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1 Introduction

This research has been strongly motivated by two significant advances in ma-
trix optimization over the past decade. On one hand, much has been known
about the perturbation analysis for semi-define programming (SDP) in the
classical sense of Robinson [31] and Kojima [22]. Important results can be
found in Bonnans and Shapiro [4], Sun [35], Chan and Sun [7], and Ding et.
al. [10]. On the other hand, Euclidean Distance Matrix (EDM) optimization
has appeared to be a powerful model for many practical problems, see the
surveys [12,24]. In particular, EDM optimization has a close link to SDP, see
e.g., [1–3, 8, 14]. Moreover, error bounds have proved essential in establishing
complexity results for numerical algorithms for EDM optimization [9, 40, 41].
An interesting question is whether we can establish perturbation results in
the sense of Robinson [31] and Kojima [22] for general EDM optimization. As
reported in this paper, well-formulated results can be obtained thanks to the
advances on perturbation analysis in SDP. For general references on sensitiv-
ity and stability analysis in optimization, see, e.g., Bonnans and Shapiro [4],
Dontchev and Rockafellar [13], Facchinei and Pang [15], Klatte and Kum-
mer [21], Mordukhovich [26], and Rockafellar and Wets [32].

In the following, we first state the general EDM optimization problem,
followed by two examples to show its tremendous capability in modeling. The
first example is the well-known maximum-variance unfolding (MVU) problem
[37,39]. This example will show an advantage of EDM optimization over SDP.
Moreover, MVU in the form of EDM is strongly stable. The second example is
from calibrating correlation matrices in [30, Chp. 22] and it is well formulated
in the general form of EDM optimization. We finish this section by briefly
outlining the main contributions of the paper.

1.1 EDM Optimization: Formulation

The main concept in our formulation is the conditionally positive semidefinite
cone Kn

+ [25]. Let Sn and Sn
+ denote respectively the space of n×n symmetric

matrices and the cone of positive semidefinite matrices. Kn
+ is the collection

of all matrices in Sn that are positive semidefinite on the subspace 1⊥
n : the

subspace in Rn orthogonal to the vector of all ones 1n. That is,

Kn
+ :=

{
A ∈ Sn : xTAx ≥ 0, x ∈ 1⊥

n

}
,

where “:=” means “define”. Furthermore, if A ∈ Kn
+ has zero diagonal [33],

then there must exist a set of points xi ∈ Rr, i = 1, . . . , n such that the (i, j)th
element of (−A) is given by the squared Euclidean distance between xi and
xj , i.e.,

(−A)ij = ∥xi − xj∥2, i, j = 1, . . . , n,

where r is called the embedding dimension of A and ∥ · ∥ is the Euclidean
norm in Rr. Such matrix (∥xi−xj∥2)ni,j=1 is called Euclidean Distance Matrix
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(EDM). The collection of all EDMs of the size n × n is the EDM (convex)
cone Dn, see [8]. Hence, Kn

+ is intrinsically related to Euclidean geometry. The
optimization problem below defined on Kn

+ is hence referred to as the EDM
optimization:

(EDMOP) min
x∈X

f(x) s.t. diag (G(x)) = 0, G(x) ∈ Kn
+, (1.1)

where X is a finite-dimensional real Hilbert space, f : X → R, G : X → Sn are
twice continuously differentiable functions, and diag (·) is a vector containing
the diagonal elements of a matrix. We make following comments on the model
(1.1).

(i) The constraints specify that−G(x) is EDM.We could add more constraints
such as h(x) = 0 with h(·) : X 7→ Rm being twice continuously differen-
tiable. For simplicity of describing our results, we omit such constraints.

(ii) Problem (1.1) can be cast as a SDP by noting that

G(x) ∈ Kn
+ ⇐⇒ JG(x)J ∈ Sn

+,

where J := I − 1
n1n1

T
n is the orthogonal projection to the subspace 1⊥

n .
Perturbation analysis may be conducted on the resulting problem as done
in [35] for nonlinear SDP. However, the composition between J and G(x)
may make analysis more complicated. For example, it would be hard to
check the constraint nondegeneracy property [4] for the nearest EDM prob-
lem stated below, while it is straightforward from the EDM perspective.
This is all because variational analysis on Kn

+ can be thoroughly done.
Note that constraint nondegeneracy is an important property for stability
analysis in conic programming.

(iii) Many Euclidean embedding problems including the first example below
take G as the identity mapping with (−x) being EDM [42]. Our second
example makes a case where G(x) may take a nonlinear form.

1.2 Two Motivating Examples

We use two examples to demonstrate the modeling power of EDMOP. The
first example is from nonlinear dimensionality reduction in machine learning
and the second is from finance.

(a) Maximum Variance Unfolding (MVU). It was first proposed in [39]
as a dimensionality reduction method and it has a close link to the Markovian
mixing over graph [37]. The purpose is to embed n points in a low-dimensional
Euclidean space while preserving the local structure among data.

Suppose there are n items, which are collected from a high-dimensional
space. A certain type of dissimilarity (e.g., distance) may be computed for
some pairs of items. Let δij denote such a dissimilarity measurement between
item i and item j. We let N be the collection of such pairs. The purpose is
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to embed those items as n points {xi}ni=1 in a low-dimensional space Rr such
that the Euclidean distance between xi and xj approximates δij :

∥xi − xj∥ ≈ δij ∀ (i, j) ∈ N . (1.2)

A key principle in MVU is that it favours the embedding with high variance
making the quantity

σ2
X :=

1

2n

n∑
i,j=1

∥xi − xj∥2

as big as possible. Under the assumption that the embedding points are cen-
tered, i.e., x1 + · · ·+ xn = 0 (centralization condition), the variance becomes
σ2
X =

∑n
i=1 ∥xi∥2. Therefore, MVU aims to achieve (i) preserving the local

distances in (1.2), and (ii) maximizing the variance σ2
X :

max
xi

n∑
i=1

∥xi∥2 − ν
∑

(i,j)∈N

(
∥xi − xj∥2 − δ2ij

)2
, (1.3)

where ν > 0 is a balance parameter between the two aims.
Problem (1.3) is highly nonlinear in the space of embedding points xi.

Fortunately, it has a nice SDP relaxation. Note that the squared distance
∥xi − xj∥2 has a linear representation in terms of a kernel matrix:

∥xi − xj∥2 = ∥xi∥2 + ∥xj∥2 − 2⟨xi,xj⟩ = Kii +Kjj − 2Kij ,

where the kernel matrix K is defined by Kij = ⟨xi,xj⟩ with ⟨·, ·⟩ being the
standard dot product in Rr. Consequently, (1.3) can be represented as a convex
quadratic SDP (dropping the hidden rank constraint rank (K) = r):

(MVU) maxK Trace (K)− ν
∑

(i,j)∈N

(
Kii +Kjj − 2Kij − δ2ij

)2
,

s.t. K1n = 0, K ⪰ 0,
(1.4)

where K ⪰ 0 means that K is positive semidefinite (i.e., being a kernel), and
the constraint K1n = 0 is the centralization condition.

Now, let us reformulate problem (1.3) as EDM optimization in terms of
the EDM Dij := ∥xi − xj∥2:

minD ν
∑

(i,j)∈N

(
Dij − δ2ij

)2
− 1

2n

∑n
i<j Dij

s.t. diag (D) = 0, (−D) ∈ Kn
+.

(1.5)

This problem is actually an instance of weighted nearest EDM problem, see
e.g., [20, 27,29]:

(NEDM) min
D

1

2
∥W ◦ (D −∆)∥2 s.t. diag (D) = 0, −D ∈ Kn

+, (1.6)

where W ∈ Sn is a nonnegative weight matrix, ◦ means componentwise mul-
tiplication between two matrices (we omit the specification of W and ∆ cor-
responding to (1.5)).
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When comparing with SDP (1.4), the nearest EDM formulation (1.6) has
obvious numerical advantage mainly due to it being a projection problem. For
example, when the weight matrix W is uniform (i.e., Wij = 1 for all (i, j)),
alternating projection method [17] and semismooth Newton method [27] can
be used. However, standard SDP solvers for (1.4) were severely limited due to
the quadratic term in the objective which depends on the size of N used in
(1.2). When W is not uniform, it may be approximated by a rank-one matrix
wwT where w ∈ Rn is a positive weight vector. This results in a sequential
rank-one weighted (1.6), which can be efficiently solved [29].

(b) Calibrating Correlations. This example comes from finance [30,
Chp. 22]. Suppose we have n forwards with expiry dates denoted by Ti,
i = 1, . . . , n. A correlation function that models correlations between those
forwards takes the following form:

ρ(Ti, Tj) := exp(−λ(Ti, Tj)|Ti − Tj |) with λ(Ti, Tj) := β exp{−αmax{i, j}},

where β > 0 and α ∈ R are empirically chosen. It is hypothesized that those
correlations form a correlation matrix. However, a numerical example given
in [28] shows that such constructed correlation matrix may have negative eigen-
values. Hence it is not a legitimate correlation matrix, which should be positive
semidefinite. A necessary and sufficient condition for ρ(Ti, Tj) to be true cor-
relations is that the matrix

G(α, β) :=
(
β exp{−αmax{i, j}}|Ti − Tj |

)n
i,j=1

is EDM [25]. A natural calibration strategy is to seek the best αi and βj from

a target pair α̂i and β̂i such that the matrix

G(α,β) :=
(
βj exp{−αi max{i, j}}|Ti − Tj |

)n
i,j=1

is EDM, yielding the following EDM optimization:

minα,β
1
2∥α− α̂∥2 + 1

2∥β − β̂∥2
s.t. diag (G(α,β)) = 0, −G(α,β) ∈ Kn

+,
(1.7)

where α̂ and β̂ are respectively the target of α and β. This is an example that
G(x) in (1.1) may be nonlinear.

1.3 Contribution

Some geometric properties of Kn
+ have been known in various places, see [17,18,

27]. However, there lacks a more detailed and constructive analysis. Our first
contribution is to conduct a unified variational analysis on Kn

+. In particular,
we derive the following facts.

(i) Kn
+ is C2-cone reducible.
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(ii) We derive a formula for the second-order tangent set of Kn
+. This forms

a key part for stating the second-order necessary and sufficient conditions
for EDMOP (1.1).

(iii) The orthogonal projection operator ΠKn
+
(·) onto Kn

+ plays an important

role in numerical algorithms for (1.1). We derive a formula for the gener-
alized Jacobian ∂ΠKn

+
(·).

Our second contribution is to characterize the solution behaviour when
the problem data is perturbed in the canonical fashion: f(x) is replaced by
f(x) + ⟨u1,x⟩ and G(x) is perturbed to G(x) + u2 in (1.1), where u1 ∈ X
and u2 ∈ Sn are small perturbations. Two important solution concepts are
the strong regularity of Robinson [31] and the strong stability of Kojima [22].
We propose computationally verifiable characterizations for the solution of
(1.1) to have those two properties. We will see that the variational analysis
on Kn

+ is essential in such characterizations, which in turn were motivated
by Sun [35]. It is important to note that more general results may be stated
in terms of conic programming (see, e.g., [11]). Our results are tailored to
the EDM optimization and hence are more specific. The benefit is that those
characterizations may be directly applied as seen in our third contribution.

Our third contribution is to demonstrate numerical implication of the ob-
tained results to an alternating direction method of multipliers (ADMM) ap-
plied to a stress minimization problem, an instance of EDMOP studied in [43].
The established theoretical results allow us to make a stronger claim for the
ADMM to the nondifferentiable stress problem that the sequence generated
converges to a strongly stable solution, see Prop. 10. We delay the detailed
description of the stress minimization problem to Section 5.

The paper is organized as follows. In Section 2, we give preliminaries needed
in the sequential discussions, including the variational geometry of Kn

+ and the
differential properties of ΠKn

+
(·). In Section 3 , we characterize second-order

optimality conditions of EDMOP under various constraint qualifications. The
equivalent characterizations of strong regularity of Robinson [31] and strong
stability of Kojima [22] are derived in Section 4. In Section 5, we demonstrate
numerical implication of the obtained results on a method of ADMM to the
stress minimization problem. We conclude the paper in Section 6.

Before we move on to the main part of the paper, we would like to comment
on a very important and yet a distinguishing approach that addresses the
degeneracy issue of the EDM cone Dn, whose interior is empty. The approach
is known as the Facial Reduction (FR) thoroughly studied by Krislock and
Wolkowicz [23] for EDM completion problems. We also refer to [14] for further
development. FR roughly works as follows. Suppose some elements of EDM
D are known. By exploring the clique structures among the known distances,
one can move to a smaller dimensional space that contains D. This D often
resides in a transformed face of a smaller positive SDP cone St

++ (t ≪ n).
Efficient iterative procedures can be designed to reduce t. This approach is
extremely efficient in completing D when the known distances are exact or
highly accurate to their true values [23]. In contrast, the approach introduced
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in this paper is to relax the EDM cone Dn to Kn
+ (Kn

+ has interior) and
studies the optimization theory for the resulting EDM optimization problems.
We refer the interested reader to the paper [42], where the FR-based algorithm
EepVecEDM from [14] and a EDM optimization based algorithm PREEEDM are
extensively compared for a large set of test problems.
Notation: Bold-faced lowercase letters denote vectors such as x ∈ Rn and
the uppercases are for matrices such as A ∈ Sn. In particular, ei is the ith
unit vector in Rn with the ith element being one and zero elsewhere. The
calligraphic letters denote sets such as Kn

+. Its polar (or negative dual [4,
Sect. 2.1.4]) cone is defined by

(Kn
+)

◦ :=
{
B ∈ Sn | ⟨A,B⟩ ≤ 0 for all A ∈ Kn

+

}
,

where ⟨A,B⟩ is the standard trace product in Sn. We let Sn
h := {A ∈

Sn | diag (A) = 0} known as the hollow subspace. Let Jxf(x) and Jxxf(x)
denote the derivative and the second derivative of f with respect to x ∈ X , re-
spectively. TKn

+
(A) and NKn

+
(A) are respectively the tangent cone and the nor-

mal cone of Kn
+ at A ∈ Kn

+. lin(TKn
+
(A)) is the largest linear space contained in

TKn
+
(A). T 2

Kn
+
(A,H) is the second order tangent set of Kn

+ at A ∈ Kn
+ and along

the direction H ∈ TKn
+
(A). Denote by A◦B := [AijBij ] the Hadamard product

between two matrices A and B of same size. For subsets α, β of {1, . . . , n−1},
denote Bαβ as the submatrix of B indexed by α and β. Bα denotes the sub-
matrix consisting of columns of B indexed by α, and |α| is the cardinality of
α. For a linear operator A : X 7→ Y, A∗ denotes its conjugate.

2 Variational Analysis on Kn
+

This section provides basic variational analysis on the convex cone Kn
+ mostly

through a study on the orthogonal projection onto Kn
+:

ΠKn
+
(A) := argminX∈Kn

+
∥X −A∥,

where the norm is the Frobenius norm in Sn induced by the standard trace
product. In particular, we will review two computational formulae for the
projection, and characterize its directional derivatives and its generalized Ja-
cobian. We also derive formulae for the tangent cone and the second-order
tangent set of Kn

+. These are needed for stating the second-order conditions
for problem (1.1).

2.1 Two Formulae for ΠKn
+
(A)

Recall that the matrix J = I− 1
n1n1

T
n is the orthogonal projection to 1⊥

n . The
first formula is due to Gaffke and Mathar [18]:

ΠKn
+
(A) = A+ΠSn

+
(−JAJ), ∀A ∈ Sn. (2.1)
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This formula follows directly from the fact that A ∈ Kn
+ if and only if JAJ ⪰ 0

(i.e., JAJ ∈ Sn
+).

A more structure-revealing formula was given by Hayden and Wells [19]
using the Householder matrix Q:

Q := I − 2vvT /vTv, (2.2)

where v := (1, . . . , 1,
√
n+1)T ∈ Rn. It has a close relationship with the matrix

J :

J = Q

[
In−1 0
0 0

]
Q. (2.3)

We write the matrix QAQ in a block-structure:

QAQ =:

[
A1 a
aT a0

]
with A1 ∈ Sn−1. (2.4)

Substituting (2.3) into (2.1) and using the structure of QAQ in (2.4), we
obtain the formula of Hayden and Wells [19]:

ΠKn
+
(A) = Q

[
ΠSn−1

+
(A1) a

aT a0

]
Q, ∀A ∈ Sn.

An immediate observation from this formula is that A ∈ Kn
+ if and only if

A1 ∈ Sn−1
+ in (2.4). Hence the cone of Kn

+ can be described as follows:

Kn
+ =

{
Q

[
Z1 z
zT z0

]
Q : Z1 ∈ Sn−1

+ , z ∈ Rn−1, z0 ∈ R
}

Its polar cone
(
Kn

+

)◦
is then given by

(
Kn

+

)◦
=

{
Q

[
Z 0
0 0

]
Q : −Z ∈ Sn−1

+

}
.

From now on, we use A as a general matrix not necessarily belonging to
Kn

+ and A as a matrix in Kn
+. Moreover, we often take A as the projection of

A onto Kn
+, i.e., A = ΠKn

+
(A). In particular, we rewrite (2.4) as

A = Q

[
A1 a
aT a0

]
Q and A = Q

[
A1 a
aT a0

]
Q. (2.5)

In the case A = ΠKn
+
(A), we obviously have A1 = ΠSn−1

+
(A1).
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2.2 Directional Derivatives of ΠKn
+
(·) and Tangent Cones of Kn

+

The main task in this subsection is to derive the formulae for directional
derivatives of ΠKn

+
(·). The formulae will allow us to characterize the tangent

cone and the second-order tangent set of Kn
+. Our starting point is that the

directional derivatives can be computed through the corresponding directional
derivatives of the projection onto the positive semidefinite cone Sn−1

+ .
Let H,W ∈ Sn represent directions to be used. We again write H and W

in the form of block structure:

H = Q

[
H1 h
hT h0

]
Q, W = Q

[
W1 w
wT w0

]
Q.

It is easy to see that the directional derivative of ΠKn
+
(·) at A along H is given

by

Π ′
Kn

+
(A,H) = lim

t→0

ΠKn
+
(A+ tH)−ΠKn

+
(A)

t
= Q

[
Π ′

Sn−1
+

(A1, H1) h

hT h0

]
Q,

(2.6)
and the second-order derivative is given by

Π ′′
Kn

+
(A;H,W ) = Q

[
Π ′′

Sn−1
+

(A1;H1,W1) w

wT w0

]
Q,

Computational formulae for the directional derivatives of the projection
on the positive semidefinite cone have been known [34, 36]. We briefly state
them. Let λ1(A1) ≥ . . . ≥ λn−1(A1) be the eigenvalues of A1 arranged in non-
increasing order. Let Λ := Diag(λ1(A1), . . . , λn−1(A1)) be the diagonal matrix
with eigenvalues being its diagonal. Suppose A1 has the following spectral
decomposition:

A1 = UΛUT , (2.7)

where U is the matrix of orthonormal eigenvectors. Define three index sets of
positive, zero, and negative eigenvalues of A1, respectively, as

α := {i : λi > 0}, β := {i : λi = 0}, γ := {i : λi < 0}.

The matrices Λ and U in (2.7) can be arranged as follows:

Λ =

Λα 0 0
0 0 0
0 0 Λγ

 and U =
[
Uα Uβ Uγ

]
with Uα ∈ R(n−1)×|α|, Uβ ∈ R(n−1)×|β|, and Uγ ∈ R(n−1)×|γ|. Define the
matrix Ω ∈ Sn−1 with entries

Ωij :=
max(λi, 0) + max(λj , 0)

|λi|+ |λj |
, i, j = 1, . . . , n− 1, (2.8)
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where 0/0 is defined to be 1. Sun and Sun [36] gave an explicit formula for the
directional derivative of Π ′

Sn−1
+

(A1, H1) :

Π ′
Sn−1
+

(A1;H1) = U

 (H̃1)αα (H̃1)αβ Ωαγ ◦ (H̃1)αγ
(H̃1)

T
αβ ΠS|β|

+
((H̃1)ββ) 0

(H̃1)
T
αγ ◦ΩT

αγ 0 0

UT ,(2.9)

where H̃1 := UTH1U . The formulae (2.6) and (2.9) yield the characterization
of the tangent cone of Kn

+ at A = ΠKn
+
(A):

TKn
+
(A) =

{
H ∈ Sn : Π ′

Kn
+
(A,H) = H

}
=

{
Q

[
H1 h
hT h0

]
Q ∈ Sn : Π ′

Sn−1
+

(A1;H1) = H1

}
=

{
Q

[
H1 h
hT h0

]
Q ∈ Sn : UT

α H1Uα ⪰ 0

}
, (2.10)

where α := β∪γ and Uα := [Uβ , Uγ ]. Note that the characterization of TKn
+
(A)

was first obtained by [17] without using the directional derivative Π ′
Kn

+
(A,H).

It follows from (2.10) that the largest linear subspace contained in the tangent
cone is

lin(TKn
+
(A)) =

{
Q

[
H1 h
hT h0

]
Q ∈ Sn : UT

α H1Uα = 0

}
(2.11)

and the normal cone is given by

NKn
+
(A) =

Q

U [0 0
0 M

]
UT 0

0 0

Q ∈ Sn
∣∣∣ −M ∈ S |β|+|γ|

+

 . (2.12)

The critical cone of Kn
+ at A ∈ Kn

+ is defined as

C(A,Kn
+) := TKn

+
(A) ∩ (A−A)⊥,

which can be completely described:

C(A,Kn
+) =

{
Q

[
H1 h
hT h0

]
Q ∈ Sn

∣∣∣ UT
β H1Uβ ⪰ 0

UT
β H1Uγ = 0, UT

γ H1Uγ = 0

}
.(2.13)

The affine hull of C(A,Kn
+) denoted by aff(C(A,Kn

+)) can thus be written as

aff(C(A,Kn
+)) =

{
Q

[
H1 h
hT h0

]
Q ∈ Sn

∣∣∣ UT
β H1Uγ = 0

UT
γ H1Uγ = 0

}
. (2.14)
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We now consider the second-order tangent set of Kn
+ at A along a direction

H ∈ TKn
+
(A). It can be characterized through the second derivative of ΠKn :

T 2
Kn

+
(A,H) = {W ∈ Sn

∣∣∣ Π ′′
Kn

+
(A,H,W ) = W}

=

{
Q

[
W1 w
wT w0

]
Q ∈ Sn

∣∣∣ Π ′′
Sn−1
+

(A1, H1,W1) = W1

}
=

{
Q

[
W1 w
wT w0

]
Q ∈ Sn

∣∣∣ W1 ∈ T 2
Sn−1
+

(A1, H1)

}
The formula for the second-order tangent set of the semidefinite cone is known.
Note that A1 ∈ Sn−1

+ . We consider the nontrivial case that its smallest eigen-

value is 0 (i.e., λn−1(A1) = 0). Otherwise T 2
Sn−1
+

(A1, H1) = Sn−1. Let s

be the multiplicity of the smallest eigenvalue of the matrix UT
α H1U

T
α and

let v1, . . . ,vs be a corresponding set of orthonormal eigenvectors and Vs :=
[v1, . . . ,vs] be the corresponding matrix. Then, we know from [34, Eq. 35] that
the second order tangent set of Sn−1

+ at A1 ∈ Sn−1
+ and along the direction

H1 ∈ TSn−1
+

(A1) can be written in the form,

T 2
Sn−1
+

(A1, H1) =
{
W1 ∈ Sn−1

∣∣∣ V T
s UT

α W1UαVs ⪰ 2V T
s UT

α H1A
†
1H1UαVs

}
,

where A†
1 is the (generalized) Moore-Penrose inverse of A1. Consequently,

T 2
Kn

+
(A,H) =

{
Q

[
W1 w
wT w0

]
Q
∣∣∣ V T

s UT
α W1UαVs ⪰ 2V T

s UT
α H1A

†
1H1UαVs

}
.

(2.15)
As an application, we derive an expression for the support function of

the second order tangent set T 2
Kn

+
(A,H). To simplify the notation, we use T 2

instead of T 2
Kn

+
(A,H).

Proposition 1 Let A ∈ Kn
+ with A1 being given in (2.5). Let H ∈ TKn

+
(A)

and Z ∈ NKn
+
(A). We decompose H and Z as

H = Q

[
H1 h
hT h0

]
Q, Z = Q

[
Z1 0
0 0

]
Q (by (2.12))

The support function over T 2 at Z is given by

σ(Z, T 2) =

{
2⟨Z1, H1A

†
1H1⟩ if ⟨Z, H⟩ = 0,

∞ otherwise.

Proof.We first consider the case that ⟨Z, H⟩ ≠ 0, i.e. Z is not contained in
the polar of TTKn

+
(A1)

(H). From [4, Proposition 3.34], we get σ(Z, T 2) = +∞.
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Now, we suppose that ⟨Z, H⟩ = 0. It follows from the structures of TKn
+
(A)

and NKn
+
(A) that

0 = ⟨Z, H⟩ = ⟨Z1, H1⟩ = ⟨UT
α Z1Uα, U

T
α H1Uα⟩

with UT
α Z1Uα ⪯ 0 and UT

α H1Uα ⪰ 0. Therefore, both matrices share a same
set of eigenvectors as they are complementary to each other. In particular,
UT
α Z1Uα can be written in terms of eigenvectors in Vs corresponding to the

smallest eigenvalue of UT
α H1Uα ⪰ 0:

UT
α Z1Uα = VsΨV

T
s for some Ψ ⪯ 0.

Moreover, we have

Z1 = UαU
T
α Z1UαU

T
α = UαVsΨV

T
s UT

α .

We are ready to calculate the support function using the characterization
(2.15):

σ(Z, T 2) = sup{⟨Z, W ⟩ : W ∈ T 2}

= sup

{
⟨Q
[
M 0
0 0

]
Q,Q

[
W1 w
wT w0

]
Q⟩ : V T

s UT
α W1UαVs ⪰ 2V T

s UT
α H1A

†
1H1UαVs

}
= sup

{
⟨Z1, W1⟩ : V T

s UT
α W1UαVs ⪰ 2V T

s UT
α H1A

†
1H1UαVs

}
= sup

{
⟨Ψ, V T

s UT
α W1UαVs⟩ : V T

s UT
α W1UαVs ⪰ 2V T

s UT
α H1A

†
1H1UαVs

}
= 2⟨Ψ, V T

s UT
α H1A

†
1H1UαVs⟩

= ⟨Z1, H1A
†
1H1⟩

□

2.3 Kn
+ is C2-cone Reducible

We recall the formal definition when a set is C2-cone reducible.

Definition 1 [4, Definition 3.135] Let Y and Z be two finite dimensional
Euclidean spaces. Let K ⊂ Y and C ⊂ Z be convex closed sets. We say that
the set K is C2-reducible to the set C, at a point y ∈ K, if there exist a
neighbourhood U of y and twice continuously differentiable mapping Ξ : U →
Z such that (i)Ξ ′(y) : Y → Z is onto, and (ii)K ∩ U = {y ∈ U : Ξ(y) ∈ C}.
We say that the reduction is pointed if the tangent cone TC(Ξ(y)) is a pointed
cone. If, in addition, the set C −Ξ(y) is a pointed convex closed cone, we say
that K is C2-cone reducible at y. We can assume without loss of generality
that Ξ(y) = 0.
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We now prove that Kn
+ is C2-cone reducible at every point A ∈ Kn

+ and the
proof is patterned after [4, Example 3.140]. For the sake of completeness, we
include a short proof. Hence, Kn

+ is second order regular ( [4, Definition 3.85])
at every point.

Proposition 2 Let A be an arbitrary point in Kn
+ and let r be the rank of the

matrix JAJ , i.e., rank (JAJ) = r. Then Kn
+ is C2-cone reducible to Sn−1−r

+

at A ∈ Kn
+.

Proof. Let A ∈ Kn
+, i.e. A = Q

[
A1 a
aT a0

]
Q, and A1 ∈ Sn−1

+ . It follows

from the property (2.3) between Q and J that rank(A1) = r. For any A =

Q

[
A1 a
aT a0

]
Q ∈ Sn, denote by λ1(A1) ≥ . . . ≥ λn−1(A1) the eigenvalues of

(n−1)× (n−1) symmetric matrix A1 and p1(A1), . . . ,pn−1(A1) an orthonor-
mal set of corresponding eigenvectors. Let E(A1) be the (n− 1)× (n− 1− r)
matrix whose columns are formed from vectors pr+1(A1), . . . ,pn−1(A1).

Denote by L(A1) the eigenspace corresponding to the (n − 1 − r) small-
est eigenvalues of A1, and P (A1) be the orthonormal projection matrix onto
L(A1). Also let E0 be a (fixed) (n − 1) × (n − 1 − r) matrix whose columns
are orthonormal and span the space L(A1), i.e. E0 = E(A1). It is known that
P (A1) is a continuously differentiable function of A1 in a sufficiently small
neighbourhood of A1. Consequently, F (A1) := P (A1)E0 is also a continuously
differentiable function of A1 in a sufficiently small neighbourhood of A1 and
F (A1) = E0. It follows that for all A1 sufficiently close to A1, the rank of
F (A1) is (n− 1− r), i.e., its column vectors are linearly independent.

Let U(A1) be the matrix whose columns are obtained by applying the
Gram-Schmidt orthonormalization procedure to the columns of F (A1). The
matrix U(A1) is well defined and continuously differentiable near A1. More-
over, it satisfies the following conditions: U(A1) = E0, the column space of
U(A1) coincides with the column space of E(A1), and U(A1)

TU(A1) = In−1−r.
We obtain that in a neighbourhood N1 of A1, the cone Sn−1

+ can be defined
in the form {A1 : U(A1)

TA1U(A1) ⪰ 0}. Furthermore, in a neighbourhood N
of A, the cone Kn

+ can be represented as{
A ∈ Sn : A = Q

[
A1 a
aT a0

]
Q,U(A1)

TA1U(A1) ⪰ 0

}
.

Consider the mapping E : A → U(A1)
TA1U(A1) from N into Sn−1−r

+ . The

mapping E is continuously differentiable. Since the expression of JE(A)A is

(JU(A1)
TA1)A1U(A1) + U(A1)

TA1U(A1) + U(A1)
TA1(JU(A1)

TA1)

and A1U(A1) = 0, we have JE(A)A = ET
0 AE0. It follows that JE(A) is

onto. By Def. 1, we proved Kn
+ is C2-reducible to Sn−1−r

+ at A ∈ Kn
+ with

r = rank (JAJ). □
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2.4 Generalized Jacobian of ΠKn
+
(·)

In this section, we state some differential properties of ΠKn
+
(·). Those proper-

ties can be proved similarly as in [35] for the positive semidefinite cone Sn
+. We

will omit those proofs for the results in Prop. 3 and Prop. 5 below. SinceΠKn
+
(·)

is a Lipschitz continuous function on Sn, by the well known Rademacher’s
theorem, we know that ΠKn

+
is F (Fréchet)-differentiable almost everywhere.

Denote by DΠn
K+

the set of all points where ΠKn
+

is F-differentiable, then

Clarke’s generalized Jacobian of ΠKn
+
at A ∈ Sn is defined as follows:

∂ΠKn
+
(A) := conv

{
∂BΠKn

+
(A)
}

where “conv” denotes the convex hull and the B-subdifferential ∂BΠKn
+
(A) is

defined by

∂BΠKn
+
(A) :=

{
V : V = lim

k→∞
Π ′

Kn
+

(
Ak
)
, Ak → A,Ak ∈ DΠn

K+

}
.

Proposition 3 The following three statements are true.

(i) ΠKn
+
(·) is F-differentiable at A ∈ Kn

+, where A = Q

[
A1 a
aT a0

]
Q if and only

if A1 is nonsingular.
(ii) For any A ∈ Kn

+, the directional derivative Π ′
Kn

+
(A; ·) is F-differentiable

at H ∈ Kn
+ if and only if UT

β H1Uβ is nonsingular.
(iii) Let A ∈ Kn

+ be arbitrary and Θ(·) := Π ′
Kn

+
(A; ·). It holds that

∂BΠKn
+
(A) = ∂BΘ(0).

Proposition 3 allow us to prove the useful result on ∂ΠKn
+
(·). First, we give

the formula of describing ∂ΠSn−1
+

(A1).

Proposition 4 [35, Proposition 2.2] Suppose that A1 ∈ Sn−1 has the decom-
position (2.7). Then for any V ∈ ∂ΠSn−1

+
(A1) (respectively, V ∈ ∂BΠSn−1

+
(A1)),

there exists a V1 ∈ ∂ΠS|β|
+

(0) (respectively, V1 ∈ ∂BΠS|β|
+

(0)) such that

V (H) = U

 (H̃1)αα (H̃1)αβ Ωαγ ◦ (H̃1)αγ
(H̃1)

T
αβ V1((H̃1)ββ) 0

(H̃1)
T
αγ ◦ΩT

αγ 0 0

UT ,

with H̃1 := UTH1U and the matrix Ω is defined in (2.8).

Proposition 5 Suppose that A ∈ Sn has the decomposition (2.5). Then for
any Ψ ∈ ∂ΠKn

+
(A) (respectively, Ψ ∈ ∂BΠKn

+
(A)), there exists a V ∈ ∂ΠSn−1

+
(A1)

(respectively, V1 ∈ ∂BΠSn−1
+

(A1)) such that

Ψ(H) = Q

[
V (H1) h

hT h0

]
Q.
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For any given B ∈ Sn we below introduce a linear-quadratic function ΥB :
Sn × Sn → R.

Definition 2 For any given B ∈ Sn, define the linear-quadratic function ΥB :
Sn × Sn → R by

ΥB(Γ,A) := 2⟨Γ1, B1A
†
1B1⟩, (Γ,A) ∈ Sn × Sn,

where the submatrices Γ1, B1, and A1 are defined as follows:

Γ = Q

[
Γ1 ξ
ξT ξ0

]
Q, B = Q

[
B1 b
bT b0

]
Q, and A = Q

[
A1 a
aT a0

]
Q.

The following result plays an important role in our subsequent analysis.

Proposition 6 Suppose that B ∈ Kn
+ and Γ ∈ NKn

+
(B), then for any Ψ ∈

∂ΠKn
+
(B+Γ ) and △B,△Γ ∈ Sn such that Ψ(△B+△Γ ) = △B, it holds that

⟨△B,△Γ ⟩ ≥ −ΥB(Γ,△B).

Proof. Let A := B + Γ , Then, we know that

B = ΠKn
+
(B + Γ ) = ΠKn

+
(A).

Thus, we can assume that A has the decomposition as in (2.5), and

B = Q

[
B1 b
bT b0

]
= Q

U
Λα 0 0

0 0 0
0 0 0

UT a

aT a0

Q ,Γ = Q

U
0 0 0
0 0 0
0 0 Λγ

UT 0

0 0

Q.

By Proposition 5, there exists a V ∈ ∂ΠSn−1
+

(B1 + Γ1) such that

Ψ(△B +△Γ ) = Q

[
V (△B1 +△Γ1) △b+△ξ
(△b+△ξ)T △b0 +△ξ0

]
Q,

where △Γ = Q

[
△Γ1 △ξ
△ξT △ξ0

]
Q and △B = Q

[
△B1 △b
△bT △b0

]
Q.

It follows from Ψ(△B +△Γ ) = △B that

V (△B1 +△Γ1) = △B1,△ξ = 0,△ξ0 = 0.

Since B1 ∈ Sn−1
+ , Γ1 ∈ NSn−1

+
(B1), then by [35, Proposition 2.3], we have

⟨△B1,△Γ1⟩ ≥ −⟨Γ1,△B1B
†
1△B⟩.

Hence,

⟨△B,△Γ ⟩ =
〈
Q

[
△B1 △b
△bT △b0

]
Q,Q

[
△Γ1 0
0 0

]
Q

〉
= ⟨△B1,△Γ1⟩
≥ −2⟨Γ1,△B1B

†
1△B⟩

= −ΥB(Γ,△B).

□
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3 Optimality Conditions and Constraint Qualifications

First, we rewrite EDMOP (1.1) in the following form:

(EDMOP) min
x∈X

f(x) s.t. A(G(x)) = 0, G(x) ∈ Kn
+, (3.1)

with A(·) being the diagonal operator. The first order optimality condition,
namely the Karush-Kuhn-Tucker (KKT) condition, for EDMOP takes the fol-
lowing form:

JxL(x, ζ, Γ ) = 0, A(G(x)) = 0 and Γ ∈ NKn
+
(G(x)), (3.2)

where the Lagrangian function L : X × Rn × Sn → R is defined by

L(x, ζ, Γ ) := f(x) + ⟨ζ,A(G(x))⟩+ ⟨Γ,G(x)⟩, (x, ζ, Γ ) ∈ X × Rn × Sn.

If (x, ζ, Γ ) satisfies (3.2), then it is called a KKT point of EDMOP, x a sta-
tionary point, and (ζ, Γ ) a Lagrange multiplier at x. We denote by Λ(x) the
set of all Lagrange multipliers at x.

Let x be a feasible solution to EDMOP. The critical cone C(x) of EDMOP
at x is defined by

C(x) := {d : A(JxG(x)d) = 0,JxG(x)d ∈ TKn
+
(G(x)),Jxf(x)d ≤ 0}.

If x is a stationary point of EDMOP with Λ(x) nonempty, then

C(x) = {d : A(JxG(x)d) = 0,JxG(x)d ∈ TKn
+
(G(x)),Jxf(x)d = 0},

and there exists (ζ, Γ ) ∈ Λ(x) such that

JxL(x, ζ, Γ ) = 0, A(G(x)) = 0 and Γ ∈ NKn
+
(G(x)).

By using the fact

Γ ∈ NKn
+
(G(x)) ⇔ G(x) = ΠKn

+
(G(x) + Γ ),

we may assume that A := G(x) + Γ has the following decomposition as in
(2.5) and (2.7):

G(x) = Q

U
Λα 0 0

0 0 0
0 0 0

UT a

aT a0

Q, Γ = Q

U
0 0 0
0 0 0
0 0 Λγ

UT 0

0 0

Q.(3.3)

Then, by (2.10) and (2.11), we have

TKn
+
(G(x)) =

{
Q

[
H1 h
hT h0

]
Q ∈ Sn : UT

α H1Uα ⪰ 0

}
,

lin(TKn
+
(G(x))) =

{
Q

[
H1 h
hT h0

]
Q ∈ Sn : UT

α H1Uα = 0

}
. (3.4)
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Furthermore, since Λ(x) is nonempty,

C(x) = {d : A(JxG(x)d) = 0, JxG(x)d ∈ C(A;Kn
+)},

where C(A;Kn
+) is defined in (2.13). However, it is not easy to obtain an explicit

formula for aff(C(x)). Instead, we define the following outer approximation set
to aff(C(x)) with respect to (ζ, Γ ) by

app(ζ, Γ ) :=
{
d : A(JxG(x)d) = 0, JxG(x)d ∈ aff(C(A;Kn

+))
}
.

Suppose JxG(x)d = Q

[
H1 h̄
h̄T h̄0

]
Q, by (2.14), it holds that

app(ζ, Γ ) :=
{
d : A (JxG(x)d) = 0, UT

β H1Uγ = 0, UT
γ H1Uγ = 0

}
. (3.5)

Having stated the first-order optimality condition and the tangent-cone
related sets for (3.1), we are ready to state two constraint qualifications. The
Robinson constraint qualification (CQ) is said to hold at x if(

Jx(A ◦G)(x)
JxG(x)

)
X +

(
0

TKn
+
(G(x))

)
=

(
Rn

Sn

)
,

and the constraint nondegeneracy, which is stronger, is said to hold at x if(
Jx(A ◦G)(x)

JxG(x)

)
X +

(
0

lin(TKn
+
(G(x)))

)
=

(
Rn

Sn

)
. (3.6)

The following results provides a criterion for checking the constraint nonde-
generacy.

Proposition 7 Let X = Rm. Let x be a feasible point of EDMOP and G(x)
has the decomposition as in (3.5). Then, x is constraint nondegenerate if and
only if the following m-dimensional vectors are linearly independent:

vℓ :=


(

∂G(x)
∂x1

)
ℓℓ

...(
∂G(x)
∂xm

)
ℓℓ

 and pij :=


ūT
i Q

∂G(x)
∂x1

Qūj

...

ūT
i Q

∂G(x)
∂xm

Qūj

 ,
ℓ = 1, . . . , n
1 ≤ i ≤ j ≤ |α|,

where Uα =

[
Uα

0

]
:=
[
ū1, . . . , ū|α|

]
and Uα consists of the eigenvectors in U

corresponding to the non-positive eigenvalues (those not in Λα) in (3.3).

Proof. By taking the orthogonal complements of both sides in (3.6), we
obtain that x is constraint nondegenerate if and only if the following condition
holds: [(

Jx(A ◦G)(x)
JxG(x)

)
Rm

]⊥
∩

[(
{0}

lin
(
TK+

n
(G(x))

))]⊥
=

(
0
0

)
. (3.7)
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It follows from (3.4) that

lin
(
TKn

+
(G(x))

)
=
{
H ∈ Sn : U

T

αQHQUα = 0
}

=
{
H ∈ Sn : ūT

i QHQūj = 0, 1 ≤ i ≤ j ≤ |α|
}

=

{
H ∈ Sn :

〈
Q

(
ūiū

T
j + ūjū

T
i

2

)
Q,H

〉
= 0, 1 ≤ i ≤ j ≤ |α|

}
.

Since [(
Jx(A ◦G)(x)

JxG(x)

)
Rm

]⊥
= {(s, Y ) ∈ Rn × Sn : ⟨s,A (JxG(x)d)⟩+ ⟨Y,JxG(x̄)d,∀d ∈ Rm}

=

{
(s, Y ) ∈ Rn × Sn :

〈
A∗s+ Y,

m∑
k=1

dk
∂G(x)

∂xk

〉
= 0,∀d ∈ Rm

}

=

{
(s, Y ) ∈ Rn × Sn :

〈
A∗s+ Y,

∂G(x)

∂xk

〉
= 0, k = 1, . . . ,m

}
.

We obtain that (3.7) holds if and only if the following system of linear equations
with unknown ai, 1 ≤ i ≤ n and bij , 1 ≤ i ≤ j ≤ |α| have only the zero solution:

n∑
l=1

ai

〈
∂G(x)

∂xk
, eie

T
i

〉
+

∑
1≤i≤j≤|α|

bij

〈
Q

(
ūiū

T
j + ūjū

T
i

2

)
Q,

∂G(x)

∂xk

〉
= 0, k ≤ m,

which is equivalent to saying that the vectors vi, 1 ≤ i ≤ n and pij , 1 ≤ i ≤
j ≤ |α| are linearly independent. This completes the proof. □

Example 1 (Constraint nondegeneracy for the nearest EDM problem (1.6))
We use the nearest EDM (1.6) to demonstrate the application of Prop. 7. In
this case. x = X ∈ Sn and G(X) = −X. The vectors vi and pij become
matrices and are respectively denoted by Vi ∈ Sn and P(ij) ∈ Sn, which are
given by

Vi = eie
T
i , P(ij) = (Qūi)(Qūj)

T , 1 ≤ i ≤ j ≤ α.

We prove the linear independence of those matrices. It is equivalent to prove
the linear independence of the following matrices:

V̂i := QViQ = Qeie
T
i Q, P̂(ij) := QP(ij)Q = ūiū

T
j .

Consider the linear combination of those matrices:

M :=

n∑
i=1

ξiV̂i +

|α|∑
1≤i≤j

ξijP̂(ij) = 0. (3.8)
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Using the facts ūT
i en = 0 for all i = 1, . . . , |α| and Qen = −(1/

√
n)1n, we

derive from (3.8) that

0 = Men =

n∑
i=1

ξiV̂ien = − 1√
n

n∑
i=1

ξiQei. (3.9)

Combining with the fact

Qei = − 1

n+
√
n
1n − 1√

n+ 1
en + ei, i = 1, . . . , n− 1,

the equation (3.9) reduces to the following system:
(ξi + · · ·+ ξn−1)1n +

√
n(ξi + · · ·+ ξn−1)en−

(n+
√
n)
∑n−1

i=1 ξiei + (
√
n+ 1)ξn1n = 0

ξ1 + · · ·+ ξn = 0.

The only solution of the system is ξ1 = ξ2 = · · · = ξn = 0. Consequently, the
equation (3.8) becomes

|α|∑
1≤i≤j

ξijP̂(ij) =

|α|∑
1≤i≤j

ξijūiū
T
j = 0.

For an arbitrary pair (i0, j0), computing the inner product of this equation
with ui0u

T
j0

and using the fact that ūT
i ūj = 0 for all i ̸= j lead to

0 = ξi0j0∥ui0∥2∥uj0∥2 = ξi0j0 .

Hence, ξij = 0 for all i, j. This proves that (3.8) has zero as its solution.
By Prop. 7, constraint nondegeneracy holds at every feasible point X for the
nearest EDM problem (1.6).

Under the Robinson CQ, we can establish the second-order necessary con-
dition at a local optimum. Conversely, for a first-order stationary point with
Robinson’s CQ, the stationary point becomes a local minimum under a second-
order sufficient condition. Those results are included in the following theorem,
whose proof is a combination of Proposition 2 and [4, Theorem 3.86].

Theorem 1 Suppose that x is a locally optimal solution to EDMOP and
Robinson’s CQ holds at x. Then, the following inequality holds:

sup
(ζ,Γ )∈Λ(x)

⟨d,J 2
xxL(x, ζ, Γ )d⟩ − σ(Γ, T 2

Kn
+
(G(x),JxG(x)d)) ≥ 0, ∀d ∈ C(x).

Conversely, let x be a feasible solution to EDMOP satisfying the first order
optimality condition. Suppose that Robinson’s CQ holds at x. Then the condi-
tion

sup
(ζ,Γ )∈Λ(x)

⟨d,J 2
xxL(x, ζ, Γ )d⟩ − σ(Γ, T 2

Kn
+
(G(x),JxG(x)d)) > 0,∀d ∈ C(x)\{0}.
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is necessary and sufficient for the quadratic growth condition at the point x:

f(x) ≥ f(x) + c∥x− x∥2 ∀x ∈ N such thatG(x) ∈ Kn
+ ∩ Sn

h

for some constant c > 0 and a neighbourhood N of x in X .

We end this section with the definition of a strong second order sufficient
condition for EDMOP, which will be needed in the sensitivity analysis in next
section.

Definition 3 Let x be a stationary point of EDMOP. We say that the strong
second order sufficient condition holds at x if for any d ∈ Ĉ(x)\{0}, we have

sup
(ζ,Γ )∈Λ(x)

{⟨d,J 2
xxL(x, ζ, Γ )d⟩ − ΥG(x)(Γ,JxG(x)d)} > 0, (3.10)

where

Ĉ(x) :=
⋂

(ζ,Γ )∈Λ(x)

app(ζ,Γ).

4 Sensitivity analysis

It is well known that the first-order optimality condition can be reformulated
as a system of nonlinear equations. Hence, a KKT point can be regarded as
a solution of an equation, which provides an approach to study the behaviour
of the KKT point. One such behaviour can be studied via the strong regu-
larity of Robinson [31]. The purpose of this section is to provide a complete
characterization of strong regularity of the KKT points of EDMOP.

4.1 Strongly regularity

In this subsection we characterize the strong regularity of a KKT point of
EDMOP by using the strong second order optimality condition. First , we
note that the KKT condition (3.2) can be equivalently expressed as

F (x, ζ, Γ ) =

 JxL(x, ζ, Γ )
A(G(x))

−G(x) +ΠKn
+
(G(x) + Γ )

 (4.1)

=

 JxL(x, ζ, Γ )
A(G(x))

Γ −Π(Kn
+)◦(G(x) + Γ )

 = 0.

System (4.1) is also equivalent to

0 ∈

JxL(x, ζ, Γ )
A(G(x))
−G(x)

+

NX (x)
NRn(ζ)
N(Kn

+)◦(Γ )

 . (4.2)
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Denote Z := X × Rn × Sn,D := X × Rn × (Kn
+)

◦. For any z = (x, ζ, Γ ) ∈ Z.
Define

ϕ(z) :=

JxL(x, ζ, Γ )
A(G(x))
−G(x)

 ,

then system (4.2) is expressed as a compact form

0 ∈ ϕ(z) +ND(z). (4.3)

Let

ΠD(z) := (x, ζ,Π(Kn
+)◦(Y )), ∀ z = (x, ζ, Y ).

The normal mapping of the generalized equation (4.3) is defined as follows:

F (z) := ϕ(ΠD(z)) + z−ΠD(z)

=

JxL(x, ζ, Y −ΠKn
+
(Y ))

A(G(x))
−G(x) +ΠKn

+
(Y )

 . (4.4)

Then (x, ζ, Γ ) is a solution of the generalized equation (4.3) if and only if
F (x, ζ, Y ) = 0, with Y = Γ +G(x).

We now recall the definition of strongly regular solution of the generalized
equation (4.3) introduced by Robinson [31].

Definition 4 Let z be a solution of the generalized equation (4.3). It is said
that z is strongly regular if there exist neighbourhoods B of 0 ∈ Z and V of
z ∈ Z such that for every ω ∈ B, the following linearized generalized equation

ω ∈ ϕ(z) + Jzϕ(z)(z− z) +ND(z)

has a unique solution in V, denoted by zV(ω), and the mapping zV : B → V is
Lipschitz continuous.

The strong regularity of a solution to the generalized equation is closely
related to the Lipschitz homeomorphism of the normal mapping.

Lemma 1 [15] (x, ζ, Γ ) is a strongly regular solution of the generalized equa-
tion (4.3) if and only if F (·) in (4.4) is locally Lipschitz homeomorphism near
(x, ζ, Y ).

The next proposition relates the strong second order sufficient condition
and constraint nondegeneracy to the nonsingularity of Clarke’s Jacobian of the
mapping F (·) and the strong regularity of a solution to the generalized equa-
tion. The result below was motivated by and patterned after [35, Prop. 3.2].

Theorem 2 Let x be a locally optimal solution of EDMOP and (ζ, Γ ) be the
Lagrange multiplier at x. Denote Y = Γ +G(x). Consider the following three
statements :
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(a) The strong second order sufficient condition holds at x and x is constraint
nondegenerate.

(b) Any element in ∂F (x, ζ, Y ) is nonsingular.
(c) The KKT point (x, ζ, Γ ) is a strongly regular solution of the generalized

equation (4.3).

It holds that (a) ⇒ (b) ⇒ (c).

Proof. For (a) ⇒ (b), since the constraint nondegeneracy condition holds
at x, it follows from [4, Proposition 4.50] that Λ(x) = {(ζ, Γ )} is a singleton.
The strong second order sufficient condition takes the form

⟨d,JxxL(x, ζ, Γ )d⟩ − ΥG(x)(Γ ,JxG(x)d) > 0, ∀d ∈ app(ζ,Γ)\{0}.

Let W be any arbitrary element in ∂F (x, ζ, Y ). We shall show that W is
nonsingular. Let (△x,△ζ,△Y ) ∈ X × Rn × Sn be such that

W (△x,△ζ,△Y ) = 0.

Then there exists an element Ψ ∈ ∂ΠKn
+
(Y ) such that

W (△x,△ζ,△Y )

=

JxxL(x, ζ, Γ )△x+ JxA(G(x))∗△ζ + JxG(x)∗(△Y − Ψ(△Y ))

−JxA(G(x))△x

−JxG(x)△x+ Ψ(△Y )

 = 0.

(4.5)

By Proposition 5 and the last two equations of (4.5), we obtain that

△x ∈ app(ζ,Γ). (4.6)

Denote △Γ := △Y − Ψ(△Y ) and from the third equation of (4.5), we have

Ψ (△Γ + JxG(x)△x) = JxG(x)∆x.

Then, by Proposition 6, we obtain

⟨△Γ,JxG(x)△x⟩ ≥ −ΥG(x)(Γ ,JxG(x)d).

It follows from the first equation of (4.5) that

0 = ⟨△x,JxxL(x, ζ, Γ )△x+ JxA(G(x))∗△ζ + JxG(x)∗△Γ ⟩
= ⟨△x,JxxL(x, ζ, Γ )△x⟩+ ⟨JxG(x)△x,△Γ ⟩
≥ ⟨△x,JxxL(x, ζ, Γ )△x⟩ − ΥG(x)(Γ ,JxG(x)d).

Thus, we conclude from (4.6) and the strong second order sufficient condition
that

△x = 0, △Y = △Γ.
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Consequently, (4.5) reduces to[
JxA(G(x))∗△ζ + JxG(x)∗△Γ

Ψ(△Γ )

]
= 0.

By the constraint nondegeneracy condition, there exists a vector d ∈ X and

S ∈ lin(TKn
+
(G(x)) with S = Q

[
S1 s
sT s0

]
Q such that

A(JxG(x)d) = △ζ, JxG(x)d+ S = △Γ.

From Proposition 5 and Ψ(△Γ ) = 0, where △Γ = Q

[
△Γ1 ∆ξ
△ξT ∆ξ0

]
Q, we obtain

△ξ = 0, △ξ0 = 0, UT
α △Γ1Uα = 0, UT

α △Γ1Uβ = 0, UT
α △Γ1Uγ = 0. (4.7)

Then one has the following chain of equalities:

⟨△ζ,△ζ⟩+ ⟨△Γ,△Γ ⟩
= ⟨A (JxG(x)d) , ∆ζ⟩+ ⟨∆Γ,JxG(x)d⟩+ ⟨∆Γ,S⟩
= ⟨Jx(A ◦G)(x)∗△ζ + JxG(x)∗△Γ,d⟩+ ⟨∆Γ,S⟩
= ⟨△Γ, S⟩
= ⟨UT△ΓU,UTSU⟩,

which, together with (4.7) and (3.4), implies that

⟨△ζ,△ζ⟩+ ⟨△Γ,△Γ ⟩ = ⟨UT△ΓU,UTSU⟩ = 0.

Thus, △ζ = 0, △Γ = 0, which implies △Y = 0. Together with △x = 0, this
shows that W is nonsingular.

(b) ⇒ (c). By Clarke’s inverse function theorem [13, Thm. 4G.1], if every
element in ∂F (x, ζ, Y ) is nonsingular, then F is locally Lipschitz homeomor-
phism near (x, ζ, Y ). Thus, by Lemma 1, (x, ζ, Γ ) is strongly regular solution
of the generalized equation (4.3). □

4.2 Equivalent Characterizations

In this part, we derive six equivalent characterizations of the strong regular-
ity of a KKT point of EDMOP. We recall from Thm.1 that the quadratic
growth condition is equivalent to a second-order sufficient condition under the
Robinson CQ. For strong regularity, we need the uniform second order growth
condition defined in [4, Definition 5.16].

Let U be a finite-dimensional space. We say that f(x,u) and G(x,u) with
u ∈ U is C2-smooth parametrizations if f : X×U → R and G : X×U → Sn are
twice continuous differentiable and there exists u ∈ U such that f(·,u) = f(·)
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andG(·,u) = G(·). The corresponding parametrized problem of EDMOP takes
the form

min
x∈X

f(x,u) s.t. G(x,u) ∈ Kn
+ ∩ Sn

h . (4.8)

We say that a parametrization is canonical if U = X × Sn,u := (0, 0) ∈
X ∗ × Sn, and

(f(x,u), G(x,u)) := (f(x)− ⟨u1,x⟩, G(x) + u2),x ∈ X ,u = (u1,u2) ∈ X × Sn.

Definition 5 Let x be a stationary point of EDMOP. We say that the uni-
form second order growth condition holds at x with respect to a C2-smooth
parametrization (f(x,u), G(x,u)) if there exist c > 0 and neighbourhoods Nx

of x and Nu of u such that for any u ∈ Nu and any stationary point x(u) ∈ Nx

of the corresponding parametrized problem (4.8), the following holds:

f(x,u) ≥ f(x(u),u) + c∥x− x(u)∥2,∀x ∈ Nx, G(x,u) ∈ Kn
+ ∩ Sn

h . (4.9)

The next theorem shows that for EDMOP, the uniform second order growth
condition with respect to the canonical parametrization implies the strong
second order sufficient condition in Def. 3.

Theorem 3 Let x be a stationary point of EDMOP. Suppose that Robinson’s
CQ holds at x. If the uniform second order growth condition holds at x with
respect to the canonical parametrization, then the strong second order sufficient
condition holds at x.

Proof. Let (ζ, Γ ) ∈ Λ(x). We may assume that A := G(x) + Γ has the
decomposition as in (2.5), and G(x) and Γ satisfy (3.3). We first prove that
there exist s ∈ Rn−1 and s0 ∈ R such that

diag (QSQ) = 0 with S :=

[
UβU

T
β s

sT s0

]
. (4.10)

In fact,

S =

[
0 s

sT s0

]
︸ ︷︷ ︸

:=S0

+

[
UβU

T
β 0

0 0

]
︸ ︷︷ ︸

:=B

.

Let b := −diag (QBQ). Then the requirement diag (QSQ) = 0 means diag (QS0Q) =
b. By using the properties of Q matrix (2.2), it is easy to verify that the choice[

2s
a0

]
= b

satisfies diag (QS0Q) = b. Thus, we can claim the following three facts:

(i) There exist s ∈ Rn−1 and s0 ∈ R such that (4.10)) holds.
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(ii) By making use the structure of Γ in (3.3), we have

⟨Γ , QSQ⟩ = ⟨UβU
T
β , UγΛγUγ⟩ = 0. (4.11)

(iii) By making use of (2.3), we have

JQSQJ = Q

[
UβU

T
β 0

0 0

]
Q ⪰ 0, implying QSQ ∈ Kn

+. (4.12)

Next, we consider the parametrized problem of EDMOP in the following
form

min
x∈X

f(x)

s.t. A(G(x)) = 0,
G(x) + κQSQ ∈ Kn

+.

(4.13)

where κ > 0 is the perturbation parameter and S is constructed in (4.10). It
follows from (4.12) that any feasible point of EDMOP is also a feasible point of
(4.13). Moreover, the property in (4.11) implies that (ζ, Γ ) is also a Lagrange
multiplier of the perturbed problem at x:

JxLκ(x, ζ, Γ ) = 0,A(G(x)) = 0,

{
Γ ∈ (Kn

+)
◦, G(x) + κQSQ ∈ Kn

+

⟨Γ, G(x) + κQSQ⟩ = 0,
(4.14)

where for each κ ∈ R,

Lκ(x, ζ, Γ ) := L(x, ζ, Γ ) + κ⟨Γ, QSQ⟩.

Since QSQ ∈ Kn
+ and G(x) ∈ Kn

+, the complementarity condition in (4.14)
implies

⟨Γ, G(x)⟩ = 0.

This means that any Lagrange multiplier of the perturbed problem is also a
Lagrange multiplier of EDMOP, Λκ(x) ⊆ Λ(x), where Λκ(x) is the set of all
(ζ, Γ ) satisfying the KKT condition (4.14).

Denote Â := G(x) + Γ + κQSQ. We then have

QÂQ = QAQ+ κS =

[
A1 a
aT a0

]
+ κ

[
UβU

T
β s

sT s0

]
,

and the eigen-decomposition (3.3) implies

Â1 := A1 + κUβU
T
β = [Uα, Uβ ]

[
Λα

I|β|

] [
UT
α

UT
β

]
+ UγΛγUγ .

This means that Â1 is nonsingular and has only positive and negative eigen-
values. Therefore, the critical cone of Kn

+ at Â is a subspace and is given
by

C(Â,Kn
+) =

{
Q

[
H1 h
hT h0

]
Q
∣∣∣ UT

γ H1Uγ = 0

}
⊇ C(A,Kn

+).
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Consequently, the critical cone Cκ(x) of the perturbation problem at x must
contain app(ζ,Γ):

Cκ(x) ⊇ app(ζ,Γ).

Since the uniform second order growth condition of EDMOP holds at x with
respect to the canonical parametrization, for any small enough κ > 0, one has
from Thm. 1 that

⟨d, J 2
xxLκ(x, ζ, Γ )d⟩ − ΥG(x)+κΣ(Γ , JxG(x)d) > 0, ∀d ∈ Cκ(x)\{0}.

By noting that
J 2
xxLκ(x, ζ, Γ ) = J 2

xxL(x, ζ, Γ )

and

ΥG(x)(Γ ,JxG(x)d)) = ΥG(x)+κQSQ(Γ ,JxG(x)d), ∀d ∈ app(ζ,Γ),

we obtain

sup
(ζ,Γ )∈Λκ(x)

⟨d,J 2
xxL(x, ζ, Γ )d⟩ − ΥG(x)(Γ ,JxG(x)d) > 0, ∀d ∈ app(ζ,Γ)\{0}.

Since Λκ(x) ⊆ Λ(x), we get

sup
(ζ,Γ )∈Λ(x)

⟨d,J 2
xxL(x, ζ, Γ )d⟩ − ΥG(x)(Γ ,JxG(x)d) > 0, ∀d ∈ app(ζ,Γ)\{0}.

This is the strong order sufficient condition at x. □

Another characterization of the strong regularity is through the strong
stability of a stationary point, introduced by Kojima in [22]. The following
definition of strong stability is from Bonnans and Shapiro [4, Definition 5.33].

Definition 6 Let x be a stationary point of Problem (1.1). We say that x is
strongly stable with respect to a C2-smooth parametrization (f(x,u), G(x,u))
if there exist neighbourhoods Nx of x and Nu of u such that for any u ∈ Nu,
the corresponding parametrized problem (4.8) has a unique stationary point
x(u) ∈ Nx and x(·) is continuous on Nu. If this holds for any C2-smooth
parametrization, we say that is x strongly stable.

Now we are ready to state the main result of this subsection.

Theorem 4 Let x be a locally optimal solution of EDMOP. Suppose that
Robinson’s CQ holds at x and Y = Γ +G(x). Let (ζ, Γ ) be a Lagrange multi-
plier at x. Then, the following statements are equivalent:

(a) The strong second order sufficient condition holds at x and x is constraint
nondegenerate.

(b) Any element in ∂F (x, ζ, Y ) is nonsingular.
(c) The KKT point (x, ζ, Γ ) is a strongly regular solution to the generalized

equation (4.3).
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(d) The uniform second order growth condition holds at x and x is constraint
nondegenerate.

(e) The point x is strongly stable and x is constraint nondegenerate.
(f) F is locally Lipschitz homeomorphism near (x, ζ, Y ).

Proof. We know from Theorem 2 that (a) ⇒ (b) ⇒ (c) and by the Lemma 1
(c) ⇔ (f). The relations (c) ⇔ (d) ⇔ (e) follow from [4, Theorems 5.24, 5.35].
Finally, by Theorem 3, we have (d) ⇒ (a). The proof is completed. □

5 Numerical Implication

In this part, we demonstrate the usefulness of our obtained theoretical results
using two instances of the nearest EDM problem. The first one is (1.6), which
is continuously differentiable. Our second example will be non-differentiable
and we will show how the strong regularity results in Thm. 4 will ensure that
the problem has a unique solution and guarantees a global convergence of an
alternating direction method of multipliers to the unique solution.

5.1 Strong Regularity of NEDM (1.6)

We first consider the problem (1.6). We make the following assumption on the
weight matrix W :

Assumption H1: We assume Wij > 0 for all i ̸= j.

Let D ∈ X be an optimal solution of (1.6). In Example 1, we proved
that the constraint nondegeneracy is satisfied at any feasible point of (1.6).
It follows from [4, Prop. 4.50] that the Lagrange multipliers Λ(D) = {(ζ, Γ )}
is a singleton. Moreover, for any H ∈ app(ζ,Γ), the first constraint in (3.5)
becomes diag (H) = 0. Hence,

app(ζ,Γ) ⊆ Sn
h .

This means for any 0 ̸= H ∈ app(ζ,Γ), there must be a pair (i, j) with i ̸= j
such that Hij ̸= 0. Then the strong second order sufficient condition becomes

⟨H,J 2
XXL(D, ζ, Γ )H⟩ − ΥX

=
∑
i ̸=j

W 2
ijH

2
ij − ΥX(Γ ,H) > 0, ∀ H ∈ app(ζ,Γ)\{0},

where we used the fact −ΥD(Γ ,H) ≥ 0. Therefore, the following is a direct
consequence of Thm. 4.

Proposition 8 Let D ∈ X be an optimal solution of NEDM and suppose
Assumption H1 is satisfied. Then the following hold:
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(a) The strong second order sufficient condition holds at D.
(b) Any element in ∂F (D, ζ, Γ ) is nonsingular.
(c) The KKT point (X, ζ, Γ ) is a strongly regular solution to the generalized

equation (4.3).

5.2 Strong Regularity of NEDM with Stress Loss

One critique of the NEDM model (1.6) is that it tries to approximate a given
measurement δij through the approximation to its squared measurement:

Dij = ∥xi − xj∥2 ≈ δ2ij .

It then uses the least-squares criterion to get the best approximation, which
favours large distances over short ones. An alternative and widely used ap-
proximation is √

Dij = ∥xi − xj∥ ≈ δij .

That is, we directly approximate δij by Euclidean distance ∥xi − xj∥ instead
of approximating its squared value. Applying the least-squares criterion yields
the following problem:

min
D

f(D) :=
1

2
∥
√
W ◦ (

√
D−∆)∥2, s.t. diag (D) = 0, −D ∈ Kn

+, (5.1)

where ∆ij = δij . We make the following comments on (5.1).

(i) In the field of Multi-Dimension Scaling (MDS) [6], the objective function
in (5.1) is called the stress loss function while the objective function in
(1.6) is called the squared-stress loss function. The embedding quality
from the stress loss is often better than that from the squared-stress loss.
The squared-stress function is quadratic in D and is strongly convex in
app(ζ,Γ). That is why we can claim that the solution of (1.6) is strongly
regular in Prop. 8. However, the stress loss function in (5.1) is not quadratic
in D and is not differentiable when some Dij = 0, i ̸= j.

(ii) The non-differentiability of the stress function not only poses a computa-
tional challenge, but also renders the theoretical results obtained not valid
directly to (5.1). For example, one question is whether the optimal solution
is still strongly regular under some reasonable assumptions. We answer this
question below by studying an alternating direction method of multipliers
(ADMM) for (5.1).

The ADMM is stated on an equivalent reformulation of (5.1). Let

f1(D) :=
1

2
∥
√
W ◦ (

√
D −∆)∥2 + ISn

h
(D), f2(Z) := IKn

+
(Z),

where IC(·) is the indicator function on the set C. Then NEDM (5.1) is equiv-
alent to

min
D,Z

f1(D) + f2(Z) s.t. D + Z = 0. (5.2)
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The augmented Lagrange function for (5.2) is given by

L(D,Z;Y ) = f1(D) + f2(Z) + ⟨Y, D + Z⟩+ ρ

2
∥D + Z∥2,

where Y ∈ Sn is the multiplier and ρ > 0 is the penalty parameter.

Algorithm 1 ADMM for (5.1)

1: Initialization: D0, Z0, Y 0, ρ > 0 and ν ∈ (0, (
√
5+ 1)/2). set the iteration index k := 0.

2: For k = 0, 1, . . . , update {
Dk+1 = argmin L(D,Zk;Y k)

Zk+1 = argmin L(Dk+1, Z;Y k).
(5.3)

3: Update Y k by

Y k+1 = Y k + νρ
(
Dk+1 + Zk+1

)
.

We note that Algorithm 1 is a special case of the Proximal ADMM of
[16] in its Appendix B by choosing S = T = 0 therein. We have proved
the constraint nondegeneracy in Example 1 for the constraints in (5.1). Since
the objective is convex in D and the solution set is nonempty and bounded
under the assumption H2 below, there exists a Lagrange multiplier for (5.1).
Consequently, the reformulated problem (5.2) also has a Lagrange multiplier.
Moreover, the matrices

Σf1 + ρI and Σf2 + ρI (5.4)

both are positive definite for ρ > 0, where Σf1 and Σf2 are the positive
semidefinite operators associated with f1 and f2 respectively (for the definition
of such Σ matrices, please refer to [16, Eq. (B.4), Eq. (B.5)]). The existence of
Lagrange multipliers and the positive definiteness of the two matrices in (5.4)
are the conditions used for the global convergence of the proximal ADMM.

Therefore, the sequence {Dk, Zk, Y k} generated by Alg. 1 converges to a
KKT point of (5.2), denoted as (D,Z, Y ) with D being an optimal solution of
(5.1). We show that D is also strongly regular under the assumption H2 below.

Assumption H2: We assume δij > 0 for all i ̸= j.

In the following, we prove that Dij > 0 for all i ̸= j. We first see how Dk+1 is
calculated.

Dk+1 = argmin
1

2
∥
√
W ◦ (

√
D −∆)∥2 + ⟨Y k, D⟩+ ρ

2
∥D + Zk∥2

= argmin
ρ

2
∥D + Zk + (W + Y k)/ρ∥2 − ⟨W ◦∆,

√
D⟩

= argmin
1

2
∥D + Ẑk∥2 − 1

ρ
⟨W ◦∆,

√
D⟩, s.t. diag (D) = 0, D ≥ 0
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where Ẑk := Zk + (W + Y k)/ρ. It is easy to see that the variables Dij are
separable and hence they can be computed individually.Dk+1

ij = argminDij≥0
1
2

(
Dij + Ẑk

ij

)2
− 1

ρWijδij
√
Dij , for i ̸= j

Dk+1
ii = 0, for i = 1, . . . , n.

(5.5)
For each Dk+1

ij with i ̸= j, it is actually the solution of the following one-
dimensional optimization problem with properly defined ω and η:

dcroot(ω, η) := argmin
x≥0

1

2
(x− ω)2 − 2η

√
x.

The solution of this problem has been studied in [43] and it is closely related
to the roots of so-called depressed cubic equation. This is the reason why we
named the solution as dcroot depending on ω and η, which define the one-
dimensional problem. We omit the computational formula for dcroot(ω, η).
We only need its nice property that it is bounded away from 0.

Proposition 9 [43, Prop. 3.4] Suppose c1 > 0 and c2 > 0 are given two
constants. There exists a constant c0 > 0 such that

|dcroot(ω, η)| ≥ c0 ∀ (ω, η) satisfying |ω| ≤ c1, η ≥ c2.

The update Dk+1
ij for i ̸= j is given by

Dk+1
ij = dcroot(ω

(k)
ij , ηij), with ω

(k)
ij := −Ẑk

ij and ηij :=
1

2ρ
Wijδij .

Since
lim
k→∞

Ẑk = Z + (W + Y )/ρ,

and under Assumptions H1 and H2, there exist constants c1 and c2 such that

|ω(k)
ij | = |Ẑk

ij | ≤ c1 and ηij ≥ c2 := min
s̸=t

Wstδst ∀ i ̸= j and ∀ k.

Prop.9 implies that there exists c0 > 0 such Dk+1
ij ≥ c0 for all k and i ̸= j. We

further note that the objective f(D) in (5.1) has the following form:

f(D) =
1

2
∥
√
W ◦ (

√
D −∆)∥2 =

1

2

∑
i ̸=j

(√
Wij(

√
Dij − δij)

)2
,

which does not include the term for i = j. This is because diag (D) = 0.
What we have proved is that the objective function f(D) is continuously

differentiable at D and it is strictly convex. Therefore the strong second order
sufficient condition holds

⟨H,JXXL(D, ζ, Γ )H⟩ − ΥX(Γ ,H)

=
∑
i ̸=j

1

4
Wijδij

(
Dij

)−3/2

H2
ij − ΥX(Γ ,H) > 0, ∀ H ∈ app(ζ,Γ)\{0},
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where we used that facts that −ΥX(Γ ,H) ≥ 0, Wijδij > 0 and Dij > 0 for all
i ̸= j. The constraint nondegeneracy of (5.1) has been proved in Example 1.
Hence we can make a strong claim about problem (5.1) by Theorem 4. We
state it below.

Proposition 10 Under Assumptions H1 and H2, the sequence {Dk} gener-
ated by ADMM Alg. 1 converges to the unique and strongly stable solution D
of Problem (5.1). Moreover, the unique KKT point of (5.1) at D is strongly
regular.

6 Conclusion

In this paper, we studied perturbation analysis on the Euclidean Distance Ma-
trix OPtimization (EDMOP), which have found many applications in distance
related problems. We established various characterizations of strong regularity
and strong stability at a locally optimal solution of EDMOP. Those results are
related to the second-order information of EDMOP and are particularly useful
in justifying when Newton-type methods are efficient. For example, Theorem 4
can be used to explain why a semimsooth Newton method studied in [27] is
quadratically convergent for the nearest Euclidean distance matrix problem
(1.6). We also demonstrated an implication of the obtained results to a first-
order method (ADMM) for the stress minimization problem. Therefore, the
theoretical results established have important numerical applications too.

This paper also motivates some interesting questions. The first one is
whether the constraint nondegeneracy property in Example 1 still holds if some
fixed-distance constraints are added. Such constraints appear in Euclidean
Distance Matrix Completion, see, e.g., [1]. The second question is whether
the constraint nondegeneracy holds for the correlation calibration problem de-
scribed in (1.7). This would open the possibility of developing fast Newton’s
method for it. The third question is whether one can develop Newton’s method
with efficient implementation for the stress minimization problem (5.1). This
question is valid because we showed in Prop. 10 that the optimal solution is
strongly stable. Hence, Newton’s method would enjoy quadratic convergence
rate. However, the obstacle is that the objective function is not everywhere
differentiable. Finally, one referee proposed whether an interior-point method
can be developed for (5.1).
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