l X 100 over 504 investment days are reported in Table 1 under columns la-
beled by “FroNormDiff”. The averages of |[Wi o ar1 —WHractel /2% 100 and [Wy o, —WE o] /P X 100
over different ¢ € {1,1.2,1.5,2,5} and 504 investment days were reported in Table 1 under
columns labeled by “WeightDift”. We considered the portfolio size p = 30 and 100, the original
sample size of high-frequency data in each day n = 1950 and 23400, and the moving window
size for predicting the future ICM N = 10, 50, 100, 150, 200, and 250.

In addition, we also reported the annualized risks (standard deviations) of daily returns of
the portfolios constructed based on f](;(ﬁNH), % Z]kvz1 §k757 and ENH,(S with p = 30 and 100
under Models 1 and 2 in Figures 1-4, along with the estimation errors, which are compared
by the averages of ||+ Zszl ikﬁ — X ni1slF and ||§]5(I/J\N+1) — ¥ n115]|p. For comparison, we
considered different lengths of historical intra-daily data with N € {10, 20, 30, ..., 250}.

Some interesting findings can be concluded:

e From Table 1, we can find that for KerAR1, the ratios of prediction errors of the ICM
and the difference between the weights constructed based on the oracle ICM—ENH,(; and
25([/]\ ~N+1) decrease as N and/or n increase. However, for Aver, the ratios of prediction
errors of the ICM decrease as n increases only when N = 10, and the difference between
the weights constructed based on the oracle ICM—ENH,(; and % chvzl ikﬁ increases as

N increases.

e The portfolio constructed based on KerAR1 performs much better than that based on
Aver in terms of smaller risks. Moreover, Aver may perform worse and worse as N

increases, while the performance of KerAR1 is much more stable.
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e Comparing the results with different settings for 3;, we find that the improvements caused
by incorporating extra information from the index are more significant with Model 1.
This is reasonable, as Ekﬁ is a function of Uy in Model 1. However, for Model 2 the spot
covariance matrix 3; is actually a sum of a function of U; and some noises that stems

from the randomness of volatilities, which does not depend on Uj.

e Comparing the results with p = 30 and p = 100, we find that the risks of all the portfolios
decrease as p increases, as expected. In addition, the improvement from incorporating the

index U; does not seem to depend on the size of the portfolio, which is a very appealing

property.

In conclusion, the simulation results show that extra information from the Uy, is helpful for better
estimating the ICM. With better covariance estimations, the portfolios constructed based on

the dynamic ICM estimators perform better than those constructed by simple averaging.

6 Empirical data analysis

We conducted a real data analysis that constructed GMV portfolios by using high-frequency
trading data from the stock market. The intra-day high-frequency data were downloaded from
the TAQ database. We considered a pool of the components of the S&P 500 index whose
high-frequency observations observations are available on all the trading days from 01/01/2008
to 06/30/2017. We considered three portfolio sizes: p = 30,60, and 100. Beginning with
a portfolio of p = 30 that randomly selected 30 stocks, we then added randomly selected
additional 30 stocks to construct the portfolio of size p = 60, and then another 40 for p = 100.
The period we considered starts from the first trading day of 2009 such that there are 2,139
trading days in total. The portfolios were rebalanced at the end of each day by updating the
weights. By using the data in the periods of difference lengths (N = 10, 20, 30, ..., 250 days),
we analyzed the resulting covariance estimations and the performances of the sparse portfolios.
The CBOE volatility index, known as the VIX, was used as the index U, in the proposed
approach. Empirically, we find that the correlation between VIX’s and the daily volatilities
(the sum of volatilities of all 100 stocks during one day) is 0.8079. The correlation between the
VIX’s and the Frobenius norms of the daily ICMs is 0.8064.

Similar to that in the simulation study, we carried out comparisons between the portfolios
constructed based on Oracle:= 3. ~N+1,6 which is the two scales covariance estimator constructed
based on the intra-daily data observed on the (N +1)st day, Aver:= + Z,ivzl f]k,g, and KerAR1
= ig(f]\]\[+1), where [7N+1 was predicted by the AR(1) model built on Uy, Us,...,Uyx. The
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annualized risks of the portfolios are reported in Figures 5 — 7. We have also compared the
prediction abilities of Aver and KerAR1. Since the true realizations of the ICMs are unavailable,
we computed the Frobenius norms of the differences between the predictors and the estimator

by ~N+1,6- Those results are also reported in Figures 5-7. The empirical results show the following:

e In general, Oracle performs the best and KerAR1 outperforms Aver almost for all cases
in the sense of smaller portfolio risks. However, when the norm constraint for the weight
¢ = 5 and the portfolio size p = 60 and 100, the performance of Oracle weight is worse
than KerAR1 and Aver. A likely reason behind is the less than satisfactory performance
of the non-sparse portfolio constructed with many stocks. That is, when c is large, the
resulting weights tend to be dense, even the covariance estimations are accurate as the
Oracle. In this real data example, since it is evidential that a sparse portfolio is preferred
especially with many stocks, the less than satisfactory performance of a dense portfolio

is not surprising.

e As N increases, in most cases the risks of the portfolios constructed based on KerAR1
seem to first decrease and then increase. This could be due to some structural changes in
the dynamics over a longer period of time. Empirically, we find that it works quite well
to use a period of 20 to 60 days’ historical intra-daily data to estimate the covariances
and to construct portfolios. While for Aver, their performances were generally better
with smaller N, but worsened when N increased. This is likely because that using data
from more days averaged out the between-periods heterogeneity in the covariances, so
that the resulting portfolio lacked the adaptability to the market dynamics. Therefore,
for applying approached with averaged covariance estimation, smaller N such as 30 or

smaller is recommended as that in Fan et al. (2012) and Cai et al. (2020).

e Comparing the results with different portfolio sizes, we find that as p increases, the risks
decrease. In addition, comparing the results with different constraints ¢, both Aver and
KerAR1 seem to achieve minimal risks with ¢ = 2. We observe that KerAR1 method
showed some less stable performance when N is smaller. This is not surprising, and
it is likely due to higher level of variation of this method involving localization when
only utilizing fewer days of data. This also demonstrates that for more difficult high
dimensional covariance estimations, the trade-off between the bias and variance in the

resulting estimations is an important consideration.

e For the Frobenius norms of the differences between the predictors and > N+1,6, we find

that the norms of Aver are larger and increase much faster than those of KerAR1. This
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in some sense suggests that the information contained in the VIX index is useful for more

accurately predicting the covariances.

Overall, we see the effectiveness of our dynamic covariance matrix estimation in this data
analysis.

We further compare the performances of the portfolios constructed by using high-frequency
data to those of the portfolios using only low-frequency daily data. The following methods

using daily data were considered:

e 1/p: The equal-weight portfolio, which can be viewed as the covariance matrix of returns

is estimated by the p X p identity matrix.
e SP: 37 in (10) is estimated by the sample covariance matrix of daily returns.

e FF3: 37 in (10) is estimated based on the Fama-French three-factor model (Fama and

French, 1993).

e LS: 37 in (10) is estimated by an optimal linear shrinkage of the sample covariance

matrix of daily returns, which is developed in Ledoit and Wolf (2004).

e NL-SF: 3% in (10) is estimated by the single-factor preconditioned nonlinear shrinkage

estimator, which is also based on daily returns and developed in Ledoit and Wolf (2017).

e DCC: X7 in (10) is predicted by the Dynamic Conditional Correlation (DCC) model
developed in Engle (2002).

For the portfolios based on high-frequency intra-daily data, we use 30 days’ historical data
to construct the portfolios with the two methods Aver and KerAR1. For the estimators con-
structed based on daily returns, we follow the study in Ledoit and Wolf (2017) and use 250
days’ daily returns. The ¢ in (10) is set to be 1, 1.5, or 2. Three measures are reported and used
in comparing the out-of-sample performances of different portfolios. The results are reported

in Table 2.
e AV: the annualized average of out-of-sample returns during the investment.
e SD: the annualized standard deviation of out-of-sample returns during the investment.
e SR: the sharp ratio, AV/SD.

Since we considered the GMV portfolio, we focused on the comparisons of the out-of-sample
standard deviations firstly and then compared the sharp ratios of different portfolio strategies.

We have found the followings:
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e KerARI1 with ¢ = 2 achieves the smallest risk among all portfolios with different portfolio
sizes and different ¢. KerAR1 always performs the best in terms of the smallest risks
and highest sharp ratios in all cases. This furthers confirms the benefits of our proposed
approach from a). using high-frequency data in estimations the covariances, and b).

incorporating some informative volatility measures such as the VIX index.

e NL-SF performs the best among the portfolios constructed based on daily returns, how-
ever, its performances are worse than the portfolio strategies constructed based on high-
frequency data. Though the portfolios constructed using low-frequency data are consid-
ered as effective in risk management, more sophisticated investors may attempt to explore
opportunities for better risk-reward balanced strategies that take advantages from the op-

portunities using high-frequency data.

7 Discussion

Thanks to the opportunities from using high-frequency data, we proposed a dynamic esti-
mator for the covariance matrix of the returns of many stocks, based on which we investigated
the performance of the sparse portfolio, both in theory and by empirical analysis. We show
that our approach has some potential in providing an opportunity for better covariance matrix
estimations, and better portfolio performances.

Clearly, to what extend our approach is effective depends on how informative the variable
that is given. In our data analysis, the VIX index seems to be a good choice. Since VIX is based
on the prices (implied volatilizes) of the options, such a market view of the future volatility
level may not always be most effective, especially during the regime changing periods of time
such that the investor’s expectation and hedging strategy may not catch up soon enough. In
light of this consideration, we advocate exploring other possible variables in applications. There
are some promising possibilities. For example, besides the VIX, the volatility levels of some
common factors that are driving the market are possible candidates, e.g., the predicted future
volatilities of the Fama-French’s factor models. Depending on the time-horizons of interests
and the particular market sections, e.g., I'T or industry, of interests when building a portfolio,
the term structure of the bond returns may also be considered because not the all stocks are
affected in the same way when there is a change in the term structure of the bond returns.

These are all of valuable interests in our future investigations.
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Table 1: Averages of prediction errors (ratios x100) and differences (x100) between
KerAR1/Aver weight and the weight constructed based oracle estimator.

D N n = 1950 n = 23400
FroNormDiff WeightDiff FroNormDiff WeightDiff
KerAR1 Aver KerAR1 Aver KerAR1 Aver KerAR1 Aver
Model 1
30 10 28.89 41.93 3.72 3.26 22.58 41.47 2.16 2.29
50 24.62 71.45 2.59 3.38 21.86 75.56 1.87 3.13
100 23.02 90.98 2.16 3.51 21.51 96.60 1.72 3.36
150  22.37  104.73 1.99 3.74 21.29  111.64 1.67 3.62
200  21.66  115.70 1.89 3.85 21.03  123.57 1.61 3.77
250  21.58  113.75 1.85 3.81 20.97  121.67 1.59 3.77
100 10 28.91 35.65 1.82 1.70 19.83 33.15 1.07 1.03
50 23.03 54.04 1.35 1.46 18.74 56.38 0.87 1.27
100  20.97 65.17 1.11 1.43 18.33 68.60 0.78 1.33
150  20.09 73.74 1.00 1.41 18.04 78.05 0.75 1.35
200  19.29 79.64 0.92 1.40 17.81 84.45 0.71 1.35
250  19.17 78.27 0.89 1.38 17.74 83.09 0.70 1.35
Model 2

30 10 24.38 26.82 4.67 3.78 14.80 23.70 2.35 2.36
50 19.90 40.41 3.56 3.59 14.90 39.56 2.38 3.01
100  18.61 42.32 3.56 3.76 15.42 43.03 2.60 3.25
150  18.61 46.24 3.59 3.81 15.70 47.23 2.64 3.34
200  18.03 47.79 3.53 3.79 15.98 48.75 2.68 3.37
250  17.92 47.66 3.51 3.78 16.09 48.29 2.72 3.40
100 10 28.16 29.61 1.96 1.70 16.29 25.24 1.08 1.00
50 21.94 42.51 1.56 1.49 15.77 41.64 1.01 1.19
100  20.19 45.54 1.50 1.51 16.01 46.25 1.05 1.28
150  19.72 49.98 1.48 1.53 16.07 50.99 1.07 1.31
200  19.16 52.07 1.46 1.52 16.16 52.98 1.08 1.32
250  19.02 51.69 1.45 1.51 16.27 52.31 1.09 1.33

Note: FroNormDiff denotes the averages of ||§]*TT — XN isllF/ BN slle x 100 and |5 Zszl Shs —
E}‘\,H’[s HF/|2}<V+1,6 || 7 <100 over 504 investment days. WeightDiff denotes the averages of [Wike, AR1—W Oracte| /P X

100 and |6\v2ver - V/GcOracleVp x 100.
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Table 2: Out-of-sample performances of different daily-rebalanced strategies for the GMV port-

folio with different values for the norm constraint ¢ during all trading days between 01/01/2009

to 06,/30/2017.

1/p  SP FF3 LS NL-SF DCC | Aver KerARI1
p =30
c=1 AV 914 545 459 4.65 .66 5.04 | 6.19 7.42
SD 19.04 14.64 14.53 15.09 14.16 14.48 | 13.57 13.15
SR 048 037 032 031 040 0.35 | 0.46 0.56
c=15 AV 914 656 497 471 6.73  5.59 | 6.80 7.99
SD 19.04 14.56 14.52 14.90 13.86 14.18 | 13.43 12.48
SR 048 045 034 032 049 0.39 | 0.51 0.64
c=2 AV 914 807 647 513 771 560 | 6.90 8.04
SD 19.04 1490 15.13 15.12 14.12 14.34 | 13.37 12.30
SR 048 054 043 034 055 039 | 0.52 0.65
p =60
c=1 AV 1013 927 726 896 7.54 10.03| 7.90 9.10
SD 1887 19.88 17.70 1835 17.59 19.07 | 14.60 13.38
SR 054 047 041 049 043  0.53 | 0.54 0.68
c=15 AV 10.13 850 559 822 7.17 8.26 | 8.42 9.26
SD 18.87 16.36 16.15 15.76 15.27 15.26 | 13.94 12.57
SR 054 052 035 052 047  0.54 | 0.60 0.74
c=2 AV 10.13 878 645 818 T7.15 7.80 | 851 8.84
SD 18.87 15.93 15.71 1533 14.73 14.49 | 13.72 12.37
p =100
SR 054 055 041 053 049 054 | 0.62 0.71
c=1 AV 10.08 742 788 815 731  9.01 | 828 8.69
SD 18.92 15.30 15.02 14.39 14.09 14.66 | 12.42 11.84
SR 053 049 052 057 052  0.61 | 0.67 0.73
c=15 AV 10.08 7.80 555 728 6.68 7.12 | 870 8.60
SD 18,92 13.67 13.86 12.77 1247 1246 | 11.72 10.90
SR 053 057 040 057 054  0.57 | 0.74 0.79
c=2 AV 10.08 7.69 645 623 6.76  6.55 | 8.40 8.20
SD 18.92 13.29 13.84 1246 1236 12.52|11.64 10.82
SR 053 058 047 050 055  0.52 | 0.72 0.76

Note: AV, SD, and SR denote the average, standard deviation, and sharp ratio, respectively, of 8.5 years’ daily

out-of-sample returns of portfolios. AV and SD are annualized and given as percents. The smallest number in

each row labeled by SD is reported in boldface. 250 days’ range of historical daily log-returns are used for SP,
FF3, LS, NonLS, and NL-SF. 30 days’ range of intra-daily log-returns are used for Aver and KerARI.
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