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Abstract2

Transit management agencies often pre-allocate a multi-berth stop’s berths to specific bus3

lines so that passengers can find the right place to wait for their buses. Developing opti-4

mal berth allocation plans that minimize the total bus delay is essential for mitigating bus5

queues at busy multi-berth stops. However, this problem is challenging due to the huge6

solution space, the high degree of stochasticity in bus queues, and the resulting extremely7

high computational cost. In this paper, we first propose a simple heuristic method inspired8

by queueing theory. It is based on the idea that evenly distributing the total traffic intensity9

(defined as the total bus arrival rate times the mean dwell time) among all the berths would10

produce a lower bus delay. Numerical results demonstrate that this simple method gen-11

erated very good berth allocation plans (with optimality gaps < 6% for no-overtaking and12

free-overtaking stops) in seconds! It does not rely on time-consuming simulation surrogate13

models or numerous input data such as the stochastic bus arrival processes and dwell time14

distributions of each bus line. To further improve the simple heuristic’s performance (espe-15

cially for limited-overtaking stops), we develop a cluster-based nested partition algorithm16

that can find a near-optimal plan (e.g., with an optimality gap of < 3%) in a much shorter17

time than a previous algorithm. The algorithm employs the simple heuristic plan as the18

initial solution. Our methods can be applied to stops with various berth numbers, different19

proximities to nearby traffic signals, and under diverse bus queueing rules.20
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1 Introduction25

1.1 Background and literature review26

Busy, multi-berth curbside bus stops are major bottlenecks in a bus system (Fernandez and27

Planzer, 2002). Bus lines visiting these stops can share the berths to serve the passengers (Gu28

et al., 2011; Zhao et al., 2019), meaning that an arriving bus can enter any available berth of29

a stop. This “berth-sharing” strategy creates two problems. First and the most important,30

passengers waiting at the platform do not know which berth their bus will enter. Thus, they31

may need to scurry along the platform to catch an arriving bus, creating chaos in the plat-32

form. Second, when two or more buses on the same line arrive at a stop simultaneously33

(a common phenomenon known as “bus bunching”), they would occupy the limited berths34

and prevent buses on other lines from entering the stop to serve their passengers. To avoid35

the above problems, many transit agencies opt to allocate each berth of a stop to an exclu-36

sive group of lines. This way, passengers can find the right place to wait for their buses37

and bunched buses on the same line will not occupy multiple berths. On the downside,38

this “berth-allocating” strategy will diminish the berths’ utilization rate and the overall bus39

discharge flow from the stop, therefore creating bus queues. Inferior allocation plans would40

further aggravate the queueing problem. Thus, optimally allocating a stop’s limited berths41

to the bus lines is crucial for mitigating bus queues and passenger delays at these stops (Lu42

et al., 2010; Wu et al., 2011; Tan et al., 2014).43

To our best knowledge, Lu et al. (2010) is the first work that studied this problem. How-44

ever, this work only investigated 2-berth stops where bus overtaking maneuvers are prohib-45

ited. (This bus queueing rule is termed the “no-overtaking” rule in the literature; see Gu and46

Cassidy, 2013.) Moreover, they only proposed two empirical guidelines for berth allocation47

instead of presenting an optimization approach. The two guidelines are: (i) assigning more48

buses to the downstream berth; and (ii) assigning the bus lines with longer dwell times to49

the downstream berth. Effects of the two guidelines were assessed in a follow-up study, Wu50

et al. (2011), by a simulation tool calibrated using real bus arrival and dwell time data.51

Built upon guideline (i) of the above studies, Tan et al. (2014) developed a two-stage52

heuristic algorithm to find the optimal berth allocation plan of 2-berth stops, referred to53

as Tan’s algorithm in the rest of this paper. The stops studied in Tan et al. (2014) follow the54

“limited-overtaking” rule (Gu and Cassidy, 2013), where a bus dwelling in the upstream berth55

is allowed to overtake a downstream dwelling bus to exit the stop, while no bus can bypass a56

bus occupying the upstream berth to enter the downstream vacant berth. Stage one of Tan’s57

algorithm partitions the entire solution space into several subsets by the ratio of bus flows58

assigned to the two berths. The most promising subset is then selected by comparing a small59

number of allocation plans randomly sampled from each subset. In stage two, a heuristic60

allocation plan is found by searching the most promising subset only. Simulation was used61

for evaluating the performance (i.e., the mean bus delay) of allocation plans in both stages.62

Tan’s algorithm has several shortcomings:63
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(i) The computational cost of the two-stage algorithm largely depends on the number of64

partitioned subsets. If the number of subsets is large, stage one would be computa-65

tionally expensive; and if that number is small, each subset would be large and stage66

two would be time-consuming.67

(ii) The partitioning method overlooked the impacts of bus dwell times. Note that the bus68

dwell time is a major factor affecting bus queueing delays at a stop (Gu et al., 2011;69

Kittelson & Associates, Inc., 2013). Consider two allocation plans (labeled A and B) for70

a 2-berth stop, which have similar ratios between the bus flows assigned to the two71

berths. However, the mean bus dwell time of lines assigned to berth 1 is much greater72

than that of berth 2 in Plan A, while in Plan B the mean dwell times at the two berths73

are similar. In this case, the two plans will be grouped into the same subset according74

to the similar bus flow ratio, but their performance (e.g., the mean bus delays) could75

be quite different. On the other hand, two plans with distinct bus flow ratios would be76

sorted into different subsets, but they may have comparable performance due to the77

joint effect of bus flows and dwell times. Therefore, the near-optimal allocation plans78

might scatter among several subsets instead of being clustered into one, rendering the79

“most promising” subset found in stage one questionable.80

(iii) The algorithm was only tested for 2-berth, limited-overtaking, mid-block stops that are81

isolated from the influence of neighboring traffic signals. Even for such a small-scale82

stop, its runtime would be several hours (see Section 4). Thus, the algorithm might be83

inapplicable or too time-consuming for stops with more than 2 berths.84

Berth allocation problems often require employing a surrogate model to evaluate the85

performance (e.g., the mean bus delay) of candidate plans. Two types of surrogate models86

have been used in previous studies: a simulation tool of bus queues (Tan et al., 2014) and an87

empirical function of failure rate (Alonso et al., 2011). The use of failure rate for calculating88

bus queueing delays has been shown to be inaccurate (Gu et al., 2015; Bunker, 2018).89

Ideally, the surrogate model should employ the analytical solutions to the bus stop queue-90

ing models. However, analytical solutions for multi-line, multi-berth stops under the berth91

allocating strategy are unavailable in the literature. Existing analytical solutions were devel-92

oped for much simpler, isolated stops under idealized assumptions, e.g., the exponentially93

distributed bus dwell times (Gu and Cassidy, 2013; Bian et al., 2019). And all these works94

assumed that the berths are shared by all bus lines. Likewise, analytical methods for other95

tandem queueing systems (e.g., Gu et al., 2012; He and Chao, 2014) cannot be directly ap-96

plied to our berth allocation problem. Moreover, the analytical solutions presented in previ-97

ous studies are already very complicated (see especially Gu et al., 2015), while considering98

berths allocated to specific bus lines would further increase the complexity.99

On the other hand, it is generally easier to develop simulation tools to incorporate real-100

istic operating conditions for various queueing systems (Stamatopoulos et al., 2004; Toledo101

et al., 2010; Feng et al., 2020; Yang et al., 2020). The optimization approach involving a102
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simulation tool as the surrogate model is called the simulation-based optimization. This ap-103

proach has been applied in a growing number of studies in the transportation field (e.g., Wu104

et al., 2019; Cheng et al., 2019; Li et al., 2022; Zheng et al., 2022). For bus-stop simulation,105

some works used commercial tool packages, e.g., PARAMICS and MISTRANSIT (Abdulhai106

et al., 2002; Cortés et al., 2005). However, they are not applicable for our problem because107

they rely on many calibrated parameters and are computationally expensive. Other studies108

used simulation tools developed in house (Gibson et al., 1989; Fernandez and Planzer, 2002;109

Fernández, 2010; Bian et al., 2020).110

On a related note, a bus stop’s performance (e.g., bus queueing delays) is jointly affected111

by the berth allocation plan, line-specific bus arrival processes, dwell time distributions, and112

bus overtaking policies. Regularizing bus headways can reduce dwell time variations and113

alleviate queueing delays (Newell and Potts, 1964; Hickman, 2001; Daganzo, 2009; Delgado114

et al., 2012; Estrada et al., 2016; He et al., 2019). Interested readers can find comprehen-115

sive reviews of bus bunching studies in Ibarra-Rojas et al. (2015) and Rezazada et al. (2022).116

Some researchers have explored interactions between bus queueing and bus control strate-117

gies (e.g., Bian et al., 2023; Shen et al., 2023).118

Concerning bus overtaking policies, the no-overtaking policy has been widely studied119

(e.g., Gu et al., 2011, 2015; Shen et al., 2019). Gibson et al. (1989) examined the limited-120

overtaking policy, allowing “overtaking-out” maneuvers (dashed arrow in Fig. 1) but pro-121

hibiting “overtaking-in” maneuvers (dotted arrow in Fig. 1). Gu and Cassidy (2013) devel-122

oped analytical queueing models for limited-overtaking stops. Bian et al. (2019) and Hu et al.123

(2023) compared stop capacities and bus queueing delays under various overtaking policies124

using analytical and simulation methods, respectively. Schmöcker et al. (2016) examined125

a corridor featuring two bus lines that have a shared section and analyzed the impacts of126

common lines on bus bunching under different bus overtaking policies at shared stops. Wu127

et al. (2017) investigated the impact of overtaking maneuvers on bus bunching when a late-128

arrived bus may depart earlier due to fewer boarding passengers. In this paper, we will129

explore optimal berth allocation under a number of overtaking policies.130

1.2 Types of bus stops131

Considering the limitations of the previous studies, this paper will develop efficient algo-132

rithms for identifying better berth allocation plans for a variety of curbside bus stops with133

2 or more berths. The layout of a typical 3-berth curbside stop is illustrated in Fig. 1. Three134

common types of bus overtaking rules will be examined:135

(i) No-overtaking (NO), where no bus overtaking maneuver is allowed in and out of the136

berths (Gu et al., 2011, 2015). This rule is often enforced on congested roads as over-137

taking buses that disrupt car traffic in the adjacent lanes are prohibited (Kittelson &138

Associates, Inc., 2013).139

(ii) Limited-overtaking (LO), where a bus can freely exit any berth after serving the pas-140
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sengers (see the dashed arrow in Fig. 1), but no bus is allowed to enter a vacant berth141

by overtaking other buses (see the dotted arrow). This rule is also commonly observed142

in reality since it is generally easier for a bus driver to perform overtaking maneuvers143

when exiting a stop (Gu and Cassidy, 2013). (For the same reason, the overtaking rule144

under which buses can freely enter berths by overtaking but cannot exit by overtaking145

has not been found in the real world. Hence, that rule is ignored in this paper.)146

(iii) Free-overtaking (FO), where the overtaking-in and overtaking-out maneuvers are both147

allowed (Bian et al., 2019). Real-world examples include the sawtooth bus stops de-148

scribed in the Transit Capacity and Quality of Service Manual (Kittelson & Associates,149

Inc., 2013); see Fig. 2 for illustration.150

In addition, our analysis spans from mid-block stops to near- and far-side stops that are151

located close to a downstream or upstream traffic signal (Shen et al., 2019); see again Fig. 1152

for the illustration of a near-side stop.

berth

bus

buffer

passenger platform

passing lane

bus queue

overtaking-in overtaking-out

Figure 1: Layout of a near-side bus stop under the LO rule.

buses

Figure 2: Layout of a sawtooth bus stop.

153

1.3 The key contribution and overview of the paper154

The key contribution of this paper is the development of more computationally efficient155

methods for berth allocation optimization. This is important due to the following two rea-156

sons:157

(i) The problem’s solution space is huge. Note that the total number of allocation plans158

for a 2-berth stop serving ! bus lines is 2!, which is very large when 2 ≥ 3 and ! ≥ 8.159
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(ii) The stochasticity of bus queues calls for employing the simulation-based optimization160

approach (see Section 1.1). The resulting computational cost would be prohibitively161

high since each allocation plan must be simulated by thousands of runs to obtain a162

steady-state performance metric (e.g., the mean bus delay).163

The huge solution space, the stochastic bus queues, and the simulation-based optimiza-164

tion approach jointly render it very difficult to find an efficient solution method for the berth165

allocation problem. In this paper, we will present two novel and computationally efficient166

heuristic methods.167

The first method, termed the simple heuristic, is inspired by queueing theory. It seeks168

a plan that evenly distributes the total traffic intensity (defined as the total bus arrival rate169

times the mean dwell time across all bus lines) among all the berths. We find that this170

simple heuristic solution can often produce near-optimal allocation plans. Notably, this171

method does not rely on the surrogate model and can generate a good plan in seconds172

even for stops with four or more berths serving over ten lines! Moreover, the method is173

parsimonious. It does not rely on the numerous detailed parameters of a bus stop, e.g., the174

parameters describing bus arrival processes and dwell time distributions for each line. This175

is nice, since its performance is not affected by the estimation accuracy of those parameters.176

The second method is a cluster-based nested partition algorithm designed to further im-177

prove the solution quality (especially when the simple heuristic is not satisfactory enough).178

This search method takes the simple heuristic as the initial solution and employs a bus-179

stop simulation model developed in-house as the surrogate model. The mean bus delay is180

selected as the performance metric because it directly reflects the bus service quality and181

passengers’ satisfaction. Compared to other methods (e.g., Tan’s algorithm), our method182

has several advantages. For example, the nested partition structure enables a more efficient183

search process that can identify high-quality plans by evaluating a relatively small number184

of candidate allocation plans. Moreover, by clustering the allocation plans using traffic in-185

tensity as the indicator, the partitioning of solution space captures the effects of both bus186

flows and bus dwell times.187

Our development of high-efficiency algorithms is necessary due to the following opera-188

tional aspects:189

(1) Large cities like Hong Kong, Santiago, Chicago, and Beijing have thousands of bus190

stops (Shanmukhappa et al., 2018; Chicago Transit Authority, n.d.; Wikipedia, n.d.).191

As we shall demonstrate in Section 4, finding a heuristic allocation plan for a simple192

2-berth, mid-block stop using previous methods can easily take several hours. Opti-193

mizing allocation plans for all stops in a city would require an unacceptably long time.194

(2) In practice, bus systems experience frequent changes over time, rendering previously195

optimized allocation plans suboptimal. For example, when a bus line’s timetable or196

route is modified, the allocation plans for all served stops may need redesigning.197

Changes in traffic signal timing can affect bus queues at nearby stops and bus arrival198
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processes at downstream stops. The opening of a new shopping mall or the intro-199

duction of a new rail or bus line can alter passenger demands for existing bus lines,200

and thus their dwell times. Each of these changes may eventually affect the optimal201

berth allocation plans for several stops. Therefore, having a computationally efficient202

algorithm for berth allocation optimization is highly beneficial in these situations.203

(3) A simulation surrogate model for berth allocation optimization requires many input204

parameters, some of which (e.g., bus arrival processes and dwell time distributions) are205

difficult to estimate accurately and may vary over time. To account for this, a stop’s206

allocation plan might need to be optimized multiple times under different parameter207

settings to obtain a robust plan.208

The berth allocation problem formulation and the simulation-based surrogate model are209

presented in Section 2. The basic idea of the simple heuristic and the cluster-based nested210

partition algorithm are furnished in Section 3. Section 4 examines the performance of the211

proposed methods via extensive numerical experiments. Conclusions and future research212

directions are discussed in Section 5. Notations used in this paper are summarized in Ap-213

pendix A.214

2 Problem Setup215

The bus-stop setup and the berth allocation problem formulation are presented in Section216

2.1. The simulation-based surrogate model is briefly described in Section 2.2.217

2.1 Bus-stop setup and problem formulation218

Consider a 2-berth curbside stop serving ! bus lines. A line-to-berth allocation plan is rep-219

resented by a binary vector 5 ≡ ();
9
, ; ∈ {1, 2, .., !}, 9 ∈ {1, 2, ..., 2}), where );

9
equals 1 if line220

; is assigned to berth 9, and 0 otherwise. Our goal is to find the optimal allocation plan that221

minimizes the mean bus delay:222

5∗ ∈ argmin
5∈Φ

5 (5), (1)

where Φ is the solution space for all possible allocation plans; i.e., Φ = {5 | );
9
∈ {0, 1},∀; ∈223

{1, 2, . . . , !}, 9 ∈ {1, 2, . . . , 2}; ∑2
9=1 )

;
9
= 1,∀; ∈ {1, 2, . . . , !}}. The size of the solution space224

is |Φ| = 2!. Function 5 : Φ ↦→ '+ returns the steady-state mean bus delay under a specific225

allocation plan.226

The arrival rate of buses on line ; ∈ {1, 2, . . . , !} is denoted by �; . The bus headways are227

assumed to be independent and identically distributed (i.i.d.) random variables following a228

gamma distribution with mean 1
�;

and coefficient of variation � ;0 . A bus’s dwell time is the229

sum of the time for loading and unloading passengers and the time lost to door opening and230

closing (not including the delay that occurs when the bus has finished serving passengers, but its231
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departure from the stop is blocked by downstream buses or a red signal). The dwell times of buses232

on line ; are also assumed to be i.i.d. gamma-distributed variables with mean 1
�;

(�; is often233

termed the service rate in the queueing literature) and coefficient of variation � ;B . Gamma234

distributions were shown to fit the real-world bus headways and dwell times well (Ge, 2006;235

Wu et al., 2016), and were often used to model headways and dwell times (Gu et al., 2011; Gu236

and Cassidy, 2013; Shen et al., 2019). Nevertheless, our numerical experiment results show237

that the main findings still hold if other distributions of bus headways and dwell times are238

assumed. Note that bus queueing is typically more pronounced during the morning and239

evening peak periods, when there is a high demand for passengers and increased bus flows.240

Conversely, during off-peak times, buses seldom form queues. Therefore, when develop-241

ing berth allocation plans to minimize bus delays, it is essential to prioritize peak periods242

and consider arrival processes and dwell time distributions specifically during those peak243

periods.244

For a mid-block stop, we assume that there is always enough space for storing the bus245

queue formed upstream of the stop. If the stop is a near- or far-side one, more operating246

parameters need to be specified. These include: (i) the buffer size denoted by 3, i.e., the247

distance between the intersection and the bus stop, normalized as an integer multiple of the248

bus jam spacing1 (see Fig. 1); (ii) the signal cycle length, denoted by �; and (iii) the effective249

green period, denoted by �.250

2.2 A simulation-based surrogate model251

We develop a discrete-time simulation model using Python to find 5 (5). The simulation252

model consists of four modules: (1) the entry queue module, (2) the berth module, (3) the253

passing lane module (for LO and FO stops only), and (4) the signal and buffer module (for254

near- and far-side stops only). All modules are executed at every time step C.255

Using a near-side stop as an example, the basic simulation logic is described as follows:256

(1) In the entry queue module, arriving buses queue up at the entry area upstream of257

the stop if the allocated berth is currently unavailable. The leading bus in the queue258

checks whether it can proceed to the allocated berth, either by using the passing lane259

via overtaking-in or directly going through the berth(s).260

(2) In the berth module, dwelling buses monitor their remaining service times. Once the261

dwelling process is completed, a bus checks if it can exit the stop, either by using the262

passing lane via overtaking-out or directly proceeding through the berth(s).263

(3) In the passing lane module, the passing lane used for overtaking is divided into 2264

“cells”, each having the same size as the berth and aligned parallel to it. Berths and265

1If the buffer size is not an integer multiple of the bus jam spacing, it will be rounded down to the nearest
integer since only an integer number of buses can be stored in the buffer.
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cells are numbered from upstream to downstream as 1, 2, . . . , 2. Buses performing266

overtaking-in to enter the allocated berth 9 advance through the passing lane until267

reaching cell 9 − 1, where they wait to enter berth 9. Buses attempting overtaking-out268

proceed until they exit the passing lane.269

(4) In the signal and buffer module, when the signal is red (C mod � > �), buses departing270

from the stop form a queue in the buffer. If the number of queued buses reaches 3,271

buses ready to leave the stop must wait. When the signal is green (C mod � ≤ �),272

buses in the buffer can discharge into the intersection.273

For far-side stops, the buffer area is located upstream of the stop, affecting the bus ar-274

rivals at the stop. Buses that have traversed the intersection during the green period � fill275

the buffer if they cannot enter the stop immediately. Buses unable to access a fully occupied276

buffer must wait upstream of the intersection. The departure process, on the other hand, is277

unaffected by the signal. All other operations are analogous to those at near-side stops.278

The flowchart in Appendix B provides a more comprehensive visualization of the pro-279

gram’s logic. Interested readers can also refer to the source code in (https://github.280

com/Minyu-Shen/bus_berth_allocation) for more details.281

To find the steady-state mean bus delay, each simulation run will emulate bus operations282

for at least 1000 hours. If the average delay per bus does not converge after the 1000-hour283

period, the simulation will continue to run until convergence. We stipulate that conver-284

gence is attained when the mean bus delay’s standard deviation is less than 0.1 second. All285

the simulation runs were performed on a Dell workstation with Intel Xeon Gold 6126 CPU286

(2.60 GHz×24) and 64 GB DDR4 memory. A simulation run takes 5 minutes on average to287

complete.288

3 Solution approaches289

The optimal solution to (1) can be found by exhaustive search if the solution space is small.290

For example, when 2 = 2 and ! = 6, we only need to evaluate 2! = 64 allocation plans, which291

takes about 5 hours to complete on our computer. However, for large instances, e.g., when292

2 = 4 and ! = 10 (bus stops of this size are not rare in large cities like Beijing, Chengdu,293

and Hong Kong), the solution space size soars to 1, 048, 576, making the exhaustive search294

impossible. Thus, efficient solution algorithms are necessary for identifying good allocation295

plans in short runtimes.296

Section 3.1 presents the basic idea upon which our simple heuristic is built. Section 3.2297

describes the simple heuristic. Section 3.3 presents the cluster-based nested partition algo-298

rithm. For comparison, Tan’s algorithm is reproduced and relegated to Appendix C. The299

code for all the algorithms presented in this paper can be found in (https://github.300

com/Minyu-Shen/bus_berth_allocation).301

9

https://github.com/Minyu-Shen/bus_berth_allocation
https://github.com/Minyu-Shen/bus_berth_allocation
https://github.com/Minyu-Shen/bus_berth_allocation
https://github.com/Minyu-Shen/bus_berth_allocation
https://github.com/Minyu-Shen/bus_berth_allocation
https://github.com/Minyu-Shen/bus_berth_allocation


3.1 The Basic Idea302

The purpose of this section is to show why we choose to use the traffic intensity as a key303

indicator for allocating bus lines to a stop’s berths, and why evenly distributing the traffic304

intensity among the berths would yield good (although not necessarily optimal) allocation305

plans. Our belief stems from some facts in queueing theory. Particularly, we show that306

evenly distributing the traffic intensity among the servers of a queueing system does lead to307

the minimum mean delay under two special cases.308

First of all, note that for bus queues at a given stop, the two most important factors af-309

fecting the mean bus delay are the bus arrival rate and the mean bus dwell time2 (Gu et al.,310

2011). The joint effect of these two factors can be characterized by the product of them (in311

other words, the ratio between the bus arrival rate and the service rate). This variable is312

termed the “traffic intensity” or “utilization factor” in the queueing literature (Almeida and313

Cruz, 2018). It plays a key role in the mean delay models of queueing systems. For exam-314

ple, the well-known Pollaczek-Khintchine mean delay formula (Pollaczek, 1930; Khintchine,315

1932) for the M/G/1 queue (a single-server queueing system with Poisson customer arrivals316

and service times following a general distribution) is as follows:317

,̄ =
�

1 − � ·
1 + �2

B

2�
, (2)

where ,̄ denotes the mean delay; � the traffic intensity; �B the coefficient of variation of318

service time; and � the service rate. As another example, a commonly used mean delay ap-319

proximation for the G/G/1 queue (a single-server queue with interarrival times and service320

times both following general distributions), the Kingman’s formula (Kingman, 1961), is:321

,̄ ≈
�

1 − � ·
�2
0 + �2

B

2�
, (3)

where �0 denotes the coefficient of variation of interarrival time.322

The critical effect that traffic intensity plays on the mean delay is intuitive: this vari-323

able conveniently describes how busy a queueing system is. Specifically, for a single-server324

system, the traffic intensity represents the long-run proportion of time that the server is oc-325

cupied by a customer; for a 2-server system with parallel servers (that do not have mutual326

blockage), the traffic intensity divided by 2 is the average long-run proportion of time that327

each server is occupied.328

With the importance of traffic intensity explained, we introduce the following hypothe-329

sis, upon which our simple heuristic berth allocation plan is built:330

Hypothesis 1. The optimal berth allocation plan is one that distributes the total bus traffic intensity331

2Other factors, like the coefficients of variation in bus headways and dwell times, have second-order effects
on bus delays (Gu et al., 2011; Gu, 2012).
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among the berths as evenly as possible.332

This hypothesis is also consistent with intuition, since evenly distributing the traffic in-333

tensity means making all the berths equally busy. This is intuitively the way to minimize334

the mean bus delay. Note that as the traffic intensity assigned to a berth increases from 0 to335

1, the mean delay of buses served by that berth generally grows at an increasing speed from336

0 to infinity. This implies that the mean delay is convex in traffic intensity. Thus, assigning337

equal traffic intensity to every berth tends to render the lowest mean bus delay.338

In what follows, we show that Hypothesis 1 holds for two special cases. Both cases339

assume that the stop is operating under the FO rule (i.e., a queueing system with parallel340

servers). For the convenience of analysis, we also assume that the bus flow can be continu-341

ously assigned to the berths regardless of bus lines. In other words, we show for two special342

cases that the minimum expected delay is attained when the traffic intensity is evenly dis-343

tributed among 2 parallel servers of a queueing system. In the first case, all the servers are344

assumed to have identical mean service times regardless of the allocation plan. We show for345

this case that the delay-minimizing allocation plan features an even distribution of customer346

(bus) arrival rate among the servers, such that the traffic intensities of all servers are equal.347

In the second case, we assume that the customer arrival rate is always evenly distributed348

across the servers, but under different allocation plans the mean service times of distinct349

servers can be different. We show for this case that the optimal allocation plan is achieved350

when all the servers have an equal mean service time (and also an equal traffic intensity).351

To start, we present the following two lemmas extracted from the literature.352

Lemma 1. In a G/G/1 queue, �,̄
(
�, �

)
is a convex and nondecreasing function of �, where � and353

� are the arrival and service rates, respectively, and ,̄ the mean delay.354

For the proof of Lemma 1, please see Proposition 1 of Fridgeirsdottir and Chiu (2005).355

Lemma 2. In a G/G/1 queue, the mean delay ,̄
(
�, �

)
≡ ,̄

(
�, 1

�

)
is a convex function of the mean356

service time � = 1
� .357

Lemma 2 follows directly from Theorem 1 of Harel (1990).358

Built upon the above lemmas, we have the following propositions regarding two special359

cases of the optimal allocation plan for a queueing system with 2 parallel servers.360

Proposition 1. For a queueing system with 2 parallel servers where the customer flow is divided and361

allocated to each specific server, denote �(9) the customer arrival rate allocated to server 9 and �(9) the362

service rate of server 9(9 ∈ {1, 2, . . . , 2}). If the service rates are equal, i.e., �(1) = �(2) = · · · = �(2) ≡363

�, then the minimum mean delay is attained when the customer arrival rate is evenly distributed364

among the servers, i.e., �(1) = �(2) = · · · = �(2).365

Proof. Such a queueing system with 2 parallel servers acts like 2 identical single-server sys-366

tems (G/G/1 queues) with their queues combined. Let ,̄
(
�(9), �

)
be the mean delay of367

customers at server 9. The steady-state total delay per unit of time is
∑2
9=1 �

(9) · ,̄
(
�(9), �

)
.368
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From Lemma 1, we know that �,̄
(
�, �

)
is a convex function of �. Thus, according to the

Jensen’s inequality, ∑2
9=1 �

(9) · ,̄
(
�(9), �

)
2

≥
∑2
9=1 �

(9)

2
· ,̄

(∑2
9=1 �

(9)

2
, �

)
.

Then, we have:

2∑
9=1

�(9) · ,̄
(
�(9), �

)
= 2 ·

∑2
9=1 �

(9) · ,̄
(
�(9), �

)
2

≥ 2 ·
(∑2

9=1 �
(9)

2
· ,̄

(∑2
9=1 �

(9)

2
, �

))
=

2∑
9=1

�(9) · ,̄
(∑2

9=1 �
(9)

2
, �

)
.

The above inequality indicates that by evenly distributing the customer flow among the369

servers (such that each server is allocated a customer flow of
∑2
9=1 �

(9)

2 ), the mean delay would370

decrease or remain unchanged. �371

Proposition 2. For a queueing system with 2 parallel servers where the customer flow is divided372

and allocated to each specific server, if the customer flows allocated to all the servers are equal, i.e.,373

�(1) = �(2) = · · · = �(2) ≡ �, then the minimum mean delay is attained when the allocation ensures374

that �(1) = �(2) = · · · = �(2).375

Proof. Let ,̄
(
�, �(9)

)
≡ ,̄

(
�, 1

�(9)

)
be the mean delay of customers at server 9, where �(9) =

1
�(9)

is the mean service time at server 9. The steady-state total delay per unit of time,∑2
9=1 � · ,̄

(
�, 1

�(9)

)
, satisfies:

2∑
9=1

� · ,̄
(
�,

1
�(9)

)
= 2� · 1

2

2∑
9=1

,̄

(
�,

1
�(9)

)
≥ 2� · ,̄

(
�,

1∑2
9=1 �

(9)/2

)
= 2� · ,̄

(
�,

2∑2
9=1 �

(9)

)
.

The inequality follows from the Jensen’s inequality, which holds true due to the convex-376

ity of ,̄ in mean service time (see Lemma 2). Note that the last term indicates the total delay377

per unit of time when the customer traffic is distributed in a way that each server has the378

same mean service rate, �(1) = �(2) = . . . = �(2) = 2∑2
9=1 �

(9) , and the same traffic intensity,379 ∑2
9=1 �·�(9)
2 . Hence, by ensuring that all the servers have equal mean service times, the mean380

delay would decrease or remain unchanged. �381

Propositions 1 and 2 reveal that, when the optimal berth allocation plan is achieved, the382

traffic intensity should be evenly distributed among the berths, or as much so as possible.383

Note that this is true irrespective of the exact distributions of bus headways and dwell times. The384

limitation here is that the conclusion only applies to the two special cases, i.e., where �(9) is385

a constant across the berths and where �(9) is a constant across the berths. Proving it for the386
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general case (i.e., where both �(9) and �(9) take distinct values across the berths) is difficult,387

and we do not intend to pursue it in this paper. Nevertheless, it is worth testing whether388

evenly distributing the traffic intensity can help us quickly find good (if not optimal) berth389

allocation plans.390

Although the above discussion is mainly about FO stops where berths can be treated as391

parallel servers, we will apply Hypothesis 1 to NO and LO stops as well. Specifically, we392

will test the idea that a good allocation plan would yield roughly equal traffic loads assigned393

to each berth, even if the mutual bus blockages under the NO and LO rules are considered.394

We next present a simple method to find a heuristic plan that distributes the traffic intensity395

as evenly as possible.396

3.2 A simple heuristic397

We denote the traffic intensity of line ; by �; =
�;
�;

, and the total traffic intensity by � =
∑!
;=1 �; .398

Define a continuous vector V = (%1, ..., %9 , ..., %2) wherein element %9 denotes the traffic399

intensity assigned to berth 9 ∈ {1, 2, . . . , 2}. We have 0 ≤ %9 ≤ � and
∑2
9=1 %9 = �. Thus,400

V lies on a simplex, denoted by Ω. Define 6(V) the berth allocation plan that matches with401

V most closely. The 6(V) can be found by solving the following minimization problem:402

6(V) = argmin
5∈Φ

2∑
9=1

(
!∑
;=1

);9�; − %9

)2

,V ∈ Ω. (4)

The above integer quadratic program can be solved efficiently by standard optimization403

solvers like Gurobi. For example, when 2 = 4 and ! = 15, solving (4) by Gurobi takes less404

than 10 seconds. When there are multiple optima, we will choose the one with the minimum405

mean bus delay (note that this requires calling the surrogate model a few times).406

The simple heuristic allocation plan, denoted by 5̂, can be obtained by solving (4) for407

V =
( �
2 , . . . ,

�
2

)
, i.e., 5̂ = 6

( �
2 , . . . ,

�
2

)
. We will see in Section 4 that this is a good heuristic408

under a wide range of operating conditions. Moreover, it uses only each bus line’s traffic409

intensity derived from the line-specific arrival rate and mean dwell time, while the detailed410

distributions of bus headways and dwell times are not needed. Also, it does not need a411

time-consuming surrogate model for evaluating the candidate plans (unless multiple optima412

exist). These merits render this heuristic considerably faster than Tan’s algorithm or any413

similar ones that rely on detailed data of bus operations and simulation tools. The heuristic414

can be readily applied to a variety of stops with different bus overtaking rules and nearby415

signal settings.416

When the simple heuristic is not satisfactory enough, the following search algorithm can417

be used to find better solutions, which is built upon the simple heuristic.418

13



3.3 A cluster-based nested partition (CNP) algorithm419

The algorithm is a modified version of the nested partitions (NP) method proposed by Shi420

and Ólafsson (2000). The NP method assumes that certain parts of the solution space are421

more likely to contain the global optima and thus deserve more search efforts. It partitions422

the solution space into subspaces in a nested manner and concentrates search efforts on423

promising subspaces, which are identified by considering both the global and local search424

perspectives. The NP method was shown to converge to a global optimum with probability425

one in finite time.426

The NP method is very suitable for the simulation-based optimization of berth allocation427

problem, because simulation-based optimization often lacks a structure that can be utilized428

to identify the optimal solution. Moreover, due to the key role played by the traffic intensity429

in queueing systems’ performance, we believe that some values of the traffic intensity vector430

V have higher chances to be associated with optimal or near-optimal allocation plans. Thus,431

instead of partitioning the solution space Φ, we choose to partition the continuous space of432

V, i.e.,Ω.3 Partitioning the continuous spaceΩ is simpler than partitioning the discrete setΦ,433

and it allows us to start the search from the simple heuristic described in Section 3.2, which is434

associated with V =
( �
2 , . . . ,

�
2

)
. Using the simple heuristic as the initial solution can further435

reduce the search effort greatly (as we shall see momentarily). Section 3.3.1 introduces the436

partitioning of Ω in a nested manner. Section 3.3.2 presents the detailed algorithm.437

3.3.1 Partitioning of the solution space438

Region Ω is a simplex with 2 vertices (e.g., (0, . . . , 0, �, 0, . . . , 0) is a vertex). We first specify439

Ω as the parent region, indexed by 0. The parent region is divided into 2 child subregions.440

Each subregion is a simplex constructed by replacing one of the original 2 vertices with the441

centroid of the parent region4 (i.e., (�2 , . . . ,
�
2 )). Fig. 3 illustrates a case with 2 = 3; i.e., V is a442

three-dimensional vector and the parent region 0 is a triangle. Using the centroid and any443

two of the three vertices of the triangle, three triangular subregions are created that partition444

the original triangle. These three child subregions are numbered 1, 2, and 3, and the partition445

is termed the depth-1 partition.446

Each subregion in the depth-1 partition then becomes a parent region and is further par-447

titioned into 2 child subregions using the same method. This partition is termed the depth-2448

partition, which eventually divides the original simplex into 22 subregions; see Fig. 3. The449

partitioning process continues until it reaches a maximum depth of �. This nested structure450

3To put it differently, we cluster the berth allocation plans by the traffic intensity vector V. This is why our
algorithm is termed the cluster-based NP algorithm.

4We chose this partitioning method due to the simplicity of implementation. There are multiple partitioning
methods and the number of child regions generated from a parent region is not necessarily equal to 2. For
instance, when 2 = 3, a parent region can be divided into four child regions by connecting the midpoints
of all its edges. We tested this alternative partitioning method numerically and found that the results were
comparable to those obtained using the method presented in the paper.
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Figure 3: Region partition with 2 = 3.

can be implemented in a tree data structure with � being the maximum tree depth.451

3.3.2 The CNP algorithm452

The basic idea of this algorithm is that more searching efforts should be directed to the453

subregions holding greater chances to contain V’s that are associated with optimal or near-454

optimal allocation plans. To avoid being trapped in a local minimum, we determine whether455

a subregion is promising or not by comparing the allocation plans randomly sampled from456

this subregion and its sibling regions on the same depth level.457

Following the idea described in Section 3.1, the algorithm starts by specifying that the458

most promising subregion is the one located at the maximum (�-th) depth level that contains459

V = (�2 , . . . ,
�
2 ).5 At each iteration, it performs the following manipulations:460

1. If the most promising subregion, 8 ∈ {0, 1, 2, . . .}, is at the maximum depth level, uni-461

formly sample # points from this subregion. Find # berth allocation plans by solving462

(4) for the # sample points. Evaluate the mean bus delay for each plan and calcu-463

late the score of subregion 8 as the mean of the # mean bus delays. Next, merge all464

the other subregions at the maximum depth into a larger region, uniformly sample #465

points from this region, and calculate the score of this region. This score is used as466

a “global benchmark”. If the score of subregion 8 is lower than the benchmark score,467

keep subregion 8 as the most promising one. Otherwise, set the parent region of sub-468

region 8 as the most promising subregion and go to the next iteration.469

2. If the most promising subregion 8 is not located at the maximum depth level, calculate470

the scores of its 2 child regions. Also, merge the sibling subregions of subregion 8 into471

5Since this point is a vertex shared by multiple subregions, randomly select one of those subregions to start.
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a larger region and calculate its score as the global benchmark. If the lowest score472

of the 2 child regions is lower than the global benchmark, set the lowest-score child473

region as the most promising subregion. Otherwise, set the most promising subregion474

to the parent region of subregion 8 if the current depth level is greater than 1, and to a475

randomly selected sibling of subregion 8 if the current depth level is 1. Then go to the476

next iteration.477

During the iteration process, the algorithm records the mean bus delays of all the alloca-478

tion plans assessed. The plan with the minimum mean bus delay is returned when the algo-479

rithm ends after a maximum number of allocation plans have been assessed. Pseudocode of480

the algorithm is relegated to Appendix D.481

Compared to Tan’s algorithm, our CNP algorithm has four advantages.482

(i) By using the berth-specific traffic intensities instead of the bus flow ratio as the indi-483

cator for partitioning, the CNP algorithm can more effectively cluster the promising484

allocation plans into one subregion. Recall the limitation of using the bus flow ratio as485

the indicator for partitioning (see Section 1.1).486

(ii) By starting the search from the smallest subregion containing V =
( �
2 , . . . ,

�
2

)
and us-487

ing the simple heuristic as the initial solution, the CNP algorithm avoids sampling488

the whole Φ. This significantly reduces the number of plans assessed to find a good489

solution.490

(iii) In the CNP algorithm, the most promising subregion that deserves more searching ef-491

forts is dynamically selected by comparing the local search results and a global bench-492

mark. Hence, it is less likely to be trapped in a local minimum. Note that in Tan’s493

algorithm, once the most promising region is identified by evaluating a limited num-494

ber of sampled plans, all the search efforts will be directed to this region, ignoring the495

global point of view.496

(iv) The CNP algorithm can be easily applied to stops with more than two berths while the497

current form of Tan’s algorithm is applicable to 2-berth stops only.498

4 Numerical Analysis499

Section 4.1 compares the performance of our simple heuristic and the CNP algorithm with500

Tan’s algorithm for 2- and 3-berth stops. Section 4.2 presents a case study of a real-world501

4-berth stop. Sensitivity analyses results to key parameters are presented in Section 4.3.502

Finally, Section 4.4 shows the added bus delays under the optimal berth-allocating strategy503

as compared against the berth-sharing strategy.504
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4.1 Comparisons against Tan’s algorithm505

4.1.1 2 = 2506

First, consider a 2-berth stop with ! = 12 bus lines. For this case, the global optimal al-507

location plan can be developed by enumeration.6 Thus, we can obtain and compare the508

optimality gaps of solutions found by the simple heuristic, CNP, and Tan’s algorithm. We509

set the total bus arrival rate to 135 buses/hour and the mean dwell time of the 12 lines510

combined to 25 seconds. We then use the Dirichlet distribution to randomly generate bus511

arrival rates and mean dwell times for each line. The coefficients of variation, � ;0 and � ;B512

(∀; ∈ {1, 2, . . . , !}), are set to 0.6 (St. Jacques and Levinson, 1997). Two example sets of line-513

specific bus arrival rates and mean dwell times are shown in Table 1. For near- and far-side514

stops, we set 3 = 3, � = 120 s, and � = 60 s.515

For our CNP algorithm, we use # = 5 and � = 4.7 And for Tan’s algorithm, we use516

the same parameter values as in their paper: " = 24 and A = 0.05, where " is the number517

of subsets the solution space is partitioned into, and A each subset’s radius of the bus flow518

ratio (see Appendix C for more details on how these parameters are used in the algorithm).519

Five randomly selected plans from each subset are assessed and compared to find the most520

promising subset.

Table 1: Line-specific bus arrival rates and mean dwell times for 2 = 2 and ! = 12.

Line No.
Set Parameter 1 2 3 4 5 6 7 8 9 10 11 12
0,1 �; (buses/hr) 20.4 16.3 7.1 10.5 18.1 5.8 22.5 6.1 9.0 7.8 4.3 7.1
0 1

�;
(seconds) 22.4 25.1 25.2 26.0 27.1 24.0 23.8 25.8 25.2 24.3 26.1 25.0

1 1
�;

(seconds) 14.8 25.2 25.5 29.4 34.7 20.6 19.6 28.3 25.6 21.9 29.8 24.6

521

The results are similar when other sets of bus line data are used. For brevity, we only522

show the results of the two parameter sets displayed in Table 1. Readers are referred to the523

online repository (https://github.com/Minyu-Shen/bus_berth_allocation) for524

more results derived from other parameter sets. Specifically, Figs. 4a-i plot the performance525

of the simple heuristic, the CNP algorithm, and Tan’s algorithm at mid-block, near-, and526

far-side stops under NO, LO, and FO rules, respectively. In each figure, the ratio between527

the minimum mean bus delay obtained by each method and the global minimum of mean528

bus delay is plotted against the number of berth allocation plans assessed. This ratio reflects529

the optimality gap. Bold and light curves are for the proposed CNP and Tan’s algorithms,530

respectively. The solid and dotted curves are drawn under the two sets of line-specific pa-531

rameter values, respectively. The performance of the simple heuristic is marked by black532

diamonds.533

6It is nevertheless computationally demanding. We completed this task via parallel computing.
7Our parametric tests showed that the general performance of the CNP algorithm was fairly insensitive to

these parameter values.
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Figs. 4a-c display the results of the three types of stops (mid-block, near-, and far-side)534

under the NO rule. The figures show that the simple heuristic plan (which can be obtained535

within 10 seconds) produced a mean bus delay that is only less than 6% higher than the536

(a) NO rule, mid-block stop (b) NO rule, near-side stop

(c) NO rule, far-side stop (d) LO rule, mid-block stop

(e) LO rule, near-side stop (f) LO rule, far-side stop
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(g) FO rule, mid-block stop (h) FO rule, near-side stop

(i) FO rule, far-side stop

Figure 4: Performance assessments of the simple heuristic, the CNP algorithm and Tan’s algorithm
with 2 = 2 and ! = 12.

global minimum. Given this, it is unsurprising that further improvement by the CNP algo-537

rithm is moderate. In contrast, Tan’s algorithm needed to assess 30-40 plans (taking about538

3 hours) to attain a similar performance.8 This finding verifies that evenly distributing the539

traffic intensity among berths yields near-optimal allocation plans for NO stops. In addition, the540

proximity to signal has a small impact on the performance of these allocation methods.541

Figs. 4d-f tell a different story for stops under the LO rule. First, the optimality gap of the542

simple heuristic became much larger (17% for mid-block and near-side stops) for bus-line543

set 1. Fortunately, the CNP algorithm could bring this gap down to below 5% after assessing 10544

8Normally, Tan’s algorithm needs to sample and evaluate all " = 24 subsets before identifying the most
promising one for local search. This means at least 24 × 5 = 120 plans need to be assessed (taking about
10 hours) before a solution can be produced by the algorithm. Here we assume that the " subsets were
evaluated in the ascending order of the bus flow ratio. The best plans recorded during the course of search
were extracted to be compared with our methods. Thus, Fig. 4 underestimates the number of plans assessed
by Tan’s algorithm.
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plans, costing less than one hour. On the other hand, Tan’s algorithm still took 30-40 plans’545

assessment to attain a similar optimality gap. The stop’s proximity to nearby signals again546

has no significant effect on these methods’ performance.547

Finally, it is not surprising to see that the simple heuristic had the best performance for stops548

under the FO rule , as compared to the other two queueing rules. The optimality gaps of the549

simple heuristic under the FO rule remain below 4% (as illustrated in Figs. 4g-i), while they550

generally exceed 4% under the NO rule (Figs. 4a-c) and reach up to 16% under the LO rule551

(Figs. 4d-f.) This is because there is no mutual blockage between buses dwelling in the two552

berths under the FO rule. Tan’s algorithm again needed to assess around 30 plans to find an553

allocation plan of similar quality.554

4.1.2 2 = 3555

We use the bus line parameter sets defined in Section 4.1.1 and increase the total bus arrival556

rate to 155 buses/hour to keep a 3-berth stop busy. For each line parameter set in Table 1, all557

the �;’s are increased proportionally.558

The original partitioning method of Tan et al. (2014) based on the ratio between the two559

berths’ assigned bus flows cannot be applied to stops with more than two berths. For com-560

parison, we modified Tan’s algorithm by employing a more general partitioning method,561

which is built upon the idea described in Section 3.3.1. The measure used for partitioning562

still consists of bus flows assigned to different berths. The modified Tan’s algorithm is also563

presented in Appendix C. The same number of depth levels, �, is used in both the CNP564

algorithm and the modified Tan’s algorithm.565

Fig. 5 plots the performance of these methods against the number of plans assessed.566

Note that the performance metric (i.e., the vertical axis variable) of Fig. 5 is different from567

that of Fig. 4. This is because for 3-berth stops, the global optimum cannot be obtained568

via enumeration due to the very large solution space. Hence, we plot the gap between569

the minimum mean delays attained by the modified Tan’s and CNP algorithms during the570

search processes. A positive gap means the CNP algorithm produced a lower mean delay.571

Four mid-block stop scenarios were analyzed with two queueing rules, NO and LO, and the572

two bus line sets. (Performance under the FO rule is omitted here since it is similar to that573

under the NO rule.) Note that the left end of a curve in Fig. 5 indicates the advantage of the574

simple heuristic over the modified Tan’s algorithm, since the CNP algorithm starts with the575

simple heuristic.576

The figure shows that the simple heuristic and the CNP algorithm outperformed the577

modified Tan’s algorithm by a large margin (i.e., with a delay saving up to 20 min) when578

no more than 60 plans were assessed for NO stops. The gap is much smaller (but still sig-579

nificant) for LO stops. For both stop types, the modified Tan’s algorithm achieved a similar580

solution quality as our CNP algorithm only after assessing 70 plans (taking about 6 hours)581

or more. Comparing this and the results in Section 4.1.1 implies that the computational582

advantage of our methods becomes greater as the solution space grows.583
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Figure 5: Gap between the minimum mean delays attained by the modified Tan’s algorithm and the
CNP algorithm for 3-berth mid-block stops.

4.2 A real-world case study584

The Cross-Harbour Tunnel (CHT) northbound stop in Hong Kong, is examined in this sec-585

tion. This stop connects to one of the most congested roads in Hong Kong and the world,586

the Cross-Harbour Tunnel, and is thus among the busiest bus stops in Hong Kong. The stop587

consists of two substops; see Fig. 6 for the illustration. The downstream one contains two588

berths and the upstream one contains four. In this case study, we will focus on the upstream589

substop because the impacts of the downstream substop on the upstream one is marginal.9590

The bus arrival rates and mean dwell times of the 12 bus lines served by the upstream sub-591

stop are presented in Table 2. They were extracted from the videos taken in the evening592

peak period on October 25th, 2017. Since our data set size is too small to estimate � ;0 and � ;B593

accurately for all the bus lines, we generated those coefficients of variation randomly from594

a uniform distribution spanning [0.4, 0.8] (St. Jacques and Levinson, 1997). Bus operations595

in the substop follow the LO rule. A traffic signal is located 60 m (i.e., 3 = 5) downstream of596

the substop with cycle length � = 130 s and green period � = 60 s.

Table 2: Line-specific bus arrival rates and mean dwell times for the CHT substop.

Line No. 101 103 106 107 108 109 111 113 115 116 170 182
�; (buses/hr) 16.0 2.7 9.3 9.3 4.0 4.0 9.3 2.7 5.3 12.0 4.0 4.0
1
�;

(seconds) 38.7 52.0 38.7 67.0 53.7 59.7 25.1 46.0 31.2 53.1 23.3 26.3

597

Fig. 7 plots the minimum mean bus delay attained by the simple heuristic as the dia-598

mond marker, and that by the CNP algorithm against the number of plans assessed as the599

9This is due to three reasons. First, the two substops are separated by a sufficient distance. Second, there is
an adjacent passing lane; see Fig. 6. And last, the bus flow bounded for the downstream substop is small.
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Figure 6: The CHT northbound stop in Hong Kong (background extracted from Google Map).

solid curve. To demonstrate the quality of our heuristic solutions, we randomly sampled600

1000 allocation plans from the solution space. (Comparison against Tan’s and modified601

Tan’s algorithms is omitted here for simplicity, since the advantage of our methods over602

those algorithms have been exemplified in Section 4.1.) Their mean bus delays are plotted603

in ascending order as the dotted curve in Fig. 7 (i.e., the left end of this curve represents the604

lowest mean bus delay of the 1000 plans, followed by the second lowest, the third lowest,605

and so on). A little surprisingly, all 1000 allocation plans are worse than the simple heuristic.606

This is partly due to the extremely large solution space (412 = 16, 777, 216). Still, the compar-607

ison manifests how good our simple heuristic is. Owing to the excellent performance of the608

simple heuristic, the CNP algorithm could only find a slightly better solution after assessing609

160 plans during the searching process.610

4.3 Sensitivity analyses611

We verified that the performance of our simple heuristic and CNP algorithm is robust when612

the bus dwell time distribution, the total traffic intensity, and the headway distribution613

change. In the interest of brevity, this section only presents the sensitivity analyses results614

for varying dwell time distributions.615

Figs. 8a and b show the optimality gap of our methods against the number of plans616

assessed for 2-berth, mid-block stops under the NO and LO rules, respectively. (FO stops617

22



Figure 7: Performance of the simple heuristic and the CNP algorithm at the CHT stop.

are omitted for simplicity since the results are similar to those of NO stops.) Log-normal618

and gamma distributions of dwell times with various coefficients of variation were tested.619

(More parameter values were tested than those shown in the figures, and those tests yielded620

similar results.) The bus line set 1 in Table 1 was used. Other parameter values are the621

same as in Section 4.1.1. Results show that the simple heuristic performs consistently well622

for NO stops. For LO stops, although the simple heuristic’s performance varies moderately,623

the CNP algorithm can always bring the optimality gap down to 3% or less within 11 plans624

searched. Generally speaking, the performance of our methods is robust for various dwell625

time distributions.

(a) NO rule (b) LO rule

Figure 8: Sensitivity of the simple heuristic and the CNP algorithm to the dwell time distribution for
2-berth, mid-block stops.

626
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4.4 Comparisons against the berth-sharing strategy627

One may also be interested in to what degree the berth-allocating strategy would increase628

the bus delay compared to the berth-sharing strategy. Fig. 9 plots the mean bus delays under629

the berth-sharing strategy and the optimal berth allocation plan for 2-berth stops with three630

overtaking rules and three types of proximities to nearby signals. The data of line set 1 in631

Table 1 were used. Other parameter values are the same as in Section 4.1.1. Percentages of632

delay increase when converting stops from berth-sharing to berth-allocating are marked for633

a clear comparison.

Figure 9: Comparison between the optimal berth allocation plan and the berth-sharing strategy for
2-berth stops.

634

The figure shows that NO stops exhibit the greatest percentages of delay increase by al-635

locating berths to bus lines. This is because under the NO rule a dwelling bus will block636

all downstream berths. (Consider an extreme example where a bus entering an empty stop637

is assigned to the upstream-most berth, and no following bus can enter any vacant berth638

downstream before that bus completes its service.) Hence, the berth-allocating strategy in-639

curs a great waste of available berths at NO stops. On the other hand, FO stops have the640

lowest percentages of delay increase. This is because a bus can freely enter and leave the641

assigned berth without being blocked by other dwelling buses. These findings imply that642

berth allocation is less damaging for stops allowing overtaking maneuvers.643

We further find that berth allocation is less damaging for near- and far-side stops. This644

can also be explained. A near- or far-side stop has a lower capacity than its mid-block coun-645

terpart because the stop’s capacity is wasted during red periods after the buffer is filled (for646
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near-side stops) or emptied (for far-side stops); see Shen et al. (2019) for a detailed explana-647

tion of this issue. Under the berth-allocating strategy, a stop’s bus discharge flow is lower,648

which means the buffer would take longer to be filled (for near-side stops) or emptied (for649

far-side stops) in a red period. In other words, the red periods are better utilized under the650

berth-allocating strategy. Thus, the percentage delay increase is smaller compared to the651

mid-block case.652

5 Conclusions653

The major contributions of this paper is the development of two heuristic methods of the654

berth allocation optimization problem: the simple heuristic and the CNP algorithm. The655

former finds a near-optimal allocation plan by distributing the total traffic intensity among656

a stop’s berths as evenly as possible. The latter builds upon the simple heuristic to further657

improve the solution quality via searching in the solution space partitioned in a nested man-658

ner. Both methods can be applied to stops under various queueing rules, with two or more659

berths, and different proximities to traffic signals.660

For NO and FO stops, the simple heuristic method can generate a berth allocation plan661

that is less than 6% worse than a global optimum (in terms of the mean bus delay) within a662

few seconds. In contrast, a previous method took several hours to obtain a plan of similar663

quality. The simple heuristic is easy to implement in reality due to its parsimonious nature664

and negligible computational cost. Recall that it only requires the line-specific bus arrival665

rates, which can be acquired from the local transit agency, and mean dwell times, which can666

be computed using passenger demand data. Moreover, it does not rely on a computationally667

expensive surrogate model.668

When the simple heuristic is not good enough (especially for LO stops), the CNP algo-669

rithm can bring down the optimality gap to within 3% in less than one hour (see again the670

bold curves in Figs. 4d-f). The good computational efficiency is mainly due to three reasons.671

First, the algorithm uses berth-specific traffic intensities to cluster the allocation plans, ef-672

fectively grouping the near-optimal plans into one or a few subspaces of the solution space.673

Second, the algorithm balances the tradeoff between exploration and exploitation in the674

searching process by dynamically selecting the most promising subregion. And lastly, the675

simple heuristic serves as a very good initial solution. When the real-world input data (e.g.,676

� ;0 and � ;B) has estimation errors, one can execute the algorithm repeatedly with varying677

parameter values to obtain a robust allocation plan.678

Admittedly, our work has overlooked or simplified some features of real-world bus stop679

operations. They are briefly discussed as follows:680

(i) We did not model the effect of passenger queues on bus dwell times. A notable conse-681

quence of this effect is the positive correlation between bus headways and dwell times682

(Newell and Potts, 1964; Daganzo, 2009). Typically, a bus’s dwell time on a given line683

is modeled as its headway multiplied by a line-specific constant, which is the prod-684

25



uct of passenger arrival rate and unit boarding time per passenger (Daganzo, 2009;685

Xuan et al., 2011). Consequently, the bus line’s traffic intensity (the product of bus686

flow and mean dwell time) is essentially equal to this line-specific constant. Therefore,687

our simple heuristic of evenly distributing traffic intensity among berths is equivalent688

to assigning equal passenger loads to each berth, which intuitively minimizes queues689

and delays. We modified the surrogate model to account for this linear correlation690

and found similar results, indicating the effectiveness of our heuristic methods. De-691

tailed results are omitted for brevity but are available in the online repository (https:692

//github.com/Minyu-Shen/bus_berth_allocation) for interested readers.693

(ii) Furthermore, passenger queues may be influenced by random passenger arrivals, bus694

capacity, and the presence of passengers who can choose buses on multiple lines, re-695

ferred to as “common-line passengers” (Schmöcker et al., 2016). Our model does not696

account for these operational factors. In particular, considering common-line passen-697

gers would result in intercorrelation between bus dwell times on different lines shar-698

ing these passengers. These factors can be incorporated by modifying the surrogate699

model. Alternatively, bus lines with a significant number of common-line passengers700

can be allocated to the same berth, a common practice to facilitate their boarding. A701

new component can be added to the objective function in Equation (4) to represent702

how well those common lines are grouped.703

(iii) Our study does not account for interactions between buses and general traffic. In prac-704

tice, buses discharging from near-side stops may compete with right-turning car traffic705

for buffer space. To address this, we can calibrate the arrival process of right-turning706

vehicles using field data and incorporate it into our surrogate model. This resembles707

having a smaller buffer space when excluding right-turning traffic, implying our meth-708

ods may still be effective. Another real-world scenario involves bus bay stops where709

exiting buses must wait for a sufficient gap in general traffic to merge back into travel710

lanes. This issue can be addressed by integrating a gap-acceptance model into the711

surrogate model.712

Real-world bus stops exhibit various operating features, such as segregation from713

general traffic, curbside or central-island locations, bus bays, and mixed fleets of reg-714

ular and articulated buses (Kittelson & Associates, Inc., 2013; Hu et al., 2023). Most of715

these features can be accommodated by adjusting the surrogate model and calibrating716

it with real data. Nevertheless, comprehensive testing for all bus stop types is beyond717

this paper’s scope and will be explored in future work.718

A more interesting research direction is to examine the dynamic berth allocation problem719

where an arriving bus can be assigned to a specific berth several minutes ahead of its arrival.720

The passengers waiting at the stop will then be notified and have enough time to walk to721

the appropriate waiting place. Dynamic berth allocation requires more accurate estimates of722

bus arrival and dwell times, which can be obtained using existing probabilistic and machine723
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learning methods (e.g., Yu et al., 2011; Bian et al., 2015; Achar et al., 2022). We expect that724

this dynamic allocation strategy can significantly improve a stop’s bus-carrying capacity725

and reduce bus delays. The work in this regard is being pursued.726
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Appendix A Table of Notations735

Table A.1: List of notations

Notation Description
2 Number of berths
� Cycle length
� ;0 Coefficient of variation in bus headways of line ;
� ;B Coefficient of variation in bus dwell times of line ;
3 Number of buffer spaces
5 Φ ↦→ '+, a funtion that returns the steady-state mean bus delay given an allo-

cation plan
6(V) The berth allocation plan that matches with V most closely.
� Effective green period
! Number of bus lines
�; Bus arrival rate of line ;
" Number of subsets in Tan’s algorithm
1
�;

Mean of bus dwell time of line ;
# Number of sampling points for evaluating a subregion in the CNP algorithm
Ω A simplex {V | 0 ≤ %9 ≤ �,

∑2
9=1 %9 = �}

V A continuous decision vector of (%1, ..., %9 , ..., %2)
%9 Traffic intensity assigned to berth 9 ∈ {1, 2, . . . , 2}
);
9

A binary decision variable indicating whether line ; is allocated to berth 9

5 A binary vector whose entries are );
9
’s (; ∈ {1, 2, . . . , !}, 9 ∈ {1, 2, . . . , 2}), rep-

resenting one line-to-berth allocation plan in Φ
5̂ The simple heuristic allocation plan
5∗ Optimal allocation plan that minimizes the mean bus delay
Φ The solution space that includes all the line-to-berth allocation plans
A Radius of a subset in Tan’s algorithm
�; Traffic intensity of line ;
� Total traffic intensity, � =

∑!
;=1 �;

� Maximum depth of a partition of Ω

Appendix B Simulation flowchart736

Fig. B.1 presents the flowchart of the logic performed at each time step, which checks if buses737

can move towards the next position (either in the passing lane, the berths, or the buffer).738

Whenever a bus starts moving, it will advance until reaching the next stopping position.739

Bus motions are consistent with the simplified kinematic wave theory (Newell, 1993)740

given the buses’ move-up speed and backward wave speed.741
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Appendix C Pseudocodes of Tan’s algorithm and modified742

Tan’s algorithm743

The original algorithm proposed in Tan et al. (2014) is only applicable to 2-berth stops. It744

first partitions the whole solution set into " subsets with a radius of A based on the ratio745

between bus flows assigned to the two berths. For each subset, it samples five allocation746

plans and evaluates their performance via simulation. The average performance (e.g., the747

mean bus delay) is taken across the five plans to represent the subset. The subset with the748

best average performance is selected as the most promising subset. All the searching efforts749

thereafter are spent in the most promising subset. Pseudocode of the algorithm is presented750

as follows.751

Algorithm 1: Tan’s algorithm for two-berth stops
1 Divide the total solution space Φ into " subsets by the following loop:
2 for each possible plan 5 ∈ Φ do

3 Calculate the berth arrival ratio '(5) =
∑0
;=1 �;∑!
;=0+1 �;

, where 1, .., 0 are the bus lines

allocated to the downstream berth, and 0 + 1, ..., ! are the lines allocated to
the upstream berth.

4 Assign 5 to the subset Φ(�) = {5 : |'(5) − � | < A}, where � is the center and A
is the radius of the subset. � ∈ {A, 3A, 5A, ..., (2" − 1)A}. The few plans whose
'(5) are above 2"A are merged into the last subset.

5 for all " subsets do
6 Randomly sample five plans and evaluate their performance by simulation.

Calculate the average performance of the five plans to represent the subset.
7 Select the subset with the best performance as the most promising subset. Denote 5∗

as the best plan searched in Steps 5-6.
8 while true do
9 Sample five plans from the most promising subset and choose the best plan,

denoted by 5′.
10 if 5′ is better than 5∗ then
11 5∗ = 5′.

12 else
13 break

14 return 5∗

We also modified Tan’s algorithm to make it suitable for stops with more than 2 berths.752

Pseudocode of the modified Tan’s algorithm is presented in Algorithm 2.753
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Algorithm 2: Modified Tan’s algorithm for stops with 2 > 2 berths
1 Define a continuous vector W = {&1, &2, ..., &2} where & 9(9 = 1, 2, . . . , 2) is the total

bus flow allocated to berth 9. The space of all W is a simplex with 2 vertices (e.g.,
(0, . . . , 0,∑;∈! �; , 0, . . . , 0) is a vertex). Partition the simplex in a nested manner
using the method in Section 3.3.1. In the obtained nested structure, denote Ψ as the
set containing all the subregions located at the maximum (�-th) depth level.

2 for a subregion 8 ∈ Ψ do
3 Randomly sample five points from the subregion 8 and find the closest berth

allocation plans by solving (4). Evaluate the five allocation plans by simulation
and calculate the average bus delay to represent the subregion.

4 Select the subregion with the best average bus delay as the most promising
subregion. Denote 5∗ as the best plan searched in Steps 2-3.

5 while true do
6 Randomly sample five points from the most promising subregion and find the

closest berth allocation plans by solving (4). Evaluate the five allocation plans
and choose the best plan, denoted by 5′.

7 if 5′ is better than 5∗ then
8 5∗ = 5′.

9 else
10 break

11 return 5∗

Appendix D Pseudocode of the CNP algorithm754

The following notations are used in the algorithm:755

3(�) – Depth of a subregion �;756

�(:) – Set of subregions that need to be investigated at iteration :;757

5 (5∗:) – Minimum average bus delay found at iteration : for allocation plan and 5∗: ;758

&(�) – Score of a subregion �;759

�★
:

– The most promising subregion at iteration :;760

Π3 – Set of all the subregions given a depth-3 partition, {�31 ,�
3
2 , . . . ,�

3
|Π3 |}, where the761

cardinality |Π3 | = 23;762

B(�) – Parent region of subregion �.763
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Algorithm 3: Cluster-based nested partition algorithm

1 Set �★
:=1 as the subregion located at maximum depth � that contains 5̂.

2 5 (5∗:) ← 5 (5̂).
3 Set the maximum number of allocation plans to be assessed, �.
4 for iteration k do
5 if 3(�★

:
) ≠ � then

6 Obtain �★
:
’s 2 child subregions: �★

:
(1),�★

:
(2), ...,�★

:
(A), ...�★

:
(2) and add them

into �(:).
7 else
8 Add �★

:
into �(:).

9 Merge all the subregions in the same depth, Π3(�★
:
)\�★

:
, into a “big” subregion

and add it into �(:).
10 for each subregion 4 ∈ �(:) do
11 Uniformly sample # points, %4 ,1, %4 ,2, . . . , %4 ,= , . . . , %4 ,# .
12 for each sampled point %4 ,= do
13 Find the closest berth allocation plan 56,= via solving (4), and get the

average bus delay via simulation 5 (56,=);
14 5 (5∗:) ← min( 5 (56,=), 5 (5∗:)).
15 �← � − 1.
16 if � == 0 then
17 stop; return the optimal plan 5∗: .

18 Estimate the score of each subregion 4 via:
19 &(4) = ∑#

==1 5 (54 ,=)/#.
20 5 (5∗:+1) ← 5 (5∗:)
21 if argmin4∈�(:)&(4) is the merged subregion then
22 �★

:+1 = B(�
★
:
).

23 else
24 �★

:+1 = argmin4∈�(:)&(4).
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