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Abstract

By combining bit-shift and exclusive-or operations, a weighted zigzag decodable fountain
code is proposed to achieve an unequal error protection property. In the proposed scheme,
the input symbols of different importance levels are first pre-coded into variable nodes
using low-density parity-check codes. Then, bit-shift operations prior to exclusive-or are
performed on the non-uniformly selected variable nodes to generate encoded symbols.
An analysis of the erasure probabilities based on the and-or tree is further introduced.
Simulation results show that by appropriately choosing the maximum bit-shift amount,
the proposed weighted zigzag decodable fountain codes can successfully recover the more
important input symbols prior to the less important ones.

1 INTRODUCTION

In general, messages to be transmitted over the Internet are
first divided into packets. A packet is discarded and consid-
ered as lost if the destination cannot receive it correctly. Hence,
the Internet is usually modeled as a packet erasure channel
(PEC). Similar to data transmission over a binary erasure chan-
nel (BEC), forward error correction codes can be used for
achieving reliable data transmission over a PEC. However, some
forward error correction codes with fixed code rates such as
low-density parity-check (LDPC) codes and turbo codes are not
designed for transmitting data over a BEC/PEC with a time-
varying property. Given equally important messages of finite
length, fountain codes enable the transmitter to generate an infi-
nite number of encoded symbols randomly [1]. Thus, fountain
codes, such as Luby transform codes [2, 3], raptor codes [4],
online fountain codes[5, 6], zigzag decodable fountain codes
[7], are suitable for protecting transmitted data over the Inter-
net where the channel erasure probabilities are time-varying or
even unknown.
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Initially, fountain codes consider transmitted data requir-
ing equal error protection (EEP). Fountain codes with EEP
property mainly concentrate on the distribution and storage
applications of bulk data [8]. However, in some applications, a
portion of data may require more protection than other data
[9]. Considering applications such as the transmission of video
or images using layered coders (H. 264/SVC, H. 265/SHVC,
SVT/AV1), some parts of data are deemed more important than
others [10–12]. Moreover, the heterogeneity of communication
networks in the emerging Internet of Things applications brings
the need for prioritizing different types of data [13, 14]. Hence,
the more important portion of the original data needs to be
recovered with priority. Channel codes with unequal error pro-
tection (UEP) property were first studied in [15]. Since then,
different UEP codes have been designed with LDPC codes [16,
17], Reed-Muller codes [18] and Polar codes [19, 20].

Rateless codes with the UEP property proposed in [21]
enlarge the selection probability of the more important sym-
bols in the encoding process. Thus, the more important input
symbols achieve more protection than the less important part
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and are recovered earliest. Extended window fountain (EWF)
codes proposed in [22] group the input symbols into over-
lapped windows, and the more important symbols exist in more
windows. The encoded symbols are generated by first select-
ing a window and choosing input symbols from the selected
window. Moreover, in [23], a duplication strategy is used to
enhance the UEP property. Generally, most current UEP rate-
less codes [24–28] are based on weighted UEP codes in [21],
EWF codes in [22] or the duplication strategy in [23]. In [29],
considering the structure of the stopping set in the BP decoding
process, the authors introduce some fixed symbols to gener-
ate encoded symbols together with the original input symbols.
By using a weighted strategy, the UEP fountain code in [29]
achieves a lower BER compared with the method in [23]. In
[30], duplication strategy and pre-coding by low-density parity-
check (LDPC) codes are used to enhance the UEP property.
It has been found that the lower-degree encoded symbols are
most likely to crop incident edges and recover their neighbored
input symbols. Hence, the UEP fountain codes proposed in
[31] provide a degree-dependent strategy to increase the selec-
tion probability that lower-degree encoded symbols select the
input symbols of higher importance. The UEP fountain codes
mentioned above improve the performance for recovery of the
more important input symbols at the expense of performance
deterioration of the less important ones.

Zigzag decodable fountain codes proposed in [7, 32] com-
bine the bit-shift operation with symbol exclusive-or operation
to generate encoded symbols and achieve a low overhead. These
codes are further designed to improve intermediate recovery
[33] and achieve efficient correction in wireless distributed
storage [34].

Motivated by the advantage of the zigzag decodable foun-
tain codes, by shifting the variable nodes and further using
exclusive-or operation to generate encoded symbols, we pro-
pose a weighted zigzag decodable fountain code with UEP
property (WZ-UEP codes for short). Variable nodes of differ-
ent importance classes are generated by pre-coding different
classes of input symbols using LDPC codes of different code
rates. By increasing the bit-shift amount, the WZ-UEP codes
improve the symbol overhead performance of higher prior-
ity data without performance deterioration of lower priority
data.

The rest of this paper is organized as follows. In Section 3, we
present the proposed WZ-UEP codes. The asymptotic analysis
by using the AND-OR tree to find the optimal code parame-
ter of two important classes is given in Section 4. Simulation
results are shown in Section 5. Finally, Section 6 concludes the
paper.

2 ZIGZAG DECODABLE FOUNTAIN
CODES

In this section, we briefly review the fundamental of zigzag
decodable fountain codes. For each encoded symbol, the
encoder generates the number of input symbols according to
a given degree-distribution Ω(x ). Each input symbol of size l

s1 s2 s3

c1 c2 c3

FIGURE 1 Symbol tanner graph of the zigzag decodable fountain codes
with 3 input symbols and 3 encoded symbols

s21 s22 s23 s24 s25 s26 s27 s28 s31 s32 s33 s34 s35 s36 s37 s38

c21c22 c23c24 c25c26 c27c28 c31c32 c33c34 c35c36 c37c38c39

FIGURE 2 The bitwise tanner graph induced by residual encoded
symbols c2 and c3

is randomly selected. The zigzag decodable fountain codes shift
the selected input symbols for some bits. An encoded symbol
is assigned with the exclusive-or of the selected input symbols
after bit-shift.

Although bit-shift operation potentially increases the bit-
length of encoded symbols, the advantage is straightforward.
As a toy example, Figure 1 illustrates a zigzag decodable foun-
tain code with 3 input symbols and 3 encoded symbols. Each
input symbol has l = 8 bits. Given input symbols {s1, s2, s3},
3 encoded symbols c1, c2, c3 are generated. The input symbol
s1 is copied to value c1. Both s2 and s3 are selected to gen-
erate encoded symbol c2 and c3. The exclusive-or of s2 and
s3 is assigned to c3. But, the encoder assigns the c3 with the
exclusive-or of s2 and s3 with 1 bit right shift.

By using symbol level belief propagation (BP) algorithm, we
have s1 = c1. The edges incident from s1 are eliminated. The
residual encoded symbols c2, c3 all connect with two input sym-
bols s2 and s3. Hence, the decoder stops and cannot recover
s2 and s3. Further, we take each bit in input/encoded symbols
as a node and construct the bitwise tanner graph included by
the residual encoded symbols, as shown in Figure 2. It can
be seen that the bits c31 and c39 are copied from s21 and s38,
respectively. Thus, we have s21 = c31, s31 = s21 + c21, s22 = s31 +
c32, … , s28 = s37 + c38, s38 = s28 + c28. The input symbols c2 and
c3 can be recovered by using bitwise BP algorithm.

In general, the zigzag decodable fountain code achieves a
low number of encoded symbols required to recover the orig-
inal input symbols at the expense of a slightly larger size of
encoded symbols. In [7], the bit-shift number of each input sym-
bol follows a predefined bit-shift distribution given as Λ(x ) =∑𝜃max

𝜃=0
1

1+𝜃max

x𝜃 , where, 𝜃max is the optional maximum bit-

shift number. It has been proven that the larger the maximum
bit-shift number is, the lower symbol overhead the zigzag foun-
tain code achieves. But, to some extent, the bitwise overhead
would increase.
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n1 nj
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GT (λ(T )(x), ρ(T )(x), nT , αTK)

θ
(1)
0 θ

(1)
1

θ
(j)
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FIGURE 3 The two-layer-bipartite graph of the proposed codes

3 PROPOSED METHOD

In our scheme, the transmitting file is divided into several pack-
ets. Each packet is composed of K input symbols each of l bits
(l ≥ 1). According to the importance of the input symbols, they
are regrouped in to T sets S1, S2, … , ST . Level- j input symbols,
also known as input symbols of the j -th importance, are con-

tained in set S j . We have |S j | = 𝛼 j K (𝛼 j ≥ 0) and
∑T

j=1 𝛼 j = 1.
Moreover, for the index j < j̃ , the input symbols in set S j are
more important than those in set S j̃ . The encoding process of
our proposed WZ-UEP codes includes two phases. In the first
phase, to provide more protection on the high-priority data, we
pre-code the input symbols of different importance levels using
LDPC codes of different code rates. Afterwards, to achieve a
low overhead for recovering the high priority data, we combine
the bit-shift operation and the unbalanced selection strategy in
the encoding process of LT codes. Then, the UEP property can
be achieved.

As shown in Figure 3, the input symbols of level- j is pre-
coded into Type- j variable nodes using LDPC codes with code
rate R j . For all 0 < j < j̃ ≤ T , to provide more protection
for the more important input symbols, we have R j < R j̃ . Let

Φ
( j )
dv

denote the fraction of degree-dv variable nodes generated
from the input symbols in S j . Thus, the degree distribution

of Type- j variable node is given by Φ( j )(x ) =
∑

dv
Φ

( j )
dv

xdv . We

can then denote the edge-degree distribution [30] by 𝜆( j )(x ) =∑
dv
𝜆

( j )
dv

xdv−1 = Φ′
( j )

(x )∕Φ′
( j )

(1), where 𝜆
( j )
dv

is the fraction of
edges connected to degree-dv variable nodes of Type- j . Simi-
larly, let Γ

( j )
dc

denote the fraction of degree-dc check nodes of
Type- j . Then, we have the degree distribution of the Type- j

check nodes as Γ( j )(x ) =
∑

dc
Γ

( j )
dc

xdc . Denote 𝜌
( j )
dc

as the frac-
tion of edges which are related to the degree-dc check nodes.
The edge-degree of check nodes can be expressed as 𝜌( j )(x ) =∑

dc
𝜌

( j )
dc

xdc−1 = Γ′
( j )

(x )∕Γ′
( j )

(1). The bipartite graph corre-
sponding to the LDPC code for the j -th importance level input
symbols is denoted by G j (𝜆

( j )(x ), 𝜌( j )(x ), n j , 𝛼 j K ), where, n j

is the number of variable nodes generated from 𝛼 j K input

symbols of level- j . Denote n =
∑T

j=1 n j .

Let Ω(x ) =
∑n

𝜅=1Ω𝜅x
𝜅 be the degree distribution of the

encoded symbols in Figure 3, where Ω𝜅 is the fraction of

degree-𝜅 encoded nodes generated. Thus, the edge-degree
distribution of an encoded node [21] is given as 𝜔(x ) =∑n−1
𝜄=1 𝜔𝜄x

𝜄 =
Ω′ (x )

Ω′ (1)
, where 𝜔𝜄 represents the fraction of edges

connected to degree-𝜄 encoded symbols.
To provide more protection to the variable nodes of higher

importance levels, these variable nodes are selected with a
higher probability to generate encoded symbols. Let Pj be the
probability that a particular Type- j variable node is selected
( j = 1, 2, … , T ) to generate an encoded node. Then, we have∑T

j=1 Pj n j = 1. Morover, for all 0 < j < j̃ ≤ T , we have Pj ≥

Pj̃ . Let 𝜃
( j )
max be the maximum bit-shift amount of Type- j vari-

able nodes ( j = 1, 2, … , T ). Then, the generator polynomial for
the shift probability of the Type- j variable nodes is given as

Λ( j )(x ) =
∑𝜃( j )

max

𝜃=0
1

1+𝜃
( j )
max

x𝜃 .

The encoding process for generating an encoded node from
T classes of variable symbols is as follows.

(i) Randomly select a degree 𝜅 according to the degree-
distribution Ω(x ).

(ii) Select each variable node of level- j with a probability Pj

( j = 1, 2, … , T ). Denote the selected 𝜅 variable nodes as
c1, c2, … , c𝜅 .

(iii) Find out the least importance level of {c1, c2, … , c𝜅} and
denote it as r .

(iv) If r < T , we choose the 𝜅 shift numbers according to
the shift polynomial Λ(r )(x ) and denote them in vector
𝜃 = [𝜃

(r )
0 , 𝜃

(r )
1 , … , 𝜃

(r )
𝜅−1]. Let 𝜃min = min({𝜃

(r )
0 , … , 𝜃

(r )
𝜅−1}),

the encoded symbol is given by
∑𝜅
𝜈=1 c𝜈z

𝜃
(r )
𝜈−1−𝜃min .

(v) If r = T , the encoded symbol is assigned with
∑𝜅
𝜈=1 c𝜈 .

Thus, this process can be represented by another bipartite
graph H connecting the encoded symbols and the variable
nodes. The weight of each edge in H represents the bit-shift
number of the connected variable node.

Note: Although the larger the maximum bit-shift number is,
the less encoded symbols are required for decoding. To achieve
a low symbol overhead and minimize the average bit-number in
an encoded symbol, we select the bit-shift number according to
the distribution of the selected input symbols of the least impor-
tant level in step (iv). If the least-importance level of the selected
input symbols is T , none of the selected input symbols shift at
all.

Theorem 1. Let 𝛾 denote the ratio of the number of received encoded

symbols to the number of input symbols. The average node degree of

the encoded symbols is given by 𝜇 =
∑n

𝜅=1 𝜅Ω𝜅 = Ω
′(1). The degree

distribution of Type- j variable nodes in H is given by

Ψ j (x ) = (1 + Pj (x − 1))𝜇𝛾K . (1)

Proof. Given 𝛾 and 𝜇, the total number of connections between
the variable nodes and the received encoded symbols is approx-
imately 𝛾𝜇K . The probability that a Type- j variable node
having b connections with the received encoded symbols can be
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ZHANG ET AL. 2085

expressed as Ψ j ,b =
(𝜇𝛾K

b

)
Pb

j (1 − Pj )
𝜇𝛾K−b. Then, the degree

distribution of Type- j variable nodes in H is given by

Ψ j (x ) =
𝜇𝛾K∑
b=0

Ψ j ,bxb =
𝜇𝛾K∑
b=0

(𝜇𝛾K
b

)
(Pj x )b(1 − Pj )

𝜇𝛾K−b.

Applying the binomial theorem, we can obtain (1). □

For simplicity, we re-write the probability Pj as
h j

n
. As K →

∞, we have Ψ j (x ) ≈ exp(
𝜇𝛾h j (x−1)∑T

j̃=1

𝛼 j̃

R j̃

) ≜ Ψ̃ j (x ). Let 𝜁 j ,b denote

the probability that a randomly selected edge connects to a

Type- j variable node of degree-b, we have 𝜁 j ,b =
bΨ j ,b

Pj𝜇𝛾K
. Thus,

as K →∞, the edge degree distribution of Type- j variable

nodes in H can be calculated by 𝜁 j (x ) =
∑
𝜁 j ,bxb−1 =

Ψ̃′
j
(x )

Ψ̃′
j
(1)
=

Ψ̃ j (x ).

4 ASYMPTOTIC ANALYSIS

4.1 And-or tree analysis

In this section, we analyze the performance of our proposed
WZ-UEP codes using AND-OR tree over an erasure channel
[21]. We derive the asymptotic expression of the erasure proba-
bility of the variable nodes at each iteration of the BP decoding
process. Let

(i) x
(𝜏)
j ,i be the erasure probability of the i-th bit (i = 1, 2, … , l )

in the message from a Type- j check node to a Type- j ( j =
1, 2, … , T ) variable node at the 𝜏-th iteration.

(ii) y
(𝜏)
j ,i denote the erasure probability of the i-th bit in the

message received by a Type- j check node from a Type- j

variable node at the 𝜏-th iteration.
(iii) u

(𝜏)
j ,i be the erasure probability of the i-th bit in the message

from a Type- j variable node to an encoded symbol at the
𝜏-th iteration.

(iv) v
(𝜏)
j ,i represent the erasure probability of the i-th bit of the

message from an encoded symbol to a Type- j variable node
at the 𝜏-th iteration.

(v) Q
(𝜏)
j = (Q

(𝜏)
j ,1,Q

(𝜏)
j ,2, … ,Q

(𝜏)
j ,l ) be the erasure probability vec-

tor of a Type- j variable node at the 𝜏-th iteration, where
Q

(𝜏)
j ,i denotes the probability that the i-th bit of the Type- j

variable node is erased at the 𝜏-th iteration.

Initially, all the messages from the variable nodes are erased,
that is, for all j ∈ {1, 2, … , T }, i ∈ {1, 2, … , l }, y

(0)
j ,i = u

(0)
j ,i =

1 holds.
Next, we derive the density evolution equation for x

(𝜏)
j ,i and

y
(𝜏)
j ,i . The erasure probability of the i-th bit of the message along

a randomly selected edge from a degree-dc check node to the
Type- j variable node at the 𝜏-th iteration is 1 − {1 − y

(𝜏−1)
j ,i }dc−1.

v
(L)
j,i

u
(L−1)
j,i

v
(L−1)
j,i

u
(0)
j,i

depth 0

depth 1

depth 2

depth 3

depth 2L

Type-j variable node

Type-T
variable node

FIGURE 4 An and-or tree whose root node is a Type- j variable node

Hence, we have

x
(𝜏)
j ,i = 1 −

∑
𝜌

( j )
dc

[
1 − y

(𝜏−1)
j ,i

]dc−1
= 1 − 𝜌( j )

(
1 − y

(𝜏−1)
j ,i

)
.

(2)

Suppose a Type- j variable node connects with d1 check nodes
in G j and d2 encoded symbols. It is straightforward that the i-th
bit of the message from a variable node to a check node is erased
only if the i-th bit of all the incoming message are erased. Hence,
the erasure probability of the i-th bit of a message from a Type-
j variable node to a Type- j check node at the 𝜏-th iteration is
{x

(𝜏)
j ,i }

d1−1{v
(𝜏)
j ,i }

d2 . We therefore get

y
(𝜏)
j ,i =

∑
d1

∑
d2

𝜆
( j )
d1
Ψ j ,d2

[
x

(𝜏)
j ,i

]d1−1[
v

(𝜏)
j ,i

]d2

= 𝜆( j )
(

x
(𝜏)
j ,i

)
Ψ̃ j

(
v

(𝜏)
j ,i

)
. (3)

Similarly, we have u
(𝜏)
j ,i = Φ

( j )(x
(𝜏)
j ,i )𝜁 j (v

(𝜏)
j ,i ).

Thirdly, we derive the value of v
(𝜏)
j ,i using and-or tree anal-

ysis ( j = 1, 2, … , T ). According to the bipartite graph H , we
can construct an and-or tree of depth 2L (L > 0). As shown
in Figure 4, the root of the tree is a Type- j variable node at
depth 0. Each variable node at depth 0, 2, 4,...,2L-2 is regarded
as an OR-node, and each encoded node at depth 1,3,5,...,2L-1 is
labeled as an AND-node. The nodes at depth tp + 1 are deemed
as children of nodes at depth tp (tp = 0, 1, 2, … , 2L − 1).

According to the encoding process presented in Section 3,
it is straightforward that an encoded symbol of degree-𝜅 is
constructed by 𝜅 variable nodes of up to 𝜅 different impor-
tance levels. Define qt as the probability that a child of an
AND-node independently be a Type-t variable node. We have

qt =
Pt 𝛼t K

Rt

. We discuss the erasure probability of the i-th bit

in the message from an encoded symbol to a Type- j variable
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2086 ZHANG ET AL.

node ( j = 1, 2, … , T − 1) from 2 aspects. Considering the first
scenario that an encoded node is generated by 𝜅 non-Type-T
variable nodes. Let 𝜂

( j )
𝜅,⃗s

denote the probability that a chosen
edge ẽ satisfies the following conditions: (i) the connected vari-
able node is of level- j importance; (ii) the edge ẽ is labeled with
𝜃0; (iii) the degree of the connected encoded symbol is 𝜅; (iv)
except the variable node connected by ẽ, the set of the variable
nodes neighbored with the encoded symbol contains at vari-
able nodes of type-t (t = 1, 2, … , T − 1) ; (v) except for edge
ẽ, other 𝜅 − 1 edges are labeled 𝜃i (i = 1, 2, … , 𝜅 − 1). Sup-
pose t̂ = max{t |at > 0, t = 1, 2, … , T − 1} and r = max( j , t̂ ),
we get the probability

𝜂
( j )

𝜅,𝜃
= 𝜔𝜅Λ

(r )
𝜃0

{
Λ

(r )
𝜃1
⋯Λ

(r )
𝜃a1

}
⋯

{
Λ

(r )
𝜃∑r−1
𝛽=1 a𝛽+1

⋯Λ
(r )
𝜃𝜅−1

}
,

(4)

where
∑r

𝛽=1 a𝛽 = 𝜅 − 1. Suppose a0 = 0, the probability that
the i−th bit in the message from an encoded symbol to an Type-
j variable node in edge ẽ is not erased at the 𝜏−th iteration is∏r

t=1 q
at
t

∏∑t

𝛿=1 a𝛿

m=
∑t−1
𝛿=0 a𝛿+1

(1 − u
(𝜏−1)
t ,i+𝜃0−𝜃m

).

However, if a given encoded symbol is generated by at least
one type−T input symbol, the children of the AND-node
would not shift at all. Thus, the probability can be expressed

by
∏T

t=1 q
at
t (1 − u

(𝜏−1)
t ,i )at . Thus, we obtain the erasure proba-

bility of the i−th bit of a message from an encoded symbol to a
Type- j variable nodes ( j = 1, 2, … , T − 1) after 𝜏 iterations as
in (5).

v
(𝜏)
j ,i =

∑
𝜅

𝜔𝜅
∑

a1+⋯+aT −1=𝜅−1

(
a1

𝜅 − 1

)(
a2

𝜅 − 1 − a1

)

…
( aT −2

𝜅 − 1 −⋯− aT −3

) ∑
𝜃0,𝜃1,…,𝜃d−1

𝜂
( j )

𝜅,𝜃

×

⎧⎪⎨⎪⎩1 −
T −1∏
t=1

q
at
t

∑t

𝛿=1 a𝛿∏
m=

∑t−1
𝛿=0 a𝛿+1

(
1 − u

(𝜏−1)
t ,i+𝜃0−𝜃m

)⎫⎪⎬⎪⎭
+ 1 −

∑
𝜅

𝜔𝜅

{ ∑
a1+⋯+aT =𝜅−1

(
a1

𝜅 − 1

)(
a2

𝜅 − 1 − a1

)

…
( aT −1

𝜅 − 1 −⋯− aT −2

) T∏
t=1

q
at
t (1 − u

(𝜏−1)
t ,i )at

−
∑

a1+⋯+aT −1=𝜅−1

(
a1

𝜅 − 1

)(
a2

𝜅 − 1 − a1

)

…
( aT −2

𝜅 − 1 −⋯− aT −3

) T −1∏
t=1

q
at
t (1 − u

(𝜏−1)
t ,i )at

}
. (5)

To simplify the notation, we denote û
(𝜏)
t ,i =∑𝜃(r )

max

𝜃m=0 Λ
(t )
𝜃m

u
(𝜏−1)
t ,i−𝜃m

. Substituting (4) into (5), we have

v
(𝜏)
j ,i = 1 −

𝜃
(r )
max∑
𝜃0=0

Λ
( j )
𝜃0
𝜔

(
r∑

t=1

{
qt

(
1 − û

(𝜏−1)
t ,i+𝜃0

)})

+ 𝜔

(
T −1∑
t=1

qt

(
1 − u

(𝜏−1)
t ,i

))
− 𝜔

(
1 −

T∑
t=1

qt u
(𝜏−1)
t ,i

)
. (6)

Furthermore, we consider the erasure probability that the i-th
bit of a message from an encoded symbol to a Type-T variable
node. We take a Type-T variable node as a root node in the and-
or tree. It is straightforward that the child AND-node of the
OR-node does not shift at all. Hence, we have

v
(𝜏)
T ,i = 1 −

∑
𝜅

𝜔𝜅

T∏
t=1

q
at
t

(
1 − u

(𝜏−1)
t ,i

)at

= 1 − 𝜔

(
1 −

T∑
t=1

qt u
(𝜏−1)
t ,i

)
. (7)

Finally, the erasure probability of the i-th bit of the mes-
sage received by the Type- j variable node at the 𝜏-th iteration
is obtained as

Q
(𝜏)
j ,i = Φ

( j )
(

x
(𝜏)
j ,i

)
Ψ j

(
v

(𝜏)
j ,i

)
. (8)

4.2 WZ-UEP codes with two importance
classes

In this section, we investigate the WZ-UEP codes with T = 2
different importance levels. The fraction of the more important
input symbols (MIS) is 𝛼1 = 0.1. The remains are considered as
the less important symbols (LIS). LDPC codes of rates R1 =
0.5 and R2 = 0.9 are used for pre-coding the more and less
important input symbols, respectively. The parameters related
to the LDPC codes are given as (i) Φ(1)(x ) = Φ(2)(x ) = x3; (ii)
Γ(1)(x ) = x6; (iii) Γ(2)(x ) = x30. The degree distribution func-
tion of the encoded symbols in [4] is considered and given
by

Ω(x ) = 0.0080x + 0.4936x2 + 0.1662x3

+ 0.0726x4 + 0.0826x5

+ 0.0561x8 + 0.0372x9 + 0.0556x19

+ 0.0250x64 + 0.0031x66. (9)

Assume the maximum bit-shift amount of the Type-1 vari-

able nodes 𝜃
(1)
max = 0, 3, 6. Given P1 =

h1

n
=

h1
𝛼1K

R1
+

(1−𝛼1 )K

R2

and
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FIGURE 5 The asymptotic erasure probability versus h1

P1 ×
𝛼1K

R1
+ P2 ×

(1−𝛼1 )K

R2
= 1, we get h2 = 1 +

𝛼1R2(1−h1 )

(1−𝛼1 )R1
. As

h1 ≥ h2 > 0, we have h1 ∈ [1, 6]. Figure 5 shows the erasure
probability versus the value of h1. As can be seen in this figure,
the erasure probability of the MIS part continually decreases
with the increasing of h1

1. The erasure probability of the LIS
part also decreases with h1, when h1 is relatively small. How-
ever, when h1 increases to a certain point (h1 = 1.869 when
𝛾 = 1.03, 𝜃

(1)
max = 0), the erasure probability of the LIS part

begins to increase with the increasing of h1. The reason is that
with the increasing of h1 (hence decreasing of h2), LISs have
a lower opportunity to be selected when generating encoded
symbols. Moreover, given 𝛾 = 1.03 (𝛾 = 1.05), the codes with
𝜃

(1)
max = 6 achieve minimum erasure probability at the turning

point h1 = 1.616 (h1 = 1.553).

5 SIMULATION RESULTS

In this section, files of size 2.841 MB and 8.79 MB are divided
into input symbols of l = 8 bits. The input symbols are further
grouped into several parts. Each part contains K = 1000 (K =
4000) input symbols. In each part, the first 𝛼1 × K = 0.1K ones
are more important than others. We use the following codes to
encode each group of input symbols.

(i) WZ-UEP1 codes: proposed fountain codes using h1 =
1.869,R1 = 0.5,R2 = 0.9;

(ii) WZ-UEP2 codes: proposed fountain codes using h1 =
1.54,R1 = 0.4,R2 = 0.8;

(iii) ZD-EEP1 codes: the zigzag decodable codes in [7] using
R = 0.9 generate each encoded symbol independently
adopting shift operation with P = 0.0380;

1 One of the purposes of Figure 5 is to illustrate and to find an optimal point where the LIS
achieves the lowest asymptotic erasure probability. To locate this point more easily, we use
a linear scale (instead of log scale) at the y axis.

100 20 30 40 50
0.8

0.9

1

1.1

1.2

1.3

FIGURE 6 The symbol overhead of WZ-UEP codes and ZD-EEP codes

versus the maximum bit-shift amount 𝜃
(1)
max .

𝜃
(1)
max ∈ {0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50}, K ∈ {1000, 4000}

(iv) ZD-EEP2 codes: the zigzag decodable codes in [7] using
R = 0.8 generate each encoded symbol adopting shift
operation with probability P = 0.0303.

We find that the WZ-UEP1 code and ZD-EEP1 code achieve
similar average bit numbers for each encoded symbol, for exam-
ple, 8.968 and 8.967 when K = 1000, 𝜃

(1)
max = 50; 8.97 and 8.967

when K = 4000, 𝜃
(1)
max = 50. Moreover, similar results can be

achieved using WZ-UEP2 codes and ZD-EEP2 codes.
Figure 6 shows the symbol overhead versus the maximum

bit-shift amount. As can be seen in this figure, the symbol over-
head of ZD-EEP codes and WZ-UEP codes for the MIS part
continually decreases with the increase of the maximum bit-
shift amount. However, the symbol overhead for recovery of the
entire input symbols using WZ-UEP1 codes (K = 1000) and
WZ-UEP2 codes (K = 1000 and K = 4000) decreases at the
beginning. As the maximum bit-shift amount 𝜃

(1)
max increases to

a certain point, the symbol overhead becomes stable. Especially,
for the WZ-UEP1 codes (K = 4000), the symbol overhead does
not change with the increase of the maximum bit-shift amount
𝜃

(1)
max . Moreover, given the maximum bit-shift amount, the WZ-

UEP codes achieve better performance for MIS part than for
entire input symbols with respect to the symbol overhead. In
contrast to the codes with no bit shift operation, a slightly bit
shift leads to comparative improvement on symbol overhead.

Further, we record the received bit numbers and define bit-
wise overhead as the ratio of the number of received bits to
the number of input bits (K × l ). Figure 7 plots the bitwise
overhead versus the maximum shift amount. The bitwise over-
head for MIS part using WZ-UEP1 codes and WZ-UEP2 codes
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FIGURE 7 The bitwise overhead of WZ-UEP codes and ZD-EEP codes
versus the maximum bit-shift amount 𝜃

(1)
max .

𝜃
(1)
max ∈ {0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50}, K ∈ {1000, 4000}

decreases with the increasing 𝜃
(1)
max , when 𝜃

(1)
max is relatively small.

When the bitwise overhead for MIS part using WZ-UEP1
codes approaches the minimum point (𝜃

(1)
max = 25), it begins to

increase with 𝜃
(1)
max slowly. Similar results can be seen by using

WZ-UEP2 codes. The minimum bitwise overhead for recov-
ering the MIS part is achieved at the point 𝜃

(1)
max = 30 when

K = 1000 (𝜃
(1)
max = 35 when K = 4000). The bitwise overhead

for recovery of the entire input symbols using WZ-UEP1 codes
monotonically increases with 𝜃

(1)
max . However, the WZ-UEP2,

ZD-EEP1, and ZD-EEP2 codes, respectively, achieve the min-
imum bitwise overhead for recovery of the entire input symbols
at the points 𝜃

(1)
max = 10, 𝜃

(1)
max = 5 and 𝜃

(1)
max = 10. Afterwards,

the bitwise overhead for recovery of the entire input symbols
increases slowly.

From the results discussed above, it can be concluded that
our proposed WZ-UEP code possesses an UEP property and
that a better symbol overhead of the MIS can be achieved with
a larger maximum bit-shift number. However, in the encoding
process, we select bit-shift number according to a predefined
bit-shift distribution. To reduce the number of bits in the
encoded symbols, we further subtract the minimum one from
the selected bit-shift numbers. The selection and subtraction
operations induce extra delay compared with the codes without
bit-shift operations. Moreover, the bit-shift operation increases
the number of bits in the encoded symbols. While the codes
without the bit-shift operations are decoded iteratively based
on one simple symbol tanner graph, our proposed WZ-UEP
code needs to be decoded based on a number of interconnected
bitwise tanner graphs. As a result, the overall structure of the
bitwise tanner graph used for the decoding of our proposed
WZ-UEP code is more complex and hence requires in a longer
decoding delay.

FIGURE 8 (a) SER and (b) FER versus the ratio of the number of
received encoded symbols to the number of input symbols 𝛾. MIS: SER/FER
of the MIS. LIS: SER/FER of the LIS

We further simulate the symbol error rate (SER) and frame
error rate (FER) of WZ-UEP1 code using K = 4000, 𝜃

(1)
max =

5. For comparison, we also simulate the UEP fountain code
in [30] which precodes the MIS with a (3,6)-regular LDPC
code of R1 = 0.5 and the LIS with a (3,30)-regular LDPC of
R2 = 0.9. We name it as “UEP-code1”. The code uses Ω(x ) as
the degree distribution of the encoded symbols. As shown in
Figure 8, due to the avalanche effect caused by the degree distri-
bution Ω(x ), the UEP-code1 loses its UEP property. Also, our
WZ-UEP1 code outperforms the UEP-code1 in terms of SER
and FER performance. In Figure 8, we redraw the SER/FER
curves of another UEP fountain code in [30] (denoted
here as “UEP-code2”) which uses Ω1(x ) = 0.1448x + (1.0 −
0.1448)x2 as the degree distribution of the encoded symbols.
The UEP-code2 pre-codes the MIS with a R1 = 0.5(𝜆1, 𝜌1)-
irregular LDPC code and the LIS with a R2 = 0.9(3, 30)-regular
LDPC code, where 𝜆(1)(x ) = 0.409x + 0.202x2 + 0.0768x3 +
0.1971x6 + 0.1151x7 and 𝜌(1)(x ) = x5. Compared with our
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proposed WZ-UEP1 code and the UEP-code1, the UEP-code2
achieves the best SER/FER performance for the MIS part but
the worst performance for LIS part. Next, we increase the value
of h1 in WZ-UEP1 code from 1.869 to 2.437 and name the
code as “WZ-UEP3 code”. The aim is to increase the selec-
tion probability of MIS and hence to improve the SER/FER
performance of MIS. Figure 8 shows that the WZ-UEP3 codes
with 𝜃

(1)
max = 5 and 10 possess UEP properties and outperform

UEP-code2 in terms the SER/FER performance. Compared to
the WZ-UEP3 code with 𝜃

(1)
max = 5, the WZ-UEP3 code with

𝜃
(1)
max = 10 achieves better MIS SER/FER without degrading

the error performance of the LIS.

6 CONCLUSION

In this paper, we proposed a novel weighted zigzag decodable
fountain code to recover information of different importance
levels gradually. This is achieved by (i) pre-coding input symbols
of different importance levels using LDPC codes of differ-
ent code rates; (ii) performing an unequal selection of variable
nodes with different importance levels; (iii) allowing the selected
variable nodes to shift certain bits according to their impor-
tance levels before performing exclusive-or operation to form
encoded symbols. Moreover, we analyzed the proposed WZ-
UEP codes by using AND-OR tree evaluation and formulated
the equations for calculating erasure probabilities. We further
obtained the erasure probability of WZ-UEP codes with two
importance classes and the optimal parameter of h1. Simulation
results showed that the proposed scheme possessed unequal
error protection properties. The WZ-UEP code is capable of
improving the performance for recovering the MIS part and the
entire input symbols by using bit-shift operations with respect
to the symbol overhead.

However, compared with traditional LT-like UEP codes, our
proposed WZ-UEP codes make use of LDPC codes of differ-
ent code rates. Such a requirement induces extra complexity
and delay in the encoding and decoding processes. Moreover,
the bit-shift operation increases the average bit-length of the
encoded symbols and the overall size of the bitwise tanner
graph. It also indirectly increases the number of iterations in the
decoding process. In the future, we will attempt to improve the
encoding process by, for example, considering polar codes with
UEP properties. We will also investigate novel ways to reduce
the decoding delay.
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