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1 Introduction

This research has been strongly motivated by two significant advances in ma-
trix optimization over the past decade. On one hand, much has been known
about the perturbation analysis for semi-define programming (SDP) in the
classical sense of Robinson [31] and Kojima [22]. Important results can be
found in Bonnans and Shapiro [4], Sun [35], Chan and Sun [7], and Ding et.
al. [10]. On the other hand, Euclidean Distance Matrix (EDM) optimization
has appeared to be a powerful model for many practical problems, see the
surveys [12/|24]. In particular, EDM optimization has a close link to SDP, see
e.g., [113,[8,/14]. Moreover, error bounds have proved essential in establishing
complexity results for numerical algorithms for EDM optimization [9}/40,41].
An interesting question is whether we can establish perturbation results in
the sense of Robinson [31] and Kojima [22] for general EDM optimization. As
reported in this paper, well-formulated results can be obtained thanks to the
advances on perturbation analysis in SDP. For general references on sensitiv-
ity and stability analysis in optimization, see, e.g., Bonnans and Shapiro [4],
Dontchev and Rockafellar [13], Facchinei and Pang [15], Klatte and Kum-
mer [21], Mordukhovich [26], and Rockafellar and Wets [32].

In the following, we first state the general EDM optimization problem,
followed by two examples to show its tremendous capability in modeling. The
first example is the well-known maximum-variance unfolding (MVU) problem
[37./39]. This example will show an advantage of EDM optimization over SDP.
Moreover, MVU in the form of EDM is strongly stable. The second example is
from calibrating correlation matrices in [30, Chp. 22] and it is well formulated
in the general form of EDM optimization. We finish this section by briefly
outlining the main contributions of the paper.

1.1 EDM Optimization: Formulation

The main concept in our formulation is the conditionally positive semidefinite
cone K7 [25]. Let S™ and ST denote respectively the space of n x n symmetric
matrices and the cone of positive semidefinite matrices. K is the collection
of all matrices in S™ that are positive semidefinite on the subspace 1;-: the
subspace in R™ orthogonal to the vector of all ones 1,,. That is,

Kr ::{AES":XTAXZO, xelﬁ},
where “:=” means “define”. Furthermore, if A € K7 has zero diagonal [33],
then there must exist a set of points x; € R", i = 1,...,n such that the (7, j)th
element of (—A) is given by the squared Euclidean distance between x; and
X;, 1.e.,

(—A)”: ||Xi_XjH27 i,jzl,...,n,

where r is called the embedding dimension of A and || - || is the Euclidean
norm in R”. Such matrix (||x; —x;||*)';—; is called Euclidean Distance Matrix
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(EDM). The collection of all EDMs of the size n x n is the EDM (convex)
cone D", see [8]. Hence, K7} is intrinsically related to Euclidean geometry. The
optimization problem below defined on K7} is hence referred to as the EDM
optimization:

(EDMOP) n’gg f(x) st. diag(G(x)) =0, G(x)e K}, (1.1)
where X is a finite-dimensional real Hilbert space, f : X - R, G: X — S™ are
twice continuously differentiable functions, and diag (-) is a vector containing
the diagonal elements of a matrix. We make following comments on the model

i}

(i) The constraints specify that —G(x) is EDM. We could add more constraints
such as h(x) = 0 with h(-) : X — R™ being twice continuously differen-
tiable. For simplicity of describing our results, we omit such constraints.

(ii) Problem can be cast as a SDP by noting that

G(x) K" = JG(x)J €S,

where J := I — %lnlz is the orthogonal projection to the subspace 1: .
Perturbation analysis may be conducted on the resulting problem as done
in [35] for nonlinear SDP. However, the composition between J and G(x)
may make analysis more complicated. For example, it would be hard to
check the constraint nondegeneracy property [4] for the nearest EDM prob-
lem stated below, while it is straightforward from the EDM perspective.
This is all because variational analysis on K7 can be thoroughly done.
Note that constraint nondegeneracy is an important property for stability
analysis in conic programming.

(iii) Many Euclidean embedding problems including the first example below
take G as the identity mapping with (—x) being EDM [42]. Our second
example makes a case where G(x) may take a nonlinear form.

1.2 Two Motivating Examples

We use two examples to demonstrate the modeling power of EDMOP. The
first example is from nonlinear dimensionality reduction in machine learning
and the second is from finance.

(a) Maximum Variance Unfolding (MVU). It was first proposed in [39]
as a dimensionality reduction method and it has a close link to the Markovian
mixing over graph [37]. The purpose is to embed n points in a low-dimensional
Fuclidean space while preserving the local structure among data.

Suppose there are n items, which are collected from a high-dimensional
space. A certain type of dissimilarity (e.g., distance) may be computed for
some pairs of items. Let J;; denote such a dissimilarity measurement between
item ¢ and item j. We let NV be the collection of such pairs. The purpose is
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to embed those items as n points {x;}"_; in a low-dimensional space R" such
that the Euclidean distance between x; and x; approximates d;;:

i — 1l 85 ¥ (i) €N (1.2)

A key principle in MVU is that it favours the embedding with high variance

making the quantity
1 n
2 . = Cox. 2
IX T 5, Z l[%i — ]|
7,7=1

as big as possible. Under the assumption that the embedding points are cen-
tered, i.e., x; + -+ + x,, = 0 (centralization condition), the variance becomes
0% = >, [|xi]|?. Therefore, MVU aims to achieve (i) preserving the local
distances in (1.2)), and (ii) maximizing the variance o%:

n 2
max Y fxil2 = v > (i - x50l = 0%) (1.3)
=1

(i,J)EN
where v > 0 is a balance parameter between the two aims.
Problem (1.3) is highly nonlinear in the space of embedding points x;.

Fortunately, it has a nice SDP relaxation. Note that the squared distance
[x; — x;||* has a linear representation in terms of a kernel matrix:

i = 311% = Ileall® + [ 117 = 20x, ;) = Kis + K5 — 2K,
where the kernel matrix K is defined by K;; = (x;,x;) with (-,-) being the
standard dot product in R". Consequently, (1.3)) can be represented as a convex
quadratic SDP (dropping the hidden rank constraint rank (K) = r):

2
(MVU)  maxg Trace (K) —v 3 ; jen (Kii + Kj; —2K;; — 5%) ©(1.4)
s.t. K]-n = 0, K >__ 07

where K = 0 means that K is positive semidefinite (i.e., being a kernel), and
the constraint K1, = 0 is the centralization condition.

Now, let us reformulate problem as EDM optimization in terms of
the EDM Dij = ||X7, - XjH2I

2
minp v e (Do = 0%) — 25 Ti; Dy (1.5)
st. diag(D)=0, (-=D)eK%.

This problem is actually an instance of weighted nearest EDM problem, see

e.g., [20,/27,/29]:

1
(NEDM)  min 5\|Wo (D—A4)|* st. diag(D)=0, —DeK%, (1.6)

where W € 8™ is a nonnegative weight matrix, o means componentwise mul-
tiplication between two matrices (we omit the specification of W and A cor-

responding to (|1.5))).
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When comparing with SDP , the nearest EDM formulation has
obvious numerical advantage mainly due to it being a projection problem. For
example, when the weight matrix W is uniform (i.e., W;; = 1 for all (3, j)),
alternating projection method [17] and semismooth Newton method [27] can
be used. However, standard SDP solvers for were severely limited due to
the quadratic term in the objective which depends on the size of N used in
(L.2). When W is not uniform, it may be approximated by a rank-one matrix
ww! where w € R" is a positive weight vector. This results in a sequential
rank-one weighted (L.6)), which can be efficiently solved [29].

(b) Calibrating Correlations. This example comes from finance 30|
Chp. 22]. Suppose we have n forwards with expiry dates denoted by Tj,
i = 1,...,n. A correlation function that models correlations between those
forwards takes the following form:

p(T;, T;) == exp(=\(T;, T;)|T; — Tj|) with X(T;,T}) := Bexp{—amax{i,j}},

where 8 > 0 and a € R are empirically chosen. It is hypothesized that those
correlations form a correlation matrix. However, a numerical example given
in [28] shows that such constructed correlation matrix may have negative eigen-
values. Hence it is not a legitimate correlation matrix, which should be positive
semidefinite. A necessary and sufficient condition for p(T;,Tj) to be true cor-
relations is that the matrix

G(a, B) := (6 exp{—amax{i, j} }|T; — Tj\)jj:
is EDM [25]. A natural calibration strategy is to seek the best a; and 3; from
a target pair a; and (; such that the matrix
G(ev.B) 1= (B exp{—osmax{i. )T, - T)[) "
is EDM, yielding the following EDM optimization:
ming,g §[la— &l + 38 - B|*

s.t. diag (G(a,8)) =0, —G(e,B) € K7, (L.7)

where a and B are respectively the target of @ and . This is an example that

G(x) in (1.1) may be nonlinear.

1.3 Contribution

Some geometric properties of K’} have been known in various places, see [17)[18,
27). However, there lacks a more detailed and constructive analysis. Our first
contribution is to conduct a unified variational analysis on K. In particular,
we derive the following facts.

(i) K% is C%-cone reducible.
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(i) We derive a formula for the second-order tangent set of K. This forms
a key part for stating the second-order necessary and sufficient conditions
for EDMOP .

(iii) The orthogonal projection operator IT K1(~) onto K7 plays an important
role in numerical algorithms for . We derive a formula for the gener-
alized Jacobian Ik (-).

Our second contribution is to characterize the solution behaviour when
the problem data is perturbed in the canonical fashion: f(x) is replaced by
f(x) + (u1,x) and G(x) is perturbed to G(x) + uy in (L), where u; € X
and uy € 8™ are small perturbations. Two important solution concepts are
the strong regularity of Robinson [31] and the strong stability of Kojima [22].
We propose computationally verifiable characterizations for the solution of
to have those two properties. We will see that the variational analysis
on K7 is essential in such characterizations, which in turn were motivated
by Sun [35]. It is important to note that more general results may be stated
in terms of conic programming (see, e.g., |11]). Our results are tailored to
the EDM optimization and hence are more specific. The benefit is that those
characterizations may be directly applied as seen in our third contribution.

Our third contribution is to demonstrate numerical implication of the ob-
tained results to an alternating direction method of multipliers (ADMM) ap-
plied to a stress minimization problem, an instance of EDMOP studied in [43].
The established theoretical results allow us to make a stronger claim for the
ADMM to the nondifferentiable stress problem that the sequence generated
converges to a strongly stable solution, see Prop. We delay the detailed
description of the stress minimization problem to Section [5

The paper is organized as follows. In Section 2] we give preliminaries needed
in the sequential discussions, including the variational geometry of K’ and the
differential properties of ITicn (+). In Section [3|, we characterize second-order
optimality conditions of EDMOP under various constraint qualifications. The
equivalent characterizations of strong regularity of Robinson [31] and strong
stability of Kojima [22] are derived in Section 4] In Section |5, we demonstrate
numerical implication of the obtained results on a method of ADMM to the
stress minimization problem. We conclude the paper in Section [6]

Before we move on to the main part of the paper, we would like to comment
on a very important and yet a distinguishing approach that addresses the
degeneracy issue of the EDM cone D™, whose interior is empty. The approach
is known as the Facial Reduction (FR) thoroughly studied by Krislock and
Wolkowicz 23| for EDM completion problems. We also refer to [14] for further
development. FR roughly works as follows. Suppose some elements of EDM
D are known. By exploring the clique structures among the known distances,
one can move to a smaller dimensional space that contains D. This D often
resides in a transformed face of a smaller positive SDP cone 8% (¢t < n).
Efficient iterative procedures can be designed to reduce ¢t. This approach is
extremely efficient in completing D when the known distances are exact or
highly accurate to their true values [23]. In contrast, the approach introduced
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in this paper is to relax the EDM cone D™ to K’ (K" has interior) and
studies the optimization theory for the resulting EDM optimization problems.
We refer the interested reader to the paper [42], where the FR-based algorithm
EepVecEDM from [14] and a EDM optimization based algorithm PREEEDM are
extensively compared for a large set of test problems.

Notation: Bold-faced lowercase letters denote vectors such as x € R™ and
the uppercases are for matrices such as A € S™. In particular, e; is the ith
unit vector in R™ with the ¢th element being one and zero elsewhere. The
calligraphic letters denote sets such as K7'. Its polar (or negative dual |4,
Sect. 2.1.4]) cone is defined by

(,C'r—:,_)o = {B ES” | <A’B> SOfOr a,HAGICi}y

where (A, B) is the standard trace product in S”. We let & = {4 €
S" | diag (A) = 0} known as the hollow subspace. Let 7, f(x) and Ju, f(x)
denote the derivative and the second derivative of f with respect to x € X, re-

spectively. '77@; (A) and N’Ci (A) are respectively the tangent cone and the nor-
mal cone of IC’£ at A€ K7 lin(Ticn (A)) is the largest linear space contained in
Ticn (A). 77<21 (A, H) is the second order tangent set of £} at A € K7 and along

the direction / € Ticr (A). Denote by Ao B := [A;;B;;] the Hadamard product
between two matrices A and B of same size. For subsets «, 5 of {1,...,n—1},
denote B,g as the submatrix of B indexed by o and 3. B, denotes the sub-
matrix consisting of columns of B indexed by «, and |«| is the cardinality of
a. For a linear operator A : X — Y, A* denotes its conjugate.

2 Variational Analysis on Ki

This section provides basic variational analysis on the convex cone K’ mostly
through a study on the orthogonal projection onto K7 :

chi(A) 1= argmin xexr I1X — A,

where the norm is the Frobenius norm in 8™ induced by the standard trace
product. In particular, we will review two computational formulae for the
projection, and characterize its directional derivatives and its generalized Ja-
cobian. We also derive formulae for the tangent cone and the second-order
tangent set of K. These are needed for stating the second-order conditions

for problem ([L.1J).

2.1 Two Formulae for i, (A)

Recall that the matrix J = I — %lnlg is the orthogonal projection to 1. The
first formula is due to Gaftke and Mathar |18]:

iy (A) = A+ sy (~JAJ), VAeS™ (2.1)
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This formula follows directly from the fact that A € K if and only if J AJ =0
(ie., JAJ € SY).

A more structure-revealing formula was given by Hayden and Wells |19
using the Householder matrix @Q:

Q:=1-2vwl/vlv, (2.2)
where v := (1,...,1,y/n+1)T € R™. It has a close relationship with the matrix
J:

~ [Ini 0
J—Q[ 0 0] Q. (2.3)

We write the matrix QAQ in a block-structure:
A1 a . n—1
QAQ =: | 1 with A; € 8" . (2.4)
a’ ag

Substituting (2.3)) into (2.1) and using the structure of QAQ in (2.4), we
obtain the formula of Hayden and Wells [19):

-1 (A
Hﬁi(A>:Q[ S+aT( 1) a

Q, VAeS"

An immediate observation from this formula is that A € K7 if and only if
Ay € 87! in (2.4). Hence the cone of K can be described as follows:

Kn = {Q {ZZ% ZZO} Q:Z1eSzeR" e ]R}

Its polar cone (lCi)o is then given by

o ={e[70]a:-zes).

From now on, we use A as a general matrix not necessarily belonging to
K% and A as a matrix in K. Moreover, we often take A as the projection of

Aonto K7, ie., A= Hicn (A). In particular, we rewrite lb as

A:Q[A;a]cg and A:Q[AT”“]Q. (2.5)

a’ ap a’ ap

In the case A = Hjcy (A), we obviously have Ay = Hgn1(4y).

n—1
+
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2.2 Directional Derivatives of IIjcn (-) and Tangent Cones of K%

The main task in this subsection is to derive the formulae for directional
derivatives of ITic» (). The formulae will allow us to characterize the tangent
cone and the second-order tangent set of K. Our starting point is that the
directional derivatives can be computed through the corresponding directional
derivatives of the projection onto the positive semidefinite cone 8_7__1.

Let H,W € 8™ represent directions to be used. We again write H and W
in the form of block structure:

H1 h W1 W
H_QlihThO:|Q7 W_Q|:WTUJ0 Q

It is easy to see that the directional derivative of IT Kn (1) at A along H is given
by

I (A, H) = lim =
kn (A, H) LT he

- iy (AHHZ) — Iicn (A) 0 [H"Si_l(Al,Hl) h] 0.
(2.6)

and the second-order derivative is given by

. _ (A Hy, W,
H;'c'i(A;H,W)Q[ sy (it ﬂw] ,

WT wo

Computational formulae for the directional derivatives of the projection
on the positive semidefinite cone have been known [34}36]. We briefly state
them. Let A1 (A1) > ... > A—1(A1) be the eigenvalues of A; arranged in non-
increasing order. Let A := Diag(A1(A41),...,An—1(A1)) be the diagonal matrix
with eigenvalues being its diagonal. Suppose A; has the following spectral
decomposition:

A =UAUT, (2.7)

where U is the matrix of orthonormal eigenvectors. Define three index sets of
positive, zero, and negative eigenvalues of A;, respectively, as

a={i:\>0}, B:={i:\=0}, ~v:={i:)\ <0}
The matrices A and U in (2.7) can be arranged as follows:
Ay 0 0

A=1000 and U= [Uq Us Uy |
004,

with U, € R=Dxlel 75 ¢ RO=DxIBand U, € R=D*NI Define the
matrix 2 € S*~! with entries
max(A;, 0) + max(A;,0)

Qi’ = )
! il + (A

ij=1,...,n—1, (2.8)
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where 0/0 is defined to be 1. Sun and Sun [36] gave an explicit formula for the

directional derivative of IT :gn—l (A1, Hy) :
+
(oo (Hias Qoo (H)ay
:gnfl(Al;Hl) =U (Hl)gﬁ Hs‘f‘((Hl)ﬂﬁ) 0 UT(2~9)
+ —
(H), 0 0T, 0 0

where Hy := UTH,U. The formulae (2.6) and (2.9) yield the characterization
of the tangent cone of K’} at A = IIxcn (A):

Ty (A) = {H € 8" e, (A, 1) = H}
—{e|t | @esm s my ) - m
= {Q HI% }Z] QeS" :ULrH Uy = 0}, (2.10)

where @ := U~y and Uz := [Ug, U,]. Note that the characterization of Tcn (A)
was first obtained by [17] without using the directional derivative IT ’/Ci (A, H).

It follows from (2.10)) that the largest linear subspace contained in the tangent
cone is

lin(Tir (4)) = {Q {f; m Qe ULHUs — 0} (2.11)
and the normal cone is given by
00 T
Ny (&) = {Q v {o M} Uillgest| —me s'f'*”} L (212)
0 0

The critical cone of K7} at Ac K is defined as
C(A,KY) == Ticn (A)Nn(A-A)*,
which can be completely described:

Hi h

UYH\Ug = 0
C(A,Ki):{Q l:hThO:|Q€Sn g 411Up =

UTH\U, =0, UTH,U, = o} -(2.13)

The affine hull of C(A, K7) denoted by aff(C(A,K7)) can thus be written as

H, h

aff(C(A, K1) = {Q {hT ho] egn| VLU, =0

. (214
UTH\U, = 0} (2.14)
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We now consider the second-order tangent set of K7 at A along a direction

H € Ticn (A). It can be characterized through the second derivative of ITjcn:

T2, (A, H) = (W e s"

1}, (A, HW) = W}

QRIS

fols2loee

The formula for the second-order tangent set of the semidefinite cone is known.

Note that A; € Sifl. We consider the nontrivial case that its smallest eigen-

value is 0 (i.e., Ap,_1(A1) = 0). Otherwise 7;3271,1 (A1, Hy) = 8" L Let s
+

n—1
SY

Tae1(Ar, Hy,Wh) = W1}

Wy e 7:3271,_1(141,[{1)}
+

be the multiplicity of the smallest eigenvalue of the matrix UL H UL and
let vqi,...,vs be a corresponding set of orthonormal eigenvectors and Vy :=
[v1,...,Vs] be the corresponding matrix. Then, we know from |34, Eq. 35] that
the second order tangent set of Sﬁfl at A € 8ﬁ71 and along the direction
H, € 7?,5171 (A}) can be written in the form,

T2, (A, Hy) = {W1 e st ‘ VIUT WUV, = QIQTUETHlA{HlUEV;},

n—1
i
where AJ{ is the (generalized) Moore-Penrose inverse of A;. Consequently,

(A, H) = {Q [W} W} Q ‘ VIUIW, U5V, = 2VSTU§H1A{H1UQVS}.

W* Wy
(2.15)
As an application, we derive an expression for the support function of
the second order tangent set 7',?1 (A, H). To simplify the notation, we use 72

instead of Tzi (A H).

72

n
+

Proposition 1 Let A € K with A; being given in . Let H € Tin (A)
and Z € Nin (A). We decompose H and Z as
Hi h Z1 0 ,
H=Q|yr, |@ Z=Q|,lQ@ yE1d)
h* hg 00
The support function over T2 at Z is given by

22y, HyA Hy) if (Z, H) =0,

00 otherwise.

o(Z,T?) = {

Proof. We first consider the case that (Z, H) # 0, i.e. Z is not contained in
the polar of 77, z,)(H). From [4, Proposition 3.34], we get o(Z, T2) = +oo0.
+
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Now, we suppose that (Z, H) = 0. It follows from the structures of T (A)

and Nicr (A) that

0=1(Z, H)=(Z,, H)) = (UL Z,Us, ULH,Ug)

with UngUa =<0 and Ung Uz = 0. Therefore, both matrices share a same
set of eigenvectors as they are complementary to each other. In particular,
UL Z1Ug can be written in terms of eigenvectors in Vy corresponding to the
smallest eigenvalue of UL H Uz = 0:

ULXZ,Us = V,wVTI  for some ¥ < 0.
Moreover, we have
7y = UgUL 2,UzUL = UV, oVIUL,

We are ready to calculate the support function using the characterization
(12.15)):

o(Z,T? =sup{(Z, W) : W € T?}
MO Wy w Ts:T TyT 7 7t
= sup ¢ (@ Q,Q T Q) : Vi UgWhUgVs = 2V, Uz Hi A H U5V,
00 w* wo
= sup {(Zh W) VIUTW UV, = QX/;TUngZIHlUEV;}
= sup {(w, VIUIW, U5V, - VIUIW,URV, = 2VSTUETH12J{H1U5VS}
= 2w, VIUL H, A H\USV,)

— (71, HiALH,)

2.3 K% is C?-cone Reducible
We recall the formal definition when a set is C2-cone reducible.

Definition 1 |4l Definition 3.135] Let ) and Z be two finite dimensional
Euclidean spaces. Let K C Y and C' C Z be convex closed sets. We say that
the set K is C%-reducible to the set C, at a point ¥y € K, if there exist a
neighbourhood U of ¥ and twice continuously differentiable mapping = : U —
Z such that (i) 2/(¥) : Y — Z isonto, and (i) KNU ={y el : ZE(y) € C}.
We say that the reduction is pointed if the tangent cone 7o (Z(¥)) is a pointed
cone. If, in addition, the set C — Z(¥) is a pointed convex closed cone, we say
that K is C?-cone reducible at . We can assume without loss of generality
that Z(y) = 0.
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We now prove that K7} is C2-cone reducible at every point A € K" and the
proof is patterned after |4, Example 3.140]. For the sake of completeness, we
include a short proof. Hence, K7 is second order regular ( |4, Definition 3.85])
at every point.

Proposition 2 Let A be an arbitrary point in K% and let r be the rank of the
matriz JAJ, i.e., rvank (JAJ) = r. Then K% is C*-cone reducible to S}~ '"
at A e K.

;; ;O} Q, and A, € 8P It follows
from the property between @ and J that rank(A;) = r. For any A =
Q [:% Z) Q € 8™, denote by A\i(A1) > ... > A\,_1(A1) the eigenvalues of
(n—1) x (n—1) symmetric matrix A; and p1(A;),...,pn-1(A1) an orthonor-
mal set of corresponding eigenvectors. Let E(A;) be the (n—1) x (n—1—7r)
matrix whose columns are formed from vectors p,41(A41),...,Pn—1(41).

Denote by L(A;) the eigenspace corresponding to the (n — 1 — r) small-
est eigenvalues of A, and P(A;) be the orthonormal projection matrix onto
L(Ay). Also let Ey be a (fixed) (n — 1) x (n — 1 — r) matrix whose columns
are orthonormal and span the space L(A;), i.e. By = E(A;). It is known that
P(A;) is a continuously differentiable function of A; in a sufficiently small
neighbourhood of A;. Consequently, F'(A;) := P(A;)E)p is also a continuously
differentiable function of A; in a sufficiently small neighbourhood of A; and
F(A)) = Ey. It follows that for all A; sufficiently close to A, the rank of
F(Ay)is (n —1—r), ie., its column vectors are linearly independent.

Let U(A1) be the matrix whose columns are obtained by applying the
Gram-Schmidt orthonormalization procedure to the columns of F'(Ay). The
matrix U(A;) is well defined and continuously differentiable near A;. More-
over, it satisfies the following conditions: U(A;) = Ejp, the column space of
U(A1) coincides with the column space of E(A;), and U(A)TU(Ay) = I,_1_.
We obtain that in a neighbourhood N of A, the cone Si_l can be defined
in the form {A; : U(A;)T A U(A;) = 0}. Furthermore, in a neighbourhood N
of A, the cone K7 can be represented as

Proof. Let A € K", ie. A = Q{

Al a
aT ap

{AGS":A_Q{ }Q,U(Al)TAlU(Al) 50}.

Consider the mapping E : A — U(41)TA1U (A1) from N into 87 '"". The

mapping E is continuously differentiable. Since the expression of JE(A)A is
(JU(A)T AN AU(AL) + U(A)T AU (A) + U(AD)TAL(TU (AT Ay)

and A1U(4;) = 0, we have JE(A)A = Ej AEy. It follows that JE(A) is
onto. By Def. |1} we proved K7 is C2-reducible to 81714 at A € K} with
r = rank (JAJ). O
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2.4 Generalized Jacobian of Iy (+)

In this section, we state some differential properties of IT Kn (). Those proper-
ties can be proved similarly as in [35] for the positive semidefinite cone ST. We
will omit those proofs for the results in Prop. and Prop. [5|below. Since IT Kn ()
is a Lipschitz continuous function on S§", by the well known Rademacher’s
theorem, we know that ITxn is F (Fréchet)-differentiable almost everywhere.
Denote by D e, the set of all points where H’Ci is F-differentiable, then

Clarke’s generalized Jacobian of IT n at A € 8™ is defined as follows:
811@ (A) := conv {83]7,61 (A)}

where “conv” denotes the convex hull and the B-subdifferential dpIlicy (4) is
defined by

Oplixn (A) = {V 1V = lim ien (AF),AF — A AF € Dy, } .

Proposition 3 The following three statements are true.

(i) H’Ci(') is F-differentiable at A € K7, where A = Q [le ;;] Q if and only

if A1 is nonsingular.
(i1) For any A € K%, the directional derivative H,’C1 (A;-) is F-differentiable
at H € K% if and only if UngU@ is monsingular.
(iii) Let A € K7} be arbitrary and O(-) := H’,Ci (A;-). It holds that
Opllxn (A) = 0p6(0).

Proposition [3| allow us to prove the useful result on 0Ilxcy (). First, we give
the formula of describing 8]781—1 (4y).

Proposition 4 |35, Proposition 2.2] Suppose that A; € S"~! has the decom-
position 1) Then for any V' € 8H5171 (A1) (respectively, V' € 83]15171 (A1),

there exists a Vi € 011 s (0) (respectively, V; € OBl g (0)) such that
+ +

@E)aa (E}laﬂ 20+ 0 (Hl)ocv
VH)=U| (Hi)is Vi((Hi)pp) 0 U,
(Hl)gfy © “Qg’y 0 0

with Iffl := UTH,U and the matrix £2 is defined in |i

Proposition 5 Suppose that A € 8™ has the decomposition . Then for
any ¥ € 5‘17;@ (A) (respectively, ¥ € 8317;@ (A)), there exists aV € 5']73171 (A7)

(respectively, Vi € 33]75171(141)) such that

VH)=Q| |y he

V(Hy) h]
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For any given B € 8™ we below introduce a linear-quadratic function 15 :
S xS = R.

Definition 2 For any given B € 8", define the linear-quadratic function 15 :
S"x 8" - R by

Tp(I,A) :=2(I, BiAIB), (I A)eS" x 8",

where the submatrices 7, By, and A are defined as follows:

FQE};;]Q’ BQ{]E%;}Q, and AQ{fh a}Q'

aT ag
The following result plays an important role in our subsequent analysis.

Proposition 6 Suppose that B € K and I" € N’Ci (B), then for any ¥ €
BHKK(B—&—I’) and AB, A" € 8" such that W(AB+ AI') = AB, it holds that

(AB,AI') > =T5(I, AB).
Proof. Let A := B+ I', Then, we know that
B =IIxn (B+1I') = Hxy (A).
Thus, we can assume that A has the decomposition as in , and

A, 00 000
_[Bib] U] 000[UT a _|ulooo |UTo
B_Q{bTbJ—Q 000 @.I'=Q 004, @
aT an

By Proposition [5] there exists a V' € 8]75171 (B1 + I) such that

V(ABy + ALY Ab+ A¢
(Ab+ AT Aby+ Aéy | @

ABy Ab 0
AT Abg |

W(AB+ AT) =Q {

where AI' = @ {ié} ﬁé] Q@ and AB:Q[

It follows from ¥(AB + AT') = AB that
V(ABy + A = ABy, A6 =0,A& = 0.
Since B; € ST, I € NSF (B1), then by [35, Proposition 2.3], we have
(ABy, AIY) > —(I'l, AB; BIAB).
Hence,
_ AB; Ab AT 0
(ABy, AIY)

> —2(In, AB,B{ AB)
~T5(I, AB).
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3 Optimality Conditions and Constraint Qualifications

First, we rewrite EDMOP (1.1)) in the following form:
(EDMOP) ng)r(l f(x) st. AGx)) =0, Gx)eKk?, (3.1)

with A(:) being the diagonal operator. The first order optimality condition,
namely the Karush-Kuhn-Tucker (KKT) condition, for EDMOP takes the fol-
lowing form:

T L(x,(,I") =0, A(G(x)) =0 and I" € Nin (G(x)), (3.2)
where the Lagrangian function L : X x R™ x §™ — R is defined by
L(x, ¢ 1) = f(x) + (G AG(x))) + (I, G(x)), (x,¢, ) € X xR™ x S".

If (x,¢, I) satisfies (3.2), then it is called a KKT point of EDMOP, x a sta-
tionary point, and ({,I") a Lagrange multiplier at x. We denote by A(x) the
set of all Lagrange multipliers at x.

Let X be a feasible solution to EDMOP. The critical cone C(X) of EDMOP
at X is defined by

C(X) = {d: A(JGF)d) =0, 7,G(X)d € Ticr (G(X)), Tof(R)d < 0}.
If X is a stationary point of EDMOP with A(X) nonempty, then
C(x) ={d: A(J,GX)d)=0,T,GX)d € Trr (G(X)), T f(X)d = 0},
and there exists (¢, I") € A(X) such that
J-L(X, ¢, ') =0, A(G(X)) = 0 and I" € Nk» (G(X)).
By using the fact
TeNe(GR) & G =My (GR) +T),

we may assume that A := G(T) + I has the following decomposition as in
[£5) and @7):
A, 00 000
_ Ul 000|UT a = Ulooo [UTo
aT ap 0
Then, by (2.10) and (2.11)), we have

T (6) = {Q | it i | @ € 57 U it =0

)

}
lin(Ter (G())) = {Q [f; ’H QeS8 :ULH U, = o} (34
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Furthermore, since A(X) is nonempty,
C(x) ={d: A(TGX)d) =0, J.G(X)d € C(4;KY)},

where C(A; K7}) is defined in (2.13). However, it is not easy to obtain an explicit
formula for aff (C(7)). Instead, we define the following outer approximation set
to aff (C(Z)) with respect to (¢, I") by

app(¢,I) := {d : A(J,G(X)d) =0, J,G(X)d € aff (C(4;K7}))} .

Hy h

Suppose J,G(X)d = Q {BT 710} Q, by (2.14]), it holds that

app(¢, I') := {d: A(7G(X)d) =0, Uy HU, =0, U'H,U, =0}. (3.5)

Having stated the first-order optimality condition and the tangent-cone
related sets for (3.1)), we are ready to state two constraint qualifications. The
Robinson constraint qualification (CQ) is said to hold at X if

(F586) %+ (e trn) - (51).

and the constraint nondegeneracy, which is stronger, is said to hold at X if

(jx(»éégc))(}()) e (hn(T,qO(G(x)))) = (%Z) : (3.6)

The following results provides a criterion for checking the constraint nonde-
generacy.

Proposition 7 Let X = R™. Let X be a feasible point of EDMOP and G(X)
has the decomposition as in (3.5). Then, X is constraint nondegenerate if and
only if the following m-dimensional vectors are linearly independent:

9G(x) _ 7 A AG(R) Ay
( 91 )ee u/Q 81(1)Quj /=1
Ve = : and pij = e T 1<i<j<al,
G (X =T %) N
(), wrogon
= Uz _ _ , , .
where Ug = 0| = [ul, ey u‘m] and Uz consists of the eigenvectors in U

corresponding to the non-positive eigenvalues (those not in A, ) in .

Proof. By taking the orthogonal complements of both sides in (3.6)), we
obtain that X is constraint nondegenerate if and only if the following condition

holds:
(58 )] o [(mrtemy)] - (0)- o
J.G(%) lin (T,th (G(x))) 0
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It follows from (3.4)) that

lin (Tiy (G(x))) = {H € 8" : UzQHQUz =0}
={HeS":u]QHQu; =0,1<i<j<|al}

wul +a;al
={He8:{Q J# QH)=01<i<j<|alp.

Since

()]

(V) € R" x 8" : (s, A(Z,GR)d)) + (Y, T,G(2)d,vd € R™}
{(S,Y) ER" x 8" : <A*s+5’,§:dkag(x)> —0,vd € Rm}
k=1 Tk

_{(S,Y)eR”xS":<A*s+Y,8G(X)>—O,k—l,...,m}.
axk

We obtain that (3.7)) holds if and only if the following system of linear equations
with unknown a;,1 <4 < nand b;;,1 <i < j < |&@| have only the zero solution:

- 0G(X) - fliﬁjr + ﬁjﬁiT IG(X)
. ol . = <
E a; < Dy ,€e;e; >+ E bi; <Q ( 5 Q, o 0, £k <m,

=1 ’ 1<i<j<|a]|

which is equivalent to saying that the vectors v;,1 < i < n and p;;,1 < ¢ <
j < |@| are linearly independent. This completes the proof. O

Ezample 1 (Constraint nondegeneracy for the nearest EDM problem (1.6]))
We use the nearest EDM to demonstrate the application of Prop.n
this case. x = X € 8" and G(X) = —X. The vectors v; and p;; become
matrices and are respectively denoted by V; € 8™ and P;;) € 8", which are
given by

Vi=ee!, Pu=Qu)Qu)", 1<i<j<a

We prove the linear independence of those matrices. It is equivalent to prove
the linear independence of the following matrices:

‘71' = QV;Q = Qeje] Q, ﬁ(ij) = QP5Q = ﬁiﬁ?~

Consider the linear combination of those matrices:

al

M=) &Vi+ Y &;Puy =0. (3.8)

i=1 1<i<s
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Using the facts ile, = 0 for all i = 1,...,|a] and Qe, = —(1/y/n)1,, we
derive from (3.8) that

n N 1 n
0= Men = ZEszen = —— Z@Qez (39)
i=1 \/ﬁ i=1

Combining with the fact
1 1 — 1
n+vn " n+1
the equation (3.9) reduces to the following system:
(gz + -+ fnfl)ln + \/ﬁ(gz + -+ €n71)en_
(n+vn) i) iei + (Vi + 1)énl, =0
S+ +& =0

Qe; =

e, + €;, t=1,...,n—1,

The only solution of the system is & = & = --- = &, = 0. Consequently, the
equation (3.8]) becomes

] ]

Z 5iiﬁ(ij) = Z fijﬁiﬁ;‘-r =0.

1<i<j 1<i<j

For an arbitrary pair (ig, jo), computing the inner product of this equation
with u;, ujT0 and using the fact that ul u; = 0 for all i # j lead to

0= giojonuio”QHujo”Z = giojo'

Hence, &;; = 0 for all 4,j. This proves that (3.8) has zero as its solution.
By Prop. [7] constraint nondegeneracy holds at every feasible point X for the
nearest EDM problem (|1.6)).

Under the Robinson CQ, we can establish the second-order necessary con-
dition at a local optimum. Conversely, for a first-order stationary point with
Robinson’s CQ, the stationary point becomes a local minimum under a second-
order sufficient condition. Those results are included in the following theorem,
whose proof is a combination of Proposition [2| and [4, Theorem 3.86].

Theorem 1 Suppose that X is a locally optimal solution to EDMOP and
Robinson’s CQ holds at X. Then, the following inequality holds:

sup  (d, T3, L(X, ¢, I)d) — o (1, T (G(%), 7,G(X)d)) 2 0, ¥d € C(%).
(¢ D)EAR) i
Conversely, let X be a feasible solution to EDMOP satisfying the first order

optimality condition. Suppose that Robinson’s CQ holds at X. Then the condi-
tion

sup  (d, J2L(X, ¢, INd) — o(I, T (GX), J.G(X)d)) > 0,vd € C(X)\{0}.
(¢, NEAR) *
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is necessary and sufficient for the quadratic growth condition at the point X:
f(x) > f(X) +c|x —X||* Vx €N such that G(x) € K N S}!
for some constant ¢ > 0 and a neighbourhood N of X in X.

We end this section with the definition of a strong second order sufficient
condition for EDMOP, which will be needed in the sensitivity analysis in next
section.

Definition 3 Let X be a stationary point of EDMOP. We say that the strong
second order sufficient condition holds at X if for any d € C(X)\{0}, we have

sup  {(d, T2, L(X, ¢, 1)d) — Y (I, TGX)d)} > 0, (3.10)
(CMEAR)

where

C® = () app(CD).

(¢, MEeARX)

4 Sensitivity analysis

It is well known that the first-order optimality condition can be reformulated
as a system of nonlinear equations. Hence, a KKT point can be regarded as
a solution of an equation, which provides an approach to study the behaviour
of the KKT point. One such behaviour can be studied via the strong regu-
larity of Robinson [31]. The purpose of this section is to provide a complete
characterization of strong regularity of the KKT points of EDMOP.

4.1 Strongly regularity

In this subsection we characterize the strong regularity of a KKT point of
EDMOP by using the strong second order optimality condition. First , we
note that the KKT condition (3.2]) can be equivalently expressed as

JxL(X7 C? F)
F(x,¢,T) = A(G(x)) (4.1)
| —G(x) + Iy (G(x) + T)

ij(ng,F) 1
= A(G(x)) =0.
_F_H(KK)O(G(X)'FF)_

System (4.1)) is also equivalent to

JeL(x,¢, 1) N (x)
0€ AGX)) | + | Nen(Q) . (4.2)
~G(x) N o (I') |
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Denote Z := X x R" x 8", D := X x R" x (K )°. For any z = (x,(,I") € Z.
Define
JaL(x,¢, 1)

¢(z) = | AlG(x) |,
—G(x)

then system is expressed as a compact form
0 € ¢(z) + Np(z). (4.3)
Let
1Ip(z) = (x,¢, Hxcn ) (Y)), Vz=(x(Y)
The normal mapping of the generalized equation is defined as follows:
F(z) := ¢(IIp(z)) + z — 1Ip(z)

jva(Xv (a Y — H’Ci (Y))
_ A(G(x)) . (4.4)

Then (X,(,T") is a solution of the generalized equation if and only if
FX,(Y)=0,withY =T + G(X).

We now recall the definition of strongly regular solution of the generalized
equation introduced by Robinson [31].

Definition 4 Let z be a solution of the generalized equation (4.3)). It is said
that z is strongly regular if there exist neighbourhoods B of 0 € Z and V of
z € Z such that for every w € B, the following linearized generalized equation

w € ¢(z) + T.0(zZ)(z — z) + Np(z)

has a unique solution in V, denoted by zy(w), and the mapping zy, : B — V is
Lipschitz continuous.

The strong regularity of a solution to the generalized equation is closely
related to the Lipschitz homeomorphism of the normal mapping.

Lemma 1 [15] (X,(,T) is a strongly regular solution of the generalized equa-
tioq if and only if F(-) in is locally Lipschitz homeomorphism near
(X,¢,Y).

The next proposition relates the strong second order sufficient condition
and constraint nondegeneracy to the nonsingularity of Clarke’s Jacobian of the
mapping F(-) and the strong regularity of a solution to the generalized equa-
tion. The result below was motivated by and patterned after |35, Prop. 3.2].

Theorem 2 Let X be a locally optimal solution of EDMOP and (¢, T) be the
Lagrange multiplier at X. Denote Y = I' + G(X). Consider the following three
statements :



22 Shaoyan Guo et al.

(a) The strong second order sufficient condition holds at X and X is constraint
nondegenerate. B
(b) Any element in OF (X,(,Y) is nonsingular.

X,C
(c) The KKT point (X,(,T") is a strongly reqular solution of the generalized
equation .
It holds that (a) = (b) = (c).

Proof. For (a) = (b), since the constraint nondegeneracy condition holds
at X, it follows from [4, Proposition 4.50] that A(X) = {({, ")} is a singleton.
The strong second order sufficient condition takes the form

(d, Joa L%, (. T)d) = Yo (I, JoG(X)d) > 0, Vd € app(¢, T)\{0}.

Let W be any arbitrary element in F(X,(,Y). We shall show that W is
nonsingular. Let (Ax, A(,AY) € X x R™ x 8™ be such that

W(Ax, AC, AY) = 0.

Then there exists an element ¥ € 01l (Y) such that

W(Ax, A¢,AY)
Tew L(X, C, T) A% + T A(GR)* ¢ + T GR)* (AY — W(AY))
= ~ T AG(R)) Ax =0.
~T.G(X)Ax + ¥ (AY)
(4.5)

By Proposition [5| and the last two equations of , we obtain that
Ax € app(¢,T). (4.6)
Denote A" := AY — W(AY) and from the third equation of (4.5), we have
U (AT + T,G(X)Az) = J«G(X) Ax.
Then, by Proposition [6] we obtain
(AT, T,G(X)Ax) > Yoz (T, T.G(X)d).
It follows from the first equation of that

0 = (Ax, Ton L(R, T, T)Ax + ToA(G(R)) AC + T, G(R)* AT
= (AX, Tpu L(X,(, 1) AX) + (T.G(X)Ax, AT)
> <AX7 jwa:L(ia Z7 T)A$> - TG(K) (Tv ij(i)d)

Thus, we conclude from (4.6) and the strong second order sufficient condition
that

Ax =0, AY =AT.
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Consequently, (4.5 reduces to

[ZAGE) £ OR8]
W(AT) =0

By the constraint nondegeneracy condition, there exists a vector d € X and

S € lin(Txn (G(X)) with § = Q [f% SSO} @ such that

A(T.G®)d) = AC, J,GR)d+ S = AT

AL A€

From Propositionand W(AI') = 0, where AI' = Q [AgT A
0

} Q, we obtain

NE=0, Ny =0, U ANU, =0, U ANUs =0, UL ATLU, = 0. (4.7)
Then one has the following chain of equalities:

(NG, NG + (AT, AT)

= (A(J:G(x)d), AQ) + (Al J.G(X)d) + (AL, S)
= (T:(Ao Q) X)*AC + T.GXE)*ALd) + (AT, S)
= (AT, S)

= (UTAIU,UTSU),

which, together with (4.7)) and (3.4)), implies that
(NG, NC) + (AT, AT = (UTATU,UTSU) = 0.

Thus, A = 0, AI' = 0, which implies AY = 0. Together with Ax = 0, this
shows that W is nonsingular.

(b) = (c). By Clarke’s inverse function theorem |13, Thm. 4G.1], if every
element in OF (X, (,Y) is nonsingular, then F is locally Lipschitz homeomor-
phism near (X,¢,Y). Thus, by Lemma (%,(, T) is strongly regular solution
of the generalized equation . O

4.2 Equivalent Characterizations

In this part, we derive six equivalent characterizations of the strong regular-
ity of a KKT point of EDMOP. We recall from Thml[I] that the quadratic
growth condition is equivalent to a second-order sufficient condition under the
Robinson CQ. For strong regularity, we need the uniform second order growth
condition defined in [4, Definition 5.16].

Let U be a finite-dimensional space. We say that f(x,u) and G(x,u) with
u € U is C?>-smooth parametrizations if f : X xU — Rand G : X xU — S™ are
twice continuous differentiable and there exists @ € U such that f(-, @) = f(+)
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and G(-,u) = G(-). The corresponding parametrized problem of EDMOP takes
the form

mi/% f(x,u) st. G(x,u)e KL NSy. (4.8)
x€E
We say that a parametrization is canonical if U = X x 8™, := (0,0) €

X* x 8™, and
(f(x,u), G(x,u)) = (f(x) — (u1,x),G(x) + uz),x € X,u= (ug,ug) € ¥ x ™.

Definition 5 Let X be a stationary point of EDMOP. We say that the uni-
form second order growth condition holds at X with respect to a C2-smooth
parametrization (f(x,u), G(x,u)) if there exist ¢ > 0 and neighbourhoods Nx
of X and Ny of T such that for any u € AN and any stationary point x(u) € Nx
of the corresponding parametrized problem 7 the following holds:

f(x,u) > f(x(u),u) + cl|x — x(u)||*,Vx € Ng, G(x,u) € K1 NSy (4.9)

The next theorem shows that for EDMOP, the uniform second order growth
condition with respect to the canonical parametrization implies the strong
second order sufficient condition in Def. 3

Theorem 3 Let X be a stationary point of EDMOP. Suppose that Robinson’s
CQ holds at X. If the uniform second order growth condition holds at X with
respect to the canonical parametrization, then the strong second order sufficient
condition holds at X.

Proof. Let (¢, I') € A(X). We may assume that A := G(X) + I has the
decomposition as in (2.5)), and G(X) and I satisfy (3.3). We first prove that
there exist s € R*! and sy € R such that

UﬂUg S
diag (QSQ) =0 with §:= . (4.10)
S S0
In fact,
0 s UgUgO
S —
s so 0 0
—_—— ———
:=So =B

Let b := — diag (QBQ). Then the requirement diag (QSQ) = 0 means diag (Q.SoQ) =
b. By using the properties of ) matrix ([2.2)), it is easy to verify that the choice

)=

satisfies diag (QSoQ) = b. Thus, we can claim the following three facts:
(i) There exist s € R"! and so € R such that (4.10)) holds.
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(ii) By making use the structure of T in (3.3), we have
(T, QSQ) = (UUL, Uy AU,) =0, (4.11)
(iii) By making use of (2.3)), we have

UgUBT 0 ) )

JQSQJ =Q 0 0 Q =0, implying QSQ € K. (4.12)
Next, we consider the parametrized problem of EDMOP in the following

form

min f(x)

st. A(G(x)) =0, (4.13)
G(x) +rQSQ € KT}

where k > 0 is the perturbation parameter and S is constructed in . It
follows from that any feasible point of EDMOP is also a feasible point of
. Moreover, the property in implies that (¢, I") is also a Lagrange
multiplier of the perturbed problem at X:

Ie(K1)°,G(X) + kQSQ € K

(I', G(X) + kQSQ) = 0, (4.14)

ToLu(®.C.T) = 0, A(G(%)) = 0, {

where for each k € R,
Li(x,(, I') :== L(x,(, I') + w(I', QSQ).

Since QSQ € K7 and G(X) € K7, the complementarity condition in
implies
(I, G(X)) =0.
This means that any Lagrange multiplier of the perturbed problem is also a
Lagrange multiplier of EDMOP, A,(X) C A(X), where A,(X) is the set of all
(¢, I') satisfying the KKT condition .
Denote A := G(Z) + I’ + QSQ. We then have

~ Al a UﬁUg S
AQ = QA S =
QAQ =QAQ +r [aTaJm P
and the eigen-decomposition (3.3)) implies
Ay = Ay + kUUT = [U, U]{A"‘ HU‘XT]JFUAU
1= 41 = ) .
BYp o VB Ijg, U/BT vy Yy

This means that 121\1 is nonsingular and has only positive and negative eigen-
values. Therefore, the critical cone of K} at A is a subspace and is given
by

- H h .,
C(A,Km) = {Q [th ho] Q ‘ Ul HyU, = o} D C(AK).



26 Shaoyan Guo et al.

Consequently, the critical cone C,(X) of the perturbation problem at X must
contain app(¢,T): L

Cx(X) 2 app(C, T').
Since the uniform second order growth condition of EDMOP holds at X with

respect to the canonical parametrization, for any small enough s > 0, one has
from Thm. [I] that

(d, T2, Le(%,¢, 1)d) — Yo rns (T, TG(X)d) >0, Vd € C.(%X)\{0}.

By noting that
jmerH(i7 G F) = jg?ch(ia ¢ F)

and
Tow) (I, J-G(X)d)) = Yoz +nose ([, TG(X)d), Vdeapp((,D),
we obtain

sup <da szxL(iv C?F)d> - TG(?) (Ta ij(i)d) > 07 vd ¢ app(<7r)\{0}
(¢, IMeAL(X)

Since A, (X) C A(X), we get

sup <d’ jﬁzL(i’ C’ F)d> - TG(K) (T7 ij(i)CU > Oa vd € app(Ca F)\{O}
(¢, IMeA(x)

This is the strong order sufficient condition at X. O

Another characterization of the strong regularity is through the strong
stability of a stationary point, introduced by Kojima in [22]. The following
definition of strong stability is from Bonnans and Shapiro [4, Definition 5.33].

Definition 6 Let X be a stationary point of Problem . We say that X is
strongly stable with respect to a C2-smooth parametrization (f(x,u), G(x,u))
if there exist neighbourhoods Nx of X and Ny of U such that for any u € Ny,
the corresponding parametrized problem has a unique stationary point
x(u) € Nx and x(-) is continuous on Ng. If this holds for any C?-smooth
parametrization, we say that is X strongly stable.

Now we are ready to state the main result of this subsection.

Theorem 4 Let X be a locally optimal solution of EDMOP. Suppose that
Robinson’s CQ holds at X and Y = I' + G(X). Let (¢, ") be a Lagrange multi-
plier at X. Then, the following statements are equivalent:

(a) The strong second order sufficient condition holds at X and X is constraint
nondegenerate.

(b) Any element in OF (X,(,Y) is nonsingular.

(c) The KKT point (X,(,T") is a strongly regular solution to the generalized

equation .
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(d) The uniform second order growth condition holds at X and X is constraint
nondegenerate.

(e) The point X is strongly stable and X is constraint nondegenerate.

(f) F is locally Lipschitz homeomorphism near (X,(,Y).

Proof. We know from Theorem [2] that (a) = (b) = (¢) and by the Lemma
(¢) & (f). The relations (c¢) < (d) < (e) follow from [4, Theorems 5.24, 5.35].
Finally, by Theorem |3| we have (d) = (a). The proof is completed. O

5 Numerical Implication

In this part, we demonstrate the usefulness of our obtained theoretical results
using two instances of the nearest EDM problem. The first one is , which
is continuously differentiable. Our second example will be non-differentiable
and we will show how the strong regularity results in Thm. [f] will ensure that
the problem has a unique solution and guarantees a global convergence of an
alternating direction method of multipliers to the unique solution.

5.1 Strong Regularity of NEDM (]1.6])

We first consider the problem (|1.6]). We make the following assumption on the
weight matrix W:

Assumption H1: We assume W;; > 0 for all 7 # j.

Let D € X be an optimal solution of . In Example (1, we proved
that the constraint nondegeneracy is satisfied at any feasible point of (|1.6)).
It follows from |4, Prop. 4.50] that the Lagrange multipliers A(D) = {({, I’
is a singleton. Moreover, for any H € app((,T), the first constraint in ||
becomes diag (H) = 0. Hence,

app(¢,T) C Sp.

This means for any 0 # H € app({,T), there must be a pair (4,5) with i # j
such that H;; # 0. Then the strong second order sufficient condition becomes

<H’j)2(XL(ﬁ7 ) >7TY

,[VH
=D WiHE —Tx(T,H) >0, ¥ H €app(,T)\{0},
i#]
where we used the fact —15(I", H) > 0. Therefore, the following is a direct

consequence of Thm. [4

Proposition 8 Let D € X be an optimal solution of NEDM and suppose
Assumption H1 is satisfied. Then the following hold:
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(a) The strong second order sufficient condition holds at D.

(b) Any element in OF (D, (, ") is nonsingular.

(¢) The KKT point (X,(,I") is a strongly reqular solution to the generalized

equation .

5.2 Strong Regularity of NEDM with Stress Loss

One critique of the NEDM model (|1.6]) is that it tries to approximate a given
measurement d;; through the approximation to its squared measurement:

Dyj = |Ixi = x;|* = 6.

It then uses the least-squares criterion to get the best approximation, which
favours large distances over short ones. An alternative and widely used ap-

proximation is
VDij = |[xi = x| ~ 4.

That is, we directly approximate J;; by Euclidean distance ||x; — x;|| instead
of approximating its squared value. Applying the least-squares criterion yields
the following problem:

Hgn f(D):= %HWO(\/B—A)HQ, s.t. diag(D) =0, —D e K%, (5.1)

where A;; = ¢;;. We make the following comments on (5.1)).

(i) In the field of Multi-Dimension Scaling (MDS) [6], the objective function
in (5.1) is called the stress loss function while the objective function in
called the squared-stress loss function. The embedding quality
from the stress loss is often better than that from the squared-stress loss.
The squared-stress function is quadratic in D and is strongly convex in
app(C,T). That is why we can claim that the solution of (1.6) is strongly
regular in Prop. |8 However, the stress loss function in is not quadratic
in D and is not differentiable when some D;; =0, @ # j.

(ii) The non-differentiability of the stress function not only poses a computa-
tional challenge, but also renders the theoretical results obtained not valid
directly to (5.1]). For example, one question is whether the optimal solution
is still strongly regular under some reasonable assumptions. We answer this
question below by studying an alternating direction method of multipliers

(ADMM) for (5.1)).
The ADMM is stated on an equivalent reformulation of (5.1)). Let
1
fi(D) =SV o (VD = A)|> +Zsp(D),  fa(Z) :=Txn (2),

where Z¢(+) is the indicator function on the set C. Then NEDM (5.1)) is equiv-
alent to
min f1(D) + f2(Z) st. D+Z=0. (5.2)
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The augmented Lagrange function for (|5.2)) is given by
L(D,Z:Y) = A(D) + f2(Z) + (Y, D+ 2) + £|ID + 2|,

where Y € 8™ is the multiplier and p > 0 is the penalty parameter.

Algorithm 1 ADMM for (5.1
1: Initialization: D°, Z9 Y, p > 0 and v € (0, (v/5 +1)/2). set the iteration index k := 0.

2: For k=0,1,..., update

D*+1 = argmin £(D, ZF;Y*)
(5.3)

ZF+t1 = argmin L(D**1,Z;YF).

3: Update Y* by
yh+l —yk 4 l/p<Dk+1 + Zk-«-l).

We note that Algorithm [I| is a special case of the Proximal ADMM of
[16] in its Appendix B by choosing S = T = 0 therein. We have proved
the constraint nondegeneracy in Example [1| for the constraints in . Since
the objective is convex in D and the solution set is nonempty and bounded
under the assumption H2 below, there exists a Lagrange multiplier for .
Consequently, the reformulated problem also has a Lagrange multiplier.
Moreover, the matrices

Yp+pl and Xy, +pl (5.4)

both are positive definite for p > 0, where Xy and Yy, are the positive
semidefinite operators associated with f; and f; respectively (for the definition
of such X matrices, please refer to [16, Eq. (B.4), Eq. (B.5)]). The existence of
Lagrange multipliers and the positive definiteness of the two matrices in
are the conditions used for the global convergence of the proximal ADMM.
Therefore, the sequence {DF, Z*¥ Y*} generated by Alg. [1| converges to a

KKT point of (5.2) , denoted as (D, Z,Y’) with D being an optimal solution of
1) We show that D is also strongly regular under the assumption H2 below.

Assumption H2: We assume §;; > 0 for all i # j.

In the following, we prove that 5,;]- > 0 for all i # j. We first see how D**! is
calculated.

1
D = argmin |[VW o (VD = 4)|* + (Y*, D)+ £|ID + 2¥|

— argmin g||D+zk+(W+Yk)/p||2 — (WoA, VD)

1 5 1
argmin §\|D—|—Zk||2 - ;(WoA, VD),  st. diag(D)=0, D>0
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where Z¥ := Z* 4 (W + Y*)/p. It is easy to see that the variables D,; are
separable and hence they can be computed individually.

~\2
DZJFI argmin D;;>0 %(DZJ + Zf]) — %Wijéij,/Dij, for i 7&]

Dfi"'lzﬂ7 fori=1,...,n.
(5.5)
For each ij'*'l with i # j, it is actually the solution of the following one-
dimensional optimization problem with properly defined w and #:

1
dcroot(w,n) := arg m>irg 5(3} —w)? -2z

The solution of this problem has been studied in [43] and it is closely related
to the roots of so-called depressed cubic equation. This is the reason why we
named the solution as dcroot depending on w and 7, which define the one-
dimensional problem. We omit the computational formula for dcroot(w, 7).
We only need its nice property that it is bounded away from 0.

Proposition 9 [45, Prop. 3.4] Suppose ¢1 > 0 and co > 0 are given two
constants. There exists a constant co > 0 such that

|deroot(w,n)| > co YV (w,n) satisfying |w| < e1, 1> co.
The update ij‘H for i # j is given by

=~ 1
ijﬂ = dcroot(o.)gf),771-]-)7 with w(jk) = —ij and 7, = %Wijéij.

Since
lim Z" =7+ (W +Y)/p,

k—oc0

and under Assumptions H1 and H2, there exist constants ¢; and cs such that

|w(k)| = |ij| <c¢ and 7 > o= rggl WOt Vi#j and Vk.

Prop@implies that there exists ¢ > 0 such Dk]+1 > ¢ for all k and i # j. We
further note that the objective f(D) in . ) has the following form:

7(D) = %wﬁowﬁ—mu?: 2 (VWD )
i#]
which does not include the term for ¢ = j. This is because diag (D) = 0.
What we have proved is that the objective function f(D) is continuously
differentiable at D and it is strictly convex. Therefore the strong second order
sufficient condition holds

(H,IxxL(D,(,IH > T (T, H)

NH
= iw’”‘s“ D, ) (T, H) >0, VH capp(C,T)\{0},
i#£]
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where we used that facts that —1(I", H) > 0, W;;8;; > 0 and D;; > 0 for all
i # j. The constraint nondegeneracy of has been proved in Example
Hence we can make a strong claim about problem by Theorem |4} We
state it below.

Proposition 10 Under Assumptions H1 and H2, the sequence {D*} gener-
ated by ADMM Alg. |1| converges to the unique and strongly stable solution D
of Problem . Moreover, the unique KKT point of at D 1is strongly
reqular.

6 Conclusion

In this paper, we studied perturbation analysis on the Euclidean Distance Ma-
trix OPtimization (EDMOP), which have found many applications in distance
related problems. We established various characterizations of strong regularity
and strong stability at a locally optimal solution of EDMOP. Those results are
related to the second-order information of EDMOP and are particularly useful
in justifying when Newton-type methods are efficient. For example, Theorem [4]
can be used to explain why a semimsooth Newton method studied in [27] is
quadratically convergent for the nearest Euclidean distance matrix problem
. We also demonstrated an implication of the obtained results to a first-
order method (ADMM) for the stress minimization problem. Therefore, the
theoretical results established have important numerical applications too.
This paper also motivates some interesting questions. The first one is
whether the constraint nondegeneracy property in Example[T]still holds if some
fixed-distance constraints are added. Such constraints appear in Euclidean
Distance Matrix Completion, see, e.g., [1]. The second question is whether
the constraint nondegeneracy holds for the correlation calibration problem de-
scribed in . This would open the possibility of developing fast Newton’s
method for it. The third question is whether one can develop Newton’s method
with efficient implementation for the stress minimization problem . This
question is valid because we showed in Prop. that the optimal solution is
strongly stable. Hence, Newton’s method would enjoy quadratic convergence
rate. However, the obstacle is that the objective function is not everywhere
differentiable. Finally, one referee proposed whether an interior-point method

can be developed for (5.1)).
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