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AN IMPLICIT-EXPLICIT SECOND-ORDER BDF NUMERICAL SCHEME
WITH VARIABLE STEPS FOR GRADIENT FLOWS

DIANMING HOU' ZHONGHUA QIAO?

ABSTRACT. In this paper, we propose and analyze an efficient implicit—explicit (IMEX) second-
order backward differentiation formulation (BDF2) scheme with variable time steps for gradient
flow problems using a scalar auxiliary variable (SAV) approach. Comparing with the traditional
second-order SAV approach [Shen et al., J. Comput. Phys. 2018], we only use a first-order method
to approximate the auxiliary variable. This treatment does not affect the second-order accuracy
of the unknown function ¢, and is essentially important for deriving the unconditional energy
stability of the proposed BDF2 scheme with variable time steps. We prove the unconditional
energy stability of the scheme for a modified discrete energy with the adjacent time step ratio
Y41 i= Tnt1/Tn < 4.8645. The uniform H 2 bound for the numerical solution is derived under a
mild regularity restriction on the initial condition, that is ¢(a,0) € H?. Based on this uniform
bound of the numerical solution, a rigorous error estimate of the proposed scheme is carried out
on the nonuniform temporal mesh. Finally, serval numerical tests are provided to validate the
theoretical claims. With the application of an adaptive time-stepping strategy, the efficiency of
our proposed scheme can be clearly observed in the coarsening dynamics simulation.

1. INTRODUCTION

Many science and engineering problems can be modeled by partial differential equations (PDE)
having the structure of gradient flows. The evolution PDE systems are resulted from the energetic
variational principle of the total free energy in different Sobolev spaces. Typical gradient flows
include the Allen-Cahn and Cahn-Hilliard equations. The general form of gradient flow can be
written as

0
a—f = —grad E(¢), (1.1)
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where E[¢(x,t)] is the free energy functional associated to the physical problem, and grad; E(¢)
is the variational derivative of E in the Sobolev space H. Then the above PDE system satisfies
the following energy dissipation law

d 0¢
S E(9) = (radg B(9), 5 ) = ~lgrady B(9) |, (1.2)
dt ot

where (-,-) and || - || are the L?—inner product and the associated norm, respectively. This

indicates the non-increasing in time nature of the energy functional E for the gradient flow
system. Moreover, in many cases, it is observed that the evolution of the free energy E(¢)
usually involves both fast and slow stages of change in the long time simulation. Therefore, it is
highly desired to develop high order unconditionally stable numerical schemes on the temporal
nonuniform mesh, in which the adaptive time-stepping strategies can be easily applied without
worrying about the instability. This is essentially important for the gradient flow problems with
the large scale and long time simulation. For the single step time integration method, such as the
first-order BDF scheme and second-order Crank-Nicolson scheme, it is relatively easy to construct
the unconditionally energy stable numerical schemes for gradient flows. However, it is completely
different and quite difficult to numerically investigate the multi-step methods, especially on the
temporal nonuniform meshes; see e.g., [2, 5, 22, 24, 30] for related research of BDFk methods
with 2 < k < 6. It is noted that the BDF2 scheme usually achieves stronger stability than the
second-order Crank-Nicolson based schemes, particularly for the problems with strong stiffness
[6, 11, 12].

Our goal in this paper is to construct and analyze the linear unconditionally energy stable and
variable time-stepping BDF2 scheme for (1.1) with a mild restriction on the adjacent time step
ratio. In [4, 33], the second-order BDF numerical schemes have been developed for the Cahn-
Hilliard equations with the double well and logarithmic nonlinear potentials, respectively. The
energy stability and the convergence analysis were also derived on the temporal uniform mesh
by using the Douglas-Dupont regularization technique. Meanwhile, it has attracted increasing
attention and has been extensively studied in constructing robust and efficient BDF2 schemes for
parabolic PDEs on the temporal nonuniform mesh, in which the adaptive time-stepping strategies
can be easily applied to improve the efficiency of the numerical simulation. Becker [2] numerically
investigated the variable time-stepping BDF2 scheme for linear parabolic PDEs, in which the
rigorous stability and convergence analysis were derived with a restriction on the adjacent time
step ratio v, < (2 + v/13)/3 ~ 1.8685. However, an exponential prefactor was involved in their
numerical analysis, which could blow up for certain choice of time-step series at vanishing time-
steps. Chen et al. presented a nonuniform BDF2 scheme with convex splitting method for the
Cahn-Hilliard equation in [5]. A new developed Gronwall inequality was employed to remove
the blowing-up prefactor in their convergence analysis under the restriction on the adjacent time
step ratio 7y, < 1.534. In [21], Liao, et al. investigated the BDF2 scheme for the Allen-Cahn
equation on the temporal nonuniform mesh, in which the nonlinear potential term was treated
implicitly. The unique solvability and energy stability of their proposed scheme were derived
with the time step ratio 7, < 3.561 and a mild restriction on the time step sizes. Moreover, if
Yn < 1 ++/2, the discrete maximum bound principle of the numerical scheme has been obtained
with the kernel recombination technique. With this uniform bound of the numerical solutions,
they have presented a rigorous error analysis of the fully implicit scheme by using a novel discrete
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Gronwall inequality. Recently, the BDF2 scheme with variable time steps has been investigated
for molecular beam epitaxial (MBE) model without slope selection in [35]. Under the constrain
condition on the adjacent time step ratio v, < 4.8465, it has been proved that the proposed
numerical scheme is unconditionally energy stable and the numerical solution is of second-order
convergence in time. However, the existing variable BDF2 schemes for gradient flows treat the
nonlinear terms fully or partially implicitly, the nonlinear iterations must be conducted at each
time step.

As we know, the nonlinear terms involved in gradient flows usually yield a severe stability
restriction on the time step sizes and the ratio of the adjacent time steps in the numerical
schemes. Many efforts have been devoted to remove this restriction by carefully dealing with
the nonlinear terms in the gradient flow problems. These includes, but not limited to, the
convex splitting method [1, 8-10], the linear stabilized method [7, 16-18, 28, 32], the invariant
energy quadratization (IEQ) method [34, 37] and the scalar auxiliary variable (SAV) approach
[26, 27]. Particularly, the SAV method achieves more convenience to design the efficient and
unconditionally energy stable schemes for the gradient flow problems, where a modified energy
is defined involving an scalar auxiliary variable. Very recently, Huang et al. [14, 15] presented
an implicit-explicit linear and unconditionally energy stable BDFk (1 < k < 5) scheme for
gradient flows using the SAV method. However, its unconditional energy stability only involved
the auxiliary variable without the information of the phase function. The convergence analysis
was also derived, but only available on the temporal uniform mesh [14].

In this paper, we propose and analyze an efficient implicit—explicit BDF2 scheme with variable
time steps for gradient flow problems using the SAV approach. We prove the unconditional
energy stability of the scheme for a modified discrete energy with the adjacent time step ratio
T+l = Tnt1/Tn < 4.8645. The main contributions are as follows. First, we develop a linear
unconditionally energy stable BDF2 scheme on the temporal nonuniform mesh for gradient flows
under the mild restriction on the adjacent time step ration v, < 4.8645, in which we only use
a first-order method to approximate the auxiliary variable while we can still achieve the second-
order accuracy of the unknown phase function ¢. This treatment is different with the traditional
second-order SAV approach in [26] and is extremely important for establishing the unconditional
energy stability of the proposed BDF2 scheme with variable time steps. Moreover, the energy
stability of the numerical scheme indicates the uniform H! bound for the numerical solutions,
which plays an important role in deriving the error estimates. Secondly, the rigorous error analysis
has been established with a proper regularity assumption on the solution.

The rest of this paper is organized as follows: In section 2, we construct the IMEX BDF2
scheme for gradient flows on the nonuniform grid mesh using the SAV approach, and carry out
the stability results for the proposed schemes. Based on the stability form of the numerical scheme,
the uniform H? bound for the numerical solutions is investigated in section 3. In section 4, a
rigorous convergence analysis is derived for both L? and H~! gradient flows. Several numerical
examples are given in section 5 to validate the theoretical prediction of the proposed method.
Finally, the paper ends with some concluding remarks.
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2. SCALAR AUXILIARY VARIABLE APPROACH

We first introduce some notations which are used throughout the paper. Let H™(Q) and
Il ||, m = 0,%1,---, denote the standard Sobolev spaces and their norms, respectively. In par-
ticular, the norm and inner product of L2(§2) := HY(2) are denoted by ||- | and (-, ) respectively.
Here, Q ¢ R%, d =1,2,3 is a bounded domain with smooth boundary.

In what follows, we focus our attention on a typical energy functional E(¢), defined by

B6) = [ (SIVof + Fo))dm, 2.)

where F(¢) represents the general nonlinear potential function. Taking the Sobolev space H to
be L?(Q) and H~1(Q) in (1.1) respectively, the gradient flows read

¢
ar G Hy
ot " (2.2)
n= 762A¢ + F/(¢)a
where
G —1I, for H :=L?, (2.3)
e A, for H:=H™ ! ‘

For the sake of simplicity we consider the periodic boundary condition or homogeneous Neumann
boundary condition for (2.2), i.e.,

99|
877, o0

where m is the unit outward normal vector on the boundary.

0A¢

99
=0 for Gy := —1I and %‘89:87‘89:0f0r Gy = A, (2.4)

The key idea of the SAV approach [26] is to introduce a scalar auxiliary function, defined by

r(t) = VE1() = \//Qg(qb)dw + Co, (2.5)

where g(¢) = F(¢) — 3|¢|*> with A > 0, and Cp is a positive constant such that Ey(¢) > 0. Then,
the original system (2.2) can be equivalently rewritten as:

(0
aif — GHH)
- r(t) ,
p=—c*A¢p+ A + mV(ﬁ)g (9), (2.6)

(At 2\/Ei(9) Ja ot VEI($)
where V(¢) is a real function of ¢ such that V(1) = 1 and V(¢) € C?(R). Taking L?—inner
products of the above equations with g, %, and 2r(t) respectively gives

&=

d(5|Vel? + 3] +12)
dt

= (Gup, p) <0. (2.7)
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Noticing that

d(5IVSI? + 31l +72)  d(E($)+Co)  d

dt dt - %E(¢)’

we obtain the same energy dissipation law as (1.2) at the continuous level. However, we will

see the constructed numerical scheme in this paper preserving a modified free energy dissipation
more like the form of (2.7).

Remark 2.1. For the special case V(§) = 1, the new proposed SAV approach (2.6) comes to
be the conventional SAV method reported in [26].

Starting with (2.6), we are now ready to construct various time stepping schemes to approx-
imate the solution ¢ with variable time steps. Let 7, := ¢, —t,_1,n = 1,2,..., N be the time
step size, v 1
maximum time step size of the temporal mesh.

= Tn+1/Tn be the adjacent time—step ratios, and 7 = max{7,,n = 1,2,--- } be the

2.1. A first-order scheme. A combination of some first-order discretizations to each term of
(2.6) gives the following scheme:

n+1l _ n
L (2.80)
n+
n+1

“n+1 _ _€2A¢n+1 + )\gbn-f—l + ;F?V(gn+1)g’(¢”)7 (2.8b)

- . et l natl n n+1
T + - T o V(€ + ) / gl(¢n)uda;’ £n+1 = i, (28C)

Tn+1 2\/E} Tn+1 E}

where ¢" is an approximation to ¢(t") and E7 := E;(¢").
Similar to the stability analysis of the traditional SAV method [26], it is easy to check that the

scheme (2.8) is unconditionally energy stable in the sense that the following discrete energy law
holds

2 2
e P12 L Al 2 n+12] €7 ny2 L ANy a2 n|2
SNV 2+ SHem 12 + ] = | SV + S 6™ + 1

<(Gup"t W1 <0,

(2.9)

2.2. An IMEX second-order BDF scheme. We first recall the quadratic interpolation opera-
tor HgJ(ﬁ(f)! for qb(t), t e [tjfl, tj+1]7 Hngf)(t) interpolates gf)(t) at three pOiIltS (tjfl, qb(tj,l)), (t]’, gb(t]))
and (tj+1, ¢(tj+1)). That is,
;¢ = ¢(tj-1)li-1(t) + &(t)l;(t) + o(tj1)lj+1(t), Vi=1,2--- N -1,
where [;(t) is the basis of Lagrange interpolation polynomial, defined by

Jj+1

Ig(t) :== H

i=j—1,
i£k

t—t;
te — t;

for k=4 — 1,4, and j + 1. Moreover, we have

oMo)| =

t=tjito  Tj+l

2
(20 — 1)'Yj+1
L+7j+41

1+ 20”}/j+1
L4541

P(tjt1) = (L+ (20 = D)yj1)o(t5) + ¢(tj-1)
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for tj1s := tp + 0Tyy1 with % < ¢ < 1. Then, the second-order finite differentiation formula
FJ"7¢ to approximate ¢'(t) at t = tj+o reads
: 1 (1420741 - (20 =17,
F§*0g = —| LG (14 (20— 1)gga)f + 2 i), 2.10
1176 1= o[ R (1 (20 g)d) + (210)

where ¢/ is an approximation to ¢(t;). Note that when o = 1, it becomes the classical second-order
BDF with variable time steps:

2
; 1 71+ 2v41 ; Vi+1 -
Fitly = [ TGt — (1 + 1) + — ¢ 1}, 2.11

2 ¢ Tit1 L 149541 P A+ 75+1) L+ 7541 (211)

and Crank-Nicolson formula when o = %:
FI2 ¢]+1 ¢]
2 Tj+1

Now, we are ready to construct an IMEX second-order BDF scheme with variable time steps,
called VBDF2 hereafter, for (2.6):

¢ = Guu™te, (2.12a)
n+1
'un-l-a — _52A¢n+0 + )\¢n+a + LEWV(gn—i—l)g/(gb*,n-l—a)’ (212b)
n+l _ ,.n n+1 n+-1 L n+l1
r o V(T / /(¢*,n+0)¢ —¢ dex, 5”"‘1 _r , (2.12¢)
Trn+1 2\/E7 Ja Tn+1 vV ET

where ¢"7 := g¢" 1 + (1 —0)¢"™ and ¢*"7 1= ¢" + 0y,11(¢" — ¢"!). Here we set V(&) to be
a functional of ¢ such that

V() -1
V() =1, lim—> "1
(1) im =
that is, V/(1) = —1. From (2.12c¢), it is obvious that the numerical approximations to r(t) and
&(t) are only first-order accuracy in time, viz.,

=1, (2.13)

"= r(tpg1) + Cimgr, €771 =E(tng) + CoTgr = 14 Compya, (2.14)

where C and Cj are two general constants. It seems that the proposed VBDF2 scheme (2.12) for
the evaluation of ¢ is only of first-order accuracy. In fact, in the SAV approach (2.6), the auxiliary
variable functional 7(t) and &(t) affect the phase function ¢ of the original problem (2.2) only
by the term &V(g) in the discrete level. Moreover, combining (2.13) and (2.14), it is easy

VE1(9)

to check that the discrete term ~ \/? V(€M) = ¢nHly (€7 s of second-order approximation to
1

1, if €"*! approximates to 1 with first-order accuracy. Therefore, the VBDF2 scheme is actually
a second-order numerical method of (2.6). This will be rigorously verified by the theoretical
analysis to be presented in Section 4. Before rigorously proving the energy stability of VBDF2
scheme (2.12), we need the following inequality, seeing also Lemma 2.1 in [20] or Lemma 3.1 in
[13] with the parameter o = 1,

ot ="

(6" = ") F5176 > G = Gl + Gt o) (2.15)

2Tp41
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where

3

3/2 _ 3 3
Gro QDAL g 2 dos = (20— D)t (20— )3
7 2(1+ vn) Tn ’ o 1+s 1+2z

G(s, z) is increasing in (0, s«(0)) and decreasing in (s.(0), +00) with respect to s, and decreasing
for the variable z € (0, +00). Moreover, there exists 0 < z, < 4 such that G(z, z) is increasing in
(0, z) and decreasing in (z., +00), since G(0,0) =2 > G(4,4) = 2 — M > 2. Let 7,.(0) be
the positive root of G(z,z) = 0 and 4 < 7,(0) < Ys«(0). Thus, it follows from G(O z) =G4, z)
that
G(s,2)2 min{G(0, %(0)), G(1:(0),7:(0))} = G(1:(0),74(9))
for any 0 < s,2 < 7.(0) < 7Yasx(0). It is easy to check that the root function v, (o) is decreasing
for o € [3,1] with 7. (1) &~ 4.8645 and 7..(0) — +00, as o — 3. Thus v..(0) > 4.8645 for any
o€ l3,1].
The stability property of the VBDF2 scheme (2.12) is stated in the following theorem.

Theorem 2.1. For1/2 <o <1 and0 < Ypt1 < Yax(o),n=1,--- M —1, the VBDF2 scheme
(2.12) is unconditionally energy stable in the sense that

EY —F <0, (2.16)

where the discrete modified energy EY; is defined by:

3
(20 — D)y i [|¢" — @™ M2

+ EYyog, for H:=L?,

E?I = 2+ Q’Yn—hé? Tn
(20 = Dy V(" — ¢" DI
E? H:=H1!
2+ Q’Yn-i-l T + Mod> fOT‘ ’

. 2
with Bfy,g = SIIV" > + 30" > + >

Proof. We deduce from taking the inner products of (2.12a), (2.12b), and (2.12¢) with —G ' (¢" !~
"), " — @™, and 2r" L respectively

(Fpto0, Gl (e = 9™)) =—(umtt 6™ = o),
<Mn+1,¢n+1 . ¢n> 252 (v¢n+a’v(¢n+1 o ¢n)) + A(¢n+o7¢n+1 o ¢n)

Tn+lv(§n+1) 1( 1%, n n
+\/E—{L(9 (¢*" ), 6" — ¢ )7

2rntl(prtl _pn) _r"+1V(fn+1) / g/(¢*7n+1)¢n+1 ¢n

Tnt1 - JE]
It follows from the above equations that
<F2n+a¢’ —GBl (¢n+1 . ¢n)) 4 62 (v¢n+0'7 v(¢n+1 . ¢n))
+)\(¢n+0’ ¢n+1 _ ¢n) + 2,r,n+1 (rn—i—l _ rn) —0.

Tn+1

(2.17)
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Furthermore, applying the inequality (2.15) and the identities

2(ca*tt + (1 — 0)ad?)(a**! — a¥) =[aF 12 — |a*|? + (20 — 1)]a* — a# 1|2,
(2.18)
2akz+1(ak+1 _ ak) :]ak+1|2 _ ‘ak‘Z + |ak+1 _ ak|2

to (2.17) and dropping some uninfluential terms, the modified energy law (2.16) can be easily
derived. ]

Next, we will show how to efficiently solve the VBDF2 scheme (2.12). It follows from (2.10)
and (2.12) that

( 1+ 20vn41

Tnt1(1 4+ Ynt1)
1
———((1+ 20 = Dyr1)o” -
Tn+1

— oGy (—*A+ A))¢"+ - V(T Gy (607

(20 — Dvaiy @l
L+ 041
We denote the right hand side of the above equation by h(¢", ¢"~1). Then it holds that

) +(1-0)2G A",

(bn—i-l — (bflz—i-l + fn-i-lV(En—i-l) ;H—l (2_19)
with (ﬁ’f“ and ¢’2‘+1 being solved respectively by
I+ 209041 2 +1 -1
ST GGy (—€2A + ) )¢ = (o, "L, 2.20a
(it — oG ))ért = he" o) (2:200)
14 209n41 2 41 / 11
————— " —0Gy(—"A+N)|P)T =G T, 2.20b
iy oGl ))o5+ = Gug (67 (2:200)

Actually, it is easy to see QS?H + ¢121+1 is the numerical solution of ¢(t,4+1) using the traditional
second-order stabilized method for the original gradient flow (2.2). In order to numerically solve
the auxiliary function £"*1, we substitute equation (2.19) into (2.12c) to obtain

n+1
g1 /7 - = L My gty (g (g, g

EY
(g (6", o1t — 9™ = 0.

Denoting the left side of the above equation by W (£"+1), and combining V(1) = 1 and V'(1) =
—1, we have the following identities

(2.21)

/( Axm41 n+1 n+l  n
W(l):@—rn—(g(é +)7¢1 + 0, qﬁ)NO(

= Tn+1),
) <gl(¢*,n+l) ELJrl + ¢E£L£r1 _ ¢n) (222)
W' ()= E} + NG ~ /EP +O(12,).
1

Thus £"*! can be efficiently evaluated by solving the above nonlinear algebraic equation (2.21)
using the Newton’s iteration with initial condition ¢° = 1 and large enough Cj, since we only
require a first-order accuracy of £"*1 in time with the VBDF2 scheme (2.12).

To summarize, the scheme (2.12) can be efficiently implemented by following the lines:

(i) Calculate ¢7*! and ¢3! from (2.20a) and (2.20b) respectively, which can be realized in
parallel.

(ii) Evaluate ¢! using (2.21), and then ¢"*! can be obtain by using (2.19).
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The total computational complexity at each time step is essentially of solving two (or four)
Poisson type equations with constant coefficients, since the computational cost for solving the
nonlinear algebraic problem (2.21) by the Newton’s iteration can be negligible comparing the
cost of solving gz§7f+1 and gzbg'H. Hence, the new proposed SAV method (2.6) is essentially as
efficient as the traditional SAV approach [26]. However, the traditional second-order BDF based
SAV approach in [26] is only unconditional energy stable on the uniform temporal mesh. And
the energy stability of our proposed numerical scheme (2.12) can be preserved for more general
temporal meshes with slight restrictions on the ratios of the adjacent time step sizes.

3. H? BOUND FOR THE NUMERICAL SOLUTIONS

From the energy stability (2.9) and (2.16), it follows that for alln =1,2,--- | N,
9™l + 7" < M, if ¢° € H' (),

for both of the first-order scheme (2.8) and the VBDF2 scheme (2.12), where the Poincaré
inequality is used for the special case A = 0, seeing also a similar result for the traditional SAV
method in [25]. Here M is a positive constant depending only on €2 and the initial condition
¢(x,0). This implies the H' bound of the numerical solution ¢™ and the uniform bound of the
auxiliary variable r” for all n = 1,2,--- , N. In the following, we aim to derive the uniform H?
bound of the numerical solutions of the above proposed schemes for gradient flows (2.2). For
simplicity, we only consider the special case with o = 1 in what follows, and denote 7, := ~.(1).
Then we have 4 < ~, < 4.8645. Now, we first recall some results about the solution existence
and regularity of L? and H~! gradient flows.

Lemma 3.1 ([25, 29]). (i) For the L?-gradient flow, that is Gy = —I, assume u® € H%(Q)
and

|F"(z)| < C(|zP +1),p > 0 arbitrary if d = 1,2; 0 < p < 4 if d=5. (3.1)

Then for any T > 0, the L*-gradient flow (1.1) has a unique solution in the space

C([0,T]; H*(Q)) N L*(0,T; H3(Q)).

(ii) For the H '-gradient flow, if 3° € H?, and (3.1) and the following inequality holds
|F"(z)| < O(|x]|? +1),q > 0 arbitrary if d =1,2; 0 < q < 3 if d=3. (3.2)
Then for any T > 0, the H '-gradient flow (1.1) has a unique solution in the space
C([0,T); H*(Q)) N L*(0, T; H4(Q)).

3.1. H~! gradient flow. The H? bound of the numerical solution from VBDF2 scheme (2.12)
for H~! gradient flow (1.1) is given in the following theorem.
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Theorem 3.1. Assume ¢° € H?, 0 < Yp41 < 7, and g(-) € C3(R), then the solution of the
VBDF2 scheme with Gg = A satisfies

3
Vrio o™t — ¢"H2
T+ Y42 2Tn11

\|A¢"“!!2 IIV¢"“H2
(3.3)

3

2
§C(M,7*)(1+T)+max{ 1}%”A¢0||2.

Vi
1+ Y ’
Proof. For the first time step, that is n = 0, we use the discretization of first-order scheme (2.8)
with V(£) =1, that is

1_ 40 1
¢ ¢ —|—€2A2¢1—AA¢1: r >
T1 Vv E7

Taking the L2-inner product of the above equality with ¢! — #° and using Young’s inequality,

"(¢°).

gives
llo! — 411 €Z50||2 1)2 op2) 4 A 192 02
- + Z (18011 = 1AC12) + 2 (19612 - V6 2)
o g1yt N 4
< f(Ag (67,6 = ¢°) < CONMAG () + T
Since ¢° € H? and g(-) € C3(R), we have ||¢°|| 1~ < C(Q)]|¢°|| g2 < C and
1A' (@)1= [lg" (%) A¢” + g™ (6°) V¢ || 35)
< 9" ()2 1A° + lg" (") 2 V6°I[74 < O (L + [[V°I74).
By the Sobolev embedding theorem, H d/4 = 14 and the interpolation inequality, we derive
_d d
Vel < CIVY| g < ClIVe|I! Tag”|s < o(m)||ag”]s. (3.6)
Combining (3.5) and (3.6), it glves HAg (qbo)H < C(M). Thus we can derive from (3.4) that
o' — CZ5O||2 2, 12 TVOIT
T, Tt HA¢> 17+ HV¢> 17 < CAHA+m) + S A7 (3.7)

This indicates ¢! € H? and its H? bound only depends on ¢°,Q and 7. Then we assume
that ¢* € H? for all k¥ < n and the H? bound only depends on ¢°,Q and T. Thus, we have
9" (*™ V)| oo, [|g" (¢*™ 1) ||L= < C, where the positive constant C' only depends on g(-), #°, Q
and T. Therefore, for n > 1, making the inner product of (2.12a) and (2.12b) with ¢"*! — ¢"
and using the similar argument for n = 0, we obtain

3
< V2 Gl )> o™ = "> vma ll¢" ="M
1 + Tn+2 o 27—n—&—l 1+ Tn+1 2Ty
n n A n n
[HA¢ P —[lag™|?] + §[HV¢ 2 = ve"|?]

’rl—‘rlv(én—&—l) /(o k,n+1 n+1 n

< ——(Ag'(¢™ QU — @
JET ( J'( ) )
< O(M, 7)1 [AG (" HIP + G, 74)
ot — n)2

2Tp41

3

l"+t — 6|2

2741
< C(M,v)Tn+1 + Gy, 74)
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Summing up the above inequality from 1 to n, and combining (3.7) gives

3
Yora " =2 €2
+ -
2(1+ 7§z+2) Tnt1 2

R R

3

2

T g2 0y(2
T 1A + O ) (14 7).

Thus, we obtain the uniform H? bound (3.3) for the numerical solution ¢"*!. Then the proof is

3 )\ n
lAg™ 2 + S IVem®

< max{

completed. O

3.2. L? gradient flow. For the L? gradient flow, we will only state the H? bound for the
numerical solution of VBDF2 scheme (2.12). The proof is essentially same as the H~! gradient
flow.

Theorem 3.2. Assume ¢° € H?, 0 < v,01 < v and g(-) € C*(R), then the solution of the
VBDF2 scheme with Gg = —1 satisfies

3
Tay2 V(" —9M> Ao n
B + - lAg" 2+ S Ve 2
1+ Ynt2 2Tp41 32 2 (3.8)

v e? 012
gO(M,mHﬂ+m<{1+7 1} SAg.

Remark 3.1. In particular, we have improved the H? bound results given in [25], where the
proof of H? bound of the numerical solutions for H~' and L? gradient flows requires ¢° € H*
and H? respectively. Here we only require ¢° € H? for both L?> and H~' gradient flows, which
is consistent with the requirement of the continuous problem to gquarantee the H? bound of the
solution.

4. ERROR ANALYSIS

In this section, we derive the error estimates of the VBDF2 scheme (2.12) for gradient flows.
Denote e" = ¢" —@(t,) and s = " —7(t,) with e = s° = 0, and ¢(tsn+1) = ¢(tn) +Vnt1(P(tn) —
@(tn—1)). For simplicity, we only consider the case V(§) = 2 — & hereafter.

4.1. H~! gradient flow.

Theorem 4.1. For the H™' gradient flow, assume that ¢° := ¢(x,0) € H%,0 < v, < s,
71 < 7'%, and g(-) € C3(R). In addition, we suppose that

¢ € L(0,T; L*) N L*(0,T; L*), ¢ € L*(0, T; H'), ¢y € L*(0, T3 H ™).
Then it holds that

3
Tarz VTN =) f Ventl|2 Aont2 n+12
+ S IVe T + Slle" 7 + "
2(1 + '7n+2) Tn+1 2 2 (4.1)

T T
<Cexp(T)[r* [ (lon(lE -+ lom(s)P)ds+ 7 [ (ol + () o) s
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where the positive constant C only depends ¢°, g(-),Q, T and .. Moreover, we have
3
Tavz IV =) § /\Hen+1”2

€
+ v6n+1 2 +Z
2(1+ Yn42) . Tn+1 2 | | 2 (4.2)

SCeXp(T)T4/O (e ()7 + llbee() 7 + 1 deae (5) I3 ) ds.

Proof. 1t follows from Lemma 3.1 and Theorem 3.1 that ||¢(t)| g2, |[¢"]| g2z < C, in which the
positive constant C' only depends on ¢%,Q, T and ~,. By the Sobolev embedding theorem H? C
L°°, we have

19(O), 19" (D), 9" (D)1, (@™, 19" (6™, 19" (¢™)] < C (4.3)
for all n =0,1,--- . We use the expression A < B to mean that A < CB for the general positive
constant C, hereafter. Direct calculation gives

_ -t VAL S o i
_4 (El(qﬁ))?’(/ﬂg( )¢td ) —1—2\/%/9[9 (¢)¢t —i—g(qﬁ)qﬁtt]d .

Combining (4.3), we deduce that

T'tt

tn+1 5 tn+1 9 9
[ s [T e+ Lol (1.4)
For n > 1, the error equations can be derived from (2.6) and (2.12), as follows
n+1 202 n+l n+1 Snﬂv(fnﬂ) 1 kntl n n n n
1
Vv n+1
sn—‘rl o Sn —_ (§ ) / gl(¢*n+1)(en+1 _ €n)d$ (4.5b)
2/ET? Jao

1
+5 [ B0l = o) =0 +05.

where
Ad *,n+1 Ad “n
Ji ::r(tn+1)V(§n+1)[ g\(;ﬁﬁ ) _ L(]E(:?((;(t :;;],
1 n
Jn ::T(tn+1)(v(§n+l) - 1)A ! ten ’
2 ACION) 9 (¢(txnt1))
e VETGG g (Gltnr)
’ VE! E1(6(tnt1))
and the truncation errors are given by
T7" = ¢(tn+1) = Oe(Mand(t))i=tu s T3 = Ag'(S(tent1)) — Ag'(S(tnt1)), (4.6a)
tn+1
v = 1r(tnt1) — r(tn) — Tns1mt(tny1) = /t (tn, — s)ru(s)ds, (4.6b)
n_ (9 (0(tnt1)) A
o = (2 oA (tn s)qbtt(s)ds). (4.6¢)
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Taking the L? inner product (4.5a) and (4.5b) with (—=A)~!(e"™! — ™) and 25", respectively,
and summing them up, gives

3 3
1[( Vg2 + Gl )> [V e —eMP vpgr IV = e Y|
2 21 + Yn+2 ’ Tn+1 T+ v+ Tn
€ A
+5[HV€”+1H2 —[IVe"|?] + 5[\\6"“!!2 — [le™PP] + 5" * = |s™)?

<S(VHIP+ I8+ TP+ T5), V(e — ™)) + " / T3 (d(tns1) — B(ty))dx
Q
425" (=0t o)

—1 2 —1 )2 — 12 — 12 Vet —em)||?
SCO)Tan [IVTVTIP + IVTUIZ NP + IVTHITP + (VTR + G, 74)

2Tn11

2
+CTnr 1l 6l oo 0,7:2) [T + I8 12] + T [s" T + P ([ + v31%),
n

in which we have used the inequality (2.15) and the identities (2.18). Thus we can deduce from
the above inequality that

3 3
2 2

1[ Tarz IVTHE T —eM)P v [VTHE" - 6”_1)!!2}

201+ Tn+2 Tn+1 1+ Yn+1 Tn
A
5 [I9E DI = IV @P] + Sl P = e 4l P = e
STotl [HV‘IJ?H2 + VIR IR+ s VT
lm 2(Jof * + o5 )
VT ] + S
n+1
Note that
-1 n—+1 VII n
VIR = =t )VET | £ VI 0) - . (48)
1
where
17 i= g (6 =  (Dlmsn)s [ = — e — (4.9)
VE!  VE(¢(tnt1))
Therefore, it follows from (4.8) and (4.9) that
IVLIR? S IVITIP + 132 (4.10)
From the definition of JI and V(§) =2 — &, we have
2
IV-Lag S 1 - <f”+1>\2 < {f"“ - 1(
n—l—l n+1
E” n+1 (4.11)

‘\ﬁ (tnt1) 12‘

SIS I
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Then, it holds that

é—n—f—l 1 /¢* n+1 In A~ lTn " 2
LA ) + g ((tny1)) - I3 H

nl|2
172 —H NGE iy~ i

4.12
< - (6”“)\2+HI?H2+HA TR 4 13 (4.12)
S[SmLR 4 I + | AT + (IR

From (4.7)-(4.12), it follows that

L[ Ve —en? Ak, |rv1<en—e“>||2]

2 %+'}/n+2 Tnt1 L4+ 41 Tn

A
+ S IV = Ve 2] + S = flen 2] 4 s — |7 (413

STnH (1™ 12+ PP+ VI A+ 5P+ VT2 + [V T3 + AT 7]

2
) (Jo1 [ + o3 %)
By the definition of I and I¥ in (4.9), we can get the following estimates

17012 =llg' (""" *h) = g (d(tems))I* S lle™ P + [le™ 7,
_‘ Ey(¢(tn+1)) — BT 2
VETVE(¢(tni1)) (VE1L(6(tnt1)) + /ET)

SIB1 (¢(tntn)) — EYJ? (4.14)
SIE (@ (tns1)) — Er(o(ta)) P + [E1(o(tn)) — ET[?

tn+1 9 9
Tt / lbe(s)|2ds + 1%
tn

132

Moreover, we have following estimate for VI{* by using the Holder’s inequality and the Sobolev
embedding theorem, H' C LS,

IVIE(? =llg" (6™ V(6™ = §(tns1)) + (9"(67" ) = g" (9(tsn1))) VG (L)
SIVE | + Ve 4+ (@ = d(tens1)) VO tnr) |1
SIVE |2 + Ve T HP + 110" = d(tenr) 26 [V (trns) 72 (4.15)
SIVE P+ Ve T2 + [ = @(tms) 1 0t ) 2
SIVE |2+ Ve HI + flem || + fle" 1.
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For the truncation errors, we have the following estimates, seeing also [5]

tn+1
IVTE? S+ Tn+1)3/ IV pue(s) | ds,

tn—1

tnt1
AT Sholtss) = bltes) P S (b ) [ (o),
IV T2 S16(tns) — Sltens)I2 + IV (@(tn11) — Gtensn)?

3 tn 1 9 (4.16)
St ren)? [ I6us)nds,
2 ft1 " 12
ofl2 S7i4e / Im(S)I ds,
t +1 tn+1 tn+1
5 S| e | [ teiPas < v [ ot P
\/El (tns1)) tn
Taking the inequalities (4.14)—(4.16) into (4.13) gives
3
1|: ’Yn+2 H€n+1 — enHZ . ’yﬁJrl Hen — enlu2i| + i[HV(en—H)HQ _ ||V(€n)‘|2]
2 1 + Yn+2 Tn+1 14+ vpp1 Tn 2
F20 P — 7]+ | |
tn+l
St (I8 + e + e HIP] + quﬂ/t (Ioe(I? + lldee ()]
2 g [T+ ) 2 2
Fru(s)]?)ds + T (Tn + Tot1) / (e (I + [l dure(5)]1*) ds
tn—1
tn+1
S [|8"P 4 lenP + e 7] + 72/ (Ipe(I? + Nl e (s)1* + |ree(s)[*)ds
g [t 2 2 N
a7t [ ol 3 -+ nels) 1) ds.
tn—1
Then, we sum up the above inequality from 1 to n to get
3
V2 [lentt —en|? f vertl |2 Ayont2 n+1)2
IVe™ 17 4 S lle™ 7+ [s" 7
2(1 +7n+2) Tn+1 2
3
5 el12
Y5 H ” ||V ||2 ||61H2 + |Sl‘2]
(4.17)

_[2(1—1—72) T
n tn+1
3 [l e 1] 472 [ (J P + 8u(o) P + ) ) s
1

t1

k=
tn+1

+T4/ (H(ﬁtt(S)H%{i + H‘bttt(S)H%{—l)d&
0

For the first time step, that is n=0, we use the first-order scheme (2.8), and the error equations

are given as follows

I R LSt 0y, T(t)AG(6%) B r(t1)Ag'(¢°)
R/ S Y/ B )

FA() — g(b(t)) — 7! /0 s (s)ds
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g Jog(@)etdz 1 / {g<¢°> g<¢<t1>> ]
2VE} VE)  VEi(6(t)

Taking a similar argument of the case n > 1, we can deduce the following estimate with the
4/3

— ¢(to))dx + v? + vg.

assumption 7 < T

v! 1||2 2L Al 112 < 3 < 4
TR HVG 17+ He FHlsIFs <7 (4.18)

Combining (4.4), (4.17) and (4.18), and together with the discrete Gronwall’s lemma, we obtain
the desired estimate (4.1).

Next, we prove the estimate (4.2), which indicates the second-order accuracy of the numerical
solution ¢™ in time. For n > 1, the error equation can be written as

Fitle + e2A%em — AAe™™ = (" (¢t — 1) Ag/ (9" ) + ALY + T + T

Taking the L? inner product of the above equation with (—A)~!(e"*! — e"), and employing the
Young’s inequality, we get

3

3 3
N TR PR i Cla T GO 0 Gl
20T+ g2 Tnt1 1+ Y41 Tn

g2 A
+5[||ven+1“2 IVe™||*] + 5[“6”“”2 — Jle™|I?]

SOO)T |[L= EFVE 2 + VIR + VT + V732

Hv—l(en—i-l _ e") H2
2Tp+1

It follows from (4.11), (4.14) and (4.1) that

+G('Y*7’Y*)

1=V (e = 1 - gt S 74,

Therefore, using the estimates of | VI?||?, ||[V~IT7||? and |[V~1T%|? in the above discussion, and
the discrete Gronwall’s lemma, one can easily derive the desired estimate (4.2). Then we complete
the proof. O

Remark 4.1. For the second order scheme (2.12), it is sufficient to apply a first order scheme
at the initial time step to ensure the second order accuracy of the proposed scheme. However, it
contains the term |V ~tel||2 /71 in our error analysis for the initial step in (4.18) and |V~ (en ™!~
%/ Tng1 for n > 1 in (4.2). Thus, it requires T < /3 for the first order scheme at the first
time step to guarantee the second order accuracy of the proposed VBDF2 scheme (2.12) with the
error norm in (4.2). A possible way to remove the restriction on the initial time step size is to
apply the newly developed error analysis technique for the BDF2 scheme with variable time steps

in [31, 36], which will be studied in our future work.

4.2. L? gradient flow. Since the proof of the associated error estimates for L? gradient flow is
essentially similar to the case of H~! gradient flow, we only state it below and leave the proof for
the interested readers.
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Theorem 4.2. For the L? gradient flow, assume that ¢° := ¢(x,0) € H?,0 < v, < s,
71 < T%, and g(-) € C*(R). Provided that

¢t € LOO(Oa T7 L2) N L2(07 T7 L4)7 ¢tt7 ¢ttt € L2(07 T7 L2)7
we have

3

'7734-2 ”en-i-l — enHQ + invenJrlHQ + iHenJrlHQ + |Sn+1‘2

2(1 4 Ynt2) T 2 2 (4.19)
0

T
<Cexp(M)[7* [ (63 + lon(s)P)ds +7* [ (lon)IP + loun(o)]?)as].

where the positive constant C' only depends ¢°, g(-),Q, T and .. Moreover,
3
2 en-l—l —_en 2 62 A
Tn+2 || ” + 7Hven+1”2+ 7Hen+1”2
21+ yn42)  Tay1 2 2 (4.20)

T
SCeXp(T)T4/O (Iee() 174 + ()17 + [l peee(s) 1) ds.

Remark 4.2. For the more general V(&) satisfying (2.13), we use Taylor expansion of the
functions L1(§) =1 =V (§) and L(§) =1 —&V(€) at € = 1, then there exist real number m and
19 between & and 1 such that

1=V(© =V (m)1-8), 1-€V(©)=L"(n)1-¢7 (4.21)
Using this property, one can also easily derive the estimates (4.1), (4.2), (4.19), and (4.20) for
the general case of V(&) by following the above discussion for the special case V(§) = 2 — &.
Note that we only give the error analysis for semi-discrete scheme (2.12) in this section. For the
fully discrete scheme, the associated error estimate can be easily derived by following a similar
argument for the semi-discrete problem. One can also refer to the fully discrete error analysis of
the SAV approaches with the finite difference method [19] and the finite element method [3] for
the spatial discretization on the uniform temporal mesh.

5. NUMERICAL RESULTS

In this section, we present some numerical examples to validate the derived theoretical results
of the proposed schemes in terms of stability and accuracy. For simplicity, we set ¢ = 1 and
A =1 throughout the following numerical tests.

5.1. Test of the convergence order. We first consider the following gradient flows problem,
subject to the periodic boundary condition:

0

8—2? +Gu(e?A¢ +¢(1 — ¢*) =0, in (0,27)% x (0,7,
6(w,0) = do(x), Va € (0,2m)2,

(5.1)

where £2 = 0.01, G is defined in (2.3), and

s sinzsiny, for the L? gradient flow,
0 =
0.1(sin 3z sin 2y + sin 5z sin 5y),  for the H~! gradient flow.
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TABLE 1. Numerical accuracy of VBDF2 scheme at T=1.

temporal mesh L? gradient flow | H~' gradient flow

N T max{vy,} | error  order | error order
20 7.75e-02 3.14 1.23e-03 - 2.01e-01 -

40 3.63e-02 5.67 2.68e-04 2.00 |5.35e-02 1.74
80  2.22¢-02 4.08 8.04e-05 2.46 | 1.86e-02 2.15
160  1.10e-02 4.26 1.25e-05 2.67 | 5.46e-03  1.76
320  5.38e-03 6.78 3.14e-06  1.92 | 1.54e-03 1.77
640 2.75e-03 5.63 9.53e-07 1.78 | 4.47e-04 1.8
1280 1.39e-03 6.47 2.45e-07 1.99 | 1.17e-04  1.96
2560 6.96e-04 7.72 5.47e-08  2.16 | 2.79e-05  2.06

We use the Fourier spectral method with 128 x 128 Fourier modes for the spatial discretization.
This used Fourier mode number has been checked to be large enough such that the spacial
discretization error can be negligible compared to the error from temporal discretization, seeing
[11]. Since there is no analytical solution available for the above gradient flows, we use the
numerical solution of SAV BDF2 scheme [11] with uniform small enough time step size At = le—5
as the reference solution. To check the temporal accuracy, we firstly employed the proposed
VBDF2 scheme (2.12) to both L? and H~! gradient flows (5.1) on the uniform mesh with some
different functions of V(§). In Figure 1, the L™ error at T' = 1 is presented as functions of
the time step sizes in log-log scale. It is shown that the VBDF2 scheme (2.12) for numerical
approximation to & and ¢ achieves the expected first- and second-order convergence rates for all
tested functions V'(§), respectively. Here the used auxiliary function V(£) in Figure 1 is set to be
2—¢&,exp(1—¢&) and 1+4sin(1—¢) for different simulation. All these functions satisfy the assumption
condition (2.14) to guarantee the second-order approximation to the unknown function ¢. Next,
we check the accuracy of the proposed scheme (2.12) on a nonuniform temporal mesh to verify
our theoretical convergence results in Theorem 4.1 and Theorem (4.2). The nonuniform temporal
mesh {t,}_, used here is the uniform mesh {t, = nr}_, with 40% perturbation. We set
V(&) = 2 — ¢ in the VBDF2 scheme (2.12) for this nonuniform mesh. As shown in Table 1,
the proposed VBDF2 scheme (2.12) is of second-order accuracy for the phase function ¢ on the
nonuniform meshes, even for the cases with the adjacent time step ratio =y, > 4.8645. Thus the
Yo+ = 4.8645 may be not the optimal upper bound constrain for the adjacent time step ratios,
which worth further investigation.

5.2. Coarsening dynamics. Finally we consider an application of the proposed approach with
adaptive time-stepping strategy to investigate the coarsening process governed by the Cahn-
Hilliard equation (5.1), subject to the periodic boundary condition with the computational domain
Q := (0,27)2. Here, we set €2 = 0.01 and the initial condition ¢(x,0) to be a random data from
—0.05 to 0.05.

It is known that the process of the spinodal decomposition usually requires a long time simula-
tion, thus it is desired to apply an adaptive time stepping strategy for the proposed nonuniform
BDF2 scheme (2.12) to improve the computational efficiency. This will be particularly useful and
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&
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(a) L* gradient flow
VBDF2 scheme for ¢ VBDF2 scheme for ¢

log ,,(Error)
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log ‘O(Error)

al —*V()=2-¢ p —*V(§)=2-¢
4 = V(§)=exp(1-¢) o —F—V(¢)=exp(1-€)
35 g V(§)=1+sin(1-¢) |4 35 ,/ V(&)=1+sin(1-¢)
':/" ----- Slope=2 . N Slope=1
71?3 5 - -3 25 -2 -1.5 -1 -35 -3 -25 2 -1.5 -1

log (A1)

(b) H~! gradient flow

FiGURE 1. Error decay at T' = 1 versus the time step sizes for the first-order
scheme and BDF-2 scheme with Cy = 0.

effective for the case that the free energy varies little in some time intervals and changes fast in
some other intervals. As the proposed numerical scheme (2.12) are unconditional stable on the
general temporal meshes with 7., < 4.8645. Thus it is easy to employ the adaptive time stepping
strategy in our BDF-2 scheme (2.12), in which the small and the large time step sizes can be
applied according to the varying rate of the free energy or the solutions. Actually, there already
exist some adaptive strategies employed in the unconditionally stable schemes for the gradient
flows. Here, we will adopt the following robust strategy based on the energy variation [23]:

Tmaz

m) , 4.8645 - T?’L) 5

Tn+1 = min <max (Tmm, (5.2)
where Tyin, Tmae are predetermined minimum and maximum time step sizes, -y is a constant to be
determined. Obviously according to this strategy, the scheme will automatically select small time
step sizes when the energy variation is big and large time step sizes when the change of energy is
small, seeing Figure 3. Next, we will investigate the efficiency of the BDF-2 scheme (2.12) with

this kind of adaptive strategy.

The simulation is performed by using BDF-2 scheme (2.12) in time and Fourier spectral method
in space with 128 x 128 Fourier modes. In Figure 2, it displays a comparison on the solution
snapshot evolution between uniform large time step sizes, adaptive stepping, and fixed small
time step sizes up to T = 150. It is observed that there is no distinguishable difference at early
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time (at about ¢ = 0.1) as the energy varies slowly at this stage. After the energy undergoing
large variation, the large time step size 7 = 1072 yields inaccurate ¢, while the adaptive time
strategy gives the correct coarsening pattern which is consistent with the results by the small
time step case 7 = 107, In Figure 3 (a), we plot the evolutions of the free energy in time with
three different types of temporal meshes. It has shown the energy dissipation of the proposed
VBDEF2 scheme consists very well with the one using the fixed small uniform temporal mesh. The
evolution of the adaptive time step sizes in time are displayed in Figure 3, which indicates the
efficiency of the proposed VBDF2 scheme combining the adaptive strategy (5.2).

t=150

) fixed time step size 7 = 0.01

t=2.0005 t=5.0005 1=20.0042 t=150.0058

FLIETLD

(b) Adaptive time steps with 7, = 1074, 700 = 1072 and v = 1000.

t=2 t=20 t=150

ik SRV NN

(c) fixed time step size 7 = 1074

FI1GURE 2. Solution snapshots of coarsening dynamics for the Cahn-Hilliard equa-
tion at t = 0.1, 2, 5, 20, 150, respectively.

Energy

—— =102
Adaptive with v=1000 [
=10

“10° Adaptive time step

x10°

o

I o %o
12 98 @ >
8 g o
% ° 9.7 Z o 4;‘
¢ £ Y
of 956 %
47\\ _ 95 0.05 0.1 0.15 0.2
of T 0 0.05
0 5‘0 H;D 150 50 1&0 150
t t
(a) energy evolution in time (b) adaptive time step sizes with v = 1000

FiGURE 3. Evolution in time of the energy and the adaptive time step sizes.
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6. CONCLUDING REMARKS

We have proposed a variant of the scalar auxiliary variable approach for gradient flows with
a technique achieving the first-order approximation to the auxiliary variable without affecting
the second-order accuracy of the unknown phase function ¢. Starting with this new approach,
we have constructed a second-order BDF scheme for gradient flows on the nonuniform temporal
mesh, in which the existing adaptive time stepping strategies can be easily adopted. Moreover,
the associated stability and error estimate of the proposed VBDF2 scheme have been rigorously
established with a mild assumption on the regularity of the solution and the requirement on the
adjacent time step ratios v,11 < 4.8645. Finally, a series of numerical experiments have been
carried out to validate the theoretical claims.

Data Availability Enquiries about data availability should be directed to the authors.
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