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1 Introduction

Marine risers are used to connect the offshore platforms on the water surface to the well head at
the sea floor, ensuring the safe operations of offshore platforms in the oil and gas industry. Excess
vibration of risers is considered as the main cause of the fatigue induced degradation and failure [1],
which could lead to catastrophic infrastructure damage and environmental consequence. Significant
attention has been drawn to investigate the dynamic vibration analysis of marine risers. A
comprehensive review of flexible riser modelling and analysis techniques can be found in [2]. Lei et
al. [3] proposed a frequency domain method to investigate the effect of time-dependent tension force
on the lateral deflection of marine risers. Tsukada and Morooka [4] developed a numerical method to
estimate the vortex-induced vibration forces of a catenary riser. Han et al. [5] carried out experimental
tests to investigate the dynamic characteristics of vortex-induced vibrations of a riser. The dynamic
response characteristics were obtained from the analysis of strain responses, displacement amplitudes,
dominant modes, response frequencies and drag force coefficients. Rivero-Angeles et al. [6] presented
a comparison study on the modal identification of offshore risers by using two methods, namely, the
Frequency Domain Decomposition Method and the Conventional Spectral Analysis Method, with
numerical simulation data. Gao et al. [7] proposed a method to study riser’s fatigue damage induced
by the vortex-induced vibrations. The riser was defined as a pinned-pinned cable model and the fatigue
damage of the riser can be predicted by applying the modal superposition method combined with the
§'- N curve.

In the above-reviewed studies on the dynamic analysis, modal identification and damage detection
of marine risers, deterministic analyses are conducted by assuming the system parameters with specific
constant values. However, in reality, the inevitable random fluctuations in the structural system, i.e.,
random variations of the material properties including mass and stiffness, affect the structural
responses, which have not been well considered. For example, the growing marine organisms have a
number of adverse effects on offshore structures, one of which is that it may change the mass density
of the risers significantly. Moreover, the long term corrosion in aggressive sea environment may also
significantly affect the stiffness of risers. These uncertainty effects should be properly considered for

a better understanding of the lifetime performance of marine structures.



Probabilistic structural analysis gains more attention in the last decades [8]. In the probabilistic

structural analysis, various methods have been developed to represent the random input parameters

and evaluate the random output statistics. Karhunen—Loeve (KL) expansion method [9], orthogonal

series expansions [10] and optimal linear estimation method [11] have been developed and used to

simulate random system parameters. Neumann series expansion [12] and Polynomial Chaos (PC

expansion [13] can be used to represent the random output responses. KL and PC expansion methods

have been used for modelling the uncertainties in the dynamic systems [13-18]. Stochastic Finite

Element Method (SFEM) [13] has been successfully applied in many engineering areas, for example

structural analysis with uncertain system parameters [8], bridge—vehicle interaction analysis [14]

elasto-plastic response analysis [15], etc.

Some studies have been conducted to perform the stochastic dynamic analysis of offshore
structures. Bi et al. [19] carried out the stochastic seismic response analysis of offshore pipelines
subjected to spatially varying ground motions. The mean peak seismic responses of pipelines in the
axial and lateral directions were stochastically formulated in the frequency domain. Foo et al. [20]
performed the stochastic simulations of riser sections. Three-dimensional riser-sections undergoing
elastic deformations due to random pressure loads were considered. The riser’s deformations with the
stochastic elastic modulus and deterministic loading were also studied. He and Low [21] predicted the
probability of riser collision under stochastic excitations and various uncertainties. The considered
random variables included the current, drag coefficient, vessel motions and riser mass, and the
likelihood of collision was obtained. Mousavi et al. [22] estimated the probability of fatigue or strength
failure of steel catenary risers. The uncertainties in the yield strength and fatigue capacities, as well as
the environmental conditions, were considered. The proposed method was combined with the integrity
based optimal design to improve the safety of steel catenary risers. Qiu et al. [23] discussed the
uncertainties related to the prediction of loads and responses of ocean and offshore structures,
particularly in the model tests. Uncertain parameters included the physical properties of the fluid, initial
conditions, model definition, environment, scaling, instrumentation and human factors. Uncertainty

effect on the dynamic response of offshore structural risers have not been well investigated yet.



This paper investigates the effect of uncertainties in the structural parameters, i.e. mass density
and elastic modulus, on the dynamic responses of the marine risers under sea wave loads. The
stochastic mass density and elastic modulus are represented by using KL expansion. The mean value
and standard deviation are assumed based on design and available information, and the probability
function of random parameters is assumed to follow the Gaussian distribution. PC expansion is adopted
to represent the stochastic output response, in which the covariance matrix of the output response is
unknown. Two numerical examples are studied in this paper. In the first example, the marine riser is
simulated as a beam structure. Then a more complicated cylinder model with shell elements is studied
in the second example. Model reduction based on the Iterated Improved Reduced System (IIRS)
technique is applied to reduce the dimensions of stochastci system matrices and improve the
computational efficiency. The response statistics of the modelled riser with and without using the
model reduction technique are compared with those from Monte Carlo Simulation (MCS). Results
demonstrate the accuracy and efficiency of the proposed approach. It should be noted that in reality
the offshore environmental and loading conditions usually experience, if not more significant, the same
random fluctuations as the structural parameters. They are, however, not considered in the present
study because the primary objective of the present study is to introduce and demonstrate the accuracy
and efficiency of the reduction method in stochastic analysis of dynamic structural responses. Without
loss of generality, only the random variations of structural parameters are considered.

This paper is organized as follows. In Section 2, the theoretical background of KL expansion and
PC expansion for representing the random processes is briefly reviewed. KL expansion can be used to
represent the known stochastic fields ( i.e., the stochastic inputs) efficiently. PC expansion is adopted
to represent the stochastic outputs since the covariance matrix of the random output is unknown. In
Section 3, the deterministic equation of motion of an offshore riser is introduced first. The random
fields of the mass density and elastic modulus are generated by using KL expansions, and random
output responses are represented with PC expansions. The stochastic dynamic system is formulated in
Section 3.3. Model reduction technique is then used to reduce the dimensions of the stochastic dynamic

system in the response analysis by eliminating the unfavorable degrees-of-freedom (DOFs). Numerical



examples and simulation results are described and discussed in Section 4, and then the conclusions are

given in Section 5.

2 Representation of stochastic processes
2.1 KL expansion

The theoretical background of KL expansion [24] will be briefly reviewed herein for the

completeness of this paper. Let H ( ){,6’) be a second-order random process, which is a function of
the position vector defined over the domain ¥, belonging to the space of random events Q. H ( }()
is denoted as the mathematical expectation of H ( e 6’) over all possible realizations of the process,
and C,, ( Xi» ){2) as its covariance function which is bounded, symmetric and positive definite with

the following spectral decomposition
Coov (llalz):zlﬂ’n (ll)¢n (lz) (D
n=0

where A, and ¢, ( ){) are the eigenvalues and eigenvectors of the covariance kernel, respectively.

The random process can then be written as

o

H(x.0)=H(x)+ Y. \40,(x)E(0) @)

n=1

H,(x.0)

where & (9) is a set of uncorrelated random variables with a zero mean and a unit variance.In

practice, the random field ( ){,9) is approximated by H ( 1,9) after truncating the expansion at

the M-th term, i.e.,

H(2.0)= 1 (1,0)= 1 (x)+ %o, (2)%,(0) 3

2.2 PC expansion



PC expansion is built upon the theory of the homogeneous chaos [25], which is defined as elements
of the space spanned by Hermite polynomials of Gaussian random variables. For general non-Gaussian
random inputs, the optimal exponential convergence rate will not be realized. Xiu and Karniadakis [26]
introduced the Wiener—Askey polynomial chaos expansion to the representation of random processes
with different probability distributions. The utilization of different type orthogonal polynomials from
the Askey scheme also provides a more efficient way to represent general non-Gaussian processes
compared with the original Wiener—Hermite expansions. PC expansion is an efficient non-sampling-
based method for representing the stochastic processes/fields as an orthogonal polynomial series

expansion of a sequence of random variables with deterministic coefficients [26]. A general random

process a(@), considered as a function of the random variable 6, can be represented in the following

form

a(@) =auy, +;a/1‘//1 (‘fjl (0))

i

+zzaﬂ.j2'//2(§ﬂ ('9)’512(9)) 4)

Jjl=1j2=1
w jl j2

SDIDIDIFPA (5/1 (0).£,(0).¢,5 (9))+

jl=1j2=1 j3=1

where y/, are the terms of order p in the PC expansion, and a,, ,, , are deterministic coefficients.
For notational convenience, a one-to-one correspondence can be established between the
polynomials l//k( ) and new polynomial functions 5”,(( ), such that Eq. (4) can be rewritten as a

more compact expression
a(0)=3a,¥,(5(9)) )
k=0

where @, are the deterministic PC coefficients.

It is worth to note that the polynomials ¥, (§ (9)) are orthogonal satisfying the relationship

(v,(£(0)).7,(¢(0))) =7 (£(0)) 4 ©)



where J,, is the Kronecker delta. The symbol <0> denotes the inner product, and the value of ¥}

can be calculated analytically [13].

3 Stochastic dynamic system with uncertainties
3.1 Equation of motion of an offshore riser under sea wave loads

The marine riser is modelled as a discrete multi-degree-of-freedom dynamic system by using finite

element methods. Since most of the riser systems in practice are equipped with a telescoping joint

which allows the top end of the riser to move freely in the vertical direction, only the lateral motion of

the riser is investigated. This assumption follows the example presented in a previous study [24, 25].

The focus of this study is to investigate the uncertainty effect of structural material properties on the

lateral vibration of the riser subjected to the sea wave loading, the vertical loading and the uncertainties

in the loading are not considered. Since intensive computational load is involved, nonlinear behaviour

due to the large lateral deformation is not considered in this study. The mode superposition method

[27].is used for the dynamic response analysis of risers.

The deterministic equation of motion of an offshore riser as shown in Figure 1 subjected to the sea

wave loads can be written as
mi (1) +ex(t)+kx(t)= f (1) 7
where m, ¢ and k arethe mass, damping and stiftness matrices of the structure, respectively; x,

x and X are the displacement, velocity and acceleration response vectors, respectively. f (t) is

the sea wave load on the riser. The global mass and stiffness matrices can be obtained by assembling

the elemental matrices as

m=) m; (8)
k=YK ©)
where m; and k; are respectively the mass and stiffness matrices of the i-th element, and ne is the

number of the elements. The element mass matrix can be obtained from finite element method as
7



m = J NT (pA4)Ndl, where N, p, 4, and [ are the shape function, mass density, cross-sectional area,

and the length of each element, respectively. The stiffness matrices are combined with two parts:

bending stiffness matrix and geometric stiffness matrix [28]. The bending stiffness of the riser system

can be obtained from small slope beam theory since the variability of the bottom angle is small. The

geometric stiffness is introduced by the top tension force of the riser system. The geometric stiffness

matrix for an element subjected to a constant axial load has been given in reference [28, 29]. When the

axial loading is considered, the geometric nonlinear analysis should be involved in dynamic analysis.

However, considering the intensive computational load when uncertainties in the riser system are

considered and a large dimension of the stochastic response analysis motion of equation is formed, this

nonlinearity is not considered in this study. The bending stiffness matrix is obtained from

i

k= I B’ (EI )Bdl , where B, E, and I, are the strain-displacement matrix, Elastic modulus, moment

of inertia of each element, respectively.
In this study, only the vibration of the risers along the direction of the applied loading is considered.

Therefore the distributed drag force along the longitudinal direction can be expressed as [30]

F(20) =5 PracCo(2:0)Uu (2:0) D+ Ay cos(42 1, + ) (10)
wherezand C, (z, t) are the distance to the seabed and the time and spatially varying drag coefficient,
respectively, f,, p,.. and g are the non-dimensional vortex shedding frequency, the sea water

density and the phase angle respectively; 4, and U, (z,t) are the amplitude of the oscillatory

part of the drag force and a function which relates the depth to the ocean surface current velocity.

3.2 Representation of the system parameters

Uncertainties have been recognised as an important topic in the design and operations of offshore

structures. The uncertainties include the variances in the sea wave and current, system uncertainties

and environmental conditions. These uncertainties may be classified into two categories: aleatoric

uncertainty and systematic uncertainty. Aleatoric uncertainty represents the natural randomness in a

system, i.e., the variability in wave height over time. Examples of systematic uncertainty include the

8



model uncertainty and data measurement uncertainty [31]. Model uncertainty is considered in this

study, namely, uncertain mass and stiffness parameters in the riser system.

KL expansion can be used to represent the uncertain system parameters. In this study, the uncertain

mass density and elastic modulus of the system are considered as independent Gaussian random fields.

Taking the mass density as an example, the mass density p( 1,9) of the structure is assumed to
satisfy Gaussian distribution with the mean value p and a standard deviation o ,. KL expansion is

employed to represent the uncertain mass density as

>

P

p(1:0)=p+p=p+]

()4, (x) ()

where 5 denotes the random component.
Substituting Eq. (11) into Eq. (8), the stochastic mass matrix of the system can be expressed as
two parts:
M(0)=M+M (12)

where

N

“Sir = ([ v (ayva) (13)

i=1

>

i

B WD [I N’[ pél(e)ﬂw“(x)AJNdl] (14)

Let M; :J. NT(\/}b_,.I(pil (X)A)Ndl and M, :f:MfI ,Eq. (14) can be written as

il=1

MZZSZH(Q)MH (15)

M(@):ZQI(Q)M“ (16)

Similarly, the stiffness matrix can be obtained as



K(e):iéz (Q)KIZ (17)

i2=0

When the uncertainty in the damping matrix is considered, the damping matrix can be expressed

as

C = aM(0)+ BK(0)= a[ig, (w)Mi2J+ﬂ(i , (w)Kin ()

i1=0 i2=0

3.3 Representation of responses
The output stochastic displacement, velocity and acceleration responses may not follow the
Gaussian distributions [17]. A random dimension, denoted as the parameter 6, is introduced in

addition to the spatial-temporal dimension. The response vectors of the system can be represented as

x(1,0), x(t,0),and X(1,0). Since the covariance matrix of nodal acceleration k(t,ﬁ), velocity

)'C(Z,H) and displacement x(tﬁ) are not known a priori, the output responses can be expanded by

using PC expansion according to Eq. (5) with truncations [26]. Taking the displacement for example,

it can be expressed as

x(1,0)=3.7,(0)U (1) (19)

where U’ (t) is the vector of the coefficients in the PC expansion of x(t,@) . Similarly, the velocity

and acceleration can be expanded and U’ (t) and U’ (t) are the corresponding PC coefficients. m

is the dimension of PC expansion, which can be calculated as [16]

(K, +K.+p)!

" K K

(20)

where p is the order of the PC expansion.
Substituting Egs. (16-19) into Eq. (7) and taking the inner product on both sides of the equation

with ¥, (), we have



m K m

S(2,(0)%,(0).%,(0)) MU (1)+ Y, (8).%, (6))CT (1)

p
j=0i1=0 =0

o (k=0,1,2---m)(21)
+§;<§Z(9)Y’j(9),ﬂl’k(9)>K,.2U’(t)z(&”,((&),ﬂ)
Eq. (21) can be rewritten as
MU, (t)+CU, (t)+ KU, (t)=F,(t) (22)
where
KU =3 (5,(0)%,(0).%,(0)) K,y (juk=0.12--m) 23)
MO =3 (2, (0)7,(6).%, ()M, (j,k=0,12,,m) 24)
CH =¥ (0)5,C  (k=012.m) (25)
and
. [ f(2). k=0
F _<lpk(9)’f(t)>_{0,k=1,2,3,---,m (26)

When considering the uncertainties in the damping matrix, using the similar procedure and we have

U :a@( £,(0)7,(0).%,(0)) M“]+ ,3@(;2 (0)7,(0).7, (9))1([2] @7)

The coefficients of PC expansion can be calculated by solving Eq. (22). The DOFs of the stochastic

system is equal to dof x(m+1).

3.4 Model reduction

It should be noted when a large number of KL expansion terms and a high order of PC expansion
are involved, the dimensions of the stochastic system as shown in Eq. (22) will increase significantly
and the response analysis will be extremely computational intensive. Model reduction technique will
be applied to reduce the size of system matrices and improve the compuational efficiency. Only the
essential DOFs are kept in the comuptation. In the last several decades, various techniques have been

developed for model order reduction, such as Guyan’s method [32], Improved Reduced System method
11



[33] and IIRS [34]. The convergence of IIRS used for model reduction has been proved by Friswell
[35]. Later it has been successfully used for structural condition assessment [36] and calculating the
structural responses and sensitivities [37]. It is noted that the selection of master DOFs may affect the
accuracy of modal analysis and response analysis. One of the commonly used criterion is to choose
those DOFs with the lowest stiffness to mass ratio in the system matrices. Other methods like Shah
and Raymund’s scheme [38], element-based node selection method [39] are also proposed to better
identify the master DOFs.

IIRS model reduction technique is used in this study, and will be described briefly in this section.
The essential DOFs of the stochastic system are selected as the master DOFs in the reduced system.

The eigenvalue problem of the stochastic system can be expressed as
K ®=M®DA (28)

where @ and A are the eigenvector and eigenvalues respectively. To apply the dynamic
condensation scheme for model reduction, Eq. (28) can be rewritten in a partitioned form as
Kﬂa Kﬂb ¢aa Maa Mab ¢aa
= A (29
K ba K bb d’ba M ba M bb ¢ba
where the subscript ¢ indicated the master DOFs which are kept in the reduced system and b represents
the slave DOFs to be eliminated.

To eliminate the slave DOFs, the second row of Eq. (29) can be rearranged to obtain
¢ba = _K;l: Kba¢an + I(l;bI (Mba¢an + Mbb¢ba )Aaa (30)

A transformation matrix is defined as

ba tlr ¢na (3 1)
with

ttr:_K};thha +Kf:hl (Mha +Mhhttr)¢ AP, (32)

The whole eigenvalue vector can be expressed with only master DOFs

djua 1 aa
= ?,=T®, (33)
¢ba tZr



where I, is an identity matrix of the size axa . Substituting Eq. (33) into Eq. (29) and

premultiplying T” on the left of this equation, the reduced system matrices is obtained as

T T Kaa Kab
K =T'KT=T T (34)
ba Kbb
T T Mua Mab
M =T'MT=T T (35)
ba Mbb

By analysing the above-reduced matrices, a reduced eigenvalue problem of the size axa is
constructed as
Ko, =M®A\, (36)
The eigenvalues can be approximated with
A, P, =M'K, (37)
Substituting Eq. (37) into Eq. (32), the transformation matrix can be obtained as
t,=—K, K, +K, (M, +Mt, MK, (38)
Since Eq. (38) is nonlinear, the iterative form is given as
) =K, K, + K, (M, + M) (M) )7I K" 39)

The iterative form of the reduced matrices can be constructed as

Y (T(ir—l))T M T = (T(ir—l))T |:Mau Mab:|T(i1—l) (40)
’ Mba Mbb
K — (T(it—l))T o e (T(it—l))T |:Kaa Kah:|T(ir—l) 1)
» Kba Kbb

The eigenvalues and the associated eigenvectors of the reduced stochastic system after (iz-1)th

iteration are estimated by solving the generalized eigenproblem as

K([z)¢(fz) _ K([I)¢(il)A(il) (42)
Eq. (40) and (41) will continue until the convergence criteria is satisfied, which is defined as
‘A(n) _A(ix—l)
“ V< Tol (43)
AL




The details of IIRS method can be found in [34, 35, 40].

The Rayleigh damping model is defined for the reduced stochastic system

C.=aM, +pK, (44)

The reduced matrices, i.e., M,, K, and C,, will be used for the stochastic dynamic response

analysis by using Eq. (22). The associated reduced coefficients of PC expansions, U, (¢), U, (t) and

U, (t) are obtained by using the mode superposition method [27]. After obtaining the coefficients of
PC expansions, the mean value of nodal displacements MEAN,, can be evaluated as

MEAN, =U; (1) (45)

The variance of nodal displacements VAR, is obtained as

var, =¥ [ ()] #2(0) (46)

4 Numerical Studies
4.1 Beam model

A two-dimensional finite element model is built by using Matlab to simulate a marine riser, as
shown in Figure 1. The length of the riser is 100m, and the outer diameter is 0.1524 m. The riser is
modeled with 20 Euler beam elements with each having 2 nodes and 4 DOFs. The bottom of the riser
is considered as a fixed support. Totally the structure has 40 DOFs. The flexural rigidity (£/) and the
mass density (mass per unit length) are assumed as two independent Gaussian random variables with
mean values of 4.0 X 10! N/m? and 15 kg/m, respectively. Each of them is assumed to have the spatial
correlation represented as a Gaussian covariance kernel as follows

C (Zl, z, ) = O_Ze’(\zrzz\z/(ll)

cov

(47)
where o is the standard deviation of the system parameter. The parameter a and the expression

|z, —z,| denote the correlation length and the distance between two points in a spatial domain of



interest, respectively. In this study, 20% uncertainties in the mass density and flexural rigidity are
considered, and the correlation length is defined as 30m.

The riser, assumed at rest initially, is excited by the sea wave loads. The ocean surface current

velocity U, (¢) is modeled as a mean flow with sinusoidal components to simulate the riser with

an average deflected profile. The sinusoids are assumed to have frequencies
» ={0.867,1.827,2.946,4.282} Hz. The current U, (1) can be express as

4
Uppren (1) =U + U, > sin (1) (48)

i=1
where U =2m/s is the mean flow current and U, =0.2 is the amplitude of the oscillating flow.

The surface current generated by Eq. (61) is shown in Figure 2. The full current load is applied from

z=100 to 70 m, and the load is linearly declining from z=70 to the ocean floor z=0, to simulate a depth

dependent ocean current profile U, (z,¢). The excitation f{z,) is simulated by using Eq. (15) with

Cp=1.361, =0, and f,=2.625. These parameters to simulate the current loading are selected from an
existing study [30].
The uncertainty in damping is also considered in the numerical simulation. The damping matrix

is obtained from Eq. (39) in which the damping model coefficients defined as o =0.6263 and

£ =0.0003, which are calculated based on the mean values of the first two natural frequencies and

the assumed damping ratio 2% for all the modes. It should be noted that the responses under the sea
wave loads are analysed, that means, the force to the top end of the riser due to the floating platform

is not considered.

4.1.1 Calculations without model reduction

Figure 3(a) shows the eigenvectors associated with the defined Gaussian covariance kernel for
given values of o and the correlation length, and Figure 3(b) shows the corresponding eigenvalues.
The eigenvectors and eigenvalues are obtained from the discrete KL method [18]. Due to the fast decay

of the eigenvalues, the first six terms are used in Eq. (1) to generate the random fields. Figure 3(c)

15



shows different samples of random field realizations generated by the Gaussian covariance kernel. The
generation of random fields of flexural rigidity can also be obtained with a similar procedure.

Numerical studies without using model reduction technique are conducted. A convergence study
with different numbers of MCS simulation runs is conducted to obtain the statistics, i.e. the mean value
and variance of the horizontal deformation at the top of the riser at 50s. The results are shown in Figure
4. It is shown that the statistical result from 50,000 simulations is converged, however, requiring the
computational time of 16 hours with a computer of an i7-6770 CPU and 32 GB RAM. These response
statistics will be taken as the reference values for comparison.

Studies by using different orders of PC expansion for stochastic dynamic responses are conducted
to investigate the effect of the order of PC expansion on the accuracy of the stochastic response analysis.
Figures 5 and 6 show the comparisons of the mean responses and variances at the top and middle span
of the riser from MCS and SFEM with different orders of PC expansions. The results with different
PC expansion orders indicate that a higher order of PC expansion will achieve a better accuracy,
particularly for the variance. The computational time with different PC expansion orders can be found
in Table 1. The numbers of DOFs of the stochastic system in Eq. (33) are 420, 3640 and 18200
repsectively when the order of PC expansion equals to 1, 2, and 3, respectively. The computational
time for each case are 11s, 109s and 2519s, respectively. Although a better accuracy can be
accomplished with a higher PC order in SFEM, the computational load also increases significantly.
This is the reason why the model reduction technique is considered to maintain the similar acceptable
accuracy level but reduce the intensive computation requirement. Figures 7 and 8 show the
convergence of the probability density function (PDF) and cumulative distribution function (CDF) of
the responses at the top and middle span of the riser at 50s with different orders of PC expansion. It is
also proven that a higher order in PC expansion would improve the accuracy in obtaining the PDF and

CDF of calculated stochastic responses.

4.1.2 Calculations with model reduction
In this section, the rotational DOFs are defined as the slave and unfavorable DOFs since they are

not of signficant interest and usually the responses at the translational DOFs are used in structural

16



response analysis and design. The corresponding terms in the PC expansions associated with those
slave DOFs are eliminated by using the described IIRS technique in Section 3.4. The calculation results
from SFEM in the above Section 4.1.1 are selected as reference values for comparison when a different
number of vibration modes are included in the model reduction to calculate the dynamic responses.

It has been demonstrated that a good accuracy is achieved with the order of PC expansions equal
to 3. The computational results with the order of PC expansion equal to 3 are presented in this section.
Figure 9 shows the convergence of the obtained results with different numbers of included modes. The
coefficients of the PC expansion match well with the true values when the first 30% modes (2730
modes in this study) are involved, indicating that the error caused by the model reduction is minimal.
The displacement variance at the top of the riser when the first 30% modes are included in the model
reduction is shown in Figure 10, comparing with the result obtained without model reduction. These
results demonstrate that the same accuracy can be achieved when the model reduction is used in the
stochastic dynamic response analysis. However, the computational workload is reduced with a smaller
system matrix size. It is noted that in this case, the computational time with using model reduction is

decreased from 2519s to 1436s.

4.2 Hollow cylinder model

To investigate whether this proposed approach is applicable for stochastic response analysis of a
relatively large scale structure, a three-dimensional finite element model of a riser is further built with
shell elements for numerical investigations in this section. The length of the riser is 4m, and the outer
radius is 0.1m. The thickness is 10mm. The mean values of the mass density and elastic modulus of
the riser are 7850 kg/m® and 200 GPa, respectively. The mesh size of the finite element model is defined
as 0.5m in the longitudinal direction. The cross-section is divided into 16 elements. Each shell element
has 4 nodes and each node has 6 DOFs. The finite element model has 144 nodes, 128 elements and
864 DOFs in total, as shown in Figure 11. The riser is fixed at the bottom, and is excited by a distributed

non-uniform transverse load in the y-direction, which is modeled as multiple sinusoidal components

f(£)=10sin(7zt)+2sin(4zt) KN. The full current load is applied from z=4m to 3m and linearly

declines to zero from 3m to the ocean floor.



Same as the previous numerical study, the uncertainty in damping is also considered. The damping

ratios are assumed as 2% for all the modes, and the damping coefficients can be obtained as
@ =3.5969 and B=531x10".

As mentioned in Section 4.1, stochastic dynamic analysis is computational intensive and time

consuming. Efforts have been made to improve numerical efficiency in stochastic response analysis

with different covariance functions, i.e. modified exponential covariance function [41] and modified

smooth covariance function [42] to represent the random fields. In this example, the used model

reduction technique will be combined with random field generation based on modified exponential

covariance function to improve the computational efficiency. The random field is represented by using

a modified exponential covariance kernel as [41]

Co (2 2) = 27 (14 A2, - 7] (49) /{ Field Code Changed

where « is an arbitrary constant. The details for the selection of « can be found in [41]. Uncertainties

in the elastic modulus and mass density are considered separately to understand the structural vibration

behavior. 10% uncertainty level and A =1_are defined in this example. /{ Field Code Changed

MCS with 50000 runs are carried out to obtain the reference values of the response statistics for
comparison with the SFEM results, taking more than 220 hours because of the complexity of the used
model. KL expansions with the first four eigenvalues and eigenvectors are employed to generate the
random fields for system parameters. The third order PC expansion is used to approximate the output
responses. The vibration along the x direction is very small since the loads are applied in the y-z plane.
Therefore, the DOFs along the x direction and all the rotational DOFs are taken as the slave DOFs and
eliminated by using IIRS. When using the mode superposition method to calculate the dynamic
responses, the first 30% modes (2688 modes in this study) are included. The same computational
procedure is followed as the numerical studies in Section 4.1.

The response statistics at a critical point at the top of the riser as shown in Figure 11 are obtained.
Figure 12 shows the mean value and variance of the displacement at the critical point when the
uncertainty in the elastic modulus is considered. The results from SFEM with and without model

reduction are shown in Figure 12, indicating a well agreement with those obtained from MCS. The
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required computational time with and without model reduction are 1944s and 5974s, respectively.
Compared with the intensive computational load required for MCS, the proposed approach with model
reduction technique can significantly improve the efficiency of stochastic analysis but has no
significant impact on the accuracy. Figure 13 shows the PDF and CDF of the displacement response
at the critical point from MCS and SFEM with model reduction at the time instant with the maximum
deformation. The results from MCS and SFEM with model reduction are well matched, which
demonstrates that the accuracy in obtaining the response statistics when using model reduction is not
affected significantly.

Figure 14 shows the contour of the displacement variance along the whole riser due to the 10%
uncertainty in the mass density at /=4.8s. The amplitude of variance reduces from the top to the bottom,
maybe because more significant vibrations are observed at the top of the model. The variance due to
the uncertainty in elastic modulus is larger than that due to the uncertainty in mass density when
comparing the variances as shown in Figures 12 and 14 indicating that the uncertainty in the elastic
modulus has a more significant effect on the response statistics in the stochastic dynamic analysis of
this model.

To study the benefits from IIRS model reduction technique and mode superposition method

separately, different numbers of slave DOFs and different levels of reduction in the vibration modes

are used. Two numbers of slave DOFs are defined as two cases. In Case 1, the rotational DOFs are

taken as the slave DOFs, which means half of riser system DOFs are eliminated in the model reduction.

In Case 2, the DOFs along the x direction and all the rotational DOFs are taken as the slave DOFs

which is two third of all the DOFs-. Different levels of reduction in the vibration models, namely from

10%, 20%, ..., to 100%., are defined. Figure 15 shows the relative errors in the variance at the critical

point with different numbers of slave DOFs and different levels of reduction in the vibration modes. It

should be noted that the relative error is obtained against the response calculated by using all the

vibration modes and without model reduction. It can be observed that when more than 30% of the

vibratin modes are used, the realtive errors of those two cases are close and less than 0.2%, which is

quite accurate for the response analysis. Comparing the computational time for Cases 1 and 2. less

time is required when more DOFs are eliminated. In Case 1. 3,200-3.900 seconds are required for the
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response analysis with different number of modes. For case 2. it takes about 2,000-2.200 seconds. The

above results indicate that using 30% of the vibration modes is necessary, and the number of slave

DOFs can affect the required computational time.

5 Conclusions

This paper performs the stochastic dyanmic response analysis of offshore risers considering the
uncertainty in material properties. The uncertainties in the mass density and elastic modulus are
considered. The random inputs are represented by using the KL expansion and random outputs are
represented by PC expansion. The coefficients of PC expansion of the slave DOFs are eliminated with
a mode reduction technique, such as IIRS. The response statistics are obtained and compared with
those from MCS. Two numerical examples are presented in this paper. Results show that a high order
PC expansion is required to represent the random output, and using the model reduction technique has
no significant effect on the accuracy in the stochastic response analysis but significantly reduces the
computational time. The results from the proposed approach based on SFEM and model reduction

match well with those from MCS, while the computational time is much less.
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Table 1 Computational time for MCS and SFEM without model reduction

Case 1 Case 2 Case 3 MCS
PC order 1 2 3 -
Matrix size
13X 40 91X40 455X 40 40

(m X DOF’)

Computation time 11s 109s 2519s 16 hours
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