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. Abstract

s Transit management agencies often pre-allocate a multi-berth stop’s berths to specific bus
s+ lines so that passengers can find the right place to wait for their buses. Developing opti-
s mal berth allocation plans that minimize the total bus delay is essential for mitigating bus
¢ queues at busy multi-berth stops. However, this problem is challenging due to the huge
7 solution space, the high degree of stochasticity in bus queues, and the resulting extremely
s high computational cost. In this paper, we first propose a simple heuristic method inspired
s by queueing theory. It is based on the idea that evenly distributing the total traffic intensity
10 (defined as the total bus arrival rate times the mean dwell time) among all the berths would
11 produce a lower bus delay. Numerical results demonstrate that this simple method gen-
12 erated very good berth allocation plans (with optimality gaps < 6% for no-overtaking and
13 free-overtaking stops) in seconds! It does not rely on time-consuming simulation surrogate
14 models or numerous input data such as the stochastic bus arrival processes and dwell time
15 distributions of each bus line. To further improve the simple heuristic’s performance (espe-
16 cially for limited-overtaking stops), we develop a cluster-based nested partition algorithm
17 that can find a near-optimal plan (e.g., with an optimality gap of < 3%) in a much shorter
s time than a previous algorithm. The algorithm employs the simple heuristic plan as the
19 initial solution. Our methods can be applied to stops with various berth numbers, different
20 proximities to nearby traffic signals, and under diverse bus queueing rules.

21
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1 Introduction

1.1 Background and literature review

Busy, multi-berth curbside bus stops are major bottlenecks in a bus system (Fernandez and
Planzer, 2002). Bus lines visiting these stops can share the berths to serve the passengers (Gu
et al., 2011; Zhao et al., 2019), meaning that an arriving bus can enter any available berth of
a stop. This “berth-sharing” strategy creates two problems. First and the most important,
passengers waiting at the platform do not know which berth their bus will enter. Thus, they
may need to scurry along the platform to catch an arriving bus, creating chaos in the plat-
form. Second, when two or more buses on the same line arrive at a stop simultaneously
(a common phenomenon known as “bus bunching”), they would occupy the limited berths
and prevent buses on other lines from entering the stop to serve their passengers. To avoid
the above problems, many transit agencies opt to allocate each berth of a stop to an exclu-
sive group of lines. This way, passengers can find the right place to wait for their buses
and bunched buses on the same line will not occupy multiple berths. On the downside,
this “berth-allocating” strategy will diminish the berths” utilization rate and the overall bus
discharge flow from the stop, therefore creating bus queues. Inferior allocation plans would
further aggravate the queueing problem. Thus, optimally allocating a stop’s limited berths
to the bus lines is crucial for mitigating bus queues and passenger delays at these stops (Lu
etal.,, 2010; Wu et al., 2011; Tan et al., 2014).

To our best knowledge, Lu et al. (2010) is the first work that studied this problem. How-
ever, this work only investigated 2-berth stops where bus overtaking maneuvers are prohib-
ited. (This bus queueing rule is termed the “no-overtaking” rule in the literature; see Gu and
Cassidy, 2013.) Moreover, they only proposed two empirical guidelines for berth allocation
instead of presenting an optimization approach. The two guidelines are: (i) assigning more
buses to the downstream berth; and (ii) assigning the bus lines with longer dwell times to
the downstream berth. Effects of the two guidelines were assessed in a follow-up study, Wu
et al. (2011), by a simulation tool calibrated using real bus arrival and dwell time data.

Built upon guideline (i) of the above studies, Tan et al. (2014) developed a two-stage
heuristic algorithm to find the optimal berth allocation plan of 2-berth stops, referred to
as Tan’s algorithm in the rest of this paper. The stops studied in Tan et al. (2014) follow the
“limited-overtaking” rule (Gu and Cassidy, 2013), where a bus dwelling in the upstream berth
is allowed to overtake a downstream dwelling bus to exit the stop, while no bus can bypass a
bus occupying the upstream berth to enter the downstream vacant berth. Stage one of Tan’s
algorithm partitions the entire solution space into several subsets by the ratio of bus flows
assigned to the two berths. The most promising subset is then selected by comparing a small
number of allocation plans randomly sampled from each subset. In stage two, a heuristic
allocation plan is found by searching the most promising subset only. Simulation was used
for evaluating the performance (i.e., the mean bus delay) of allocation plans in both stages.

Tan’s algorithm has several shortcomings:
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(i) The computational cost of the two-stage algorithm largely depends on the number of
partitioned subsets. If the number of subsets is large, stage one would be computa-
tionally expensive; and if that number is small, each subset would be large and stage

two would be time-consuming.

(ii) The partitioning method overlooked the impacts of bus dwell times. Note that the bus
dwell time is a major factor affecting bus queueing delays at a stop (Gu et al., 2011;
Kittelson & Associates, Inc., 2013). Consider two allocation plans (labeled A and B) for
a 2-berth stop, which have similar ratios between the bus flows assigned to the two
berths. However, the mean bus dwell time of lines assigned to berth 1 is much greater
than that of berth 2 in Plan A, while in Plan B the mean dwell times at the two berths
are similar. In this case, the two plans will be grouped into the same subset according
to the similar bus flow ratio, but their performance (e.g., the mean bus delays) could
be quite different. On the other hand, two plans with distinct bus flow ratios would be
sorted into different subsets, but they may have comparable performance due to the
joint effect of bus flows and dwell times. Therefore, the near-optimal allocation plans
might scatter among several subsets instead of being clustered into one, rendering the

“most promising” subset found in stage one questionable.

(iii) The algorithm was only tested for 2-berth, limited-overtaking, mid-block stops that are
isolated from the influence of neighboring traffic signals. Even for such a small-scale
stop, its runtime would be several hours (see Section 4). Thus, the algorithm might be

inapplicable or too time-consuming for stops with more than 2 berths.

Berth allocation problems often require employing a surrogate model to evaluate the
performance (e.g., the mean bus delay) of candidate plans. Two types of surrogate models
have been used in previous studies: a simulation tool of bus queues (Tan et al., 2014) and an
empirical function of failure rate (Alonso et al., 2011). The use of failure rate for calculating
bus queueing delays has been shown to be inaccurate (Gu et al., 2015; Bunker, 2018).

Ideally, the surrogate model should employ the analytical solutions to the bus stop queue-
ing models. However, analytical solutions for multi-line, multi-berth stops under the berth
allocating strategy are unavailable in the literature. Existing analytical solutions were devel-
oped for much simpler, isolated stops under idealized assumptions, e.g., the exponentially
distributed bus dwell times (Gu and Cassidy, 2013; Bian et al., 2019). And all these works
assumed that the berths are shared by all bus lines. Likewise, analytical methods for other
tandem queueing systems (e.g., Gu et al., 2012; He and Chao, 2014) cannot be directly ap-
plied to our berth allocation problem. Moreover, the analytical solutions presented in previ-
ous studies are already very complicated (see especially Gu et al., 2015), while considering
berths allocated to specific bus lines would further increase the complexity.

On the other hand, it is generally easier to develop simulation tools to incorporate real-
istic operating conditions for various queueing systems (Stamatopoulos et al., 2004; Toledo
et al., 2010; Feng et al., 2020; Yang et al., 2020). The optimization approach involving a
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simulation tool as the surrogate model is called the simulation-based optimization. This ap-
proach has been applied in a growing number of studies in the transportation field (e.g., Wu
et al., 2019; Cheng et al., 2019; Li et al.,, 2022; Zheng et al., 2022). For bus-stop simulation,
some works used commercial tool packages, e.g., PARAMICS and MISTRANSIT (Abdulhai
et al., 2002; Cortés et al., 2005). However, they are not applicable for our problem because
they rely on many calibrated parameters and are computationally expensive. Other studies
used simulation tools developed in house (Gibson et al., 1989; Fernandez and Planzer, 2002;
Fernandez, 2010; Bian et al., 2020).

On a related note, a bus stop’s performance (e.g., bus queueing delays) is jointly affected
by the berth allocation plan, line-specific bus arrival processes, dwell time distributions, and
bus overtaking policies. Regularizing bus headways can reduce dwell time variations and
alleviate queueing delays (Newell and Potts, 1964; Hickman, 2001; Daganzo, 2009; Delgado
et al., 2012; Estrada et al., 2016; He et al., 2019). Interested readers can find comprehen-
sive reviews of bus bunching studies in Ibarra-Rojas et al. (2015) and Rezazada et al. (2022).
Some researchers have explored interactions between bus queueing and bus control strate-
gies (e.g., Bian et al., 2023; Shen et al., 2023).

Concerning bus overtaking policies, the no-overtaking policy has been widely studied
(e.g., Gu et al,, 2011, 2015; Shen et al., 2019). Gibson et al. (1989) examined the limited-
overtaking policy, allowing “overtaking-out” maneuvers (dashed arrow in Fig. 1) but pro-
hibiting “overtaking-in” maneuvers (dotted arrow in Fig. 1). Gu and Cassidy (2013) devel-
oped analytical queueing models for limited-overtaking stops. Bian et al. (2019) and Hu et al.
(2023) compared stop capacities and bus queueing delays under various overtaking policies
using analytical and simulation methods, respectively. Schmocker et al. (2016) examined
a corridor featuring two bus lines that have a shared section and analyzed the impacts of
common lines on bus bunching under different bus overtaking policies at shared stops. Wu
et al. (2017) investigated the impact of overtaking maneuvers on bus bunching when a late-
arrived bus may depart earlier due to fewer boarding passengers. In this paper, we will

explore optimal berth allocation under a number of overtaking policies.

1.2 Types of bus stops

Considering the limitations of the previous studies, this paper will develop efficient algo-
rithms for identifying better berth allocation plans for a variety of curbside bus stops with
2 or more berths. The layout of a typical 3-berth curbside stop is illustrated in Fig. 1. Three

common types of bus overtaking rules will be examined:

(i) No-overtaking (NO), where no bus overtaking maneuver is allowed in and out of the
berths (Gu et al., 2011, 2015). This rule is often enforced on congested roads as over-
taking buses that disrupt car traffic in the adjacent lanes are prohibited (Kittelson &
Associates, Inc., 2013).

(ii) Limited-overtaking (LO), where a bus can freely exit any berth after serving the pas-

4



141 sengers (see the dashed arrow in Fig. 1), but no bus is allowed to enter a vacant berth

142 by overtaking other buses (see the dotted arrow). This rule is also commonly observed
143 in reality since it is generally easier for a bus driver to perform overtaking maneuvers
144 when exiting a stop (Gu and Cassidy, 2013). (For the same reason, the overtaking rule
145 under which buses can freely enter berths by overtaking but cannot exit by overtaking
146 has not been found in the real world. Hence, that rule is ignored in this paper.)

1 (iii) Free-overtaking (FO), where the overtaking-in and overtaking-out maneuvers are both

N
e

148 allowed (Bian et al., 2019). Real-world examples include the sawtooth bus stops de-
149 scribed in the Transit Capacity and Quality of Service Manual (Kittelson & Associates,
150 Inc., 2013); see Fig. 2 for illustration.

151 In addition, our analysis spans from mid-block stops to near- and far-side stops that are

152 located close to a downstream or upstream traffic signal (Shen et al., 2019); see again Fig. 1

for the illustration of a near-side stop.
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Figure 1: Layout of a near-side bus stop under the LO rule.
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Figure 2: Layout of a sawtooth bus stop.

153

i« 1.3 The key contribution and overview of the paper

155 The key contribution of this paper is the development of more computationally efficient
iss methods for berth allocation optimization. This is important due to the following two rea-

157 SONS:

1

o
o

(i) The problem’s solution space is huge. Note that the total number of allocation plans

159 for a c-berth stop serving L bus lines is cl, which is very large when ¢ > 3 and L > 8.
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(ii) The stochasticity of bus queues calls for employing the simulation-based optimization
approach (see Section 1.1). The resulting computational cost would be prohibitively
high since each allocation plan must be simulated by thousands of runs to obtain a

steady-state performance metric (e.g., the mean bus delay).

The huge solution space, the stochastic bus queues, and the simulation-based optimiza-
tion approach jointly render it very difficult to find an efficient solution method for the berth
allocation problem. In this paper, we will present two novel and computationally efficient
heuristic methods.

The first method, termed the simple heuristic, is inspired by queueing theory. It seeks
a plan that evenly distributes the total traffic intensity (defined as the total bus arrival rate
times the mean dwell time across all bus lines) among all the berths. We find that this
simple heuristic solution can often produce near-optimal allocation plans. Notably, this
method does not rely on the surrogate model and can generate a good plan in seconds
even for stops with four or more berths serving over ten lines! Moreover, the method is
parsimonious. It does not rely on the numerous detailed parameters of a bus stop, e.g., the
parameters describing bus arrival processes and dwell time distributions for each line. This
is nice, since its performance is not affected by the estimation accuracy of those parameters.

The second method is a cluster-based nested partition algorithm designed to further im-
prove the solution quality (especially when the simple heuristic is not satisfactory enough).
This search method takes the simple heuristic as the initial solution and employs a bus-
stop simulation model developed in-house as the surrogate model. The mean bus delay is
selected as the performance metric because it directly reflects the bus service quality and
passengers’ satisfaction. Compared to other methods (e.g., Tan’s algorithm), our method
has several advantages. For example, the nested partition structure enables a more efficient
search process that can identify high-quality plans by evaluating a relatively small number
of candidate allocation plans. Moreover, by clustering the allocation plans using traffic in-
tensity as the indicator, the partitioning of solution space captures the effects of both bus
flows and bus dwell times.

Our development of high-efficiency algorithms is necessary due to the following opera-

tional aspects:

(1) Large cities like Hong Kong, Santiago, Chicago, and Beijing have thousands of bus
stops (Shanmukhappa et al., 2018; Chicago Transit Authority, n.d.; Wikipedia, n.d.).
As we shall demonstrate in Section 4, finding a heuristic allocation plan for a simple
2-berth, mid-block stop using previous methods can easily take several hours. Opti-

mizing allocation plans for all stops in a city would require an unacceptably long time.

(2) In practice, bus systems experience frequent changes over time, rendering previously
optimized allocation plans suboptimal. For example, when a bus line’s timetable or
route is modified, the allocation plans for all served stops may need redesigning.

Changes in traffic signal timing can affect bus queues at nearby stops and bus arrival
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processes at downstream stops. The opening of a new shopping mall or the intro-
duction of a new rail or bus line can alter passenger demands for existing bus lines,
and thus their dwell times. Each of these changes may eventually affect the optimal
berth allocation plans for several stops. Therefore, having a computationally efficient

algorithm for berth allocation optimization is highly beneficial in these situations.

(3) A simulation surrogate model for berth allocation optimization requires many input
parameters, some of which (e.g., bus arrival processes and dwell time distributions) are
difficult to estimate accurately and may vary over time. To account for this, a stop’s
allocation plan might need to be optimized multiple times under different parameter
settings to obtain a robust plan.

The berth allocation problem formulation and the simulation-based surrogate model are
presented in Section 2. The basic idea of the simple heuristic and the cluster-based nested
partition algorithm are furnished in Section 3. Section 4 examines the performance of the
proposed methods via extensive numerical experiments. Conclusions and future research
directions are discussed in Section 5. Notations used in this paper are summarized in Ap-

pendix A.

2 Problem Setup

The bus-stop setup and the berth allocation problem formulation are presented in Section
2.1. The simulation-based surrogate model is briefly described in Section 2.2.

2.1 Bus-stop setup and problem formulation

Consider a c-berth curbside stop serving L bus lines. A line-to-berth allocation plan is rep-
resented by a binary vector ¢ = (qb;.,l €{1,2,.,L},j€{1,2,...,c}), where q,‘); equals 1 if line
[ is assigned to berth j, and 0 otherwise. Our goal is to find the optimal allocation plan that

minimizes the mean bus delay:

¢* € argmin f(¢), (1)

Pped

where @ is the solution space for all possible allocation plans; i.e., ® = {¢ | qu € {0,1},V] €
{1,2,...,L},je{1,2,...,c}; Z]C‘:1 (1);. =1,Vl € {1,2,...,L}}. The size of the solution space
is |®| = ck. Function f : @ — R* returns the steady-state mean bus delay under a specific
allocation plan.

The arrival rate of buses on line I € {1,2,...,L} is denoted by A;. The bus headways are
assumed to be independent and identically distributed (i.i.d.) random variables following a
gamma distribution with mean /\l, and coefficient of variation C.. A bus’s dwell time is the
sum of the time for loading and unloading passengers and the time lost to door opening and

closing (not including the delay that occurs when the bus has finished serving passengers, but its

7



232

233

234

235

236

237

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

departure from the stop is blocked by downstream buses or a red signal). The dwell times of buses
on line / are also assumed to be i.i.d. gamma-distributed variables with mean i (u1 is often
termed the service rate in the queueing literature) and coefficient of variation C!. Gamma
distributions were shown to fit the real-world bus headways and dwell times well (Ge, 2006;
Wu et al,, 2016), and were often used to model headways and dwell times (Gu et al., 2011; Gu
and Cassidy, 2013; Shen et al., 2019). Nevertheless, our numerical experiment results show
that the main findings still hold if other distributions of bus headways and dwell times are
assumed. Note that bus queueing is typically more pronounced during the morning and
evening peak periods, when there is a high demand for passengers and increased bus flows.
Conversely, during off-peak times, buses seldom form queues. Therefore, when develop-
ing berth allocation plans to minimize bus delays, it is essential to prioritize peak periods
and consider arrival processes and dwell time distributions specifically during those peak
periods.

For a mid-block stop, we assume that there is always enough space for storing the bus
queue formed upstream of the stop. If the stop is a near- or far-side one, more operating
parameters need to be specified. These include: (i) the buffer size denoted by 4, i.e., the
distance between the intersection and the bus stop, normalized as an integer multiple of the
bus jam spacing! (see Fig. 1); (ii) the signal cycle length, denoted by C; and (iii) the effective
green period, denoted by G.

2.2 A simulation-based surrogate model

We develop a discrete-time simulation model using Python to find f(¢). The simulation
model consists of four modules: (1) the entry queue module, (2) the berth module, (3) the
passing lane module (for LO and FO stops only), and (4) the signal and buffer module (for
near- and far-side stops only). All modules are executed at every time step ¢.

Using a near-side stop as an example, the basic simulation logic is described as follows:

(1) In the entry queue module, arriving buses queue up at the entry area upstream of
the stop if the allocated berth is currently unavailable. The leading bus in the queue
checks whether it can proceed to the allocated berth, either by using the passing lane
via overtaking-in or directly going through the berth(s).

(2) In the berth module, dwelling buses monitor their remaining service times. Once the
dwelling process is completed, a bus checks if it can exit the stop, either by using the

passing lane via overtaking-out or directly proceeding through the berth(s).

(3) In the passing lane module, the passing lane used for overtaking is divided into c

“cells”, each having the same size as the berth and aligned parallel to it. Berths and

UIf the buffer size is not an integer multiple of the bus jam spacing, it will be rounded down to the nearest
integer since only an integer number of buses can be stored in the bulffer.
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cells are numbered from upstream to downstream as 1,2,...,c. Buses performing
overtaking-in to enter the allocated berth j advance through the passing lane until
reaching cell j — 1, where they wait to enter berth j. Buses attempting overtaking-out

proceed until they exit the passing lane.

(4) Inthesignal and buffer module, when the signal is red (t mod C > G), buses departing
from the stop form a queue in the buffer. If the number of queued buses reaches d,
buses ready to leave the stop must wait. When the signal is green (t mod C < G),
buses in the buffer can discharge into the intersection.

For far-side stops, the buffer area is located upstream of the stop, affecting the bus ar-
rivals at the stop. Buses that have traversed the intersection during the green period G fill
the buffer if they cannot enter the stop immediately. Buses unable to access a fully occupied
buffer must wait upstream of the intersection. The departure process, on the other hand, is
unaffected by the signal. All other operations are analogous to those at near-side stops.

The flowchart in Appendix B provides a more comprehensive visualization of the pro-
gram’s logic. Interested readers can also refer to the source code in (https://github.
com/Minyu—-Shen/bus_berth_allocation) for more details.

To find the steady-state mean bus delay, each simulation run will emulate bus operations
for at least 1000 hours. If the average delay per bus does not converge after the 1000-hour
period, the simulation will continue to run until convergence. We stipulate that conver-
gence is attained when the mean bus delay’s standard deviation is less than 0.1 second. All
the simulation runs were performed on a Dell workstation with Intel Xeon Gold 6126 CPU
(2.60 GHzx24) and 64 GB DDR4 memory. A simulation run takes 5 minutes on average to
complete.

3 Solution approaches

The optimal solution to (1) can be found by exhaustive search if the solution space is small.
For example, when ¢ = 2 and L = 6, we only need to evaluate ¢! = 64 allocation plans, which
takes about 5 hours to complete on our computer. However, for large instances, e.g., when
c = 4and L = 10 (bus stops of this size are not rare in large cities like Beijing, Chengdu,
and Hong Kong), the solution space size soars to 1,048, 576, making the exhaustive search
impossible. Thus, efficient solution algorithms are necessary for identifying good allocation
plans in short runtimes.

Section 3.1 presents the basic idea upon which our simple heuristic is built. Section 3.2
describes the simple heuristic. Section 3.3 presents the cluster-based nested partition algo-
rithm. For comparison, Tan’s algorithm is reproduced and relegated to Appendix C. The
code for all the algorithms presented in this paper can be found in (https://github.

com/Minyu-Shen/bus_berth_allocation).
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3.1 The Basic Idea

The purpose of this section is to show why we choose to use the traffic intensity as a key
indicator for allocating bus lines to a stop’s berths, and why evenly distributing the traffic
intensity among the berths would yield good (although not necessarily optimal) allocation
plans. Our belief stems from some facts in queueing theory. Particularly, we show that
evenly distributing the traffic intensity among the servers of a queueing system does lead to
the minimum mean delay under two special cases.

First of all, note that for bus queues at a given stop, the two most important factors af-
fecting the mean bus delay are the bus arrival rate and the mean bus dwell time? (Gu et al.,
2011). The joint effect of these two factors can be characterized by the product of them (in
other words, the ratio between the bus arrival rate and the service rate). This variable is
termed the “traffic intensity” or “utilization factor” in the queueing literature (Almeida and
Cruz, 2018). It plays a key role in the mean delay models of queueing systems. For exam-
ple, the well-known Pollaczek-Khintchine mean delay formula (Pollaczek, 1930; Khintchine,
1932) for the M/G/1 queue (a single-server queueing system with Poisson customer arrivals

and service times following a general distribution) is as follows:

1+ C?
2u

w=_P_ (2)
1-p

where W denotes the mean delay; p the traffic intensity; C; the coefficient of variation of

service time; and u the service rate. As another example, a commonly used mean delay ap-

proximation for the G/G/1 queue (a single-server queue with interarrival times and service

times both following general distributions), the Kingman'’s formula (Kingman, 1961), is:

p C2+(C?

W=

/ (3)

where C, denotes the coefficient of variation of interarrival time.

The critical effect that traffic intensity plays on the mean delay is intuitive: this vari-
able conveniently describes how busy a queueing system is. Specifically, for a single-server
system, the traffic intensity represents the long-run proportion of time that the server is oc-
cupied by a customer; for a c-server system with parallel servers (that do not have mutual
blockage), the traffic intensity divided by c is the average long-run proportion of time that
each server is occupied.

With the importance of traffic intensity explained, we introduce the following hypothe-
sis, upon which our simple heuristic berth allocation plan is built:

Hypothesis 1. The optimal berth allocation plan is one that distributes the total bus traffic intensity

20ther factors, like the coefficients of variation in bus headways and dwell times, have second-order effects
on bus delays (Gu et al., 2011; Gu, 2012).

10
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among the berths as evenly as possible.

This hypothesis is also consistent with intuition, since evenly distributing the traffic in-
tensity means making all the berths equally busy. This is intuitively the way to minimize
the mean bus delay. Note that as the traffic intensity assigned to a berth increases from 0 to
1, the mean delay of buses served by that berth generally grows at an increasing speed from
0 to infinity. This implies that the mean delay is convex in traffic intensity. Thus, assigning
equal traffic intensity to every berth tends to render the lowest mean bus delay.

In what follows, we show that Hypothesis 1 holds for two special cases. Both cases
assume that the stop is operating under the FO rule (i.e., a queueing system with parallel
servers). For the convenience of analysis, we also assume that the bus flow can be continu-
ously assigned to the berths regardless of bus lines. In other words, we show for two special
cases that the minimum expected delay is attained when the traffic intensity is evenly dis-
tributed among ¢ parallel servers of a queueing system. In the first case, all the servers are
assumed to have identical mean service times regardless of the allocation plan. We show for
this case that the delay-minimizing allocation plan features an even distribution of customer
(bus) arrival rate among the servers, such that the traffic intensities of all servers are equal.
In the second case, we assume that the customer arrival rate is always evenly distributed
across the servers, but under different allocation plans the mean service times of distinct
servers can be different. We show for this case that the optimal allocation plan is achieved
when all the servers have an equal mean service time (and also an equal traffic intensity).

To start, we present the following two lemmas extracted from the literature.

Lemma 1. In a G/G/1 queue, AW (A, 1) is a convex and nondecreasing function of A, where A and
u are the arrival and service rates, respectively, and W the mean delay.

For the proof of Lemma 1, please see Proposition 1 of Fridgeirsdottir and Chiu (2005).

Lemma 2. In a G/G/1 queue, the mean delay W (A, u) = W(A, %) is a convex function of the mean

service time p = %

Lemma 2 follows directly from Theorem 1 of Harel (1990).
Built upon the above lemmas, we have the following propositions regarding two special

cases of the optimal allocation plan for a queueing system with ¢ parallel servers.

Proposition 1. For a queueing system with c parallel servers where the customer flow is divided and
allocated to each specific server, denote A\V) the customer arrival rate allocated to server j and ') the
service rate of server j(j € {1,2,...,c}). I the service rates are equal, i.e., uV = u® = ... = 4 =
u, then the minimum mean delay is attained when the customer arrival rate is evenly distributed

among the servers, i.e., AD = 1@ = ... = )0,

Proof. Such a queueing system with c parallel servers acts like c identical single-server sys-
tems (G/G/1 queues) with their queues combined. Let W (A", i) be the mean delay of
customers at server j. The steady-state total delay per unit of time is }_; AU - W (A1), ).

11



369

3

A

0

371

372

3

~

3

374

3

3
o

376

377

378

379

380

381

382

383

384

385

386

From Lemma 1, we know that AW (A, i) is a convex function of A. Thus, according to the

Jensen’s inequality,

c - c c

Z§=1 A0) . W(/\(J'), n N Z,C-=1 A0 W(Z§=1 A0) )
. —,lu .

Then, we have:

c L , e AD W (AD, e AD > A0)
Z/\(]).W(/\(]),H):C, j=1 ( H)ZC. j=1 Wl 2= L

c c c

A0)
_ZAU) W( — ,u)

The above inequality indicates that by evenly distributing the customer flow among the

=1

)
=), the mean delay would

servers (such that each server is allocated a customer flow of

decrease or remain unchanged. m|

Proposition 2. For a queueing system with c parallel servers where the customer flow is divided
and allocated to each specific server, if the customer flows allocated to all the servers are equal, i.e.,
AW =A@ = ... = A©) = A, then the minimum mean delay is attained when the allocation ensures
that u® = 4@ = ... = 4,

Proof. Let W (A, u')) = W(/\ ﬁ(f)) be the mean delay of customers at server j, where V) =

ﬁ is the mean service time at server j. The steady-state total delay per unit of time,

A W(/\ 50 ) satisfies:

Cc _ 1 1 C _ 1 1 i .

]:

The inequality follows from the Jensen’s inequality, which holds true due to the convex-
ity of W in mean service time (see Lemma 2). Note that the last term indicates the total delay
per unit of time when the customer traffic is distributed in a way that each server has the
same mean service rate, u) = u® = ... =yl = , and the same traffic intensity,

15,:1 )\.ﬁ(i)

- . Hence, by ensuring that all the servers have equal mean service times, the mean

delay would decrease or remain unchanged. m]

Propositions 1 and 2 reveal that, when the optimal berth allocation plan is achieved, the
traffic intensity should be evenly distributed among the berths, or as much so as possible.
Note that this is true irrespective of the exact distributions of bus headways and dwell times. The
limitation here is that the conclusion only applies to the two special cases, i.e., where u(/) is

a constant across the berths and where AV is a constant across the berths. Proving it for the
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general case (i.e., where both u') and A1) take distinct values across the berths) is difficult,
and we do not intend to pursue it in this paper. Nevertheless, it is worth testing whether
evenly distributing the traffic intensity can help us quickly find good (if not optimal) berth
allocation plans.

Although the above discussion is mainly about FO stops where berths can be treated as
parallel servers, we will apply Hypothesis 1 to NO and LO stops as well. Specifically, we
will test the idea that a good allocation plan would yield roughly equal traffic loads assigned
to each berth, even if the mutual bus blockages under the NO and LO rules are considered.
We next present a simple method to find a heuristic plan that distributes the traffic intensity

as evenly as possible.

3.2 A simple heuristic

We denote the traffic intensity of line by p; = %, and the total traffic intensity by p = Zlel pl.
Define a continuous vector P = (P4, ..., P}, ..., P;) wherein element P; denotes the traffic
intensity assigned to berth j € {1,2,...,c}. We have 0 < P; < p and ch':l P; = p. Thus,
P lies on a simplex, denoted by Q. Define g(P) the berth allocation plan that matches with
P most closely. The g(P) can be found by solving the following minimization problem:

2
,PeQ. (4)

C

L
g(P) = argminz (Z qf);pz - P;
I=1

e o

The above integer quadratic program can be solved efficiently by standard optimization
solvers like Gurobi. For example, when ¢ = 4 and L = 15, solving (4) by Gurobi takes less
than 10 seconds. When there are multiple optima, we will choose the one with the minimum
mean bus delay (note that this requires calling the surrogate model a few times).

The simple heuristic allocation plan, denoted by 4), can be obtained by solving (4) for
P = (%, ., %), ie., (f) =g (%, o, %) We will see in Section 4 that this is a good heuristic
under a wide range of operating conditions. Moreover, it uses only each bus line’s traffic
intensity derived from the line-specific arrival rate and mean dwell time, while the detailed
distributions of bus headways and dwell times are not needed. Also, it does not need a
time-consuming surrogate model for evaluating the candidate plans (unless multiple optima
exist). These merits render this heuristic considerably faster than Tan’s algorithm or any
similar ones that rely on detailed data of bus operations and simulation tools. The heuristic
can be readily applied to a variety of stops with different bus overtaking rules and nearby
signal settings.

When the simple heuristic is not satisfactory enough, the following search algorithm can
be used to find better solutions, which is built upon the simple heuristic.
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3.3 A cluster-based nested partition (CNP) algorithm

The algorithm is a modified version of the nested partitions (NP) method proposed by Shi
and Olafsson (2000). The NP method assumes that certain parts of the solution space are
more likely to contain the global optima and thus deserve more search efforts. It partitions
the solution space into subspaces in a nested manner and concentrates search efforts on
promising subspaces, which are identified by considering both the global and local search
perspectives. The NP method was shown to converge to a global optimum with probability
one in finite time.

The NP method is very suitable for the simulation-based optimization of berth allocation
problem, because simulation-based optimization often lacks a structure that can be utilized
to identify the optimal solution. Moreover, due to the key role played by the traffic intensity
in queueing systems’ performance, we believe that some values of the traffic intensity vector
P have higher chances to be associated with optimal or near-optimal allocation plans. Thus,
instead of partitioning the solution space ®, we choose to partition the continuous space of
P,i.e., Q.3 Partitioning the continuous space Q is simpler than partitioning the discrete set @,

and it allows us to start the search from the simple heuristic described in Section 3.2, which is
p

£,...,£). Using the simple heuristic as the initial solution can further

associated with P = (
reduce the search effort greatly (as we shall see momentarily). Section 3.3.1 introduces the

partitioning of Q) in a nested manner. Section 3.3.2 presents the detailed algorithm.

3.3.1 Partitioning of the solution space

Region Q) is a simplex with ¢ vertices (e.g., (0,...,0,p,0,...,0) is a vertex). We first specify
Q) as the parent region, indexed by 0. The parent region is divided into ¢ child subregions.
Each subregion is a simplex constructed by replacing one of the original ¢ vertices with the
centroid of the parent region4 (i.e., (%, e, %)). Fig. 3 illustrates a case with ¢ = 3;i.e, Pisa
three-dimensional vector and the parent region 0 is a triangle. Using the centroid and any
two of the three vertices of the triangle, three triangular subregions are created that partition
the original triangle. These three child subregions are numbered 1, 2, and 3, and the partition
is termed the depth-1 partition.

Each subregion in the depth-1 partition then becomes a parent region and is further par-
titioned into ¢ child subregions using the same method. This partition is termed the depth-2
partition, which eventually divides the original simplex into ¢? subregions; see Fig. 3. The

partitioning process continues until it reaches a maximum depth of 0. This nested structure

3To put it differently, we cluster the berth allocation plans by the traffic intensity vector P. This is why our
algorithm is termed the cluster-based NP algorithm.

“We chose this partitioning method due to the simplicity of implementation. There are multiple partitioning
methods and the number of child regions generated from a parent region is not necessarily equal to c¢. For
instance, when ¢ = 3, a parent region can be divided into four child regions by connecting the midpoints
of all its edges. We tested this alternative partitioning method numerically and found that the results were
comparable to those obtained using the method presented in the paper.
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Figure 3: Region partition with ¢ = 3.

can be implemented in a tree data structure with 0 being the maximum tree depth.

3.3.2 The CNP algorithm

The basic idea of this algorithm is that more searching efforts should be directed to the
subregions holding greater chances to contain P’s that are associated with optimal or near-
optimal allocation plans. To avoid being trapped in a local minimum, we determine whether
a subregion is promising or not by comparing the allocation plans randomly sampled from
this subregion and its sibling regions on the same depth level.

Following the idea described in Section 3.1, the algorithm starts by specifying that the
most promising subregion is the one located at the maximum (0-th) depth level that contains

P = (%, ceey %)5 At each iteration, it performs the following manipulations:

1. If the most promising subregion, i € {0,1,2, ...}, is at the maximum depth level, uni-
formly sample N points from this subregion. Find N berth allocation plans by solving
(4) for the N sample points. Evaluate the mean bus delay for each plan and calcu-
late the score of subregion i as the mean of the N mean bus delays. Next, merge all
the other subregions at the maximum depth into a larger region, uniformly sample N
points from this region, and calculate the score of this region. This score is used as
a “global benchmark”. If the score of subregion i is lower than the benchmark score,
keep subregion i as the most promising one. Otherwise, set the parent region of sub-

region i as the most promising subregion and go to the next iteration.

2. If the most promising subregion i is not located at the maximum depth level, calculate
the scores of its ¢ child regions. Also, merge the sibling subregions of subregion i into

SSince this point is a vertex shared by multiple subregions, randomly select one of those subregions to start.
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a larger region and calculate its score as the global benchmark. If the lowest score
of the ¢ child regions is lower than the global benchmark, set the lowest-score child
region as the most promising subregion. Otherwise, set the most promising subregion
to the parent region of subregion i if the current depth level is greater than 1, and to a
randomly selected sibling of subregion i if the current depth level is 1. Then go to the

next iteration.

During the iteration process, the algorithm records the mean bus delays of all the alloca-

tion plans assessed. The plan with the minimum mean bus delay is returned when the algo-

rithm ends after a maximum number of allocation plans have been assessed. Pseudocode of

the algorithm is relegated to Appendix D.

Compared to Tan’s algorithm, our CNP algorithm has four advantages.

(i)

(iii)

(iv)

By using the berth-specific traffic intensities instead of the bus flow ratio as the indi-
cator for partitioning, the CNP algorithm can more effectively cluster the promising
allocation plans into one subregion. Recall the limitation of using the bus flow ratio as

the indicator for partitioning (see Section 1.1).

p

z,...,%) and us-

By starting the search from the smallest subregion containing P = (
ing the simple heuristic as the initial solution, the CNP algorithm avoids sampling
the whole ®@. This significantly reduces the number of plans assessed to find a good

solution.

In the CNP algorithm, the most promising subregion that deserves more searching ef-
forts is dynamically selected by comparing the local search results and a global bench-
mark. Hence, it is less likely to be trapped in a local minimum. Note that in Tan’s
algorithm, once the most promising region is identified by evaluating a limited num-
ber of sampled plans, all the search efforts will be directed to this region, ignoring the
global point of view.

The CNP algorithm can be easily applied to stops with more than two berths while the
current form of Tan’s algorithm is applicable to 2-berth stops only.

4 Numerical Analysis

Section 4.1 compares the performance of our simple heuristic and the CNP algorithm with

Tan’s algorithm for 2- and 3-berth stops. Section 4.2 presents a case study of a real-world

4-berth stop. Sensitivity analyses results to key parameters are presented in Section 4.3.

Finally, Section 4.4 shows the added bus delays under the optimal berth-allocating strategy

as compared against the berth-sharing strategy.
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4.1 Comparisons against Tan’s algorithm
411 c=2

First, consider a 2-berth stop with L = 12 bus lines. For this case, the global optimal al-
location plan can be developed by enumeration.® Thus, we can obtain and compare the
optimality gaps of solutions found by the simple heuristic, CNP, and Tan’s algorithm. We
set the total bus arrival rate to 135 buses/hour and the mean dwell time of the 12 lines
combined to 25 seconds. We then use the Dirichlet distribution to randomly generate bus
arrival rates and mean dwell times for each line. The coefficients of variation, C. and C!
(VI e{1,2,...,L}), are set to 0.6 (St. Jacques and Levinson, 1997). Two example sets of line-
specific bus arrival rates and mean dwell times are shown in Table 1. For near- and far-side
stops, weset d =3, C =120s, and G = 60s.

For our CNP algorithm, we use N = 5and 0 = 47 And for Tan’s algorithm, we use
the same parameter values as in their paper: M = 24 and r = 0.05, where M is the number
of subsets the solution space is partitioned into, and r each subset’s radius of the bus flow
ratio (see Appendix C for more details on how these parameters are used in the algorithm).
Five randomly selected plans from each subset are assessed and compared to find the most

promising subset.

Table 1: Line-specific bus arrival rates and mean dwell times for ¢ =2 and L = 12.

Line No.
Set Parameter 1 2 3 4 5 6 7 8 9 10 11 12
0,1 A;(buses/hr) 204 163 7.1 105 181 58 225 6.1 9.0 78 43 7.1
0 % (seconds) 224 25.1 252 26.0 27.1 24.0 23.8 25.8 252 243 26.1 25.0

1 i(seconds) 14.8 252 255 294 347 206 19.6 283 25.6 219 29.8 246

The results are similar when other sets of bus line data are used. For brevity, we only
show the results of the two parameter sets displayed in Table 1. Readers are referred to the
online repository (https://github.com/Minyu-Shen/bus_berth_allocation) for
more results derived from other parameter sets. Specifically, Figs. 4a-i plot the performance
of the simple heuristic, the CNP algorithm, and Tan’s algorithm at mid-block, near-, and
far-side stops under NO, LO, and FO rules, respectively. In each figure, the ratio between
the minimum mean bus delay obtained by each method and the global minimum of mean
bus delay is plotted against the number of berth allocation plans assessed. This ratio reflects
the optimality gap. Bold and light curves are for the proposed CNP and Tan’s algorithms,
respectively. The solid and dotted curves are drawn under the two sets of line-specific pa-
rameter values, respectively. The performance of the simple heuristic is marked by black

diamonds.

®It is nevertheless computationally demanding. We completed this task via parallel computing.
7Our parametric tests showed that the general performance of the CNP algorithm was fairly insensitive to
these parameter values.
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Figs. 4a-c display the results of the three types of stops (mid-block, near-, and far-side)

35 under the NO rule. The figures show that the simple heuristic plan (which can be obtained

sss within 10 seconds) produced a mean bus delay that is only less than 6% higher than the
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Figure 4: Performance assessments of the simple heuristic, the CNP algorithm and Tan’s algorithm
withc =2and L = 12.

global minimum. Given this, it is unsurprising that further improvement by the CNP algo-
rithm is moderate. In contrast, Tan’s algorithm needed to assess 30-40 plans (taking about
3 hours) to attain a similar performance.® This finding verifies that evenly distributing the
traffic intensity among berths yields near-optimal allocation plans for NO stops. In addition, the
proximity to signal has a small impact on the performance of these allocation methods.
Figs. 4d-f tell a different story for stops under the LO rule. First, the optimality gap of the
simple heuristic became much larger (17% for mid-block and near-side stops) for bus-line
set 1. Fortunately, the CNP algorithm could bring this gap down to below 5% after assessing 10

8Normally, Tan’s algorithm needs to sample and evaluate all M = 24 subsets before identifying the most
promising one for local search. This means at least 24 X 5 = 120 plans need to be assessed (taking about
10 hours) before a solution can be produced by the algorithm. Here we assume that the M subsets were
evaluated in the ascending order of the bus flow ratio. The best plans recorded during the course of search
were extracted to be compared with our methods. Thus, Fig. 4 underestimates the number of plans assessed
by Tan’s algorithm.
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plans, costing less than one hour. On the other hand, Tan’s algorithm still took 30-40 plans’
assessment to attain a similar optimality gap. The stop’s proximity to nearby signals again
has no significant effect on these methods’ performance.

Finally, it is not surprising to see that the simple heuristic had the best performance for stops
under the FO rule , as compared to the other two queueing rules. The optimality gaps of the
simple heuristic under the FO rule remain below 4% (as illustrated in Figs. 4g-i), while they
generally exceed 4% under the NO rule (Figs. 4a-c) and reach up to 16% under the LO rule
(Figs. 4d-f.) This is because there is no mutual blockage between buses dwelling in the two
berths under the FO rule. Tan’s algorithm again needed to assess around 30 plans to find an
allocation plan of similar quality.

412 c¢c=3

We use the bus line parameter sets defined in Section 4.1.1 and increase the total bus arrival
rate to 155 buses/hour to keep a 3-berth stop busy. For each line parameter set in Table 1, all
the A;’s are increased proportionally.

The original partitioning method of Tan et al. (2014) based on the ratio between the two
berths’ assigned bus flows cannot be applied to stops with more than two berths. For com-
parison, we modified Tan’s algorithm by employing a more general partitioning method,
which is built upon the idea described in Section 3.3.1. The measure used for partitioning
still consists of bus flows assigned to different berths. The modified Tan’s algorithm is also
presented in Appendix C. The same number of depth levels, 0, is used in both the CNP
algorithm and the modified Tan’s algorithm.

Fig. 5 plots the performance of these methods against the number of plans assessed.
Note that the performance metric (i.e., the vertical axis variable) of Fig. 5 is different from
that of Fig. 4. This is because for 3-berth stops, the global optimum cannot be obtained
via enumeration due to the very large solution space. Hence, we plot the gap between
the minimum mean delays attained by the modified Tan’s and CNP algorithms during the
search processes. A positive gap means the CNP algorithm produced a lower mean delay.
Four mid-block stop scenarios were analyzed with two queueing rules, NO and LO, and the
two bus line sets. (Performance under the FO rule is omitted here since it is similar to that
under the NO rule.) Note that the left end of a curve in Fig. 5 indicates the advantage of the
simple heuristic over the modified Tan’s algorithm, since the CNP algorithm starts with the
simple heuristic.

The figure shows that the simple heuristic and the CNP algorithm outperformed the
modified Tan’s algorithm by a large margin (i.e., with a delay saving up to 20 min) when
no more than 60 plans were assessed for NO stops. The gap is much smaller (but still sig-
nificant) for LO stops. For both stop types, the modified Tan’s algorithm achieved a similar
solution quality as our CNP algorithm only after assessing 70 plans (taking about 6 hours)
or more. Comparing this and the results in Section 4.1.1 implies that the computational

advantage of our methods becomes greater as the solution space grows.
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Figure 5: Gap between the minimum mean delays attained by the modified Tan’s algorithm and the
CNP algorithm for 3-berth mid-block stops.

4.2 A real-world case study

The Cross-Harbour Tunnel (CHT) northbound stop in Hong Kong, is examined in this sec-
tion. This stop connects to one of the most congested roads in Hong Kong and the world,
the Cross-Harbour Tunnel, and is thus among the busiest bus stops in Hong Kong. The stop
consists of two substops; see Fig. 6 for the illustration. The downstream one contains two
berths and the upstream one contains four. In this case study, we will focus on the upstream
substop because the impacts of the downstream substop on the upstream one is marginal.’
The bus arrival rates and mean dwell times of the 12 bus lines served by the upstream sub-
stop are presented in Table 2. They were extracted from the videos taken in the evening
peak period on October 25th, 2017. Since our data set size is too small to estimate C} and C!
accurately for all the bus lines, we generated those coefficients of variation randomly from
a uniform distribution spanning [0.4, 0.8] (St. Jacques and Levinson, 1997). Bus operations
in the substop follow the LO rule. A traffic signal is located 60m (i.e., d = 5) downstream of
the substop with cycle length C = 130 s and green period G = 60s.

Table 2: Line-specific bus arrival rates and mean dwell times for the CHT substop.

Line No. 101 103 106 107 108 109 111 113 115 116 170 182
A (buses/hr) 16.0 2.7 93 93 40 40 93 27 53 120 4.0 40

ﬁ—l(seconds) 38.7 52.0 38.7 67.0 53.7 59.7 25.1 46.0 31.2 53.1 233 26.3

Fig. 7 plots the minimum mean bus delay attained by the simple heuristic as the dia-

mond marker, and that by the CNP algorithm against the number of plans assessed as the

9This is due to three reasons. First, the two substops are separated by a sufficient distance. Second, there is
an adjacent passing lane; see Fig. 6. And last, the bus flow bounded for the downstream substop is small.
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Figure 6: The CHT northbound stop in Hong Kong (background extracted from Google Map).

solid curve. To demonstrate the quality of our heuristic solutions, we randomly sampled
1000 allocation plans from the solution space. (Comparison against Tan’s and modified
Tan’s algorithms is omitted here for simplicity, since the advantage of our methods over
those algorithms have been exemplified in Section 4.1.) Their mean bus delays are plotted
in ascending order as the dotted curve in Fig. 7 (i.e., the left end of this curve represents the
lowest mean bus delay of the 1000 plans, followed by the second lowest, the third lowest,
and so on). A little surprisingly, all 1000 allocation plans are worse than the simple heuristic.
This is partly due to the extremely large solution space (4! = 16,777, 216). Still, the compar-
ison manifests how good our simple heuristic is. Owing to the excellent performance of the
simple heuristic, the CNP algorithm could only find a slightly better solution after assessing

160 plans during the searching process.

4.3 Sensitivity analyses

We verified that the performance of our simple heuristic and CNP algorithm is robust when
the bus dwell time distribution, the total traffic intensity, and the headway distribution
change. In the interest of brevity, this section only presents the sensitivity analyses results
for varying dwell time distributions.

Figs. 8a and b show the optimality gap of our methods against the number of plans
assessed for 2-berth, mid-block stops under the NO and LO rules, respectively. (FO stops
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Figure 7: Performance of the simple heuristic and the CNP algorithm at the CHT stop.

are omitted for simplicity since the results are similar to those of NO stops.) Log-normal
and gamma distributions of dwell times with various coefficients of variation were tested.
(More parameter values were tested than those shown in the figures, and those tests yielded
similar results.) The bus line set 1 in Table 1 was used. Other parameter values are the
same as in Section 4.1.1. Results show that the simple heuristic performs consistently well
for NO stops. For LO stops, although the simple heuristic’s performance varies moderately,
the CNP algorithm can always bring the optimality gap down to 3% or less within 11 plans
searched. Generally speaking, the performance of our methods is robust for various dwell

time distributions.
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Figure 8: Sensitivity of the simple heuristic and the CNP algorithm to the dwell time distribution for
2-berth, mid-block stops.
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4.4 Comparisons against the berth-sharing strategy

One may also be interested in to what degree the berth-allocating strategy would increase
the bus delay compared to the berth-sharing strategy. Fig. 9 plots the mean bus delays under
the berth-sharing strategy and the optimal berth allocation plan for 2-berth stops with three
overtaking rules and three types of proximities to nearby signals. The data of line set 1 in
Table 1 were used. Other parameter values are the same as in Section 4.1.1. Percentages of
delay increase when converting stops from berth-sharing to berth-allocating are marked for

a clear comparison.

8.9 Delay of the berth-sharing strategy
Additional delay created by the berth-allocating
2.5 1 - strategy with optimal allocation plan
63.1%
<—— Percentage delay increase by berth allocation

20 58.4%
g 51.0%
£ 90.1%
B
=
T 154 35.3%
2 74.8% 34.6%
Q
)
50
£
E 1.0 A 5i/0

0.5 1

0.0

NOrule NOrule NOrule LOrule LOrule LOrule FOrule FOrule FO rule
mid-block near-side far-side mid-block near-side far-side mid-block near-side far-side

Figure 9: Comparison between the optimal berth allocation plan and the berth-sharing strategy for
2-berth stops.

The figure shows that NO stops exhibit the greatest percentages of delay increase by al-
locating berths to bus lines. This is because under the NO rule a dwelling bus will block
all downstream berths. (Consider an extreme example where a bus entering an empty stop
is assigned to the upstream-most berth, and no following bus can enter any vacant berth
downstream before that bus completes its service.) Hence, the berth-allocating strategy in-
curs a great waste of available berths at NO stops. On the other hand, FO stops have the
lowest percentages of delay increase. This is because a bus can freely enter and leave the
assigned berth without being blocked by other dwelling buses. These findings imply that
berth allocation is less damaging for stops allowing overtaking maneuvers.

We further find that berth allocation is less damaging for near- and far-side stops. This
can also be explained. A near- or far-side stop has a lower capacity than its mid-block coun-
terpart because the stop’s capacity is wasted during red periods after the buffer is filled (for

24



647

648

649

650

651

652

653

655

656

657

658

659

660

661

662

663

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

6

*

682

683

684

near-side stops) or emptied (for far-side stops); see Shen et al. (2019) for a detailed explana-
tion of this issue. Under the berth-allocating strategy, a stop’s bus discharge flow is lower,
which means the buffer would take longer to be filled (for near-side stops) or emptied (for
far-side stops) in a red period. In other words, the red periods are better utilized under the
berth-allocating strategy. Thus, the percentage delay increase is smaller compared to the
mid-block case.

5 Conclusions

The major contributions of this paper is the development of two heuristic methods of the
berth allocation optimization problem: the simple heuristic and the CNP algorithm. The
former finds a near-optimal allocation plan by distributing the total traffic intensity among
a stop’s berths as evenly as possible. The latter builds upon the simple heuristic to further
improve the solution quality via searching in the solution space partitioned in a nested man-
ner. Both methods can be applied to stops under various queueing rules, with two or more
berths, and different proximities to traffic signals.

For NO and FO stops, the simple heuristic method can generate a berth allocation plan
that is less than 6% worse than a global optimum (in terms of the mean bus delay) within a
few seconds. In contrast, a previous method took several hours to obtain a plan of similar
quality. The simple heuristic is easy to implement in reality due to its parsimonious nature
and negligible computational cost. Recall that it only requires the line-specific bus arrival
rates, which can be acquired from the local transit agency, and mean dwell times, which can
be computed using passenger demand data. Moreover, it does not rely on a computationally
expensive surrogate model.

When the simple heuristic is not good enough (especially for LO stops), the CNP algo-
rithm can bring down the optimality gap to within 3% in less than one hour (see again the
bold curves in Figs. 4d-f). The good computational efficiency is mainly due to three reasons.
First, the algorithm uses berth-specific traffic intensities to cluster the allocation plans, ef-
fectively grouping the near-optimal plans into one or a few subspaces of the solution space.
Second, the algorithm balances the tradeoff between exploration and exploitation in the
searching process by dynamically selecting the most promising subregion. And lastly, the
simple heuristic serves as a very good initial solution. When the real-world input data (e.g.,
C! and C!) has estimation errors, one can execute the algorithm repeatedly with varying
parameter values to obtain a robust allocation plan.

Admittedly, our work has overlooked or simplified some features of real-world bus stop
operations. They are briefly discussed as follows:

(i) We did not model the effect of passenger queues on bus dwell times. A notable conse-
quence of this effect is the positive correlation between bus headways and dwell times
(Newell and Potts, 1964; Daganzo, 2009). Typically, a bus’s dwell time on a given line
is modeled as its headway multiplied by a line-specific constant, which is the prod-
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uct of passenger arrival rate and unit boarding time per passenger (Daganzo, 2009;
Xuan et al., 2011). Consequently, the bus line’s traffic intensity (the product of bus
flow and mean dwell time) is essentially equal to this line-specific constant. Therefore,
our simple heuristic of evenly distributing traffic intensity among berths is equivalent
to assigning equal passenger loads to each berth, which intuitively minimizes queues
and delays. We modified the surrogate model to account for this linear correlation
and found similar results, indicating the effectiveness of our heuristic methods. De-
tailed results are omitted for brevity but are available in the online repository (https:
//github.com/Minyu—-Shen/bus_berth_allocation) for interested readers.

(ii) Furthermore, passenger queues may be influenced by random passenger arrivals, bus
capacity, and the presence of passengers who can choose buses on multiple lines, re-
ferred to as “common-line passengers” (Schmocker et al., 2016). Our model does not
account for these operational factors. In particular, considering common-line passen-
gers would result in intercorrelation between bus dwell times on different lines shar-
ing these passengers. These factors can be incorporated by modifying the surrogate
model. Alternatively, bus lines with a significant number of common-line passengers
can be allocated to the same berth, a common practice to facilitate their boarding. A
new component can be added to the objective function in Equation (4) to represent

how well those common lines are grouped.

(iii) Our study does not account for interactions between buses and general traffic. In prac-
tice, buses discharging from near-side stops may compete with right-turning car traffic
for buffer space. To address this, we can calibrate the arrival process of right-turning
vehicles using field data and incorporate it into our surrogate model. This resembles
having a smaller buffer space when excluding right-turning traffic, implying our meth-
ods may still be effective. Another real-world scenario involves bus bay stops where
exiting buses must wait for a sufficient gap in general traffic to merge back into travel
lanes. This issue can be addressed by integrating a gap-acceptance model into the

surrogate model.

Real-world bus stops exhibit various operating features, such as segregation from
general traffic, curbside or central-island locations, bus bays, and mixed fleets of reg-
ular and articulated buses (Kittelson & Associates, Inc., 2013; Hu et al., 2023). Most of
these features can be accommodated by adjusting the surrogate model and calibrating
it with real data. Nevertheless, comprehensive testing for all bus stop types is beyond

this paper’s scope and will be explored in future work.

A more interesting research direction is to examine the dynamic berth allocation problem
where an arriving bus can be assigned to a specific berth several minutes ahead of its arrival.
The passengers waiting at the stop will then be notified and have enough time to walk to
the appropriate waiting place. Dynamic berth allocation requires more accurate estimates of
bus arrival and dwell times, which can be obtained using existing probabilistic and machine
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learning methods (e.g., Yu et al,, 2011; Bian et al., 2015; Achar et al., 2022). We expect that
this dynamic allocation strategy can significantly improve a stop’s bus-carrying capacity

and reduce bus delays. The work in this regard is being pursued.
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Table A.1: List of notations

Notation Description

c Number of berths

C Cycle length

C! Coefficient of variation in bus headways of line [

C! Coefficient of variation in bus dwell times of line I

d Number of buffer spaces

f ® - R*, a funtion that returns the steady-state mean bus delay given an allo-
cation plan

g(P) The berth allocation plan that matches with P most closely.

G Effective green period

L Number of bus lines

Al Bus arrival rate of line [

M Number of subsets in Tan’s algorithm

i Mean of bus dwell time of line /

N Number of sampling points for evaluating a subregion in the CNP algorithm

Q A simplex {P |0 < P; < p, ch.zl P; = p}

P A continuous decision vector of (Py, ..., Pj, ..., P;)

P; Traffic intensity assigned to berth j € {1,2,...,c}

¢ ; A binary decision variable indicating whether line / is allocated to berth j

¢ A binary vector whose entries are q);.’s (le{1,2,...,L},j€{1,2,...,c}), rep-
resenting one line-to-berth allocation plan in ®

¢ The simple heuristic allocation plan

¢ Optimal allocation plan that minimizes the mean bus delay

D The solution space that includes all the line-to-berth allocation plans

r Radius of a subset in Tan’s algorithm

p1 Traffic intensity of line /

p Total traffic intensity, p = Zlel Pl

0 Maximum depth of a partition of Q

Appendix B Simulation flowchart

Fig. B.1 presents the flowchart of the logic performed at each time step, which checks if buses

can move towards the next position (either in the passing lane, the berths, or the buffer).

Whenever a bus starts moving, it will advance until reaching the next stopping position.

Bus motions are consistent with the simplified kinematic wave theory (Newell, 1993)

given the buses” move-up speed and backward wave speed.

28



'sdoys apis-1eau 105 werdoxd uoryenuwis sy} Jo EYIMO[] :1'g 93]

()

sax4

¢popuL
doof-103 oy seyy

A

soeds 1aynq yi-(T + /)
Ay oyur Suraow 31eI§

em&p

ZBuraow 31 ur snq Y.
ST 10 ‘guedea adeds
NG (1 +/) ol s

SIK.

e

ﬂ :ozuwmuﬁﬁwﬁ
| onur Suraowr yreig

‘7@>

ASOX

ON

aoeds 1apnq

y-{pc1} >/
S} UT snq yoes 10

jreisg

corqerreae
Soeds weansdn-3sor
S, I9JJnq 3y} S

AON

19nq 3y}
03 Suraow

e -

—- g

3Mpow Jdjng pue [eudig :

IXH u

soxf

SRS
door-103 a3 sey

ON

JTeM ‘9SIMIDYIO
‘Buraow 1138 ‘T[90
W-(1 + /) our 03
2A0W ued snq 3y} JI

yaaq yi-(1 + /) s
ojur Sunye}IaA0 31eIg

7@>

;Suraow
jou ypaq yi-/ ayp ur
snq 9y} pue s[qe[rese
Nq Y-(1 +/) @

Asax

AB-(1 + /) o maidg

ON 931e) S,5Nq AU

192 W-(T + /) 3y 03
9AO0W Ued T JT YO3YD)

ﬁmm%

{PaAIaS
99 snq ay} Sef;

e y-{2" 1} > /
S} UI shq yoes 10

aMmpou duey ursse

)

X u

soxf

oum dn-saowr pue
UoTORAI J3S pue

auey Surssed ayy jo
1122 W-(1 + /) o
0} Suraow jre3g

mm%ﬁ

;Suraow
1 UT Snq a3 ST 10
“uredea 110 yi-(T + /)

ON

o SupyeraA0
MO[[e NI
SBurenanb sy sa0(

stoﬂuxo:mﬁ
0} Suraow 31e)g

Af spremoy Suraoy
ouey urssed ayy ur
Snq ou pue J[qe[ieAe

Sax

1

RS
door-103 a3 sefy

awm dn-aaow pue

UOT}OLI 9)e[Nd[ed
U313q XU 9y}
0} Suraow 31e)g

m&;

23 SpIeMmO]
Guraowr suey
Surssed ur snq
ou pue J[qe[reAe

2

- ﬁ PoAISS 2q 03

snq sy} 195

ul

m&é

;0 = dwII} IAIIS
Sururewar ayy S|

|

3v £q seseardep awmy
9DIAIIS Jururewrar ay ],

m&ﬁﬁ

;UpIeq paudisse
3y} ur snq ayj S|

‘)

poaes Apearry |

p1aq |-{

A} U snq yoes I0,

104 PaAIas JON

241} 3)

3[Mpouwt y11ag

Xy QA|

12> weansdn-jsour s,auey Sur
-ssed oy} 03 Suraowr sjreys
snq peay s,ananb Anus ayL,

m&;

ARG e
[1e> weansdn-jsowr
s,auef Jurssed
Y} pue juedeA
9q paudisse a

YRq
weansdn-jsour ayy
119q paudisse ay S

7w>

SUI-3UIYe}I9A0
MOJ[e 3[NI
Surenanb ayj sao(

:tomgmobmm:.«moﬁ
Yy 03 uraowr syreis

Sax

ON

w:m:vkbcwwﬂ
ur snq peay ay[,

7w>

z8uraour st 31 Ut SNq
9y} IO JuedeA Ypaq
eansdn-jsouwr 8y s

snanb Axjus ojur

1.

Kepap

le—
snq ueaw ndinQo

{porrod uonemur
7 wn} JUSLIND §

0\

uepd uonedo[[e uoArd

e 19d se syp1aq 181e)
,S9SNq SUTWIdP
‘doys o je sowny

[BALLIE SNq 9)RISUD)

(Aue J1) sasnq
POALLIE MAU ISJUY

ampou 3urenang)

29



«» Appendix C Pseudocodes of Tan’s algorithm and modified

s Tan’s algorithm

744 The original algorithm proposed in Tan et al. (2014) is only applicable to 2-berth stops. It
s first partitions the whole solution set into M subsets with a radius of r based on the ratio
16 between bus flows assigned to the two berths. For each subset, it samples five allocation
747 plans and evaluates their performance via simulation. The average performance (e.g., the
7s mean bus delay) is taken across the five plans to represent the subset. The subset with the
149 best average performance is selected as the most promising subset. All the searching efforts
750 thereafter are spent in the most promising subset. Pseudocode of the algorithm is presented
751 as follows.

Algorithm 1: Tan’s algorithm for two-berth stops

1 Divide the total solution space ® into M subsets by the following loop:
2 for each possible plan ¢ € O do

3 Calculate the berth arrival ratio R(¢) = ZZLL A)l\ , where 1, .., a are the bus lines
I=a+1 "M
allocated to the downstream berth, and a +11, ..., L are the lines allocated to
the upstream berth.
4 Assign ¢ to the subset ®(8) = {¢ : |R(¢p) — B| < r}, where B is the center and r

is the radius of the subset. g € {r,3r,5r,...,(2M — 1)r}. The few plans whose
R(¢p) are above 2Mr are merged into the last subset.

s for all M subsets do
6 | Randomly sample five plans and evaluate their performance by simulation.
Calculate the average performance of the five plans to represent the subset.

7 Select the subset with the best performance as the most promising subset. Denote ¢*
as the best plan searched in Steps 5-6.
8 while true do

9 | Sample five plans from the most promising subset and choose the best plan,
denoted by ¢'.

10 | if ¢’ is better than ¢* then

11 | ¢ =9

12 | else

13 L break

14 return ¢”

752 We also modified Tan’s algorithm to make it suitable for stops with more than 2 berths.
73 Pseudocode of the modified Tan’s algorithm is presented in Algorithm 2.
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Algorithm 2: Modified Tan’s algorithm for stops with ¢ > 2 berths

1 Define a continuous vector Q = {Q1, Q2, ..., Qc} where Q;(j = 1,2,..., c) is the total
bus flow allocated to berth j. The space of all Q is a simplex with c vertices (e.g.,
0,...,0, 21eL A1, 0, ..., 0) is a vertex). Partition the simplex in a nested manner
using the method in Section 3.3.1. In the obtained nested structure, denote W as the
set containing all the subregions located at the maximum (0-th) depth level.

2 fora subregion i € ¥ do

3 L Randomly sample five points from the subregion i and find the closest berth

allocation plans by solving (4). Evaluate the five allocation plans by simulation
and calculate the average bus delay to represent the subregion.

'

Select the subregion with the best average bus delay as the most promising
subregion. Denote ¢ as the best plan searched in Steps 2-3.

5 while true do

6 | Randomly sample five points from the most promising subregion and find the

closest berth allocation plans by solving (4). Evaluate the five allocation plans

and choose the best plan, denoted by ¢".

7 | if ¢’ is better than ¢* then

8 L o =’
9 else
10 L break

11 return ¢*

. Appendix D Pseudocode of the CNP algorithm

7

o

75 The following notations are used in the algorithm:
756 d(mt) — Depth of a subregion 7;

757 E(k) — Set of subregions that need to be investigated at iteration k;

7568 f(¢}) — Minimum average bus delay found at iteration k for allocation plan and ¢ ;

759 Q(m) — Score of a subregion 7;

760 7ty — The most promising subregion at iteration k;

761 [T — Set of all the subregions given a depth-d partition, {nf, ng e, nldn d|}, where the

7!

[}

2 cardinality ITT¢| = ¢4;

7 s(mt) — Parent region of subregion 7.

(o2}
@
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Algorithm 3: Cluster-based nested partition algorithm

1 Set 77_, as the subregion located at maximum depth 6 that contains .

2 (@) < f(P).
3 Set the maximum number of allocation plans to be assessed, B.
a for iteration k do

5 | if d(ri}) # O then
6 Obtain 73’s ¢ child subregions: 7} (1), 75(2), ..., 7} (r), ...7; (c) and add them
into E(k).
7 | else
8 | Add r} into E(k).
9 | Merge all the subregions in the same depth, Hd(”;)\rc’,:, into a “big” subregion
and add it into E(k).
10 for each subregion e € E(k) do
1 Uniformly sample N points, P®!, P¢2,... P¢", .. PN,
12 for each sampled point P¢"* do
13 Find the closest berth allocation plan ¢$" via solving (4), and get the
average bus delay via simulation f(¢3");
1 (@) & min(F($3™), £(L)).
15 B« B-1.
16 if B == 0 then
17 | stop; return the optimal plan ¢;.
18 Estimate the score of each subregion e via:
w || Qo) =X, f(@")/N.
20 | f(Piq) — f(Py)
2 | ifargmin, g Q(e) is the merged subregion then
22 |, = s(mp).
23 else
24 t T, = argmin,p ) Q(e).
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