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Despite their proven effectiveness in localizing and steering subwavelength elastic waves, locally reso-
nant elastic topological insulators (TIs) with surface-mounted or embedded resonators are often challenged
because of their structural complexity and the difficulty in realizing multiple topological band gaps. Here
we present a second-order elastic TI (SETI), made of a perforated metaplate with a series of etched C-
shaped slots, to achieve dual-band topological corner states. The etched slots in the metaplate form a type
of cantileverlike oscillator, the multimodal bending resonances of which couple with the flexural vibra-
tion modes of the metaplate, resulting in multiple locally resonant band gaps. Judiciously configuring
these slots in a C4v-symmetric lattice enables topologically distinct metastructures and creates a SETI. We
numerically and experimentally observe the dual-band corner states in two broad topological band gaps.
Our platform for observing the topological effects in a perforated metaplate greatly simplifies the fabrica-
tion of metastructures for implementing locally resonant elastic TIs, benefiting applications of TIs at the
subwavelength scale such as elastic wave trapping and energy amplification.
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I. INTRODUCTION

A recent quantum leap in the theory of topology has
entailed the use of innovative topological insulators (TIs)
in manipulation of optical [1–3], acoustic [4–6], and elas-
tic waves [7–10]. The motivation is that the topological
edge states, which are tightly bound at the domain wall
between two topologically distinct domains, are immune
to energy loss and backscattering from defects, disconti-
nuities, or corners in the media [11–13]. TIs have proven
effectiveness in robustly and flexibly manipulating elastic
waves to achieve some highly localized attributes, and thus
endowing conventional functional materials for elastic
wave manipulation with great potential, such as loss-free
wave communication [14] and local wavefield magnifica-
tion [15]. With continued efforts, the structural topologies
of elastic TIs have progressed from discrete spring-mass
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systems [16] to continuous mechanical structures [17–21]
with a variety of topological effects, as typified by quan-
tum Hall insulators [16], quantum spin Hall insulators
[17–19], and valley Hall TIs [20], which have been real-
ized in accordance with bulk-boundary correspondence,
supporting gapless edge states.

However, the topological effects realized in these elas-
tic systems are typically restricted at ultrasonic frequencies
because most elastic TIs rely on Bragg scattering to create
a topological band gap (i.e., the gap hosting a topologi-
cal state), thus their operating frequencies are constrained
by the lattice constants of the periodic medium. Recog-
nition of this limitation has triggered the endeavor to
explore the realization of subwavelength elastic TIs. To
this end, it is a common practice to incorporate locally
resonant elements, such as surface-mounted or embedded
resonators [22–25], into an elastic topological structure.
As a result, the operating frequency of an elastic TI can
be regulated to be close to the resonant frequency of the
resonators [26–28]. Despite the use of resonators in these
designs, topological states still exist within the topological
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band gap opened by the Bragg scattering rather than by
the local resonance [29–31]. Subsequently, locally reso-
nant topological band gaps, which are formed by opening
the local-resonance-created degenerate points, have been
demonstrated to support topological edge states [29,32–
35]. However, the introduction of local resonators is at the
cost of complicating the metastructures and imposing dif-
ficulties in system modeling, given the imperfect contacts
between the resonators and the host structure. In addi-
tion, topological band gaps created by the local resonance
[29,32–35] typically possess narrow bandwidths, limiting
the localization degree of topological waves.

In addition to the effort of reducing the operating fre-
quency of TIs, attempts to create multiband topological
effects have been increasing [36–39]. Multiband topo-
logical effects have enriched the topological family and
enabled several applications such as multiband amplifica-
tion of acoustic waves [40]. Compared with TIs with a
single topological band gap, the TIs realizing multiband
topological effects are typically characterized by a higher
degree of geometrical complexity, necessitating alternative
design strategies such as inverse design methods [41,42].
In particular, for an elastic structure capable of generat-
ing multiple band gaps, irrespective of the mechanisms
adopted, the multiband topological states are anticipated to
be achieved by simultaneously triggering the topological
effects within the dual or multiple band gaps. Representa-
tive examples include the dual-band topological interface
states within the Bragg and locally resonant topological
band gaps of a one-dimensional structure [36], and dual-
band topological states using mixed Lamb wave modes
[39].

Another sort of advanced TI with hierarchically topo-
logical properties has recently been reported, known as
second-order TIs (SOTIs), and these have been demon-
strated to be effective in hosting zero-dimensional corner
states [43–50]. In a similar vein, different types of second-
order elastic TIs (SETIs) have been implemented [51–58].
The underlying physics of SETIs substantially relies on the
crystalline symmetry of the periodic elastic media [51–58],
and SETIs are commonly created by shrinking, expanding,
or rotating scatters in the unit cells with various sym-
metries, including the hexagonal lattice with C6v [51,52]
and C3 [53,54] symmetries, the kagome lattice with C3v
symmetry [55], and the square lattice with C4 symmetry
[56–58].

Owing to their structural complexity, local-resonance-
induced SETIs, not to mention local-resonance-stimulated
dual-band or multiband SETIs, have rarely been reported
up to now. Despite recent advances in the theory of SETIs,
there is still a need to realize dual-band topological cor-
ner states induced by local resonance in generic elastic
structures. Motivated by this, we provide a simple and
effective metaplate platform to realize a dual-band SETI:
a series of C-shaped slots are etched into the elastic plate

to form several cantileverlike oscillating discs, the multi-
modal bending resonances of which open more than one
locally resonant band gap, without relying on mounting
resonators on the plate surface. These multiple band gaps,
along with the inherent C4v symmetry, provide the pos-
sibility of multiband topological corner states. Notably,
the resonance-induced topological effect is herein realized
using a single-phase perforated metaplate with a stream-
lined fabrication process compared with that of conven-
tional metastructures with surface-mounted or embedded
local resonators. This study explores the topological effects
triggered by the local resonance in a C4v-symmetric elas-
tic structure [57,58], instead of the C3-symmetric and
C6-symmetric structures under intensive investigation. In
addition to dual-band corner states associated with bend-
ing resonances, at the end of the article, we also reveal the
existence of the third topological state for flexural waves,
which is induced by torsional resonance. Utilizing a per-
forated metaplate for realization of dual-band corner states
extends the applicability of subwavelength SETIs.

II. RESULTS AND DISCUSSION

A. Modeling and analysis

Consider an elastic metaplate composed of a 2-mm-
thick aluminum plate etched with a lattice of C4v-
symmetric C-shaped slots, unit cells of which are boxed
in Fig. 1(a). These slots are similar to split-ring res-
onators in acoustic systems [30,31,59], in which they serve
as Helmholtz cavities for manipulating subwavelength
acoustic waves. In this research, the specific perforation
engraves out cantileverlike oscillating discs, multimodal
bending resonances of which couple with out-of-plane
vibrations of the host plate and contribute to opening
multiple flexural band gaps. Compared with previous
locally resonant elastic TIs that employ surface-mounted
resonators like pillars [12,13], the designed perforated
metaplate allows for much simpler implementation while
maintaining more accurate modeling because there is no
coupling layer between the attached resonators and the
host structure.

First, the dispersion characteristics (band diagrams) of
the designed unit cells are calculated. Previous investiga-
tions on SOTIs with C4v-symmetric lattices revealed that
topologically distinct structures can be created by select-
ing different unit cells from the same periodic structure,
the underlying physics of which lies in the changes of
inter- and intracell coupling strengths [42–44]. Thus, we
here consider two units: one (U1) is the unit cell with
four slots with inward notches, as boxed by the red dot-
ted line in Fig. 1(a), whereas the other (U2) is the unit cell
with four slots with outward notches (boxed by the green
dotted lines). Clearly, U1 can turn into U2 by translating
the selection box through the distance (a/2, a/2) (lattice
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(a) (c)

(b)

FIG. 1. (a) Unit cells U1 and U2 by different selection manners (top view), and slots’ geometrical parameters including inner radius
r, notch angle θ , and width of slots t. (b) The 3D schematic diagram of the perforated plate with thickness h = 2 mm. (c) Band diagram
of U1 (U2) with marked parities at � and X where only bands representing out-of-plane displacements (along z axis) are shown.

constant a = 30 mm). From the standpoint of infinite peri-
odicity, U1 and U2 should have identical dispersion curves
(band diagrams) because they constitute the same period-
ical structure. Figure 1(c) illustrates the calculated band
diagram of the unit cell U1 (U2), within which only the
out-of-plane polarization modes are shown. To emphasize
the subwavelength characteristic of locally resonant band
gaps, the normalized frequency � = a/λ is also presented
(λ is the wavelength of flexural waves in a thin plate) [60],

1
λ

= 1
2π

1√
h

−4

√
E

12ρ(1 − v2)ω2 , (1)

where parameters E, ρ, v, ω, and h are Young’s modulus,
density, Poisson’s ratio, angular frequency, and thickness
of plate, respectively (with respective values given in
Appendix A). From the dispersion diagram in Fig. 1(c),
it can be seen that three band gaps (marked as I, II, III)
exist below the bar when � = 0.8, and they are located
between the third and fourth bands, the fourth and fifth
bands, and the fifth and sixth bands, respectively. The
associated band-gap ranges are 4.745–6.175, 6.65–8.005,
and 9.29–11.08 kHz, respectively. The discussions on
how these three band gaps are relevant to multimodal
bending resonances of etched oscillators are presented in

Appendix B. Although U1 and U2 have identical band dia-
grams, they may have distinct topological properties, as
their inter- and intracell coupling strengths are different
[42–44], which is examined in the following.

According to existing investigations on topological
structures with C4v symmetry [42–44,46], it is straight-
forward to use two-dimensional (2D) polarization P = (Px,
Py), for characterizing the topological properties of U1 and
U2 for corresponding band gaps, and 2D polarization P is
expressed as

Pi = 1
2

(∑
n

qn
i mod2

)
, (−1)qn

i = ηn(Xi)

ηn(�)
, (2)

where subscript i denotes the x or y direction in the 2D
plane,

∑
n qn

i is the sum of qn
i of all n bands below the

gap, mod denotes the modulo operation, and ηn is the par-
ity at the high-symmetry points � or X of the nth band.
Here, we simplify the determination of topological prop-
erties of the C4v-symmetric structure using the parities at
high-symmetry points, rather than calculating the Berry
connection using the Wilson loop method [61]. Specif-
ically, in this study, the parities (±) at points � and X
are derived by the symmetry of the out-of-plane displace-
ment (z-axis) profiles of the eigenmodes: both monopolar
and quadrupolar modes have positive parity (+), while
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the dipolar mode has negative parity (−) [42,44]. Detailed
displacement profiles at points � and X are given in
Appendix C. Moreover, C4v point-group symmetry implies
that Px = Py . According to the parities (+ or −) marked at
points � or X of bands 1–5 in Fig. 1(c), the 2D polariza-
tions of U1 are determined as P = (0, 0) within gaps I and
II, while P = (1/2, 1/2) within gap III, but those of U2 are
P = (1/2, 1/2) within gap I, while P = (0, 0) within gaps
II and III. In other words, U1 and U2 are topologically
distinct within gaps I and III, but identical within gap II.
With this in mind, we focus on gaps I and III and investi-
gate potential topological states within them. According to
the bulk-boundary correspondence [1–4], it can be inferred
that the topological edge states are expected to appear
within gaps I and III at the domain wall between two
topologically different regions composed of U1 and U2,
respectively. Furthermore, the topological corner charge
index, defined by Qc = 4PxPy [42,45,46], indicates that U1
and U2 have different corner charge values (one is zero
while the other is not) within gaps I and III, implying the
existence of corner states at the corners of domain walls. In
addition, it can be noted that the two topological band gaps
(gap I and gap III), associated with the bending resonances
of the engraved oscillators, possess a wider relative band-
width compared with those of classical locally resonant
topological metamaterials [29,32–34], which have compli-
cated resonant elements and additional weight, providing
room for producing more localized topological states.

To visualize topological edge states, we create a ribbon-
shaped supercell [Fig. 2(a)] consisting of six U1 units and
six U2 units, between which an interface (domain wall) for
cultivating edge states is formed. Figure 2(b) shows the
calculated dispersion of the supercell, from which one can
see that the two topological edge states (highlighted with
green dots) are formed within gaps I and III. The displace-
ment profiles of these two edge states at kx = 0.5π /a further
reveal their topological edge state characteristic, corre-
sponding to highly localized energy at the domain wall, as
illustrated in Fig. 2(c). It should also be noted that these
two edge states are gapped within corresponding topo-
logical bulk band gaps, leaving a space for the advent of
higher-order corner states [42–58]. Some boundary modes
can also be discovered within the three band gaps in addi-
tion to the topological edge states at the domain wall. The
presence of high energy localization at the upper and lower
boundaries of the ribbon rather than the domain wall in the
displacement profiles of these boundary modes, as seen in
Fig. 2(d), arises from the simulation’s use of free bound-
ary conditions. It is noteworthy that edge states are also
likely to appear at external boundaries of a single topolog-
ically nontrivial structure when boundary conditions are
free [51]. Discussing the origin of these boundary modes
is outside the scope of the current work because we focus
only on topological states appearing at the domain wall
in this study. The conclusion drawn from earlier polar-
ization analysis—that band gap II is incapable of hosting

(a) (b) (c)

(d)

FIG. 2. (a) Schematic diagram of ribbon-shaped supercell, in which red dotted line represents domain wall. In numerical simulation
for calculating supercell dispersion, left and right edges are applied with Floquet-Bloch boundary conditions, while upper and lower
ends are stress-free. (b) Dispersion of the supercell where topological edge states appearing at the domain wall are labeled with
green dots, and other branches at band-gap frequencies represent boundary modes. (c),(d) Out-of-plane displacement profiles (z-axis
displacement w) at red dots labeled in (b) for (c) topological edge states and (d) boundary modes.
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topological edge states at the domain wall—is supported
by the fact that gap II only contains boundary modes and
lacks any localized states at the domain wall. Addition-
ally, it is inferred from mechanical displacement fields in
Figs. 2(c) and 2(d) that bending modes of these etched
resonators play a crucial role in the formation of these
multiple band gaps. Detailed discussion can be seen in
Appendix B.

To prove the existence of topological corner states
within gaps I and III, we construct a finite-size square plate
consisting of 5 × 5 U1 cells surrounded by three layers of
U2 cells, and then perform the eigenfrequency analysis.
The box-shaped sample allows us to observe topologi-
cal edge states at domain walls and corner states at 90°
bends of domain walls. In the numerical simulation, the
boundary conditions of the entire metaplate are set to be

(a)

(c)

(d)

(b)

FIG. 3. (a),(b) Eigenfrequencies of square plate calculated around frequency domains of (a) gap I and (b) gap III, in which only
bulk, edge, and corner states are displayed while other irrelevant modes are hidden. (c),(d) Absolute out-of-plane displacement profiles
(z-axis displacement w) at several selected frequencies in (a),(b), in which bulk, edge, and corner states are presented from left to right,
respectively.
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fixed for left and right edges and free for upper and lower
edges, to be consistent with those of the subsequent experi-
mental validation. The eigenfrequencies calculated around
the frequency domains of gap I and gap III are shown
in Figs. 3(a) and 3(b), in which eigenfrequencies of the
bulk, edge, and corners states are displayed, whereas other
irrelevant modes like boundary-condition-induced ones are
hidden. Within both gaps, a cluster of topological edge
states (blue dots) appear from 5.12 to 5.4 kHz for gap
I and from 9.45 to 9.75 kHz for gap III, featuring the
high energy localization at domain walls, referring to the
selected fields at 5.39 and 9.73 kHz in Figs. 3(c) and 3(d).
Figures 3(a) and 3(b) show that four nearly degenerate cor-
ner states (red dots) appear at around 5.7 kHz for gap I
and at around 10.6 kHz for gap III within associated edge
gaps, which feature high energy localization at the corners

of nearby domain walls, referring to the selected displace-
ment profiles at 5.69 and 10.58 kHz in Figs. 3(c) and 3(d).
In contrast, flexural waves spread over the entire plate for
bulk states, as seen in fields at 4.66 and 9.22 kHz.

B. Experimental validation

Experimental demonstration is accomplished using a
laser Doppler vibrometer to validate the numerically cal-
culated dual-band corner states. A 6061-aluminum alloy
plate (450 × 450 mm2) fabricated by laser-cutting tech-
nology is prepared, with its size and boundary conditions
being identical to those in the simulation described previ-
ously. The detailed experimental setup and implementation
are given Appendix F. Given that the sample contains four
corners, we measure 4 times in total in order to observe

(a)

(d)

(b) (c)

FIG. 4. (a) Excitation and detection locations in the sample for each measurement in the experiment. The four measurements are
distinguished by different colors (ordered by number); the stars denote excitation sources and circles are detection points. The response
spectra of four corners within (b) gap I and (c) gap III. The insets in (b),(c) enlarge the response peaks corresponding to four corner
states. (d) Experimentally measured displacement profiles at peak frequencies in (b),(c) corresponding to four pairs of dual-band corner
states, where the notation at the top right represents gaps I and III.
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four corner states separately. For each measurement, the
transmission responses of a series of discrete points inside
the domain wall [i.e., the region surrounded by the green
dotted lines in Fig. 4(a)] are extracted to build displace-
ment fields later. Detailed scan points in the experiment
can be seen in Appendix F. To detect dual-band cor-
ner states separately, the experimental frequency sweep-
ing ranges are divided into two subsections: 4.0–6.4 kHz
covering gap I and 9.0–11.5 kHz covering gap III.

In each measurement (distinguished by different col-
ors), a pointlike excitation source is placed at around a
quarter diagonal (labeled by stars) of the scan region and
the detection point is placed at the corresponding cor-
ner (ordered by number), as seen in Fig. 4(a). Despite
the fact that the excitation source is not placed exactly at
the corner, the corner state is still expected to be excited
effectively [57]. Figures 4(b) and 4(c) present the response-
to-excitation spectra at the four corners within the two
targeted frequency ranges, amplitudes of which are nor-
malized by corresponding maximum value. As depicted
by the response curves, for each corner, an obvious res-
onance peak is observed at about 5.7 kHz for gap I and
at circa 10.6 kHz for gap III, frequencies of which are in
good agreement with the results of corner state frequen-
cies in the eigenfrequency simulation [Figs. 3(a) and 3(b)].
Insets in the response spectra of Figs. 4(b) and 4(c) show
minor frequency differences among these peaks, which can
be attributable to several inevitable factors in experiments,
such as slight structural difference between the four corners
in the manufactured sample, noise signals at each mea-
surement, and imperfect boundary conditions caused by
fixtures. The laser-scanned displacement fields of out-of-
plane vibrations at these peak frequencies are displayed in
Fig. 4(d), where the localized energy is highly confined
around the corresponding corners, providing the evidence
that these response peaks exactly represent topological
corner states. Edge and bulk states could be also stimu-
lated by the same excitation sources and corresponding
experimental results are given in Appendix G. Addition-
ally, influences of geometrical parameters (including the
scalability) on these corner states and their robustness are
numerically investigated, as presented in Appendices D
and E, respectively. Besides the aforementioned dual-band
topological corner states, which relate to the bending res-
onance of the engraved resonators, we highlight that the
proposed metaplate also enables an unusual type of corner
state for flexural waves that arises from torsional reso-
nance at higher frequencies (gap IV), and corresponding
numerical results are presented in Appendix H.

III. CONCLUSIONS

In this study, we design a perforated metaplate for
realizing a local resonance-induced SETI, and on this
platform, we successfully observe dual-band topological

corner states. This microperforated metaplate with elabo-
rately etched C-shaped slots creates a series of cantilever-
like oscillators, multimodal bending resonances of which
couple with flexural vibration modes of the host plate,
enabling dual topological band gaps. The topologically
distinct structures characterized by 2D polarizations are
constructed by selecting different unit cells, U1 and U2,
in the metaplate with C4v-symmetric slots. As a result,
we demonstrate numerically and experimentally that dual-
band topological corner states emerge when topologically
distinct structures built of U1 and U2 are connected, as evi-
denced by the high energy localization at the corners of
the domain wall. Compared with prevailing locally reso-
nant elastic TIs, this simple metaplate, which requires only
easily achievable penetration, exhibits several advantages,
such as high-accuracy fabrication, low-cost implementa-
tion, and excellent scalability, thus facilitating the use of
topological devices in practice. The developed SETI with
highly localized dual-band corner states can benefit appli-
cations of TIs such as subwavelength elastic wave trapping
and energy harvesting [62].
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APPENDIX A: NUMERICAL SIMULATION
METHOD

Numerical simulations involving the calculation of
unit-cell band diagrams, supercell dispersion, and eigen-
frequency analysis are all performed by commercial
finite element software COMSOL Multiphysics 5.6 using
the 2D Plate module. The aluminum is modeled with
Young’s modulus E = 70 (1 + 0.008i) GPa, Poisson’s ratio
v = 0.33, and density ρ = 2700 kg/m3, where the imag-
inary part of the modulus approximates the damping of
the experimental sample. The 2D Plate module in COMSOL
is based on Mindlin plate theory [63], which can accu-
rately model the thin-plate structure. The resulting band
diagram is compared with those of the three-dimensional
(3D) Solid Mechanics module of COMSOL to validate the
high accuracy of the 2D Plate module, as depicted in Fig. 5.
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FIG. 5. Comparison of numerical results of band diagrams
calculated by 2D Plate and 3D Solid Mechanics modules in COM-
SOL, in which only bands that represent out-of-plane (z-axis)
displacement modes are plotted.

APPENDIX B: DISCUSSION ON ORIGIN AND
PROPERTIES OF MULTIPLE BAND GAPS

We discuss how bending resonances of etched oscilla-
tors are related to three existing band gaps—gaps I, II, and
III. The unit cell consisting of four slots with the same
notch orientation angles can be regarded as the composite
unit cell by doubling the lattice along the x and y direc-
tions of its 1/4 part (primitive unit), as shown in Fig. 6(a).
Figure 7(a) depicts the band dispersion of the primitive unit
cell, in which a typical locally resonant complete band gap

is identified by Bloch modal shapes at band-gap bounds
[64]: at the lower gap bound, mechanical energy is strongly
confined at the bending resonance of etched resonators, but
the host plate (remaining parts of the unit cell) is nearly
motionless, while the modal shape at the upper gap bound
is characterized by coupling between the bending reso-
nance of the etched resonator and the flexural vibration
modes of the host plate. We call this complete band gap
a primitive locally resonant band gap. When the primi-
tive unit is expanded into the composite one, the Brillouin
zone is shrunk [Fig. 6(b)] and band folding appears by the
following principle [51]:

(M2�2)composite = (M1M2)primitive + (X1M2)primitive

+ (Y1M2)primitive + (�1M2)primitive,

(�2X2)composite = (X1X2)primitive + (Z1M1)primitive

+ (Y1Z1)primitive + (�1X2)primitive,

(X2M2)composite = (X2M2)primitive + (X2M2)primitive

+ (M2Z2)primitive + (M2Z2)primitive.
(B1)

The corresponding band diagram of the composite unit
is plotted in Fig. 7(b). The four slots in the composite unit
initially maintain translational symmetry, and some bands
overlap along the boundary line of the first Brillouin zone
(X -M direction) for the third and fourth bands, as well as
the fifth and sixth bands, as shown in Fig. 7(b). When slots
are rotated to C4v symmetry, the third and fourth bands,
as well as the fifth and sixth bands are completely sep-
arated and eventually yield dual topological band gaps I
and III, as shown in Fig. 7(c). On the other hand, each C4v-
symmetric unit cell that has four slots can be regarded as a

X 1
Г1(2)

M1

M2

X 2

Y 1

Y 20
.5

 a a

Primitive unit Composite unit

Z1

= + + +

Г2 X 2

M2

Г1 X 2

M2

X 1 X 2

M2

Y 1 Z1

M2

M1 Z1

M2

(a) (b)

FIG. 6. (a) Primitive unit cell expanded into composite unit cell, and mapping relation of band-folding mechanism. (b) First Brillouin
zones and high-symmetry points of primitive cell (boxed by purple line) and composite cell (boxed by blue line).

034065-8



LOCAL-RESONANCE-INDUCED . . . PHYS. REV. APPLIED 19, 034065 (2023)

(a)

(d)

(b) (c)

FIG. 7. Band diagrams of (a) primitive unit cell and (b) composite unit cell with four translationally symmetric slots, and (c) unit
cell with C4v-symmetric slots. (d) Modal shapes at points labeled in (a)–(c).

multiresonator system, and its multimodal bending vibra-
tions contribute to these band gaps. Typically, at the lower
bounds of each gap, four resonators bend in the dipolar
mode for gap I, in the quadripolar mode for gap II, and in
the monopolar mode for gap III, as indicated in Fig. 7(d).
Conclusively, the multimodal bending modes of the four
local resonators induce multiple flexural band gaps, while
the inherent C4v symmetry determines their topological
natures.

APPENDIX C: DISPLACEMENT PROFILES OF
THE FIRST SIX BANDS AT � AND X

The out-of-plane (z-axis) displacement profiles of eigen-
modes at high-symmetry points � and X for unit cells U1
and U2 are presented in Fig. 8. The polarizations of these
fields allow us to deduce the parities labeled in Fig. 1(c),
and then relevant parities at � and X of the first three bands
determine the topological properties of U1 (U2) within gap
I while the parities at � and X of the first five bands
determine topological properties of U1 (U2) within gap III.

APPENDIX D: INFLUENCES OF GEOMETRICAL
PARAMETERS ON BAND GAPS AND CORNER

STATES AND SCALABILITY

We investigate the influences of geometrical parame-
ters on the frequencies of these multiple band gaps and
resultant corner states. Figure 9 depicts the evolution of
the frequencies of interest with different parameters: inner
radius r, notch angle θ , width t of slots (shrinking or
expanding inner radius r while fixing outer radius), and
plate thickness h. It should be pointed out that when inde-
pendently investigating one single parameter, the others
remain the same as those in the main text.

It can be seen that the geometrical parameters of the
slots have a significant influence on the width of the dual
topological band gaps, thereby affecting the existence and
frequencies of corner states: As topological gaps become
wider, corner states are inclined to shift to the band-gap
central frequency, which might induce higher energy con-
finement at the corners [65]. With a narrower band gap,
the corner states may be hidden in the bulk states (dotted
line in Fig. 9) or disappear. That is, we can tailor the fre-
quencies of dual-band corner states in a wide range by fine
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FIG. 8. The out-of-plane displacement (z-axis) profiles and their polarizations at � and X of the first six bands for U1 and U2, where
subscript s denotes monopolar, px and py represent dipolar, while dxy and dx2−y2 represent quadrupolar modes.

tuning the parameters of the slots with little modification
to the structure.

Moreover, despite being demonstrated at low frequen-
cies in this paper, our proposed perforation strategy

that enables topological states still works effectively in
plate structures at ultrasound or even higher frequencies.
Figure 9(d) shows that gaps I and III along with corre-
sponding corner states shift to higher frequencies as plate

(a) (b)

(c) (d)

FIG. 9. Evolution of frequencies of
band gaps and corner states with param-
eters (a) inner radius r, (b) notch angle θ ,
(c) width t of slots, and (d) plate thickness
h. Dotted lines represent that corner states
are hidden within the bulk.
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FIG. 10. Band structure of scaled down (100 times) unit cells
U1 and U2 (thickness h = 100 μm), where two red dotted lines
denote frequencies of dual-band corner states.

thickness h increases, and the relative bandwidths widen
simultaneously.

Normally, reducing unit size also leads to higher work-
ing frequencies. Here, we consider an extreme case: the

unit size is scaled down 100 times, resulting in a lattice
constant a = 300 μm. As illustrated in Fig. 10, now at
megahertz frequencies, it can be seen that the microscale
device (thickness h = 100 μm) has a similar dispersion and
still holds dual-band topological corner states. The above
parameter analysis reflects the good scalability of the pro-
posed microperforated SETI, revealing that the underlying
physics and mechanics are scale independent. So far, most
existing on-chip elastic topological devices are commonly
achieved by mounting scatterers on base materials like sil-
icon wafers via photolithography techniques [57]. Solid
structures with microperforations offer an alternative for
on-chip elastic topological devices via several available
techniques such as submicrometer-level laser cutting.

Conclusively, irrespective of the geometrical parame-
ters and scale, these multiple topological band gaps always
appear as long as well-shaped resonators remain intact,
because topological band gaps are determined by inherent
vibrational mechanisms and symmetry.

APPENDIX E: ROBUSTNESS OF CORNER
STATES

We adopt a 1/4 model to examine the robustness of cor-
ner states. Eigenfrequencies are computed in an intact 1/4
metaplate and an imperfect 1/4 metaplate with a defect
and a disorder (boxed by green solid lines in Fig. 11).
Despite minor frequency deviations, the displacement pro-
files show that presence and high localization of dual

(a)

(b)

FIG. 11. Displacement fields at frequen-
cies of corner states for an intact plate and
an imperfect plate with disorder and defect
within (a) gap I and (b) gap III. Green dot-
ted line is domain wall and green solid boxes
represent defect or disorder.
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corner states within gaps I and III are immune to defect
and disorder.

APPENDIX F: EXPERIMENTAL SETUP AND
IMPLEMENTATION

The vibration in the out-of-plane direction is captured
by the scanning laser vibrometer (PSV 400): the excita-
tion signal (chirp) is amplified by a power amplifier (B&K
2706) and sent to the shaker in which a force transducer
(B&K 8200) measures the resultant force at the excita-
tion point. The recorded force signal is amplified through
a charge amplifier (B&K 2635) and sent to a controller.
In the meantime, the controller also receives displace-
ment/velocity/acceleration signals directly measured from
a laser vibrometer. The procedure diagram is illustrated in
Fig. 12(a).

After Fourier transform, the frequency response func-
tion can be obtained,

H(ω) = X (ω)

F(ω)
, (F1)

where F(ω) is force input of the shaker and X (ω) is the dis-
placement response at the detection points. In this article,
values |w| of response spectra in Figs. 4 and 13 refer to the
H (ω) in Eq. (F1), which are then normalized by maximal
value.

In the experiment, the sample is clamped at both left
and right ends, as shown in Fig. 12(c). As a result, the left
and right edges of the finite plate in the simulation have
fixed constraint boundary conditions. For each measure-
ment, 11 × 11 points in the area inside the domain wall
are scanned in order to build the displacement profiles, as
shown in Fig. 12(b).

APPENDIX G: EXPERIMENTAL RESULTS ON
EDGE AND BULK STATES

Edge states and bulk states are illustrated using the
results from the first measurement, where the excitation
source is located close to the upper-left corner [labeled in
Fig. 4(a)]. Figure 13(a) points out the detection locations
for extracting the transmission spectra of edge, corner, and
bulk states, distances of which towards the excitation point
are identical. As seen in Figs. 13(b) and 13(c), owing to the

FIG. 12. (a) Procedures of measuring vibration responses of the sample. (b) Scanned region with 11 × 11 scan points. (c),(d)
Photographs of experimental setups.
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(a)

(d)

(b) (c)

FIG. 13. (a) Excitation and detection positions for corner, edge, and bulk states, for which distances to excitation source are identical.
(b),(c) Transmission spectra of detection points A, B, and C at frequency domains around (b) gap I and (c) gap III, in which purple
shaded areas are the frequency domains of edge states. (d) Experimentally scanned displacement profiles at peak frequencies of
responses at the point B and at the point C, corresponding to maximal values of green and blue curves in (b),(c).

band-gap effect, the transmission spectra of detection point
C have very low energy in the domain of gaps I and III,
whereas for detection point B, both gaps contain a cluster
of high responses (shaded areas), which represent topolog-
ical edge states, and their frequency ranges (from 5104 to
5380 Hz for gap I, and from 9378 to 9720 Hz for gap III)
are in good agreement with those of the eigenfrequency
results of Fig. 3. The displacement fields at response peaks
of the B and C detection points indicate that topological
edge waves localize at the left domain wall, while flexural
waves at the bulk state frequencies spread over the plate, as
shown in Fig. 13(d). It is noteworthy that Fig. 13(d) only
depicts displacement fields at these selected peak frequen-
cies for edge states; displacement responses at other edge
state frequencies [shaded areas in Figs. 13(b) and 13(c)]
exhibit diverse field profiles localizing at domain walls.

APPENDIX H: CORNER STATE INDUCED BY
TORSIONAL RESONANCE

Besides dual-band topological corner states associated
with the bending resonance of the engraved resonators,
in the following, we demonstrate a particular type of

corner state for flexural waves, which is induced by tor-
sional resonance. The topological band gap of interest is
located between the ninth and tenth bands, referred as gap
IV, as seen in Fig. 14(a). It is clear that gap IV arises
from the torsional resonance of the engraved oscillators,
evidenced by the eigenmode at the lower bound of the
gap, see the inset of Fig. 14(a). According to the par-
ities (listed in Table I) at high-symmetry points � and
X of the first nine bands below the gap, U1 is topolog-
ically nontrivial while U2 is trivial within gap IV. As
indicated in Fig. 14(b), the supercell dispersion (the same
ribbon structure as in Fig. 2) shows that two branches
of edge states (green dots) appear within gap IV, sepa-
rated by an edge gap from 18 610 to 20 140 Hz. Next,
a finite-sized plate comprised of 5 × 5 U1 surrounded by
five layers of U2 is constructed and then its eigenfrequen-
cies are calculated. As shown in Fig. 14(c), within gap IV,
an eigenmode (the red dot) solely appears at 19 243 Hz,
located between two branches of edge states (green dots).
The field profile of this eigenmode [Fig. 14(d)], which
features confined energy at the corner of domain walls,
confirms that it certainly represents a corner state. Mean-
while, this topological corner state in gap IV is proved to
be relevant to torsional resonance of engraved resonators,
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FIG. 14. Schematic diagrams of topological corner states induced by torsional resonance within gap IV. (a) Band structure for U1
(the same as that of U2) around gap IV, which is located between the ninth and tenth bands. Inset shows the mode shape at lower bound
of gap IV (red dot), which implies the band gap is tied with torsional resonance of engraved resonators. (b) Supercell dispersion at
frequencies around gap IV, and the sample for calculation is the same as the one in Fig. 2. Within the band-gap frequencies, only the
pair of edge states (green dots) are plotted while other irrelevant boundary modes are hidden. (c) Eigenfrequencies of a finite-sized
plate, where blue, green, and red dots represent bulk, edge, and corner states, respectively. Within the band-gap frequencies, other
irrelevant eigenmodes like boundary modes are hidden. (d) Displacement field at the frequency of corner state [red dot in (c)] and its
locally enlarged view, in which engraved resonators exhibit torsional resonances.

see the enlarged view in Fig. 14(d). That is, our design
is able to trigger triband topological states, attributed to
the rich vibration characteristics of engraved resonators.
Furthermore, such torsional-resonance-induced topologi-
cal states of flexural waves have never been reported, and
may unlock unexplored physics for elastic TIs in the future.

TABLE I. Parities at high-symmetry points � and X of the first
nine bands for U1 and U2.

Unit cell The order of band

1 2 3 4 5 6 7 8 9

U1 � + − − + + + + − −
X − + − + − + + − −

U2 � + − − + + + + − −
X + − + − + − − + +
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