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Abstract: Vibration control of composite structures coupled with distributed masses under random
excitations is a significant issue. In this paper, partial and ordinary differential coupling equations are
obtained from a periodic sandwich plate coupled with supported masses under random excitation.
An analytical solution to the coupling equations is proposed, and the stochastic response adjustability
of the system with various periodic distributions of geometrical and physical parameters is studied.
Spatial periodic layer thickness and core modulus of the sandwich plate are considered based on
the active-passive periodicity strategy. The periodically distributed masses are supported on the
plate by coupling springs and dampers. Partial and ordinary differential coupling equations for the
system including the periodic sandwich plate and supported masses are derived and then converted
into unified ordinary differential equations for multi-mode coupling vibration. Generalized system
stiffness, damping and mass are functions of the periodic parameters. Expressions of frequency
response function and response spectral density of the system are obtained. Numerical results show
the response adjustability via the spatially periodic geometrical and physical parameters. The results
have the potential for application to dynamic control or optimization of sandwich structure systems.

Keywords: partial and ordinary differential coupling system; random vibration; sandwich plate;
periodic distribution parameters; periodically distributed masses; spatial periodicity strategy

1. Introduction

Stochastic system vibration control is a significant issue in structural engineering.
For example, vibration-sensitive instruments are supported on a base structure, and their
vibration control has been presented [1]. Complex environmental disturbances are random
excitations. The vibration control includes a design in the space and time domain. Most
works presented are on the temporal control design, while relatively few works are on the
spatial control design due to the challenge [2–7]. The spatial control design can include
composite construction and configuration.

In terms of construction, damping sandwich structures have been designed to at-
tenuate vibration. A sandwich plate with distributed masses was presented as a model
for vibration-sensitive instruments supported on a planar structure under random exci-
tation [1]. Because the vibration control performance of sandwich structures with non-
adjustable viscoelastic cores is limited under various excitations, smart materials such as
magneto-rheological liquid are considered to be the cores of sandwich structures, which
are controllable by applied magnetic fields. However, the magneto-rheological liquid has
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certain instability including magnetic particle settlement. Thus, a controllable magneto-
rheological visco-elastomer has been proposed to replace the magneto-rheological liquid as
the cores of sandwich structures [8].

A sandwich plate with a magneto-rheological visco-elastomer core has been studied;
areas of investigation have included vibration and sound transmission characteristics [9–14],
stochastic vibration responses [15], optimum location of partial cores [16,17] and dynamic
stability [18,19]. However, in the research, the sandwich plate with a magneto-rheological
visco-elastomer core was considered only as having uniform or locally uniform mechanical
properties. Thus, to fully utilize the visco-elastomer spatial controllability, the configuration
design of a sandwich plate with non-uniform or optimally distributed dynamic properties
of visco-elastomer cores needs to be studied further. Accordingly, structural physical
parameters have spatially non-uniform distribution and then structural dynamics differ
from the conventional dynamics.

In terms of configuration, periodic structures which have spatially periodic distribu-
tion parameters studied exhibit special dynamic characteristics [20,21]. The periodicity
design is applicable for improving sandwich structure dynamics. The periodic sandwich
structure will have visco-elastomer dynamic properties spatially adjustable only by, for
example, applied magnetic fields, but the configuration remains unchanged, which is con-
sidered an active spatial periodicity strategy. Geometrical periodicity design is considered
a passive spatial periodicity strategy. Therefore, periodic sandwich plates with visco-
elastomer cores controlled spatially need to be studied further for dynamic optimization or
vibration control based on the active–passive spatial periodicity strategy.

On the other hand, the actual connection between the plate and supported masses is
not fully fixed, and the masses have responses unequal to the supporting points of the plate.
Thus, the connection relation needs to be considered, and it generally is described by spring
and damper forces which are characterized by coupling stiffness and damping. That is, the
coupling stiffness and damping between the sandwich structure and supported masses
are considered to take into account mass dynamics. Therefore, the periodic sandwich plate
coupled with distributed supported masses under random excitation results in the system
dynamics which are described by ordinary and partial differential coupling equations
with space-varying parameters and random excitation. More modes need to be used in
the analysis because conventional vibration modes are coupled with periodic distribution
parameters. To explore the adjustable system dynamics, a direct numerical solution to the
parameter-varying equations with random excitation is unsuitable for stochastic response
statistics under various spatial parameters. An analytical solution to the equations is an
alternative [22–27]. Therefore, the analysis method and dynamics adjustability of the partial
and ordinary differential coupling system for the visco-elastomer sandwich plate coupled
with supported masses under random excitation through spatial periodicity strategy need
to be studied further for dynamic optimization or vibration control.

In the present study, a class of controllable visco-elastomers such as the magneto-
rheological visco-elastomer is considered as the core of a sandwich plate. The visco-
elastomer sandwich plate coupled with distributed masses is used as a model for vibration-
sensitive instruments supported on a planar structure. Partial and ordinary differential
coupling equations are derived from the periodic sandwich plate coupled with supported
masses under random excitation. Stochastic response characteristics of the coupling system
are studied, where geometrical and physical parameters have various spatially periodic
distributions based on active–passive periodicity strategy and the masses are distributed pe-
riodically. First, the layer thickness and core modulus of the sandwich plate are considered
as periodic distributions in the plate plane. The distributed masses are supported on the
sandwich plate by coupling springs and dampers. Partial and ordinary differential coupling
equations for transverse and longitudinal coupling motions of the system including the
periodic sandwich plate and supported masses are derived. Second, an analytical solution
method is proposed. The partial differential equations are firstly converted into ordinary
differential equations for multi-mode coupling vibration of the system according to the
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Galerkin method. The system equations are unified with ordinary differential coupling
equations. Then, expressions of frequency response function and response spectral density
of the system are obtained by using stochastic dynamics theory. Finally, the influences of
the periodic geometrical and physical parameters and distributed masses with coupling
stiffness and damping on stochastic response characteristics of the system are shown by
numerical results.

2. Partial and Ordinary Differential Coupling Equations for Spatially Periodic
Sandwich Plate Coupled with Supported Masses under Random Excitation

A class of controllable visco-elastomers such as the magneto-rheological visco-elastomer
is used as the core of a sandwich plate. The visco-elastomer sandwich plate coupled with
distributed masses is used as a model of a coupling structural system for vibration-sensitive
instruments supported on a planar structure. The connection between the plate and masses
is not fully fixed, and thus the supported masses are considered as coupled with the plate
by springs and dampers. Periodic parameter distribution of the sandwich plate is adopted
to improve dynamic characteristics and adjust vibration response. Facial layer thickness
is designed as a spatially periodic distribution based on a passive strategy. The spatially
periodic distribution of core layer modulus is adjusted by external control action such as an
applied magnetic field based on an active strategy. The visco-elastomer (with adjustable
dynamics) sandwich plate coupled with supported masses is shown in Figure 1, where the
facial layer thickness and core layer modulus are spatially periodic functions (varying with
coordinates x and y), and the supported masses are distributed periodically. The length
and width of the plate are a (in the x direction) and b (in the y direction), respectively. Facial
layers have identical Young’s modulus E1, Poisson’s ratio µ, mass density ρ1 and thickness
h1. The core layer has mass density ρ2 and thickness h2. The kth supported mass has mass
mmk = m0k × ab, but its size is neglected due to the parameter being small compared with
the plate length and width. The stiffness of the kth coupling spring is kmk = k0k × ab and the
damping of the kth coupling damper is cmk = c0k × ab, by which the kth supported mass
is coupled with the plate. The sandwich plate is under a support motion excitation. The
support has transverse displacement w0 which is a random disturbance.

The basic assumptions of the sandwich plate are as follows: (1) the facial layer material
is isotropic while the core material is transversely isotropic under external action (e.g.,
magneto-rheological visco-elastomer under applied magnetic fields) along coordinate z;
(2) normal stresses of the core layer are small and neglected; (3) normal stresses of the
facial layers in the z direction are small and neglected; (4) transverse displacement of the
sandwich plate is invariant with coordinate z; (5) the cross-section of each facial layer
is perpendicular to its axis line, and cross-section of the core layer remains in the plane
during deformation; (6) longitudinal and rotational inertias of the plate are small and
neglected; (7) interfaces between the facial layers and core layer are continuous all the
time [15]. The visco-elastomer core has adjustable dynamic properties including damping
and stiffness [9–19]. The Young’s modulus of the core is neglected because it is much
smaller than that of the facial layers. Shearing deformation of the core layer is larger than
that of the facial layers and is considered. Based on viscoelastic dynamic stress–strain
relation [28], shear stresses τ2xz (on cross section (x,z)) and τ2yz (on cross section (y,z)) of
the core layer are expressed by the corresponding shear strains γ2xz and γ2yz as

τ2xz = G2aγ2xz + G2c
∂γ2xz

∂t
(1)

τ2yz = G2aγ2yz + G2c
∂γ2yz

∂t
(2)

where t is the time variable, and modulus parameters G2a and G2c are adjustable by
actively external control action. The modulus parameters designed vary periodically with
coordinates x and y and are expressed as
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Figure 1. Sandwich plate with visco-elastomer core (VEC) and elastically supported masses under 
support excitation. 
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Figure 1. Sandwich plate with visco-elastomer core (VEC) and elastically supported masses under
support excitation.

G2a(x, y) = ea1 + ba1 cos
2kaπx

a
cos

2kbπy
b

(3)

G2c(x, y) = ec1 + bc1 cos
2kaπx

a
cos

2kbπy
b

(4)

where ea1 and ec1 are non-periodic parts of the shear modulus parameters G2a and G2c,
respectively; ba1 and bc1 are wave amplitudes of periodic parts of the shear modulus
parameters; and ka and kb are wave numbers of periodic parts of the shear modulus
parameters. The shear modulus of the core layer is periodic and adjustable based on an
active spatial periodicity strategy. The active spatial strategy aims to determine optimal
wave amplitudes and wave numbers of the shear modulus. Moreover, the facial layer
thickness varies periodically with coordinates x and y and is expressed as

h1(x, y) = c1m + b1r cos
2k1πx

a
cos

2k2πy
b

(5)

where c1m is the non-periodic part of the thickness, b1r is the wave amplitude of the periodic
part of the thickness, and k1 and k2 are wave numbers of the periodic part of the thickness.
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The facial layer thickness is periodic and needs to be optimized based on a passive spatial
periodicity strategy.

2.1. Displacements and Stresses of Sandwich Plate

Under the assumptions, transverse plate displacement relative to support is w = w(x,y,t).
Horizontal displacements of upper and lower facial layers in the coordinate x and y direc-
tions are expressed as [15]

u1(x, y, z1, t) = u10(x, y, t)− z1
∂w
∂x

(6)

v1(x, y, z1, t) = v10(x, y, t)− z1
∂w
∂y

(7)

u3(x, y, z3, t) = u30(x, y, t)− z3
∂w
∂x

(8)

v3(x, y, z3, t) = v30(x, y, t)− z3
∂w
∂y

(9)

where u10, v10, u30 and v30 are mid-layer displacements and z1 and z3 are local transverse
coordinates of the two facial layers. With the use of the displacements on the sandwich
plate interfaces, shear strains of the core layer obtained are

γ2xz =
ha

h2

∂w
∂x

+
u10 − u30

h2
(10)

γ2yz =
ha

h2

∂w
∂y

+
v10 − v30

h2
(11)

where ha = h1 + h2. Substituting Equations (10) and (11) into Equations (1) and (2) yields
the shear stresses of the core layer

τ2xz = G2a(
ha

h2

∂w
∂x

+
u10 − u30

h2
) + G2c[

ha

h2

∂2w
∂x∂t

+
1
h2

(
∂u10

∂t
− ∂u30

∂t
)] (12)

τ2yz = G2a(
ha

h2

∂w
∂y

+
v10 − v30

h2
) + G2c[

ha

h2

∂2w
∂y∂t

+
1
h2

(
∂v10

∂t
− ∂v30

∂t
)] (13)

Horizontal normal strains and shear strains of the facial layers are obtained by using
geometrical relations with Equations (6)–(9). The corresponding normal stresses and shear
stresses (on cross-sections (x,z) and (y,z)) are respectively

σ1x =
E1

1− µ2 [(
∂u10

∂x
− z1

∂2w
∂x2 ) + µ(

∂v10

∂y
− z1

∂2w
∂y2 )] (14)

σ1y =
E1

1− µ2 [(
∂v10

∂y
− z1

∂2w
∂y2 ) + µ(

∂u10

∂x
− z1

∂2w
∂x2 )] (15)

τ1xy =
E1

2(1 + µ)
(

∂u10

∂y
+

∂v10

∂x
− 2z1

∂2w
∂x∂y

) (16)

σ3x =
E1

1− µ2 [(
∂u30

∂x
− z3

∂2w
∂x2 ) + µ(

∂v30

∂y
− z3

∂2w
∂y2 )] (17)

σ3y =
E1

1− µ2 [(
∂v30

∂y
− z3

∂2w
∂y2 ) + µ(

∂u30

∂x
− z3

∂2w
∂x2 )] (18)

τ3xy =
E1

2(1 + µ)
(

∂u30

∂y
+

∂v30

∂x
− 2z3

∂2w
∂x∂y

) (19)
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Based on equilibrium conditions in the coordinate x and y directions with Equations (14)–(19),
the other shear stresses of the facial layers obtained are

τ1xz = − E1
1−µ2 { ∂2u10

∂x2 (z1 − h1
2 ) + ∂3w

∂x3 (
h2

1
8 −

z2
1

2 )

+µ[ ∂2v10
∂y∂x (z1 − h1

2 ) + ∂3w
∂y2∂x (

h2
1

8 −
z2

1
2 )]}

− E1
2(1+µ)

[ ∂2u10
∂y2 (z1 − h1

2 ) + ∂2v10
∂y∂x (z1 − h1

2 ) + ∂3w
∂y2∂x (

h2
1

4 − z2
1)]

(20)

τ1yz = − E1
1−µ2 { ∂2v10

∂y2 (z1 − h1
2 ) + ∂3w

∂y3 (
h2

1
8 −

z2
1

2 )

+µ[ ∂2u10
∂y∂x (z1 − h1

2 ) + ∂3w
∂x2∂y (

h2
1

8 −
z2

1
2 )]}

− E1
2(1+µ)

[ ∂2v10
∂x2 (z1 − h1

2 ) + ∂2u10
∂y∂x (z1 − h1

2 ) + ∂3w
∂x2∂y (

h2
1

4 − z2
1)]

(21)

τ3xz = − E1
1−µ2 { ∂2u30

∂x2 (z3 +
h1
2 ) + ∂3w

∂x3 (
h2

1
8 −

z2
3

2 )

+µ[ ∂2v30
∂y∂x (z3 +

h1
2 ) + ∂3w

∂y2∂x (
h2

1
8 −

z2
3

2 )]}

− E1
2(1+µ)

[ ∂2u30
∂y2 (z3 +

h1
2 ) + ∂2v30

∂y∂x (z3 +
h1
2 ) + ∂3w

∂y2∂x (
h2

1
4 − z2

3)]

(22)

τ3yz = − E1
1−µ2 { ∂2v30

∂y2 (z3 +
h1
2 ) + ∂3w

∂y3 (
h2

1
8 −

z2
3

2 )

+µ[ ∂2u30
∂y∂x (z3 +

h1
2 ) + ∂3w

∂x2∂y (
h2

1
8 −

z2
3

2 )]}

− E1
2(1+µ)

[ ∂2v30
∂x2 (z3 +

h1
2 ) + ∂2u30

∂y∂x (z3 +
h1
2 ) + ∂3w

∂x2∂y (
h2

1
4 − z2

3)]

(23)

2.2. Dynamic Equations of Sandwich Plate Coupled with Supported Masses

With the use of continuity conditions of the shear stresses on the sandwich plate inter-
faces, the differential equations for the horizontal displacements are obtained. They are

E1h1
1−µ2 (

∂2u
∂x2 + µ ∂2v

∂y∂x ) +
E1h1

2(1+µ)
( ∂2u

∂y2 + ∂2v
∂y∂x )

= G2a(
ha
h2

∂w
∂x + 2

h2
u) + G2c(

ha
h2

∂2w
∂x∂t +

2
h2

∂u
∂t )

(24)

E1h1
1−µ2 (

∂2v
∂y2 + µ ∂2u

∂y∂x ) +
E1h1

2(1+µ)
( ∂2v

∂x2 +
∂2u

∂y∂x )

= G2a(
ha
h2

∂w
∂y + 2

h2
v) + G2c(

ha
h2

∂2w
∂y∂t +

2
h2

∂v
∂t )

(25)

where u = u10 = −u30 and v = v10 = −v30, which is due to zero longitudinal force and then
anti-symmetric motions of the upper and lower facial layers.

The distributed masses are transversely supported on the plate by springs and
dampers, and thus the coupling stiffness and damping are taken into account. Then,
the masses dynamics are considered, which act on the plate by the spring and damper
forces. The dynamic equation of the sandwich plate element coupled with the supported
masses in the coordinate z direction is

3
∑

i=1

∫ hi/2
−hi/2 (

∂τixz
∂x +

∂τiyz
∂y )dzi − ρht(

∂2w
∂t2 + d2w0

dt2 )

−
na
∑

k=1
[cmk(

∂wpk
∂t −

dwmk
dt ) + kmk(wpk − wmk)]δ(x− xk)δ(y− yk) = 0

(26)

where wpk = w(xk,yk,t) is transverse displacement of the plate on the coupling point (xk,yk)
relative to the support and (xk,yk) are coordinates of the kth mass, wmk(t) is vertical dis-
placement of the kth mass relative to the support, δ(·) is the Dirac delta function, na is
total number of masses, ρht = 2ρh1 + ρh2 and ht = 2h1 + h2. Substituting Equations (12),
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(13) and (20)–(23) into Equation (26) leads to the differential equation for the transverse
displacement of the sandwich plate with masses

ρht
∂2w
∂t2 + D1

∂
∂x [h

3
1(

∂3w
∂x3 + ∂3w

∂y2∂x )] + D1
∂

∂y [h
3
1(

∂3w
∂y3 + ∂3w

∂x2∂y )]

− ∂
∂x [G2a

h2
a

h2
( ∂w

∂x + 2u
ha
) + G2c

h2
a

h2
( ∂2w

∂x∂t +
2
ha

∂u
∂t )]

− ∂
∂y [G2a

h2
a

h2
( ∂w

∂y + 2v
ha
) + G2c

h2
a

h2
( ∂2w

∂y∂t +
2
ha

∂v
∂t )]

+
na
∑

k=1
[cmk(

∂wpk
∂t −

dwmk
dt ) + kmk(wpk − wmk)]δ(x− xk)δ(y− yk)

= −ρht
d2w0
dt2

(27)

where D1 = E1/6(1 − µ2). The dynamic equation for the kth mass (k = 1, 2, . . . , na) with
coupling stiffness and damping is

mmk
d2wmk

dt2 + cmk(
dwmk

dt
−

∂wpk

∂t
) + kmk(wmk − wpk) = −mmk

d2w0

dt2 (28)

Equations (24), (25), (27) and (28) represent a dynamic system that consists of partial
and ordinary differential coupling equations with space-varying parameters and random
excitation. The partial and ordinary differential coupling system is derived from the
sandwich plate coupled with distributed supported masses and describes its coupling
transverse and longitudinal motions. Coefficients h1, G2a and G2c in the plate equations
are periodic functions of coordinates x and y, and the plate is coupled with the masses by
stiffness and damping. Constraint conditions can be determined based on various given
displacements and forces of sandwich plates. The constraint conditions for the boundary
simply supported rectangular plate (Figure 1) are [15]

w(± a
2 , y, t) = 0, w(x,± b

2 , t) = 0, ∂2w(±a/2,y,t)
∂x2 = 0,

∂2w(x,±b/2,t)
∂y2 = 0

∂u(±a/2,y,t)
∂x + µ

∂v(±a/2,y,t)
∂y = 0, ∂v(x,±b/2,t)

∂y + µ
∂u(x,±b/2,t)

∂x = 0

(29)

By introducing the non-dimensional (ND) coordinates and displacements

x = x
a , y = y

b , xk =
xk
a , yk =

yk
b , u = u

wa
, v = v

wa

w = w
wa

, w0 = w0
wa

, wpk =
wpk
wa

, wmk =
wmk
wa

(30)

where wa is the amplitude of support motion w0, the differential Equations (27), (28), (24)
and (25) and the boundary conditions (29) become

ρht
∂2w
∂t2 + D1

∂
∂x

[
h3

1
a4

(
∂3w
∂x3 + a2

b2
∂3w

∂y2∂x

)
]+D1

∂
∂y [

h3
1

b4

(
∂3w
∂y3 + b2

a2
∂3w

∂x2∂y

)]
− ∂

∂x

[
G2a

h2
a

a2h2

(
∂w
∂x + 2au

ha

)
+ G2c

h2
a

a2h2

(
∂2w
∂x∂t +

2a
ha

∂u
∂t

)]
− ∂

∂y

[
G2a

h2
a

b2h2

(
∂w
∂y + 2bv

ha

)
+ G2c

h2
a

b2h2

(
∂2w
∂y∂t +

2b
ha

∂v
∂t

)]
+

na
∑

k=1

[
c0k

(
∂wpk

∂t −
dwmk

dt

)
+ k0k

(
wpk − wmk

)]
δ(x− xk)δ(y− yk)

= −ρht
d2w0
dt2

(31)

m0k
d2wmk

dt2 + c0k(
dwmk

dt
−

∂wpk

∂t
) + k0k(wmk − wpk) = −m0k

d2w0

dt2 (32)

6D1h1(
∂2u

a2∂x2 +
1−µ

2b2
∂2u
∂y2 + 1+µ

2ab
∂2v

∂y∂x )

= G2a(
ha
ah2

∂w
∂x + 2u

h2
) + G2c(

ha
ah2

∂2w
∂x∂t +

2
h2

∂u
∂t )

(33)
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6D1h1(
∂2v

b2∂y2 +
1−µ

2a2
∂2v
∂x2 +

1+µ
2ab

∂2u
∂y∂x )

= G2a(
ha

bh2
∂w
∂y + 2v

h2
) + G2c(

ha
bh2

∂2w
∂y∂t +

2
h2

∂v
∂t )

(34)

w(± 1
2 , y, t) = 0, w(x,± 1

2 , t) = 0,
∂2w(±1/2,y,t)

∂x2 = 0, ∂2w(x,±1/2,t)
∂y2 = 0

∂u(±1/2,y,t)
∂x + µ

∂v(±1/2,y,t)
∂y = 0, ∂v(x,±1/2,t)

∂y + µ
∂u(x,±1/2,t)

∂x = 0

(35)

3. Stochastic Response Analysis of Partial and Ordinary Differential Coupling System

Vibration mode functions of the plate are determined based on boundary constraint
conditions, and then the plate displacements can be expanded by using the modes. For
the simply supported rectangular plate with Equation (35), the non-dimensional (ND)
vibration displacements of the sandwich plate are expanded as

u =
N1

∑
i=1

N2

∑
j=1

rij(t) sin[(2i− 1)πx] cos[(2j− 1)πy] (36)

v =
N1

∑
i=1

N2

∑
j=1

sij(t) cos[(2i− 1)πx] sin[(2j− 1)πy] (37)

w =
N1

∑
i=1

N2

∑
j=1

qij(t) cos[(2i− 1)πx] cos[(2j− 1)πy] (38)

where rij(t), sij(t) and qij(t) are functions of time representing generalized displacements
and N1 and N2 are integers representing expansion term numbers. The masses are dis-
tributed on the plate symmetrically about coordinates x and y. According to the Galerkin
method, substituting Equations (36)–(38) into Equations (31), (33) and (34); multiply-
ing the equations by cos[(2i − 1)πx] cos[(2j − 1)πy], sin[(2i − 1)πx] cos[(2j − 1)πy] and
cos[(2i− 1)πx] sin[(2j− 1)πy], respectively; and integrating them with respect to x and y
yield ordinary differential equations for qij, rij and sij. It is noted that the horizontal velocity
terms are relatively small. By eliminating rij and sij, the ordinary differential equations for
generalized transverse displacement qij which describe the multi-mode coupling vibration
of the sandwich plate can be obtained. The equations for qij combined with equation (32)
for masses are rewritten in the matrix form

M
d2Q
dt2 + C

dQ
dt

+ KQ = F(t) (39)

where generalized excitation vector F(t) = −FCd2w0/dt2, generalized displacement vector
Q, mass matrix M, damping matrix C, stiffness matrix K and vector FC are given in
Appendix A, in which elements in the matrices and vectors are determined by the spatial
integrals of coefficients in Equations (31)–(34).

Equation (39) is a unified ordinary differential coupling equation and represents a
stochastically excited multi-degree-of-freedom system derived from the visco-elastomer
sandwich plate coupled with supported masses under support excitations. The generalized
mass, damping and stiffness of the system depend on periodic distribution parameters
such as k1, k2, ka, kb, b1r, ba1 and bc1 and coupling stiffness k0k and coupling damping c0k.
The vibration response of the system with a sandwich plate and supported masses can be
estimated by using power spectral density functions. The frequency response function and
response spectral density matrices of the system (39) are obtained and expressed as

H(ω) = (K + jωC−ω2M)
−1

(40)
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SQ(ω) = H(ω)FCFT
CH∗T(ω)S ..

w0
(41)

where j =
√
−1, ω is vibration frequency, superscript * denotes complex conjugate and

S ..
w0
(ω) is the power spectral density of support excitation. By using Equations (41) and (38),

the spectral density function of the ND transverse displacement of the plate is expressed as

Sw(ω, x, y) = ΦT(x, y)SQ(ω)Φ(x, y) (42)

where
Φ(x, y) = [ΦT

1 ΦT
2 ... ΦT

N2
0]

T
, Φj = [ϕ1j ϕ2j ... ϕN1 j]

T

φij = cos[(2i− 1)πx] cos[(2j− 1)πy]
(43)

The spectral density function of the ND transverse displacement of the masses is accordingly

Smk1k2(ω) = [SQ(ω)]N1 N2+k1,N1 N2+k2
(44)

The auto-power spectral density of the displacement of the kth mass is

Smk(ω) = [SQ(ω)]N1 N2+k,N1 N2+k (45)

Response statistics of the sandwich plate and supported masses under random excita-
tions are estimated by using the spectral density functions. For example, the mean square
displacement responses of the plate and mass are, respectively,

E[w2(x, y)] =
∫ +∞

−∞
Sw(ω, x, y)dω (46)

E[w2
mk] =

∫ +∞

−∞
Smk(ω)dω (47)

where E[·] is the expectation operation of a stochastic process and is equal to the average
over the time domain for an ergodic process. Using Equations (42) and (45), response char-
acteristics of the sandwich plate with supported masses adjusted by periodic geometrical
and physical parameters are explored.

4. Numerical Results and Discussion

To show the frequency response characteristics and response reduction performance,
consider a visco-elastomer sandwich plate coupled with supported masses under support
excitation. Its facial layer thickness is spatially periodic and its core layer modulus is
also spatially periodic and can be adjusted by external control action. The coupling plate
and mass system has the following parameter values: a = 4 m, b = 2 m, ρ1 = 3000 kg/m3,
ρ2 = 1200 kg/m3, E1 = 10 GPa, µ = 0.3, ea1 = 4 MPa, ba1 = βea1, ec1 = 0.006 MPa·s, bc1 = βec1,
c1m = 0.05 m, b1r = αc1m, h2 = 0.2 m, α = 0.3, β = 0.5, wa = 1, na = 1, x1 = y1 = 0, m01 = 240 kg/m2,
k01 = 1.8 × 103 kN/m3 and c01 = 0.8 kN·s/m3 unless otherwise specified. The support
excitation is a zero-mean random process with the Kanai–Tajimi power spectral density

S ..
w0
(ω) =

1 + 4ζ2
g(ω/ωg)

2

[1− (ω/ωg)
2]

2
+ 4ζ2

g(ω/ωg)
2

S0 (48)

where non-dimensional (ND) excitation intensity S0 = 1, ωg = 23 rad/s and ζg = 0.3
unless otherwise specified. The stochastic responses of the sandwich plate with supported
masses are calculated by using Equations (40)–(47) in MATLAB. Numbers N1 and N2 in
Equation (38) are determined by the convergence of displacement responses (N1 = N2 = 18
used). The logarithmic ND (LND) displacement response spectra of the sandwich plate at
the midpoint under unit periodic support excitation have been verified by the finite element
method as shown in Figure 2. Numerical results on stochastic responses and response
spectral densities of the plate and masses are shown in Figures 3–15.
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Figure 3a,b shows that the root-mean-square (RMS) ND displacement (w) responses of
the sandwich plate (b = 2 m, 2.5 m) at the midpoint and supported mass (x1 = y1 = 0) with
uniform distribution parameters (b1r = 0, ba1 = 0, bc1 = 0) vary with the ND excitation inten-
sity (S0), respectively. The RMS displacement responses of the plate with mass obtained by
numerical simulation verify the results obtained by the proposed analysis method. The nu-
merical simulation procedure includes that samples of the random excitation are generated
according to the power spectral density, stochastic responses of Equations (39) and (38)
are calculated using the Wilson-theta algorithm, and the response statistics are obtained.
It is seen by comparing Figure 3a,b that the RMS displacement response of the mass is
larger than that of the plate because the coupling between them is considered and the plate
motion can be regarded as excitation to the mass, and this motion is enlarged by coupling
stiffness with damping under certain conditions.

4.1. Effects of Coupling Stiffness and Damping on Response

The influence of the coupling stiffness (k01) and damping (c01) between the sandwich
plate and supported mass on the displacement response is firstly explored (α = 0, β = 0).
Figure 4a,c and Figure 4b,d show the LND displacement spectra of the plate at the midpoint
and supported mass (x1 = y1 = 0) for different coupling stiffnesses (k01), respectively. Several
peaks and many valleys seen indicate possible resonance and anti-resonance. As the
coupling stiffness decreases from 1.8 × 105 kN/m3 to 0.9 × 103 kN/m3, the anti-resonant
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response amplitudes, e.g., the third anti-resonant amplitude of the plate, are greatly reduced.
The effect of the coupling stiffness on the plate response is larger than the mass response.
Thus, the coupling stiffness between the sandwich plate and supported mass has a large
effect on the response characteristics, which can change the plate and mass dynamics and
needs to be determined suitably. However, the small coupling damping has a slight effect
on the displacement response spectra of the sandwich plate with supported mass, as shown
in Figure 5a,b.

4.2. Effects of Periodic Facial Layer Thickness on Response

The influence of the periodic distribution of the facial layer thickness (h1) on the dis-
placement response of the sandwich plate at the midpoint and supported mass (x1 = y1 = 0)
is explored (β = 0). Figure 6a,b shows the LND displacement spectra of the plate and
mass for different thickness wave numbers (k1) (in coordinate x direction) (k2 = 0.5, α = 0.3),
respectively. The plate with mass in multi-mode coupling vibration has multiple response
resonances and anti-resonances. The wave number k1 has certain effects on the anti-
resonant frequencies and amplitudes; e.g., the fourth anti-resonant frequency of the plate is
large and the corresponding amplitude (response valley) is relatively small for the thick-
ness wave number k1 ≈ 0.8. The response valley of different anti-resonances has various
minimal values for different thickness wave numbers. Thus, the thickness wave number
k1 has a large effect on the response characteristics of the periodic sandwich plate. The
response has various adjustable performances in different frequency bands by choosing the
wave number.

Figure 7a,b shows the LND displacement spectra of the plate and mass for different
thickness wave numbers (k2) (in coordinate y direction) (k1 = 0.5, α = 0.3), respectively. The
wave number k2, similar to k1, has an obvious effect on the resonant and anti-resonant
response amplitudes and frequencies of the plate. The response characteristics can be
adjusted in different frequency bands by choosing the wave number, e.g., the fourth anti-
resonant amplitude (response valley) of the plate for the thickness wave number k2 ≈ 2.5.

Figure 8a,b shows the LND displacement spectra of the plate and mass for different
values of the parameter α (ratio of periodic to non-periodic parts of the thickness) (β = 0,
k1 = k2 = 0.5). It is seen that the anti-resonant frequencies increase with the parameter α
and the anti-resonant response amplitudes have minimum values for certain values of the
parameter α (e.g., the non-logarithmic spectral amplitude of the fourth anti-resonance of
the plate is 8.6 × 10−20, 5.1 × 10−18 and 7.5 × 10−19 and the fourth anti-resonant frequency
is 90.7, 100.7 and 111.1 Hz when the parameter α = 0.3, 0.6 and 0.9, respectively; that of
the third anti-resonance of the mass is 1.3 × 10−12, 9.2 × 10−13 and 6.4 × 10−13 and the
third anti-resonant frequency is 39.6, 42.4 and 45.2 Hz when the parameter α = 0.3, 0.6 and
0.9, respectively). Thus, the ratio of periodic to non-periodic parts of the thickness has an
obvious effect on the response characteristics of the sandwich plate and supported mass.
The response characteristics, including anti-resonant response amplitudes and frequencies,
are greatly adjustable by suitably choosing the ratio or wave amplitude.

4.3. Effects of Periodic Core Layer Modulus on Response

The influence of the periodic distribution of the core layer modulus on the displace-
ment response of the sandwich plate at the midpoint and supported mass (x1 = y1 = 0) is
explored (α = 0). Figure 9a,b shows the LND displacement spectra of the plate and mass
for different wave numbers of the modulus (ka) (in coordinate x direction) (kb = 0.5, β = 0.5),
respectively. The wave number ka has a certain effect on the anti-resonant frequencies
and amplitudes; e.g., the fourth anti-resonant frequency of the sandwich plate is large
and the corresponding amplitude (response valley) is small relatively for the modulus
wave number ka ≈ 0.5. The response valley of different anti-resonances has a minimum
value for different modulus wave numbers. Figure 10a,b shows the LND displacement
spectra of the plate and mass for different modulus wave numbers (kb) (in coordinate y
direction) (ka = 0.5, β = 0.5), respectively. The wave number kb, similar to ka, has an obvious
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effect on the resonant and anti-resonant response amplitudes and frequencies of the plate
with mass. Thus, the modulus wave numbers ka and kb have great effects on the response
characteristics of the sandwich plate. The response has various adjustable performances in
different frequency bands by choosing the wave numbers.

Figure 11a,b shows the LND displacement spectra of the plate and mass for different
core layer thicknesses (h2) (ka = 0.5, kb = 0.5, β = 0.5), respectively. The core layer thickness
has an obvious effect on the response characteristics including anti-resonant frequencies
and amplitudes of the sandwich plate with supported mass. The response has various
adjustable performances in different frequency bands by choosing the core layer thickness.

Figure 12a,b shows the LND displacement spectra of the plate and mass for different
values of the parameter β (ratio of periodic to non-periodic parts of the modulus) (α = 0,
ka = kb = 0.5), respectively. The anti-resonant frequencies increase with the parameter β,
and the anti-resonant response amplitude has a minimum value for a certain value of the
parameter β. Thus, the ratio of periodic to non-periodic parts of the modulus has a certain
effect on the response characteristics of the sandwich plate. The response characteristics,
including anti-resonant response amplitudes and frequencies, are adjustable in different
frequency bands by choosing the ratio or wave amplitude.

4.4. Effects of Both Periodic Thickness and Modulus on Response

The influence of periodic distribution of both the thickness and modulus on the dis-
placement response of the sandwich plate at the midpoint and supported mass (x1 = y1 = 0)
is further illustrated (α = 0.3, β = 0.5). Figure 13a,b shows the LND displacement spectra
of the plate and mass for different wave amplitude ratios (α and β) (k1 = k2 = ka = kb = 0.5)
and wave numbers (k1, k2, ka and kb), respectively. The periodic distribution of both the
thickness and modulus can reduce certain response peaks and valleys (e.g., the second
resonance, fifth anti-resonance) more than the periodic distribution of only the thickness
(β = 0) or only the modulus (α = 0). The suitable wave amplitudes and wave numbers of
periodic thickness and modulus can further improve the response characteristics of the
plate with mass in different frequency bands.

4.5. Effects of Periodically Distributed Masses on Response

The influence of distribution of masses coupled with the plate on the displacement
response of the periodic sandwich plate and masses is considered in five cases. Case A is
one mass (240 kg/m2) on the plate with ND coordinates (0, 0). Cases B and C are three
equal masses (80 kg/m2) on the plate with ND coordinates (−0.25, 0), (0, 0) and (0.25,
0) and (0, −0.25), (0, 0) and (0, 0.25), respectively. Cases D and E are five equal masses
(48 kg/m2) on the plate with ND coordinates (−0.25, −0.25), (−0.25, 0.25), (0, 0), (0.25,
−0.25) and (0.25, 0.25) and (−0.25, 0), (0, −0.25), (0, 0), (0, 0.25) and (0.25, 0), respectively.
The coupling stiffness is k0k = k01 and coupling damping is c0k = c01 (k = 2, 3, 4, 5). Numerical
results on the ND displacement response for different mass distributions are shown in
Figures 14 and 15 (k1 = k2 = ka = kb = 0.5, α = 0.3, β = 0.5).

Figure 14a,b shows the LND displacement spectra of the plate and mass at the mid-
point for cases A, B and D, respectively. The mass decentralization (different numbers,
but equal total mass) has a great effect on the response characteristics, including the
resonant peaks and anti-resonant valleys and the corresponding frequencies (e.g., the
non-logarithmic spectral amplitude of the second resonance of the plate is 1.1 × 10−5,
1.6 × 10−6 and 7.3 × 10−7 and the second resonant frequency is 9.0, 11.7 and 13.3 Hz for
cases A, B and D, respectively; that of the second resonance of the mass is 1.7 × 10−5,
1.6 × 10−6 and 5.9 × 10−7 and the second resonant frequency is 9.4, 12.1 and 13.7 Hz for
cases A, B and D, respectively). The suitable mass decentralization can reduce the peaks and
valleys and then improve the response characteristics of the sandwich plate with supported
masses. However, the mass decentralization has different effects on response characteristics
of the plate and mass in different frequency bands due to the coupling between different
masses by the plate.
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Figure 15a,b shows the LND displacement spectra of the plate and mass at the mid-
point for cases B, C, D and E, respectively. The suitable mass placement (equal numbers,
but different placements) can greatly reduce the resonant peaks and anti-resonant valleys
and then improve the response characteristics. However, it can be noted that the response
in non-anti-resonant frequency bands is larger than that in anti-resonant frequency bands
for different mass placements due to anti-resonant frequency variation. In consequence,
the response characteristics, including resonant peaks and anti-resonant valleys, can be
greatly adjusted by suitable periodic distribution of supported masses coupled with the
periodic sandwich plate.

5. Conclusions

Partial and ordinary differential coupling equations are derived from a periodic sand-
wich plate coupled with supported masses under random excitation. An analytical solution
to the coupling equations is proposed. The frequency response characteristics and response
reduction performance of the system including a sandwich plate and supported masses
with various periodic geometrical and physical parameters under random support excita-
tion are studied. The spatial periodic distributions of the layer thickness and core modulus
of the sandwich plate are considered based on an active–passive periodicity strategy. The
distributed masses are coupled with the plate by springs and dampers. The partial and
ordinary differential coupling equations for transverse and longitudinal coupling motions
of the system including the periodic sandwich plate and supported masses under random
support excitation are obtained. The equations are firstly converted into unified ordinary
differential equations of multi-mode coupling vibration, in which generalized stiffness,
damping and mass are dependent on periodic distribution parameters and coupling stiff-
ness and damping. Then the expressions of the frequency response function and response
spectral density of the system are obtained and used for the analysis of the response
characteristics of the spatially periodic parameter-varying system.

Numerical results show the following: (1) The vibration response characteristics of the
sandwich plate coupled with supported masses can be improved greatly via the periodic
distribution of geometrical and physical parameters; e.g., the resonant and anti-resonant
amplitudes can be reduced via suitably choosing wave numbers and amplitudes of the
facial layer thickness and suitably adjusting wave numbers and amplitudes of the core
layer modulus. (2) The coupling stiffness between the plate and masses has great effects on
the response characteristics and needs to be determined suitably, while the small coupling
damping has a slight effect on the response of the sandwich plate with supported masses.
(3) The periodic mass distribution (decentralization and optimized placement) can greatly
improve the response characteristics of the sandwich plate and supported masses, e.g.,
resonant and anti-resonant amplitudes. The results on response characteristics or response
reduction performance including anti-resonances have the potential for application to
dynamic control or optimization of smart sandwich structures coupled with distributed
masses via active–passive periodic distribution of geometrical and physical parameters.
However, the analysis and experiments of active temporal control with the spatial periodic
control for composite structures coupled with masses need to be developed further.
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