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Abstract 

Unloading behavior is of crucial importance in metal forming, which particularly creates a 

challenge to springback analysis and control of manufactured components. For working with 

hard-to-form materials at elevated temperatures, the thermal-mechanical coupling effect 

makes the unloading process more complicated and thus more difficult to model and control. 

Establishing an insight into the thermal-mechanical unloading behavior is crucial for ultimately 

improving the dimensional accuracy of formed components. In this work, using a near-alpha 

high-strength titanium alloy as a case, a series of continuous loading-unloading-reloading 

experiments within cold and warm forming domains were designed. Through the experiments, 

the complex unloading behavior, with a focus on the temperature-dependent degradation 

effect of elastic modulus and nonlinear stress-strain response, was investigated. A physically-

based model was developed to reproduce the temperature-dependent nonlinear reduction 

effect of elastic modulus. In this model, the reversible mobile dislocation density is particularly 

included and modeled, thus accounting for the evolving nonlinear elastic strain component 

upon unloading with respect to both plastic strain and deformation temperature. Via model-

based analysis, the mechanism accounting for the complex unloading nonlinearity in thermal-

mechanical working is discussed from different evolutions of dislocation behaviors depending 

on plastic deformation and temperature. 
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1. Introduction 

Springback-induced dimensional deviation is one of the most quality issues in deformation-

based manufacturing processes for metallic parts and components [1]. Springback mainly 

occurs at the end of a forming operation when the external loads are removed from the 

deformed materials. As a result, both the processing history and the unloading process will 

significantly affect the springback of the deformed parts [2–4]. Many metallic materials that 

have suffered plastic deformation normally do not follow the conventional linear elasticity 

theory during unloading, however, they present a nonlinear phenomenon [5–9]. Nonlinear 

unloading behavior makes prediction and control of springback more challenging. Springback 

prediction accuracy crucially depends on the accurate modeling of forming (loading) and 

unloading processes [2], where it would be more critical with the nonlinear elastic behaviors 

during unloading [10]. Despite its significant influence on springback and a lot of reported 

studies, there is still a lack of understanding of the complex nonlinear unloading phenomenon. 

Particularly for thermal-mechanical processing of hard-to-deform materials like high-strength 

titanium alloys, the thermal-mechanical effect complicates the unloading process and makes 

it more difficult to model and control springback [11,12]. Hence, the unloading behavior in 

thermal-mechanical working is becoming an imperative issue that needs to be addressed as 

it directly affects the determination of process parameters and the assurance of property and 

quality in deformation-based manufacturing processes. 

 

 

Fig. 1. Schematic of the nonlinear unloading behavior (based on [2]). 

 

Nonlinear unloading behavior following the plastic deformation of metallic materials can be 

generally characterized by using the loading-unloading experiments such as tension loading-

unloading-reloading (LUR), cyclic three-point bending, biaxial LUR, etc. [13–15]. A typical 

schematic graph of the stress-strain relationship in the LUR test is shown in Fig. 1. It is 

observed that the nonlinear unloading behavior includes two aspects, i.e., the nonlinear 

stress-strain response upon unloading and reloading, and the strain-dependent reduction of 
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chord modulus (modulus reduction effect). The nonlinearities in unloading/reloading result in 

an elastic hysteresis loop, which indicates the energy dissipation during the process [13]. The 

modulus reduction effect means that the chord modulus obtained from the start to the end 

of an unloading-reloading curve presents a pronounced degradation phenomenon with 

increasing plastic deformation. The modulus reduction is different with material, grain size, 

straining level, temper condition, and loading path [15–18], but is less sensitive to strain rate 

within the static and intermediate strain rate range [19]. Of course, it should be noted that 

nonlinear unloading behavior is more complex than the above-mentioned points; for example, 

the nonlinearity in the elapsed-time dependency of springback (time-dependent springback) 

reported in many types of alloys [20–22], should also be included in this scope. In this study, 

we mainly focus on studying the unloading process when removing the external loads, but the 

time-dependent springback is not discussed yet.  

Regarding the mechanisms behind the nonlinear unloading behavior, researchers have 

proposed many explanations. The typical ones include second-order elasticity caused by 

atomic bond stretching [23], inhomogeneous inner residual stress [24], deformation-induced 

texture evolution [25], damage evolution [26], twinning and detwinning or kink bands in HCP 

alloys [27], and dislocation interactions [5]. Among them, the pile-up and short-range 

reversible movement of dislocations have been accepted as the most significant mechanism 

of nonlinear unloading. During plastic deformation, sources of dislocation can be activated, 

and then numerous dislocations are thus created and also move along different slip planes in 

the materials. The dislocation structures impeded by the pinning obstacles such as grain 

boundaries, sub-cells, and solute particles, or the dislocations that pile up near the grain 

boundaries, can move to a new equilibrium with the relaxation of the lattice stress and thus 

create extra microscopic strain [28]. In some literature, such microscopic strain is known as 

micro-plastic strain [29] or quasi-plastic-elastic strain (QPE strain) and is also called anelastic 

strain at the macroscale level in many cases [13]. 

To model the nonlinear unloading phenomenon for predicting springback accurately as well 

as understanding the underlying mechanisms, some attempts have been made. According to 

whether the physical mechanism is considered, these constitutive models are categorized as 

phenomenologically-based models and physically-based ones. The phenomenological 

methods are mainly based on the well-known Hooke’s law, treating the loading/reloading as 

a linear process, using chord modulus-based functions of plastic strain to represent the plastic 

straining induced modulus degradation [30,31]. Examples include bilinear functions, three-

stage-form functions, polynomial functions, power functions, exponential forms, and some 

others. Among them, an exponential model proposed by Yoshida and Uemori has attracted 

extensive applications in the springback analysis, thanks to the advantages in parameter 

identification, implementation, and computation efficiency in FE simulation [30]. However, 

since it approximates the unloading stress-strain curve as a linear chord, the model will lose 
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some accuracy when the material is not completely unloaded due to the difference between 

the chord line and the nonlinear unloading curve. In practical forming cases, the locally 

uncompleted unloading commonly exists and can result in non-uniformly distributed residual 

stresses in the formed part after global unloading [29,32]. To well represent the nonlinear 

unloading, several other models were proposed by introducing the unloading stress as an 

additional variable in the functions of chord modulus [33,34]. In addition, some most recent 

models are also proposed to capture the nonlinear stress-strain response upon 

loading/reloading, such as the Yoshida-Uemori model [35], multi-surface model [36], QPE 

(quasi-plastic-elastic) model [13], and one surface model [37]. Additionally, several models 

have been developed from the aspect of the dislocation-dominated mechanism within 

continuum dislocations dynamics (CDD). For instance, a dislocation-based model was recently 

proposed to describe the microplastic strain in the pre-yield regime [28,38]. Different from 

the pure elastic deformation caused by the inter-atomic bond, the pre-yield claims that the 

bowing-out of dislocation segments can contribute to creating microplastic strain at the same 

time during loading. So, the density of dislocation and the length of dislocation segments were 

used in the above model to describe the microplastic strain component. Based on this 

understanding, Torkabadi et al. [39] developed a semi-physical model to describe the 

nonlinear elastic behavior and applied it to the description of nonlinear loading-unloading 

curves of AHSS in cold forming. In that model, the recoverable anelastic strain is proportional 

to the dislocation density, and the Taylor equation is adopted to associate the dislocation 

density with the flow stress. In addition to the works reviewed above, several attempts in 

discrete dislocation dynamics simulation and molecular dynamics simulation for studying the 

nonlinear unloading behavior have been made recently [40,41]. 

The body of study on nonlinear unloading is more extensive than the above-summarized ones 

and many not mentioned do have made great contributions to understanding the unloading 

behavior and underlying mechanisms. However, these works mainly focus on cold 

deformation. For the unloading behavior under thermal-mechanical working, little attention 

has been received, which limits the effective analysis of springback in metal forming at 

elevated temperatures. For thermal-mechanical working, some high-strength, difficult-to-

deform materials can still present a high strength-to-modulus ratio; for example, the ratio of 

the high-strength Ti-alloys within the warm forming domain can be up to about 2.5~3 times 

higher than the widely used advanced high strength steels (AHSS) in the cold forming domain, 

leading to remarkable springback during forming at elevated temperatures. The unloading at 

elevated temperatures, whether it has similar nonlinear characteristics to cold forming or any 

other different phenomena, remains unknown. In addition, the complex thermal-mechanical 

history makes the unloading process in deformation at elevated temperatures more 

complicated and more difficult to represent. Therefore, characterizing and modeling the 
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nonlinear unloading behavior within the temperature range from cold to warm domains is a 

challenging issue to be explored. 

To fill the identified research gaps, this paper aims at exploring the nonlinear unloading 

behavior within cold and warm deformation domains and establish insight into the evolving 

unloading behavior under thermal-mechanical working. First, by taking the near-alpha high-

strength titanium alloy as a case, continuous loading-unloading-reloading tests are designed 

and performed to explore the temperature-dependent evolution of nonlinear unloading from 

cold to warm domains. Furthermore, from the aspect of dislocation interactions upon 

loading/unloading, a physically-based model with the reversible mobile dislocation 

introduced is established and assessed for understanding of the unloading behavior. Finally, 

the evolution behaviors of dislocations with plastic strain and deformation temperature are 

analyzed, and the mechanism for nonlinear unloading behavior in cold and thermal-

mechanical working is discussed. 

2. Design of experiment 

2.1. Material 

In this research, high-strength Ti-3Al-2.5V tubular material (HSTT), with a nominal outer 

diameter of 6 mm and a nominal thickness of 0.5 mm, is used as the case material. Ti-3Al-2.5V 

is a typical near-alpha titanium alloy and its nominal chemical compositions are shown in Table 

1. The as-received Ti-3Al-2.5V tube is manufactured by multi-pass cold-rolling and then 

treated as the stress-relieved condition according to SAE 4946 [42]. The reason for using 

tubular specimens is due to that the unloading-induced springback analysis is a challenging 

issue in tube bending processes. For high-strength titanium tubes, there are two significant 

problems seriously affecting the bending process—one is the limited bendability due to its 

low ductility, and another is the significant springback due to its high strength-to-elastic 

modulus ratio even at elevated deformation conditions. In previous research, a novel bending 

method so-called locally differential heating-assisted bending method was developed, which 

enables tight-radius bending of high-strength titanium tubes [12]. However, springback is still 

remarkable in heating-assisted bending and is more difficult to predict and control as 

compared to cold deformation due to the temperature-dependent unloading behavior. 

Therefore, clarifying the complex unloading behavior under cold and thermal-mechanical 

working will contribute to accurately solving the springback problem in heat-assisted tube 

bending. 

 

Table 1 Chemical compositions of Ti-3Al-2.5V tubular material (weight %) 

Material N C H O Fe N Al V Ti 

Ti-3Al-2.5V 0.02 0.05 0.015 0.12 0.3 0.02 2.5-3.5 2.0-3.0 balance 
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Fig. 2 shows the material microstructure obtained by the EBSD test on the normal direction 

(ND)-rolling direction (RD) plane with respect to the traverse direction (TD). The average grain 

size is about 1 μm. The alpha phases with elongated wrought structures dominate the 

microstructure, and some minor partially transformed beta phases also exist in the 

boundaries of alpha grains. The inverse pole figure indicates a near radial texture (<0001>//ND) 

in the tubular material. For the HCP-structured Ti-alloy, both gliding and twinning modes 

concurrently contribute to the plastic deformation [43]. In addition, Li et al. [44] revealed that 

the maximum volume fraction of twinning is about 0.8% in tension and 2.6% in compression, 

respectively, which indicates that dislocation gliding is the most significant mechanism to 

accommodate plastic strain. In the following modeling work, the twinning mode is thus 

ignored, and the dislocation interactions are considered in both loading and unloading 

processes. 

 

 

Fig. 2. Microstructure characteristics of the as-received Ti-3Al-2.5V tubular material:  

(a) EBSD orientation map; (b) Pole figure. 

2.2. Mechanical Characterization 

Uniaxial tension tests in the RD of the tubular materials are performed at room and elevated 

temperatures according to the standards of ASTM E8 [45] and ASTM E21 [46]. First, two round 

insert parts were placed inside the tube clamp area. The geometrical dimensions of the round 

insert parts were designed and manufactured according to ASTM E8. Second, the tube 

specimen with inset parts inside the clamp areas was clamped by using manual serrated 

wedge gripers. Third, the tube specimen together with the gripper units were placed inside 

the oven for tensile tests at elevated temperatures. However, as the tensile tests in this study 

were carried out at high temperatures up to 400℃, the grippers were specially designed and 

made by Ni-based superalloy K403 (as shown in Fig. 3 (a)), hence ensuring the clamp stability 

at elevated temperatures. The tests are conducted at a nominal strain rate of 0.001 s-1, and 

the gauge length of the testing sample is 50 mm (as shown in Fig. 3 (b)). To measure the 
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deformation at various temperatures, Epsilon Class B (3448-050M-020) high-temperature 

extensometer with +20% / -10% gauge range (Fig. 3 (a)) is used to measure the elastic-plastic 

strain in uniaxial tension experiments of HSTT at different temperatures. This extensometer 

can be used at a very high temperature up to 1200 ℃ and has a high resolution. By using the 

displacement measured by the extensometer and the load registered by the test machine, as 

well as taking the cross-sectional area into account, the engineering strain ( εeng ) and 

engineering stress (σeng) can be calculated. Then, the true stress can thus be obtained from 

the engineering stress using the equation σtrue = σeng(1 + εeng). Fig. 4 shows the true flow 

stress from 20 to 400 ℃, in which the experimental data are fitted by the Swift hardening 

function to provide a unified description for the identification of model parameters. 

 

 

Fig. 3. High-temperature mechanical testing: (a) testing platform assembly; (b) tubular 

tensile specimen 

 

To characterize the unloading behavior under thermal-mechanical deformation, the 

continuous tension loading-unloading-reloading (LUR) tests with several cycles at cold and 

warm temperatures of 20~400 ℃ are conducted. Similar to the tension test, several 

engineering strain points are pre-defined as the unloading positions in the LUR test. The 

testing sample is loaded to a pre-set strain position and then reversely unloaded to the zero-
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stress state, and then reloaded to the next pre-set strain position. In the loading process, the 

displacement-control method (equivalent to the engineering strain rate of about 0.001 s-1) is 

also applied. The load-control method with 200 N·s-1 is adopted in the unloading process to 

avoid the over-large decrease of flow stress using the displacement-control method upon 

unloading. The corresponding true strain positions are as set as [0.01, 0.013, 0.018, 0.025, 

0.034, 0.055, 0.067, 0.08, 0.1, 0.12, 0.14, 0.16]. 

3. Characterization results of unloading behavior 

3.1. Nonlinear unloading behavior at room temperatures 

As mentioned previously, the nonlinear elasticity can be categorized as the nonlinear stress-

strain response upon unloading and the modulus reduction effect with the accumulation of 

plastic strain. Based on the tension loading-unloading-reloading test at room temperature, 

the stress-strain curve of high-strength titanium alloy is shown in Fig. 4. It can be found that 

the stress-strain response during unloading and reloading is far from a straight line. In a 

loading-reloading cycle, the stress-strain curve upon reloading legs behind the curve upon 

unloading, and thus comes out with a hysteresis loop. For the higher flow stress or the larger 

strain level, a more pronounced hysteresis loop can be observed. In this section, the nonlinear 

unloading behavior in the cold forming will be analyzed from the aspects of nonlinear stress-

strain response and modulus reduction effect. 

 

 

Fig. 4. True stress vs plastic strain curves at different temperatures. 

 

3.1.1. Nonlinear unloading stress-strain response 

Comparing the uniaxial tension result with the flow stress of LUR, it can also be found from 

Fig. 5 that the re-yield strength is slightly greater than the uniaxial tension stress and then 

trends to be the same as the tension stress. Similarly, the stress difference between reloading 

and uniaxial loading is increased with the increase of flow stress. The maximum stress 
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difference is about 18 MPa with the strain of about 0.08, which takes up about 1.7% of its 

current flow stress. In general, reloading just creates a very minor effect on the magnitude of 

reloading flow stress and thus can be ignored in the overall analysis of the unloading 

nonlinearity. 
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Fig. 5. Stress-strain responses of cyclic loading-unloading-reloading tests of Ti-3Al-2.5V alloy. 
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Fig. 6. Stress-strain response of a single loading-unloading-reloading loop (the 6th from Fig. 5) 

of the Ti-3Al-2.5V tube at room temperature  

 

Furthermore, the unloading-reloading curves and moduli were analyzed in detail. It is noted 

that the linear fitting method was employed to fit the stress-strain curve within the elastic 

scope under initial loading, thus determining the initial Young’s modulus. During the linear 

fitting, the zero-stress point was selected as the lower limit. For the upper limit, it is difficult 
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to find a very exact point. In this study, several points close to but below the yielding were 

firstly selected as the trial upper limits for linear fitting. By averaging the fitted Young’s moduli 

obtained from several trials, the initial Young’s modulus was thus determined. For the chord 

moduli during unloading under different pre-strains, the modulus values were determined by 

calculating the slope of the chord line between the two cross points of unloading and 

reloading curves. In such a way, the initial modulus and the chord moduli under different pre-

strain levels can be obtained from Fig. 5.   

As shown in Fig. 6, taking the sixth cycle of LUR from Fig. 5 for further analysis, it can be seen 

from the magnified view of the stress-strain curve that both the unloading and reloading 

stress-strain relationships are nonlinear. The reloading curve seems to be an inverse process 

to the unloading. In Fig. 6, the initial unloading stress (𝜎0
un) represents the stress at the start 

point of unloading (equivalent to the flow stress prior to unloading), and E0 and EC represent 

the initial elastic modulus obtained from the uniaxial tension test and the chord modulus of 

the given unloading-reloading loop. As shown in Fig. 6, the chord modulus at the strain of 

0.045 is about EC=96 GPa. As compared with the initial elastic modulus (E0=109 GPa), the 

chord modulus is reduced by about 12%. As the actual unloading and reloading curves are 

nonlinear, the corresponding strains for unloading and reloading at the same stress level are 

different. The strain difference increases gradually along with the decrease of the stress upon 

unloading and reaches a maximum value (𝛥𝜀c
un) when the stress decreases to a critical state—

approximate half of the initial unloading stress (𝜎0
un), as shown in Fig. 6. After then, the strain 

difference decreases gradually to zero when the actual stress is unloaded to zero. Thus, half 

of the initial unloading stress is defined as the critical unloading stress (𝜎c
un) to represent a 

state where the maximum strain difference is in an unloading-reloading loop. For the 

unloading-reloading loop shown in Fig. 6, the critical unloading stress is about 𝜎c
un =

490 MPa . Since the chord line approximately divides the loop into two same parts, the 

deviation of the unloading strain calculated by the chord modulus to actual unloading is also 

the maximum at this critical state. Additionally, the total recovery strain during unloading can 

be calculated as 𝜀recovery = 0.0096 . If using the initial elastic modulus for calculation, the 

recovery strain is called pure elastic unloading strain and is 𝜀e=0.0075. By comparing the two 

values, one could calculate the component of nonlinear elastic unloading strain is 𝜀non-e =

0.0021, which takes about 21% of the total recovery strain. 

Furthermore, the instantaneous gradient of modulus during unloading at different pre-strains 

is analyzed. Fig. 7 shows the variation of instantaneous gradient among the pre-strains of 0.018, 

0.045, and 0.080. The x-axis (horizontal) and y-axis (vertical) are normalized by using the initial 

unloading stress (𝜎0
un), and the initial elastic modulus (E0), respectively. For all the three cases 

with different pre-strain levels, the instantaneous gradients quickly decrease at the start of the 

unloading process, then gradually decrease near-linearly to the zero-stress state (at the end 

of the unloading process), which shows that there is no definite linear part in the entire 



Page 11 of 45 

unloading process. The overall tendency of instantaneous gradient agrees with the nonlinear 

unloading studies in aluminum alloys, mild steels, and magnesium alloys reported by several 

previous works [7,29,33]. When focusing on the beginning of unloading, it is found that the 

dramatic decrease of the gradient is similar to that in magnesium alloys. However, such a 

dramatic decrease of the gradient at the beginning can hardly be found for aluminum alloys 

and mild steels [7].  

 

 

Fig. 7. Variation of the instantaneous gradient of modulus during unloading at different pre-

strains in cold deformation. 

 

It also can be observed from Fig. 7, that, when comparing the gradients of the near-linear 

stage under three pre-strains, we can find that the overall gradient level at 0.018 pre-strain is 

much higher than those at the other two pre-strains. However, the overall gradient level at 

0.045 pre-strain is only very slightly higher than that at 0.080 pre-strain, even though the pre-

strain of the former is much smaller than the latter. This phenomenon shows that the degree 

of the nonlinearity in the stress-strain response upon unloading is increased with the increase 

of pre-strain, and then gradually tends to be saturated when the pre-strain reaches a certain 

level. In addition, except for the beginning stage of the unloading process, it can be found that 

the normalized modulus in the near initial unloading stage is approximately equal to one. That 

is to say, the transient unloading modulus at this point equals the initial elastic modulus of the 

material. With the unloading proceeds, the transient unloading modulus gradually reduces to 

a smaller value until the external load is removed. 

3.1.2. Strain-related reduction of unloading modulus 

Fig. 8 demonstrates the chord modulus at various plastic strains. It can be seen that the chord 

modulus is significantly decreased once the material suffers plastic deformation, and the 

reducing rate becomes slow and slow with the continuous accumulation of plastic strain. 

When the strain is about 0.05, the chord modulus seems to be saturated at 91 GPa. The 
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maximum reduction of chord modulus is about 18 GPa, which takes up about 16.5% of the 

initial elastic modulus. Actually, the modulus reduction effect has been widely observed in 

many metals and alloys, but the reduction amount of modulus varies with different materials. 

For example, the reported maximum reduction can be up to about 22% in AHSS [47], 11% in 

aluminum [29], 20% in copper [48], and 14% in titanium [6], as compared to their initial 

modulus values. 
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Fig. 8. Modulus reduction effect of Ti-3Al-2.5V alloy at room temperature: (a) Chord modulus 

vs. plastic strain; (b) Chord modulus vs. unloading stress. 
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Fig. 9. Elastic modulus at various temperatures of Ti-3Al-2.5V alloy. 

 

3.2. Nonlinear unloading behavior at elevated temperatures 

Warm forming is conducted at the elevated temperature above room temperature but below 

the recrystallization temperature of the material. Section 3.1 introduces the nonlinear 

unloading behavior of titanium materials at the cold forming domain. However, how the 

unloading nonlinearity evolves with increasing the forming temperature is not yet known. In 
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this Section, the temperature-dependent evolution of nonlinear unloading behavior will be 

discussed based on LUR tests at elevated temperatures. 
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Fig. 10. Stress-strain responses of the cyclic tension LUR tests of Ti-3Al-2.5V alloy at elevated 

temperatures: (a) 100℃; (b) 200℃; (c) 300℃; (d) 400℃. 

 

3.2.1. Temperature-dependent initial elastic modulus 

From the view of the micro-scale, the elastic modulus is a representation of the interaction 

force of the bonded atoms in materials. Normally, material elasticity property can be 

measured by mechanical tests such as the uniaxial tensile test, ultrasonic pulse-echo 

technique, and resonant frequency damping method. By analyzing the stress-strain curves 

obtained from the uniaxial tension tests within the cold and warm forming regimes, the initial 

elastic moduli of the case titanium alloy of this research at different temperatures can be 

obtained, as shown in Fig. 9. It is observed that the elastic modulus decreases at a near-linear 

trend, as the forming temperature increases. From 20 to 400 ℃, the elastic modulus is 

decreased by 25.7% from 109 to 81 GPa. Such a linear decrease phenomenon depending on 

temperature has also been reported previously in an alpha-titanium polycrystal [49]. The 

temperature-dependent change of elastic modulus is a well-known phenomenon and has 

been widely observed in most metallic materials. The reduction of elastic modulus may 
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present nonlinear trends with temperature, depending on the materials and the applied 

temperature ranges. Elasticity originates from the interaction forces between the atoms of 

the solids under deformation, and therefore the general nature of the atomic bonding affects 

the elastic property. When the temperature of the material is increased, the atomic thermal 

vibration is increased accordingly, which will lead to changes in lattice potential energy and 

curvature of the potential energy curve, and therefore, the elastic modulus will change [50]. 

3.2.2. Temperature-dependent nonlinear stress-strain response 

Fig. 10 illustrates the stress-strain curves obtained from the LUR tests at different elevated 

temperatures. It is found that the stress-strain responses in the warm forming domain are 

similar to that in cold forming. Both the unloading and reloading curves are nonlinear. The 

subsequent reloading curve lags behind the unloading curve, forming a hysteresis loop at each 

unloading-reloading circle.  

 

 

 
Fig. 11. Variation of the instantaneous gradient of modulus during unloading at the pre-strain 

of 4.50% for different deformation temperatures. 

 

In addition, to make a more detailed analysis of the temperature-dependent unloading 

behavior, the instantaneous gradient is also discussed. Fig. 11 illustrates the instantaneous 

gradients at the pre-strain of 4.50% under the deformation temperature range of 20~400℃. 

It should be noted that the data dots at room temperature is well convergent, while the data 

dots obtained at elevated temperatures looks relatively scattered. The reason may be 

attributed to the stability of the experiment, where the experiments at elevated temperatures 

are more sensitive to being affected by variation of parameters. From the overview of the 

statistical distribution of the data dots, however, the temperature-dependent characteristics 

of the instantaneous gradient can still be observed. With the increase of deformation 



Page 15 of 45 

temperature, the overall gradient level is increased, thus showing that the nonlinearity of 

stress-strain upon unloading is lower at higher temperatures.  

 

0.00 0.02 0.04 0.06 0.08 0.10
70

75

80

85

90

95

100

105

110

115

120

U
n

la
o

d
in

g
 c

h
o

rd
 m

o
d

u
lu

s 
[G

P
a]

Plastic strain

20℃

100℃

200℃

300℃

400℃

            Exp. fitting    Exp.

 

Fig. 12. Modulus reduction effect with plastic strain at elevated temperatures. 

 

3.2.3. Temperature-dependent modulus reduction effect 

As shown in Fig. 12, both the temperature and plastic strain present a significant effect on the 

chord modulus of high strength Ti-3Al-2.5V tube. At the temperature range of 100~300℃, the 

chord modulus exhibits an exponential decaying trend and then becomes saturated when the 

strain exceeds about 5%. Increasing the deformation temperature, the maximum reduction of 

chord modulus becomes smaller. For the cold forming, the modulus reduction percentage is 

about 18%. At 300℃, the modulus reduction percentage is reduced to about 14%. At 400℃, 

however, the reduction percentage of the chord modulus is reduced to about 6%. 

4. Physically-based modeling 

To construct a physically based model for studying the temperature-dependent nonlinear 

unloading phenomena, this section introduces the derivation of nonlinear elastic strain and 

plastic flow stress, the concept of reversible mobile dislocation, and dynamic equations of 

mobile/immobile dislocations, and their temperature/rate dependences. 

4.1. Derivation of nonlinear elastic strain and flow stress 

In metallic materials, dislocations can be categorized into two types: mobile and immobile. 

The former in plastic deformation accommodates plastic strain, while the latter mainly 

contributes to the working-hardening of plastically deformed materials. As illustrated in Fig. 

13, the dislocations are nonuniformly distributed in grains and grain boundaries (GB). In terms 

of their arrangement, the total dislocations in metals can be categorized as cell dislocations 

and wall dislocations. The wall dislocations locate within the cell boundaries (CB) and are 
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immobile, however, the cell dislocations can be either mobile or immobile depending on their 

locations. These cell dislocations distributed statistically inside the sub-cells (SC) are normally 

mobile; however, those forest dislocations stored in the incidental dislocation boundaries (IDB) 

are normally immobile. Both immobile dislocations (cell and wall) contribute to the work-

hardening during plastic deformation. The densities of the above dislocations can be 

described as follows: 

t-cell m-cell im-cell

t-wall im-wall

=

=

 +



  

 
 (1) 

where t-cell  and t-wall  represent total cell and wall dislocation densities, respectively. The 

former is composed of mobile cell dislocations ( m-cell ) and immobile ones ( im-cell ), and the 

latter is only composed of immobile wall dislocations ( im-wall ). 

From the view of the mobility property of dislocations, Eq. (1) can be re-written as follows: 

m m-cell

im im-cell im-wall

=

=




+

 

  
 (2) 

Thus, the total dislocation density can be expressed by: 

t t-cell t-wall m im= + = +      (3) 

As plastic deformation occurs prior to unloading, the flow stress along with plastic strain needs 

to be modeled first. In this research, based on the plasticity theory of polycrystalline materials 

developed by Kocks [51], a temperature-dependent governing equation for flow stress is 

constructed, and shown in Appendix A. Here the following mainly focuses on the derivation 

of governing equation for nonlinear elastic strain during unloading. 

 

 

Fig. 13. Schematic of dislocation arrangement in metallic materials (based on [52,53] ) 

 

To begin with the derivation of equations, several definitions need to be declared, i.e., total 

recovery strain (
recovery  ), pure elastic strain (

e  ), and nonlinear elastic strain (
non-e  ), as 

illustrated in Fig. 1. More detailed explanation can also be found in Section 3.1.1. So, the total 
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recovery strain is composed of two components, i.e., pure elastic strain and nonlinear elastic 

strain, as designated by: 

recovery non-e e non-e

f E= + = +      (4) 

Thus, the nonlinear elastic strain can thus be denoted as: 

non-e recovery

f E= −    (5) 

where E is the elastic modulus that can be obtained from the uniaxial tension tests and 
f  

is the flow stress at the point where unloading starts. Accordingly, the nonlinear elastic strain 

with the plastic strain of titanium alloy at different temperatures can be calculated from Eq. 

(5), and shown in Fig. 14.  
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Fig. 14. Nonlinear elastic strain with plastic strain at different temperatures. 

4.2. Evolution of reversible mobile dislocation density 

4.2.1. Definition of reversible mobile dislocation 

From the view of dislocation, the movement of mobile dislocations can induce the plastic 

strain, calculated by [54]: 

p mb=                                                                   (6) 

where m  is the density of mobile dislocations, b is Burger vector, and   is the dislocation 

mean free path.  

However, the nonlinear elastic strain component, as described in Eq. (5), is caused by the 

short-range movement of these mobile dislocation segments, not all the mobile dislocations 

[28,55,56]. So, to distinguish their contributions, mobile dislocations can be divided into two 

categories, summarized as follows: 

• One is irreversible mobile dislocations, which can completely move across the slip 

plane to contribute to a Burger’s vector micro-strain to the macro-scaled plastic strain 
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or be pinned up by nodes, composites jog, precipitates, etc. The pinned dislocation 

segment bows out during plastic deformation and acts as the Frank-Read source to 

create dislocation loops once the applied shear stress can reach the critical value. 

• Another one is reversible mobile dislocations, which is the previously described 

pinned-up dislocation segment. For these segments, when the applied shear stress is 

below the critical value, the bow-out dislocations cannot become the Frank-Read 

source. In this case, when the external loads are removed or reduced, they will return 

to the original state or a condition with larger curvatures. These bow-out dislocation 

segments become reversible, thus leading to nonlinear elastic strain upon unloading. 

Both the densities of two types of mobile dislocations, i.e., reversible one ( re

m  ) and 

irreversible one ( irrev

m  ), are used to distinguish their contributions to plastic strain and 

nonlinear elastic strain. Thus, the density of total mobile dislocations can be re-written as: 

irrev rev

m m m= +    (7) 

where the density of reversible mobile dislocations is assumed to take up a fraction   

( 0 1  ) of the density of total mobile dislocations, represented as: 

( )irrev

m m

rev

m m

1 = − 


= 

  

  
 (8) 

By combing Eqs. (6) and (8), the nonlinear elastic strain can thus be re-written as: 

non-e

mb=        (9) 

It is known that the density of total mobile dislocation exhibits a complex evolution in the 

material forming process. At different strain levels, the irreversible mobile dislocation density 

is also different due to their mobility difficulty. Thus, both densities of irreversible reversible 

mobile dislocations evolve accordingly during the deformation process. In addition, the 

density of total mobile dislocation is affected by the deformation temperature and strain rate, 

which also, in turn, affects the irreversible and reversible components. Hence, this fraction 

can be written as a function of total mobile dislocation density ( m ), plastic strain ( ), strain 

rate ( ), and deformation temperature (T ), and thus can be briefly designated as: 

m= ( , ,  , )T      (10) 

4.2.2. Evolution of reversible mobile dislocation 

In metal forming processes, when the plastic deformation occurs, both the densities of mobile 

and immobile dislocations are increased first and then tend to be saturated along with the 

accumulation of plastic strain, and the increasing rate of mobile dislocation density is normally 

greater than that of immobile one [57]. The increased density of mobile dislocation thus 

provides a bigger possibility for creating plastic strain; meanwhile, the higher immobile 

dislocation density can make the mean free path decrease so the mobile dislocations become 
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easier to be immobilized [58]. At the beginning of the plastic deformation stage, the density 

of mobile dislocations remains at a relatively low level, and most of them can act as dislocation 

sources to generate new dislocations under external forces [59]. Thus, only a part of the 

movements of mobile dislocations is reversible during unloading [60], which can contribute 

to the nonlinear elastic strain [38]. As deformation proceeds, increased mobile dislocations 

can support more reversible movements. At the same time, increased immobile dislocations 

shorten the spacing distance of immobile dislocations (mean free path of dislocations) so the 

mobile dislocation movement will gradually become difficult. Based on the above 

understanding, it is assumed that the reversible mobile dislocation fraction (   ) is 

proportional to the density of mobile dislocations, but inversely proportional to the average 

spacing distance of immobile dislocations, as given by Eq. (11). 

( )
m

1

 

 






 (11) 

where represents the mean free path and it can be considered as a function of immobile 

dislocation density [61], as denoted by: 

1/2

im

−   (12) 

By considering the effects of mobile and immobile dislocations on the fraction of reversible 

mobile dislocation density during the plastic deformation process, an equation can be 

proposed to describe this fraction parameter, as given by Eq. (13). In this equation, the effects 

of mobile and immobile dislocations are modeled by the second and third terms, respectively, 

together with the first term as a material coefficient. A form of function considering the 

increase of dislocation density as compared to the initial density before deformation is used 

to describe the effects of two densities on the density of reversible mobile dislocations. 

1/2 1/2

m m,0 im im,0rev

1/2

m im

=

− −

−

   − −
       
   

   
 

 
 (13) 

where m,0  and im,0  are the initial densities of mobile and immobile dislocations of the 

material before deformation, and rev  is a material coefficient to represent the probability 

generation magnitude of reversible mobile dislocations. In thermal-mechanical working, the 

material coefficient rev is dependent on the temperature. It was reported that a power-law 

equation can be used to describe the temperature-dependent variation of model coefficients 

related to the probability of thermal-affected dislocation behavior [53]. Thus, a 

phenomenological power equation is used to describe the temperature-dependent 

coefficient rev , as given by: 

rev

rev rev ref
ref rev

ref

1+

r

T T

T

  −
=   

   

    (14) 

where rev

ref , rev and revr  are material coefficients that need to be determined. 
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4.3. Evolution of immobile and total mobile dislocation densities 

4.3.1 Behaviors of mobile and immobile dislocations 

During plastic deformation, both mobile and immobile dislocations evolve with plastic strain. 

Dislocation evolution behavior can be divided into dynamic and static evolutions, summarized 

as follows [53,62]: for the dynamic evolution of dislocation behaviors, there are six types of 

main sources to be considered in the modeling framework including multiplication, 

annihilation, trapping, accumulation, dislocations nucleation, and mobilization; for static 

dislocation, the major mechanisms involved in cold and warm forming include static pinning 

caused by the diffusion of interstitial solute atoms and static remobilization caused by 

thermally-activated dislocation climb and of junction dissociation. 

• Multiplication of mobile dislocations 

The dynamic generation of mobile dislocations is mainly contributed by, for example, Frank-

Read source, cross-slip, and others [63]. When the material is under plastic loading, the 

generation rate of mobile dislocation can be considered to be proportional to the density of 

mobile dislocations and the mean free path [53]. Thus, the dynamic multiplication of mobile 

dislocation can be described as follows: 

gn
gn 1/2m
m m im

p

=M


  


−


 (15) 

where superscript ‘gn’ represents dislocation generation, the subscripts ‘m’ and ‘im’ refer to 

mobile and immobile dislocations, respectively; where gn

m p    represents the generation 

rate of mobile dislocation density with respect to plastic strain ( p ), M is Taylor factor, gn

m is 

the coefficient related to multiplication of mobile dislocations, m and im   are densities of 

mobile and immobile dislocations, respectively. 

• Annihilation of mobile/immobile dislocations 

The annihilation of dislocations occurs in the case where a mobile/immobile dislocation meets 

a mobile dislocation with the opposite Burges vector. Based on the equation proposed by 

Ananthakrishna and Sahoo [64], the annihilation rates of mobile and immobile (cell and wall) 

dislocation densities can be represented by Eqs. (16) ~ (18), respectively. 

an
anm
m,m m m

p

=M


  





 (16) 

an
anim-cell
m,im-cell m im-cell

p

=M


  





 (17) 

an
anim-wall
m,im-wall m im-wall

p

=M





  


 (18) 
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where superscript ‘an’ represents annihilation, the subscripts ‘m’, ‘im-cell’ and ‘im-wall’ refer 

to mobile and cell immobile, and wall immobile dislocations, respectively; an

m p    ,
an

im-cell p    and an

im-wall p    are the annihilation rates dislocation densities with plastic 

strain ( p ); an

m,m , an

m,im-cell , and an

m,im-wall  are the coefficients related to the annihilation of the 

three types of dislocations, respectively. 

• Accumulation of immobile dislocations 

The dislocation accumulation process refers to the mobile dislocations immobilized by the 

immobile dislocations. During plastic deformation, the accumulation rate is considered to be 

proportional to the density of mobile dislocations and inversely proportional to the dislocation 

mean free path [51]. Hence, the dislocation accumulation rates can be obtained as follows: 

ac
ac 1/2im-cell
im-cell m im-cell

p

=M


  





 (19) 

ac
ac 1/2im-wall
im-wall m im-wall

p

=M


  





 (20) 

where superscript ‘ac’ represents accumulation, the subscripts ‘m’, ‘im-cell’ and ‘im-wall’ refer 

to mobile and cell immobile, and wall immobile dislocations, respectively; ac

im-cell p   and 
ac

im-wall p    are the accumulation rates with plastic strain ( p  ); ac ac

im-cell im-wall,      are 

coefficients related to the accumulation of the three types of dislocations, respectively. 

• Trapping of mobile dislocations 

When the mobile dislocations move into slipping systems, their mutual interactions could 

form dislocation junctions, and the density of dislocation junctions can be considered to be 

proportional to the density of mobile dislocations and inversely proportional mean free path 

[53]. The trapping rate of mobile dislocations can thus be written as: 

tr
trm
m m

p

=M






 


 (21) 

where superscript ‘tr’ represents dislocation trapping, the subscripts ‘m’ refers to mobile 

dislocation; tr

m p    is the dislocation trapping rate with plastic strain ( p  ); tr

m   is the 

coefficient related to the dislocation trapping process. 

Further, by replacing the mean free path term   in Eq (21) with Eq. (12) stated in Section 

4.2.2, the trapping rate can be further designated by: 

tr
tr 3/2m
m m

p

=M


 





 (22) 

• Nucleation of wall immobile dislocations 

With the continuous accumulation of cell immobile dislocations resulting in the dense 

concentration zone, higher critical external stress is needed to make cell immobile dislocation 

to be remobilized. The immobile dislocation pile-ups can become a stable state when they 
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reach a critical condition. The formed stable pile-ups can create a strong local stress 

concentration to make some immobile dislocations in the cells become the nucleation of 

dislocation walls. According to reference [53], the dynamic nucleation rate can be denoted as: 

nu
nu 3/2im-wall
im-wall im-cell m

p

=M


  





 (23) 

where superscript ‘nu’ represents immobile dislocation nucleation, the subscripts ‘m’, ‘im-cell’ 

and ‘im-wall’ refer to mobile and cell immobile, and wall immobile dislocations, respectively; 
nu

im-wall p    is the nucleation rate of wall immobile dislocations with plastic strain ( p  ); 
nu

im-wall  is the coefficient associated with this nucleation process. 

• Remobilization of immobile dislocations 

Some immobile dislocations can become mobile ones, which is also called the remobilization 

process when their densities reach a critical threshold [65]. For the wall and cell immobile 

dislocations, the remobilization rates can be formulated as: 

rem
remim-cell
im-cell im-cell

p

=M


 





 (24) 

rem
remim-wall
im-wall im-wall

p

=M


 





 (25) 

where superscript ‘rem’ represents dislocation remobilization, the subscripts ‘im-cell’ and ‘im-

wall’ refer to cell and wall immobile dislocations, respectively; rem

im-cell p   and rem

im-wall p  

are the remobilization rates of cell and wall immobile dislocations with plastic strain ( p );
rem rem

im-cell im-wall,      are the coefficients associated with remobilization of the two types of 

dislocations, respectively. 

• Static pinning of mobile/immobile dislocations 

The cell dislocations could also be pinned and become immobile in the static state. This 

process is similar to dynamic pining but normally occurs at a low local strain rate and requires 

a long time to complete a pinning process. According to [53], the static pinning rate can be 

considered as proportional to the density of dislocation junctions, and the following equation 

is suggested to describe the rate with time, as given by: 

static-pin
static-pin 3/2m
m m=

t


 




  (26) 

static-pin
static-pin 3/2im-cell
im-cell im-cell=

t


 



  (27) 

where superscript ‘static-pin’ represents static pinning of dislocations, and the subscripts ‘m’ 

and ‘im-cell’ refer to mobile and cell immobile dislocations, respectively; static-pin

m t   and
static-pin

im-cell t  are the pinning rates of the two types of dislocations with time (t), respectively;
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static-pin static-pin

im-cell im-wall,      are the coefficients for static pinning of the two types of dislocations, 

respectively. 

• Static remobilization of immobile dislocations 

Both cell and wall immobile dislocations can be remobilized in a static state on the condition 

that dislocation behaviors of climb and dissociation were thermally activated. It is reported 

that the dislocation remobilization rates with time at a static state present a proportional 

change to their densities, as given by [53]: 

static-rem
static-remim-cell
im-cell im-cell=

t


 




  (28) 

static-rem
static-remim-wall
im-wall im-wall=

t


 



  (29) 

where superscript ‘static-rem’ represents static remobilization of dislocations, and the 

subscripts ‘im-cell’ and ‘im-wall’ refer to cell and wall immobile dislocations, respectively;
static-rem

im-cell t   and static-rem

im-wall t   are the pinning rates of the two types of dislocations with 

time (t), respectively; static-rem static-rem

im-cell im-wall,      are the coefficients related to the two types of 

dislocations, respectively. 

4.3.2 Strain-dependent evolution of mobile dislocation density 

The evolution of dislocation densities of the material during plastic deformation is a result of 

contributions made by different dislocation behaviors associated with the different types of 

dislocations. As described in Section 4.3.1, some dislocation behaviors can contribute to an 

increase in the densities, and some also contribute to a decrease in the densities.  

For the dynamic evolution of mobile dislocation density with plastic strain, the multiplication 

of mobile dislocations (as given in Eq. (15)), and remobilization of immobile dislocations (as 

given in Eqs. (24) and (25)), contribute to an increase in the density. Thus, by combining Eqs. 

(15), (24), and (25), the ‘positive’ component ( m p

+    ) for mobile dislocation density 

evolution can be calculated by: 

re regn
im,cell im,wallm m

p p p p

=
  

   

+   
+ +

   
 (30) 

Likewise, the annihilation of mobile dislocations (as given in Eq. (16)), accumulation of 

immobile dislocations (as given in Eqs. (19) and (20)), and trapping of mobile dislocations (as 

given in Eq. (21)), contribute to a decrease in the density. Thus, by combining Eq. (16), (19), 

and (20), the ‘negative’ component ( m p

−   ) for mobile dislocation density evolution can 

be calculated by: 

an an ac acan tr
im,cell im,wall im,cell im,wallm m m

p p p p p p p

=2
−      

+ + + + +
      

     

      
 (31) 
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Consequently, by summing the ‘positive’ component ( m p

+    ) given in Eq. (30) and the 

‘negative’ component ( m p

−    ) given in Eq. (31), the dynamic evolution of mobile 

dislocation density can be obtained: 

dynamic

m m m

p p p

+ −  
= −

  

  

  
 (32) 

For the static evolution of mobile dislocation density with time, as discussed in Section 4.3.1, 

the static remobilization of cell and wall immobile dislocations contributes to an increase in 

the density, as given by Eqs. (28) and (29); however, the static pinning of mobile dislocation 

contributes to a decrease in the density, as given in Eq. (26). Hence, the static evolution 

equation can be calculated by summing the ‘positive’ ( m t+   ) and ‘negative’ ( m t−   ) 

contributors, represented by: 

static-rem static-remstatic static-pin

im-cell im-wallm m m m=
t t t t t t

+ −        
= − + −   

       

    
 (33) 

4.3.3 Strain-dependent evolution of immobile dislocation density 

Similar to Section 4.3.2, the ‘positive’ and ‘negative’ contributors are used to analyze the 

immobile dislocation density evaluation. For the dynamic evolution of cell immobile 

dislocation density, the trapping of mobile dislocations (as given in Eq. (22)) and the 

accumulation of cell immobile dislocations (as given in Eq. (19)), contribute to an increase in 

the cell dislocation density, which makes the ‘positive’ contributor ( +

im-cell p    ). The 

annihilation and remobilization of wall immobile dislocation (as given in Eq. (18) and (20)), 

and the nucleation of wall immobile dislocations (as given in Eq. (23)), contribute to a decrease 

in the density, which makes the ‘positive’ contributor ( im-cell p

−   ). Hence, by combining Eqs. 

(18)-(20), (22), and (23), the equation for determining the dynamic evolution of cell immobile 

dislocation density can be obtained:  

dynamic + tr ac an rem nu

im-cell im-cell im-cell im-cell im-wall im-cell im-cell im-wall

p p p p p p p p

= =
−           

− + − + +                

       

       
 (34) 

For the static evolution of cell immobile dislocation density, the static pinning of mobile 

dislocations contributes to increasing the density (as given in Eq. (26)), and the static 

remobilization and static pinning of cell immobile dislocations (as given in Eqs. (27) and (28)). 

Thus, by combining Eqs. (26)-(28), the static evolution equation for cell immobile dislocation 

density can be obtained:  

static static-rem static-pinstatic-pin

im-cell im-cell im-cell im-cell im-cellm=
t t t t t t

+ −      
= − − + 

      

    
 (35) 

For the dynamic evolution of wall immobile dislocation density, the ‘positive’ contributor 

( +

im-wall p   ) is composed of the nucleation and accumulation of wall dislocations (as given 
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in Eq. (23) and (20)), and the ‘negative’ contributor ( im-wall p

−   ) contains the annihilation 

and remobilization of wall dislocations (as given in Eq. (18) and (25)). Hence, combining Eqs. 

(18), (20), (23), and (25) can lead to the governing equation for the dynamic evolution of wall 

immobile dislocation density, as denoted by: 

dynamic + nu ac an rem

im-wall im-wall im-wall im-wall im-wall im-wall im-wall

p p p p p p p

=
      

      

−          
= − + − +               

 (36) 

For the static evolution of wall immobile dislocation density, the static pinning of cell immobile 

dislocation (as given in Eq. (27)) makes the ‘positive’ contributor ( +

im-wall t  ), and the static 

remobilization (as given in Eq. (29)) of wall dislocations makes the ‘negative’ contributor 

( im-wall t−   ). Hence, by combining Eqs. (27) and (29) (20), the static evolution of wall 

immobile dislocation density can be formulated as follows: 

static static-pin static-rem

im-wall im-wall im-wall im-cell im-wall= =
t t t t t

    + −    
− −

    
 (37) 

4.3.4 Temperature-dependent evolution of dislocation densities 

According to whether it is thermally activated or not, dislocation behaviors are classified as 

temperature-dependent and temperature-independent processes. Among the dislocation 

behaviors described in Section 4.3.1, except for the generation of mobile dislocations and 

accumulation of immobile dislocations, other dislocation behaviors are sensitive to 

temperature as well the strain rate [53]. Regarding the temperature-/rate-dependence in 

material modeling, it is still a challenging issue as thermally-related dislocation behaviors are 

overly intricate with more complex mechanisms involved. To seek an efficient description, a 

power law was proposed by Motaman et al. [53] to capture the sensitivities of temperature 

and rate in constitutive modeling. In this work, a similar semi-physically function was 

employed to link the temperature and rate dependence on the dislocation behaviors. First, 

the temperature dependence is constructed as follows: 

( ) ( )ref-temp ref-temp

ref ref

ir

i i i iλ λ λ ω T T T− = −    (38) 

where T is temperature, T0 is the reference temperature in the given range, iλ  and ref-temp

iλ

are the material coefficients at the current and reference temperatures, respectively, iω  and 

ir  are newly defined parameters associating the temperature sensitivity and changing rate, 

respectively. It should be stressed that the reference temperature can be defined as an 

arbitrary value between the targeted temperature range. In this work, it is assumed as the 

lower limit of the temperature range, namely, the room temperature. 

Second, Eq. (39) is introduced to describe the strain rate dependence on the probability 

change of dislocation behavior induced by strain rate variation in the following [53]: 

( )ref-strain rate

p ref

is

i i iλ λ β ε ε=  (39) 

javascript:;
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where refε   is the reference strain rate in the given range of strain rate, ref-strain rate

iλ  are the 

material coefficients at reference strain rate, iβ   and is   are newly defined parameters 

associated with strain rate sensitivity, respectively. Similarly, ref-strain rate

iλ   is set as the lower 

limit value of the given strain rate range. In the modeling process, two reference values of the 

material coefficients will induce convenience in derivation and numerical implementation of 

the equations. Thus, a unified reference coefficient ( ref

iλ ) can be defined at the lower limit in 

the range of the temperatures and strain rates in the following: 
ref ref-temp ref-strain rate

minimum minimum
strain rate temperature

=i i iλ λ λ=  (40) 

Then, the above Eqs. (38) and (39) can be re-formulated as: 

( ) ( )

( )

ref ref

ref ref

ref

p ref

i

i

r

i i i i

s

i i i

λ λ λ ω T T T

λ λ β ε ε

 − = −  

 =


 (41) 

By using the normalization method, Eq. (41) can be simplified as: 

( )

( )p

ˆ ˆ1+ 1

ˆ ˆ

i

i

r

i i

s

i i

λ ω T

λ β ε

 = −


 =


 (42) 

Hence, the temperature- and rate-related dependencies can be coupled into one power-form 

equation as given by: 

( ) ( )p
ˆ ˆ ˆ1+ 1

i ir s

i i iλ ω T β ε = − 
  

 (43) 

As aforementioned, dislocation generation and accumulation are temperature-independent 

so that their corresponding values of iω  and ir  are set as zero. Likewise, for the strain rate-

related dependence, besides the two kinds of temperature-independent dislocation 

behaviors, the two kinds of static dislocation processes, namely, static pinning and static 

remobilization are strain rate independent. Thus, their corresponding values for iβ  and is  

are set as zero.  

 

Table 2 The possible range of the coefficient of different dislocation behaviors. 

Dislocation behaviors 
Temperature dependence Strain rate dependence 

Effect iω  ir  Effect iβ  is  

Generation of mobile dislocations / 0 0 / 0 0 

Annihilation of mobile/immobile dislocations ↑ + + ↓ + - 

Accumulation of immobile dislocations / 0 0 / 0 0 

Trapping of mobile dislocations ↑ + + ↓ + - 

Nucleation of wall dislocations ↑ or ↓ / + ↑ or ↓ / / 

Remobilization of immobile dislocations ↑ + + ↑ or ↓ / / 

Static pinning of mobile/immobile dislocations ↑ + + / 0 0 

Static remobilization of immobile dislocations ↑ + + / 0 0 
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The possible ranges of parameter values are shown in Table 2. It should be noted that the 

upward and downward arrows mean that the parameter has “positive” and “negative” effects, 

respectively, on the dislocation behavior. Accordingly, the notations ‘+’ and ‘-’ indicate that 

the parameters have positive and negative value ranges, respectively. 

5. Discussion 

5.1. Calibration and validation 

5.1.1. Parameters configuration 

Parameter configuration is an important procedure for ensuring the validity and wide 

application of different constitutive models. In the proposed model, some physically-based 

internal-state variables can hardly be experimentally and microscopically characterized. 

Optimization-based inverse methods could provide accurate and efficient identification of 

parameters for such kinds of physically-based models [66]. Thus, in this work, the optimization 

method based on a combination of the hypothesis of physics nature as well as the feasible 

experiments are used for parameter identification. In tandem with this, three aspects of 

crucial problems need to be addressed. One is how to construct a multi-objective function to 

comprehensively cover the temperature-dependent plastic flow stress and the nonlinear 

unloading with plastic strain accumulation. The second is how to numerically solve complex 

differential equations involved in the CDD model since they cannot be explicitly calculated. 

The last is how to establish an effective and robust optimization way to ensure that the 

parameter is accurately determined, and the calculation is well converged.  

As unloading occurs when the whole loading process is completed, the accurate modeling of 

the unloading nonlinearity should be achieved on the condition that the stress-strain response 

upon loading is effectively described. To realize this purpose, two optimization objectives are 

considered, i.e., the temperature-dependent stress-strain response upon loading and the 

temperature-dependent nonlinear elastic strain upon unloading.   

The first one is represented by the true stress-strain curve determined by the isothermal 

uniaxial tension experiments. It should be mentioned that the experimental curve used for 

optimization is fitted by the Swift function considering the lower strain level of ultimate 

strength and the limited elongation of high strength Ti-3Al-2.5V alloy. The error function is 

defined as: 

( )
( )
( )

pred

p

flow stress exp
1 01 1 p

, ,1 1
1

,

j
M N

ij i

j
i j ij i

σ T ε
e

P Q σ T ε= =

= − 
C

C%  (44) 

where C is the model’s coefficient matrix. P1 is the total number of experiments for calibration 

performed at various temperatures with a reference rate. Q1 is the total number of discrete 

stress-strain data points at a given temperature. iT   is the temperature condition of the 

calibration experiment. p

jε   is the discrete plastic strain point that can be calculated from
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p p

jε j ε=   ( pε is the interval between the neighboring plastic strain points and  0,j N  

is the sequence number of the strain point). 
pred

ijσ  is the flow stress predicted within the 

model at temperature iT , and the strain points p

jε . 
exp

ijσ  is the flow stress in isothermal 

tension experiments at temperature iT  and strain points p

jε . 

Likewise, the other objective in optimization is the nonlinear elastic strain, which is 

constructed as follows: 

( )
( )
( )

non-e, pred

transient, p

non-e non-e, exp
1 02 2 transient, p

, ,1 1
1

,

jQP
ij i

j
i j ij i

ε T ε
e

P Q ε T ε= =

= − 
C

C%  (45) 

where P2 is the total number of calibration loading-unloading-reloading experiments at 

different temperatures with a reference strain rate. Q2 is the total number of the discrete data 

points of plastic strain-nonlinear elastic strain at a given temperature. The experimental 

results of nonlinear elastic strain vs. plastic strain at various temperatures are also used in 

optimization for improving global accuracy.  

The final objective function is thus constructed as a sum of the above two components, as 

denoted as follows: 

( ) ( ) ( )flow stress non-eError e e= +C C C  (46) 

By minimizing the final error, the parameters involved in the CDD-based modeling framework 

can thus be determined. 

As many coefficients are introduced in the constitutive model to model different dislocation 

behaviors in loading and unloading, finding a global solution to this multi-objective 

optimization problem is quite important. In this research, the “GlobalSearch” optimization 

method is employed in combination with GA (genetic algorithm) which is coded by using the 

MATLAB script. A detailed description of the numerical implementation process and algorithm 

is stated in Appendix B. 

5.1.2. Assessment of the model 

Using the above-constructed parameter configuration method, the parameters of the CDD-

based constitutive model can be determined based on the experimental results described in 

Section 2. For Ti-3Al-2.5V alloy, the Burger’s vector is 2.95×10-10 meter and the Taylor factor 

can be set as 5 [67]. The lowest temperature of 293 K in the temperature range of [20, 100, 

200, 300, 400] ℃ is defined as the reference value. As the unloading nonlinearity is not 

sensitive to strain rate, a constant rate of 0.001 s-1 is used, and there is no need to define the 

reference strain rate. The mean relative error can be minimized to 4.71% after 393 iterations. 

The dislocation behaviors related coefficients are shown in Table C1 shown in Appendix C, 

while the physical material constants and reference coefficients are shown in Table C2 shown 

in Appendix C. The model coefficients related to temperature dependence are shown in Table 

C3 shown in Appendix C. 
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Fig. 15. Flow stress predicted by CDD-based model. 
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Fig. 16. Analysis of prediction errors of CDD-based model. 

 

Both the uniaxial tension tests and tension loading-unloading-reloading tests at different 

temperatures are used to validate the CDD-based model. Fig. 15 compares the experimental 

flow stress curves and the predicted ones with the CDD model. It can be found that the 

predicted curves can well agree with the experiment fitting curves except for the very narrow 

range in the initial plastic loading stage. As shown in Fig. 16, at the beginning of plastic 

deformation, the prediction error is less than 9.3% within 100℃, and then presents an 

increasing trend at the higher temperature. With the increase of the plastic strain, the 

maximum error of the flow stress at the five temperatures can be reduced to about 5% at the 

plastic strain of 0.06 and can be further reduced to about 2% at 0.012. When the plastic strain 

exceeds 0.018, the maximum error is below about 1%. 
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Fig. 17. Nonlinear elastic strain predicted by the model. 

 

 

Fig. 18. Unloading chord modulus predicted by the model. 

 

Recalling the statement in Section 3 that the total recovery strain contains the pure elastic 

strain component and the nonlinear elastic strain component. Through the model established 

in Section 4, the nonlinear elastic strain components at different plastic strain levels and 

temperatures can be calculated. Fig. 17 compares the prediction results by the model and the 

experimental ones. It is found that the model can well predict the changing trends of the 

nonlinear elastic strain with plastic strain at different temperatures. Besides, the nonlinear 

elastic strain directly contributes to the degradation effect of elastic modulus. As shown in Fig. 

18, the unloading chord moduli calculated by the model are compared with the 

experimentally fitted unloading moduli and the original experimental points, showing that the 

predicted results are well agree with the experimental results. Furthermore, it is found in Fig. 

16 that the maximum prediction error between the prediction and the experimental fitting 

moduli is about 1.5%. The error is can be reduced to less than 0.5% when the plastic strain is 
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more than about 0.013. Therefore, from the perspectives of both flow stress and unloading 

chord modulus, the model can be effectively predictive. 

 

 

Fig. 19. Dislocation-based explanation for nonlinear unloading: (a) Schematic of the pinned 

dislocation structures [68]; (b) Schematic of the reversible shear strain under loading [28]. 

 

5.2. Mechanisms of nonlinear unloading under thermal-mechanical loading 

As discussed previously, the reversible movement of mobile dislocations contributes to the 

nonlinear elastic strain. Fig. 19 (a) schematically illustrates the dislocation structures that are 

impeded by the pinning obstacles such as grain boundaries, sub-cells, and solute particles, or 

dislocations piled ups around grain boundaries. During plastic deformation, the dislocation 

segments with their ends fixed will be bowed out under external forces. For those segments 

without sufficient shear stress applied (under critical shear stress), they can not become 

dislocation sources and keeps in a bow-out state [59]. However, when the external forces are 

unloaded, these reversible dislocation segments can move to a new equilibrium with the 

relaxation of the stress and thus contribute to nonlinear elastic strain during loading 

[38,55,56,69]. As illustrated in Eq. (9), the density of the reversible mobile dislocations in the 

deformed material prior to unloading as well as the mean free path of dislocations determines 

the amount of the nonlinear elastic strain that can be accumulated during unloading. Thus, 

how the reversible mobile dislocation density and the mean free path develop under the 

thermal-mechanical working can be related to the nonlinear unloading behavior. For this 

purpose, based on the proposed model, the evolutions of various dislocation densities with 

plastic strain at different forming temperatures are discussed as follows. 

Fig. 20 (a) shows the evolution of total mobile dislocation density with plastic strain under 

different temperatures. The curves under the five sets of temperatures present a similar trend。 

Overall, increasing the plastic strain, the total mobile dislocation density quickly increased at 

a very high level at the beginning of plastic deformation and then presents a slight decrease 

to a gradually flat state as the plastic deformation continues. With increasing the deformation 

temperature, the overall dislocation density is reduced, and a higher temperature makes a 

higher reduction rate as well as weakened variation of density along with plastic strain. The 

overall trend of dislocation evolution with both plastic strain and temperature is similar to the 

results reported in [61].   
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Fig. 20. Evolution of the mobile dislocation density at different temperatures: (a) the total 

mobile dislocations; (b) the fraction of reversible dislocations to total mobile dislocations; (c) 

the reversible mobile dislocations. 

 

Among the mobile dislocations, only part of them be reversible and contribute to creating the 

nonlinear elastic strain. Fig. 20 (b) demonstrates the dynamic fraction of reversible ones from 

the total mobile dislocations with the accumulation of plastic strain. It can be observed that 

the percentage of reversible dislocations gradually increases at a decayed date as the plastic 

strain increases. This fraction is very sensitive to the deformation temperature. With the 

increase in temperature, the fraction of reversible mobile dislocation is decreased accordingly, 

and the thermal effect on the reduction of this fraction is aggravated at higher temperatures. 

At the strain level of 0.1, the fraction of reversible dislocation under cold deformation is about 

twice as compared to warm deformation at 400 ℃. As defined in Eq. (8), by multiplying the 

fraction and the total mobile dislocation density, the dynamic evolution of reversible mobile 

dislocation density can be obtained, as illustrated in Fig. 20 (c). It can be observed from Fig. 

20 (c) that the reversible mobile dislocation density increases at an exponential saturation 

trend with plastic strain, which indicates that the density increases at a relatively high rate 
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under a low strain level and then continues but at a decaying rate. When it comes to 

temperature dependence, it can be observed from Fig. 20 (c) that the saturated density is 

significantly sensitive to the deformation temperature. At the strain level of 0.1, the density 

of reversible dislocations under cold deformation is about 2.5 times higher than that under 

warm deformation at 400 ℃. As described in Eq. (9), the nonlinear elastic strain is proportional 

to the density of reversible dislocations. This is why the nonlinear elastic strain (as shown in 

Fig. 14) under 400 ℃ is much smaller than that under cold deformation. In addition, it also 

can be found from Fig. 20 (c) that the reversible dislocation density is more sensitive to high 

temperatures. At higher temperatures, the increasing rate of dislocation density is decreased, 

and the saturated dislocation density is remarkably decreased, resulting in the experimental 

phenomena of temperature-dependent nonlinear unloading.  
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Fig. 21. Evolution of immobile dislocation density and mean free path at different 

temperatures: (a) total immobile dislocation density; (b) dislocation mean free path. 

 

As discussed in Section 4.1, another factor affecting the nonlinear elastic strain is dislocation 

mean free path, which is related to the density of immobile dislocations. By using the 

developed model, the evolution of the immobile dislocation density along with plastic 

deformation at different temperatures can be calculated, as shown in Fig. 21 (a). As can be 

observed in this figure, the density of total immobile dislocations presents an increasing trend 

as the plastic strain increases. In addition, deformation temperature has a significant influence 

on the immobile dislocation density in the deformed material. Similar to the mobile 

dislocation evolution, with the increase in temperature, the immobile dislocation density is 

decreased also, and the decrease in density is much more pronounced at higher plastic strain 

levels relatively. As described in Section 4.2.2, the mean free path of dislocation can be 

considered to be proportional to the average spacing distance and can be represented by Eq. 

(12) through the immobile dislocation density. By using this equation, the mean free path can 

be calculated, as illustrated in Fig. 21 (b). It can be observed from Fig. 21 (b) that the mean 
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free path presents a decaying trend as the plastic strain increases. As the mean free path is 

related to immobile dislocation density, it is also very sensitive to temperature. The 

temperature sensitivity presents a reverse trend with the increase of the dislocation densities. 

At high temperatures within the warm domain in this study, the mean free path becomes less 

sensitive to the temperature. 

In summary, the degradation evolution of unloading chord modulus with plastic deformation 

is a result of the superposition of pure elastic strain and nonlinear elastic strain. As described 

in Eq. (9), the nonlinear elastic strain is jointly determined by the density of reversible mobile 

dislocations and the dislocation mean free path. The density of reversible mobile dislocations, 

however, is affected by the total dislocations in the deformed material including mobile and 

immobile. By using the proposed model, the fraction of reversible mobile dislocation density 

is extracted to characterize the coupled effect. During the plastic deformation process, 

increasing the possibility of creating plastic strain makes the fraction of reversible mobile 

dislocations increase; however, the increase in immobile dislocation density presents a 

negative effect on the fraction of the reversible mobile dislocations. The two aspects jointly 

make the reversible mobile dislocation density increase at a rapid rate with plastic strain, as 

shown in Fig. 20 (c). At the same time, the evolution of immobile dislocation makes the 

dislocation mean free path decrease at a relatively slower rate with plastic strain, as shown in 

Fig. 21 (b). The rapidly increased reversible mobile dislocation density and the slowly 

decreased mean free path make the nonlinear elastic strain change with plastic strain at an 

exponential saturated growth trend as experimentally observed (shown in Fig. 14). Such a 

change of nonlinear elastic strain further results in the exponential decaying change in chord 

modulus with plastic strain as experimentally observed (shown in Fig. 12). With the increase 

of deformation temperature, the thermally-activated dislocation interactions lead to the 

temperature-dependent evolution behaviors of the reversible mobile dislocation density and 

dislocation mean free path (shown in Fig. 20 (c) and 21 (b)). This further makes the increments 

of nonlinear elastic strain with plastic strain smaller under higher deformation temperatures 

(shown in Fig. 14). Hence, when the temperature is increased, the nonlinear elastic strain is 

reduced, thus resulting in a weakened nonlinearity of strain-related chord modulus 

degradation as experimentally observed (shown in Fig. 12). 

 

6. Conclusions 

In this research, the nonlinear unloading behavior within cold and warm deformation domains 

is experimentally investigated by using a near-alpha high-strength titanium alloy. A physically-

based model considering the reversible mobile dislocations is developed to reproduce the 

thermal-mechanical affected degradation of elastic modulus. Based on the modeling 

combined with experiments, the dislocation-dominated mechanism is discussed for a better 
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understanding of unloading behavior in thermal-mechanical working. The main conclusions 

are summarized as follows:  

 The nonlinear unloading behavior in thermal-mechanical working within cold and warm 

domains is clarified. The unloading chord modulus under cold deformation is degraded 

dramatically at a low plastic strain level and then gradually gets a saturated state. Increasing 

the temperature up to 400 ℃, the strain-related degradation of chord modulus drops to 

about one-third as compared to cold deformation, and the degradation rate is weakened 

simultaneously. Regarding the nonlinearity of the unloading stress-strain curve, it increases 

with plastic strain and gradually trends to be saturated; simultaneously, this nonlinearity is 

significantly weakened in high-temperature deformation conditions. 

 From the view of dislocation interactions upon loading/unloading, the reversible mobile 

dislocation is modeled to describe the partial mobile dislocations that contribute to 

unloading nonlinearity. By concurrently considering the various mobile and immobile 

dislocation behaviors, a physically-based model is established for the prediction of material 

response during loading as well as the strain- and temperature-dependent evolution 

modulus degradation effect in thermal-mechanical working. The model is experimentally 

assessed, showing good capability for analyzing the chord modulus reduction behavior. 

 With the accumulation of plastic strain, the rapidly increased reversible mobile dislocation 

density and the slowly decreased mean free path make the nonlinear elastic strain change, 

leading to an exponential decaying of chord modulus. With the increase in deformation 

temperature, the thermally-activated dislocation behaviors lead to the temperature-

dependent evolutions of the reversible dislocation density and mean free path, which 

affects makes the increments of nonlinear elastic strain with plastic strain smaller under 

higher temperatures, thus leading to a weakened nonlinearity of strain-related chord 

modulus degradation. 
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Appendix A. Governing equation for temperature-dependent flow stress 

For polycrystalline materials, the shear stress (
yτ ) during the plastic deformation consists of 

two components [51], as designated in Eq. (A1). 

*

y Gτ τ τ= +  (A.1) 

where Gτ   is the athermal and rate-independent shear stress from the long-range 

interactions of dislocation substructures, *τ  is the thermal and rate-dependent shear stress 

from the short-range referring to the friction resistance to move mobile dislocations across 

the lattice and pass the obstacles. By taking the Taylor factor into Eq. (A1), it can be further 

rewritten as the macro scale flow stress. 

*

y Gσ σ σ= +  (A.2) 

where Gσ  and *σ  are the long-range and short-range stresses, respectively.  

Regarding the long-range stress component, it is described as follows [70]. 

G imMbG=    (A.3) 

where G is the shear modulus, M is the Taylor factor,   is a material constant referring to 

dislocation interaction strength, and the   variation with respect to plastic strain can be 

neglected [71]. G can be further calculated by: 

( )2 1G E = +  (A.4) 

where E is the aforementioned elastic modulus, and v is the Poisson’s ratio. Burger’s vector 

and Poisson’s ratio are less sensitive to temperature and can thus be regarded as constants in 

cold and warm forming. The elastic modulus and dislocation-related material constant, 

however, are temperature-dependent [72]. and can be described by various types of 

equations [73]. In this research, based on the experimental results shown in Fig. 9, a linear 

relationship is suggested.  

For the dislocation-related material constant, the rate sensitivity could be ignored [72], 

whereas the temperature dependence has to be considered as the dislocation interaction 

strength is proven to be decreased with the increase of temperature [71]. Therefore, a power 

function to represent the thermal-activation affected variation of dislocation interaction 

strength is proposed and denoted as: 
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ref ref

ref ref

t

α

α α T T
λ

α T

 − −
=  

 
 (A.5) 

where refα  is the reference interaction strength of dislocations, αλ  and t are the coefficients 

related to the temperature sensitivity. 

As described in Section 4.2, both the cell and wall immobile dislocations contribute to the 

strain hardening. Due to the different interactions, their contributions to hardening are 

different. Thus, it is necessary to separately discuss their hardening contributions and the 

material constants related to dislocation interaction. The total contribution of the two types 

of immobile dislocations is calculated as the sum of their separated contribution and 

formulated in Eq. (A6). 

( )G G,cell G,wall cell im-cell wall im-wallMbG= + = +      
 (A.6) 

Accordingly, Eq. (A5) can be further designated as 

cell ref,cell ref
,cell

ref,cell ref

wall ref,wall ref
,wall

ref,wall ref

tc

α

tw

α

α α T T
r

α T

α α T T
r

α T

 −  −
=  

  


−   −
=  

 

 (A.7) 

For the short-range stress component, dislocations must have enough energy to overcome 

the energy barriers in slipping, and the energy is sensitive to temperature and strain rate. With 

the increase of temperature or the decrease of strain rate, the shear stress is decreased [54]. 

The short-range stress is thus described as a function of temperature and strain rate, and a 

typical one is represented as [74]: 

1/
1/

p*

0

0 ref

1 ln

p
q

γRT
τ τ

G γ

  
 = − − 
   

 (A.8) 

where 0τ  is the shear stress at the temperature of absolute zero, 0G  is the free energy for 

a dislocation to overcome the barrier by thermal activation, pγ   is calculated by Orowan 

equation p mγ ρ bv= , and p and q are two parameters to define the profile of the short-range 

barrier [51].  

Although the above equation can provide acceptable results in most cases as well as consider 

physical mechanisms, the temperature-/rate- dependent dislocations mobility behaviors are 

extremely complex that cannot be fully represented by this equation. In this research, based 

on the phenomenological approach [53], a modified method is applied to describe the short-

range stress component. The rate-dependent viscous stress is determined as: 

( )
*

* * *

ref-strain rate p ref-strain rate=
s

σ σ β ε ε  (A.9) 
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where *

ref-strain rateσ   is the viscous stress at the reference strain rate ( ref-strain rateε  ), 
*β   is the 

coefficient to control the amplitude, and *s  is the strain rate sensitivity which is increased 

with temperature [51,75]. Moreover, it has been found that the effect of strain rate itself on 

the sensitivity is very slight [53]. Thus, in the present modeling, the strain rate sensitivity only 

depends on the forming temperature and thus is described as: 

* *

ref ref

*

ref ref

sr

s

s s T T
ω

s T

 − −
=  

 
 (A.10) 

Similarly, the temperature dependence can be represented as: 
*

* *

ref-temp * ref

*

ref-temp ref

=

r
σ σ T T

ω
σ T

−  −
 
 

 (A.11) 

where 
*

ref-tempσ  is the viscous stress at the reference temperature, *ω   is the amplitude-

related coefficient, and *r  is the exponent coefficient. 

By combining the Eqs. (A10) and (A11), temperature- and strain rate-dependent short-range 

stress components can thus be described as: 
* *

p* * * *ref
ref

ref ref

1

r s
εT T

σ σ ω β
T ε

    −
 =  +    
     

&

&
 (A.12) 

 

Appendix B. Numerical and optimization algorithm 

The “GlobalSearch” and GA within MATLAB, with a local minimization solver for the 

constrained nonlinear multivariate functions “fmincon”, is used to achieve the global 

minimization. The overview of the algorithm is shown in Fig. B1.  

In the “GlobalSearch” method, various local minimization algorithms, i.e., interior point, 

reflective trust region, active set, and SQP, are the potential ones to be used to obtain the 

local minimization. However, in the present modeling, the evolution rate of dislocation 

densities cannot be explicitly calculated so a numerical approach should be constructed, and 

the Forward/Explicit Euler method is applied to realize the numerical integration of various 

dislocation density evolutions described in Section 4. The detailed expressions are shown in 

Fig. B1, which are coded by the script of MATLAB. Combining the numerical integration and 

global optimization algorithm, the final parameters of the model can thus be configured. 
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Forward/Explicit Euler algorithm for solving partial differential equations

Start of the (n+1)th increment

Calculation of the dislocations densities at different plastic strains

Calculation of the long-range 

stress components

Calculation of the short-range 

stress component and flow stress 

upon loading *

y Gσ σ σ= +

Calculation of total error 

( ) ( ) ( )flow stress non-eError e e= +C C C

Calculation of reversible mobile 

dislocation density evolution

Calculation of the nonlinear elastic 

strains upon unloading

m p im-cell p im-wall p( ), ( ), ( )ρ ε ρ ε ρ ε

( )Error TolC

Output the calibrated coefficients of the modeling framework
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Algorithm
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Fig. B.1. Flowchart of the numerical solution and coefficient configuration method. 

 

Appendix C. Coefficients of the model 

Table C.1 Dislocation behaviors related coefficients. 

gn

mλ  
an

m,mλ  
an

m,im-cellλ  
an

m,im-wallλ  
ac

im-cellλ  ac

im-wallλ  tr

mλ  nu

im-cellλ  rem

im-cellλ  rem

im-wallλ  rev

mλ  

0.3996 

×109 

1.1191 

×10-12 

7.3191 

×10-12 

0.0670 

×10-12 

9.3130 

×10-6 

0.4144 

×10-6 

0.0037 

×10-6 

0.4300 

×10-21 
0.00001 1.1010 3.5677 
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Table C.2 Physical material constants and reference coefficients. 

m 0ρ ，
[m-2] 

im-cell,0ρ [m-2] 
im-wall 0ρ ，

[m-2] ref

cellα [-] ref

wallα [-] *

refσ [MPa] 

1.6728×1013 9.9691×1011 6.6348×1012 2.5388 2.6918 649.2330 

 

Table C.3 Temperature sensitivity coefficients. 

an

im-cellω  an

im-cellω  an

im-wallω  tr

mω  nu

im-wallω  rem

im-cellω  rem

im-wallω  revω  ,cellαω  ,wallαω  
*ω  

*β  
*

sω  

0.4545 0.1932 0.1184 3.0489 0.1029 0.0007 0.0246 0.4098 -0.5000 0.5578 -0.7561 0.3014 0.0001 

an

mr  
an

im-cellr  
an

im-wallr  
tr

mr  
nu

im-wallr  
rem

im-cellr  
rem

im-wallr  
revr  ,cellαr  ,wallαr  

*r  
*

refs  
*

sr  

2.1478 1.1390 1.4032 7.1610 0.00001 0.0002 0.2353 3.0853 4.2940 3.8889 3.0210 0.0001 0.0001 
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