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Topologically protected localized states are commonly existent inside bulk band gaps with topological
features, which, however, can be shifted to coexist with a continuous spectrum under particular coupling mod-
ulations, forming the so-called topological bound states in the continuum (BICs). These embedded topological
states have so far been derived under the Hermitian assumptions that neglect the influence of nonconservative
characteristics of classical wave systems on the topological properties. In this study, with a one-dimensional
trimerized elastic lattice, we report the experimental demonstration of topological edge states in the continuum
produced solely by non-Hermiticity, without additional coupling modulation. The trimerized elastic lattice is
a chain of plates connected through thin beams, with the non-Hermiticity introduced by attaching constrained
damping layers to particular sites in the chain assembly. We prove that appropriately tailored non-Hermitian
modulation can induce topological edge states that appear in the bulk spectrum rather than exist in the band gap.
Besides, the existence of such topological edge states is observed to be closely linked to the configurations of
the lattice boundaries. This study affirms that non-Hermiticity can play an important role in creating topological
BICs, gaining insight into the non-Hermitian topological physics and offering interesting avenues for exploring
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sophisticated non-Hermitian topological phenomena including higher-order topology in the continuum.

DOI: 10.1103/PhysRevB.106.L.180302

I. INTRODUCTION

Topological insulators, first emerged in condensed mat-
ter systems, are referred to the phases of matter that are
characterized with insulating bulk and robust conducting
edges [1,2]. The analogs of topological insulators in classi-
cal wave systems have been a solid ground, on which basis
topological physics are investigated, discovering numerous
intriguing phenomena, such as backscattering-free chiral edge
modes associated with the quantum Hall-like effect [3-5]
and localized edge (corner) modes due to the quantized bulk
dipole (quadrupole) moments [6—10]. Most relevant studies
in this area are based on the premise of Hermiticity, for
its simplicity, with which the real eigenvalues and orthog-
onal eigenstates of their effective Hamiltonians ensure the
well-defined topological invariants and bulk-edge correspon-
dence [11,12]. Classical wave systems, however, are naturally
non-Hermitian with loss and/or gain arising from the energy
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exchange with the surrounding environment. Particularly, the
intrinsic losses such as thermoviscous and viscoelastic effects,
a major source of non-Hermiticity in realistic scenario, are
usually considered as negative factors as they naturally lead
to energy dissipation and inevitably increase the difficulty
in experimental implementation. As a result, there is grow-
ing interest in exploring the interplay between the topology
and non-Hermiticity so that the lossy nature can be properly
exploited. To our delight, it has been demonstrated that the
non-Hermiticity, per se, other than simply a perturbation to
the topological systems, can be a nontrivial parameter to drive
the topological phase transition [13—15]. This has motivated
a cascade of theoretical explorations based on tight-binding
Hamiltonians [16-21] and experimental demonstrations in
electrical circuit [22], optical lattices [23,24], acoustic crystals
[25-27], and elastic perturbative metamaterials [28] with suit-
ably arranged loss and/or gain, which significantly extended
the topological notions to non-Hermitian systems as well as
their practical applications. In the majority of non-Hermitian
topological systems, the topological properties are considered
to exist in the band gaps which separate the spatially localized
modes from the bulk continuous spectra of propagating waves.
Yet, it is entirely possible that the localized topological states

©2022 American Physical Society
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reside in bulk bands, behaving as the so-called bound states in
the continuum (BICs) [29-32].

BICs are a class of spatially confined eigenmodes lying
inside the continuous spectra. This notion has recently been
extended to topological systems, which has inspired the the-
oretical exploration of topologically protected bound states
against hybridization in electronic system [33], experimental
investigation of subspace-induced embedded topological in-
terface states in coupled one-dimensional (1D) acoustic chains
[34], as well as the theoretical [35,36] and experimental ef-
forts [37-39] in constructing in-band topological corner states
known as higher-order topological BICs. The emergence of
topological BICs can be attributed to the eigenfrequency shift
of either bulk bands [34] or localized topological states [37]
resulting from specific spatial variations in the coupling terms.
It sheds light on novel topological physics, but relevant explo-
ration has hitherto been restricted to the Hermitian regime.
While a recent theory [40] based on the tight-binding model
(TBM) suggests a possible direction to derive in-band topo-
logical states from parity-time (PT) symmetry with balanced
gain and loss, the experimental observation of these non-
Hermiticity-induced, in-band topological edge states remains
unclear and challenging.

In this study, rather than resorting to balanced gain-
loss configurations that is hard to achieve in practice, we
develop a series of lossy and passive structures to experi-
mentally demonstrate the non-Hermiticity-induced, in-band
topological edge modes. The structures are 1D non-Hermitian
trimerized models which consist of resonant plates and link-
ing beams. Unlike the in-gap topological states that rely on
alternating coupling strengths and Hermitian assumptions, the
in-band topological states in the structures solely depend on
the additionally introduced damping on particular lattice sites.
As the additional damping (AD) is deliberately applied to the
middle plate of the trimerized unit cell, two Dirac points are
gradually lifted, creating two band gaps. Instead of appearing
in the band gaps, the topological edge modes keep fixed within
the continuous spectrum, behaving as BICs. The topological
protection properties of the edge modes are indicated by the
nonzero general Zak phases on the basis of the orthogonalized
eigenstates. In experiment, we observe such non-Hermiticity-
induced in-band topological edge modes by implementing the
required non-Hermitian modulation with constrained damp-
ing layer treatments. This new non-Hermitian mechanism for
achieving in-band topological edge modes is generally appli-
cable to diverse systems (e.g., optical and acoustic systems,
etc.) and is simple to realize.

II. NON-HERMITIAN TRIMERIZED ELASTIC
LATTICE MODEL

We focus on a trimerized elastic lattice consisting of res-
onant square plates that are mutually and weakly coupled
via linking beams, with potential non-Hermitian modula-
tion implemented by means of AD treatment, as depicted in
Figs. 1(a) and 1(b). The lattice is made of aluminum alloy
with a thickness of 1.46 mm and a lattice constant of a =
187.5 mm. The sizes of the plates (with a hole of diame-
ter D = 15 mm in the center) and beams are 40 x 40 mm?
and 22.5 x 1.5 mm?, respectively. The linking positions are
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FIG. 1. Band diagrams of the trimerized elastic lattices in the
absence and in the presence of the non-Hermitian modulation. (a),(b)
Schematic diagrams of the unit cells for the trimerized lattices with
only intrinsic material damping and with AD treatment (applied to
the middle plate colored in blue), respectively. L = 40 mm, D = 15
mm, [ =22.5 mm, ¢ = 1.5 mm. (c),(d) Calculated band diagrams
corresponding to the unit cells in (a) and (b), respectively. The red
circles denote the TBM results, and the blue solid lines denote the
numerical results. The general Zak phases for the three bands in (d)
are calculated to be 7, 0, 7, respectively.

identical (located at the middle of the plate edge), leading
to the identical nearest-neighbor coupling strength between
two adjacent plates. Consequently, the band diagram of the
trimerized unit cell in Fig. 1(a) is gapless, as presented in
Fig. 1(c), in which the degeneracies emerge at the center
and edge of the Brillouin zone (BZ). When AD treatment is
introduced to the middle plate colored in blue in Fig. 1(b),
both the degeneracies are lifted, giving rise to two complete
band gaps, as shown in Fig. 1(d). In these elastic lattices, we
only focus on the flexural modes.

The band diagrams of the unit cells illustrated in Figs. 1(a)
and 1(b) can also be obtained by solving the eigenvalue
problems of the tight binding k-space Hamiltonian matrices
[41,42], which can be written as

(1 = dpi) fo K ke ka
Hk) = K [1— (dy + d; )l]fo K
xetka K (1 —dpi) fo
1 0 0
+38f10 1 0], )
0 0 1

where k is the wave number defined in the first BZ, fy is
the resonant frequency of the first nonrigid-body mode of an
individual plate (in the absence of the linking beams), « is the
nearest-neighbor coupling strength, dy describes the intrinsic
material damping, d; describes additionally introduced damp-
ing, and 4 f is the frequency deviation of the zero-energy edge
modes from fj due to the perturbation brought by the coupling
beams [37]. By fitting the calculated band diagrams based
on Eq. (1) [red dotted lines in Figs. 1(c) and 1(d)] to those
obtained from the numerical simulation using COMSOL® Mul-
tiphysics [blue solid lines in Figs. 1(c) and 1(d)], we obtain
the values of tight-binding parameters as fy = 2640 Hz, k =
16 Hz, dy = 0.0041, d; = 0.02, and § f = 36 Hz. The match
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FIG. 2. Topological edge states in the continuum for a finite-
sized chain assembly with 15 resonators. (a) Schematic of the chain
composed of five unit cells. The red box indicates the trimerized
nontrivial unit cell. The intrinsic material damping of the whole
structure is considered, while the additional damping is only added
to the sites colored in blue. Simulated real parts (b) and imaginary
parts (c) of the complex eigenfrequencies for the nontrivial chain.
The gray shaded areas and the red boxes denote the two complete
band gaps and the in-band edge states, respectively. (d) Out-of-plane
displacement of the edge modes at 2676 Hz. S (A) indicates the edge
mode profile is symmetric (antisymmetric) about the dotted central
line.

between the two band diagrams indicates that the tight binding
Hamiltonian matrices provide a satisfactory description of the
elastic lattice model. The value of §f can be fine-tuned to
zero, provided that the cross-sectional area of linking beams
is neglectable as compared to that of the plate edge [43].

The topological properties of the non-Hermitian trimerized
lattice can be identified by the general Zak phases [16,44,45]
of the energy bands, which take the form of

w/a
=i [ (ehulonletulax @
—m/a

where &R and &L, are the biorthogonalized right and left
eigenvectors of H(k) that satisfy (5% |€F,) = 8un. m, n=
1, 2, 3 represent the three energy bands, and & is the corre-
sponding wave number. The general Zak phases accumulated
from —m /a to 7 /a in the BZ are numerically determined to
be 7, 0, w for the first, second, and third band in Fig. 1(d),
respectively, indicating the topologically nontrivial properties
of the configuration shown in Fig. 1(b).

To examine the non-Hermiticity-controlled topological
properties, we consider a finite-sized lattice with five non-
trivial unit cells [Fig. 2(a)] fixed via partial plates at both
ends [7,28,43]. The complex eigenfrequencies for the chain
based on simulation are plotted in Figs. 2(b) and 2(c) (see Fig.
S2 in the Supplemental Material [43] for the TBM results).
Two band gaps (gray shaded areas) are observed as expected,
which are consistent with the band diagram in Fig. 1(d). Inter-
estingly, among the seven eigenmodes between the two band
gaps, there are two topological edge modes [marked with the
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FIG. 3. Eigenfrequencies of a trimerized lattice with one defect
at each end (14 sites in total). (a) Schematic of the chain with
defects. The red box indicates the trimerized nontrivial unit cell.
The intrinsic material damping of the whole structure is considered,
while the additional damping is only added to the sites colored in
blue. Simulated real parts (b) and imaginary parts (c) of the complex
eigenfrequencies for the chain. The gray shaded areas denote the two
complete band gaps.

red rectangle in Figs. 2(b) and 2(c)] as shown in Fig. 2(d).
This is distinct from its Hermitian counterparts [43], in which
the edge modes appear in the band gaps. Although these
non-Hermiticity-induced edge modes lie inside the continu-
ous spectrum, the mode energy remains perfectly confined to
both ends [Fig. 2(d)] with robustness against random coupling
strength disorders [43], similar to the so-called topological
BICs [43].

We observe that the middle five bulk modes between the
two complete band gaps possess relatively higher imaginary
parts of about 40 Hz [Fig. 2(c)], implying a stronger energy
dissipation. This is due to the fact that the mode shapes of the
middle bulk modes exhibit large displacements on the part or
all of the five plates with AD [ viz. the plates highlighted in
blue in Fig. 2(a)]. In contrast, the majority of elastic energy
of the edge states is noted to be trapped in the two edge plates
with only intrinsic damping (ID), as shown in Fig. 2(d), which
explains the reason that edge states possess relatively lower
imaginary parts (around 16 Hz).

Moreover, the existence of the edge states can be flexibly
tuned by altering the boundary configurations. By way of
illustration, for a chain composed of four nontrivial unit cells
and one additional defect at each end [Fig. 3(a)], the edge
states disappear in the eigenfrequencies spectra, as observed
in Figs. 3(b) and 3(c) [see Fig. S2 in [43] for the TBM results],
which are fairly distinct from the spectra of the nontrivial
lattice without any defect, Figs. 2(b) and 2(c). In this case,
there are four middle bulk modes with relatively higher imag-
inary parts, as the chain has four additional damped sites
highlighted in blue.

III. EXPERIMENTAL VALIDATION

We validate the above theoretical results and findings via
experiment. In the experiment, a plate with AD treatment can
be achieved by attaching a constrained damping layer on the
square plate to introduce energy dissipation, as depicted in
Fig. 4(a). This composite plate is composed of three layers:
the constraint layer of reflective tin foil (silver layer), the
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constraint layer In addition, the mode shapes of these two plates at 2640 Hz
are measured and plotted in the insets of Figs. 4(c) and 4(d),
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FIG. 4. Forced responses of the plates with and without the con-
strained damping layer. (a) Schematic of the composite plate with
constrained damping layer. The plate contains three layers from top
to bottom: the tin foil constraint layer (silver), the rubber damping
layer (blue), and the aluminum alloy host plate (yellowish). (b)
Schematic of the aluminum alloy plate with a circular through hole
with diameter D = 15 mm. (c),(d) FRF spectra for the single plate
illustrated in (a) and (b). The blue circles are the measured results,
and the red solid lines present the simulated results. The insets are
the measured mode profiles at 2640 Hz.

damping layer of butyl rubber (blue layer), and the aluminum
alloy plate (host plate with low intrinsic material damping,
yellowish layer), from the top down, with the thicknesses
of tp = 0.05 mm, #; = 1.00 mm, and #, = 1.46 mm, respec-
tively. The ultrathin reflective tin foil can not only provide
a highly reflective surface for receiving vibration signals by
laser vibrometer, but also increase the effective damping of
the composite plate because the vibration energy is mainly
attenuated by the shear deformation [46].

To obtain the frequency response function (FRF) of an
individual composite plate illustrated in Fig. 4(a), the plate
is suspended by a string to mimic free boundary conditions.
As depicted by the blue circles in Fig. 4(c), the resonant peak
is observed in the spectrum at 2639 Hz with a quality factor
of ~27. Without the constrained damping layer, the resonant
peak of the bare plate shifts to a higher frequency of 2922 Hz
with a sharper shape [43], which suggests that the damping-
layer treatment results in not only increased energy dissipation
but also an added mass. To minimize such unwanted change in
resonant frequency, the bare plate is perforated with a circular
through hole (the diameter is 15 mm) at the center [Fig. 4(b)].
As aresult, the measured FRF spectrum, as given in Fig. 4(d),
shows a narrower resonant peak (the quality factor is ~112)
around 2641 Hz, which is tuned close to the original resonant
frequency. The numerically calculated FRF spectra were then
fitted to the experimental data to retrieve the complex Young
moduli used in the above numerical simulation from Fig. 1
to Fig. 3. It turns out that the Young moduli are set to be
E; =68.9 (1 4 0.04i) GPa and E, = 68.9 (1 4 0.007i) GPa
for the plate with and without the constrained damping layer,
respectively.

respectively (the data points measured for the interpolation are
indicated by the black dots in the insets). It can be seen that
in spite of the constrained damping layer, the measured mode
profiles still match well with the numerical results in Fig. 2(d).

With appropriately tailored damping parameters, we ex-
amine the topological properties of the 1D finite-sized lattice
chains. An experimental sample, composed of 15 coupled
plates without any defects, is shown in Fig. 5(a), correspond-
ing to the chain in Fig. 2(a), and the other sample has two
defects, each at one end [14 coupled plates in Fig. 5(d)],
corresponding to the chain in Fig. 3(a). In these two samples,
the constrained damping layers are attached on the middle
plates of all the trimerized nontrivial unit cells to supply the
needed non-Hermiticities.

During all measurements, the shaker with a force trans-
ducer was placed at the corner of the bulk plate marked as
“4” in Figs. 5(a) and 5(d) to generate the excitation. For the
sample in Fig. 5(a), the FRF curves were measured at the sev-
enth, eighth, and first plates to respectively evaluate the bulk
spectrum at the plate with ID [blue curve in Fig. 5(b)], the
bulk spectrum at the plate with AD [green curve in Fig. 5(b)],
and the edge spectrum [red curve in Fig. 5(b)]. Similarly, for
the other sample with defects at both ends in Fig. 5(d), the
seventh, ninth, and first plates were selected as the measured
positions to observe the forced responses of the bulk plate with
ID [blue curve in Fig. 5(e)], the bulk plate with AD [green
curve in Fig. 5(e)], and the edge plate [red curve in Fig. 5(e)],
respectively. More detailed information of the numerical sim-
ulation and experimental setup is presented in [43].

As depicted by the bule curve in Fig. 5(b), two dominant
resonant peaks can be observed in the bulk spectrum, cor-
responding to the upper and lower bulk states with smaller
imaginary parts [the 1st to 4th and 12th to 15th eigenfre-
quencies in Figs. 2(b) and 2(c)]. The green curve in Fig. 5(b)
[enlarged in Fig. 5(c)] shows three resonant peaks, in which
the extra one corresponds to the middle bulk bands with larger
imaginary parts [the 5th, 6th, 9th, and 11th eigenfrequencies
in Figs. 2(b) and 2(c)]. Different from the two bulk spectra, the
edge spectrum [red curve in Fig. 5(b)] only exhibits one peak
at the frequency of 2676 Hz, which signifies the existence of
edge states as predicted in simulation [the seventh and eighth
eigenfrequencies in Figs. 2(b) and 2(c)]. This resonant peak
coincides with the middle resonant peak of the bulk spectrum
at 2676 Hz [green curve in Fig. 5(b)], indicating that the
topological edge states are embedded in the bulk band and
coexist with the bulk resonant states. As a comparison, for the
other sample with two defects, no essential difference can be
observed between the blue bulk spectrum and the red edge
spectrum in Fig. 5(e), as a result of the absence of the topo-
logical edge states due to the defects at the lattice boundaries.
The bulk spectrum in Fig. 5(f) also highlights three separated
peaks, consistent with that in Fig. 5(c).

IV. CONCLUSION

In conclusion, we have numerically and experimentally
demonstrated the topological edge states in the continuum
caused exclusively by the non-Hermiticity in a trimerized
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FIG. 5. Measured forced responses of the 1D finite-sized lattice chains. (a) Photo of the sample without defects. (b) Measured FRF spectra
of the chain in (a). (c) Enlarged view of the green curve in (b). (d) Photo of the sample with defects at both ends. (e) Measured FRF spectra of
the chain in (d). (f) Enlarged view of the green curve in (e). The red, blue, and green curves are the measured responses at the first, seventh,
and eighth plates from the left end, corresponding to the edge spectrum, the bulk spectrum at the plate with intrinsic damping (ID), and the
bulk spectrum at the plate with additional damping (AD) respectively. The gray shaded areas denote the complete band-gap regions.

elastic lattice. We considered two types of finite-sized trimer-
ized chain assemblies, with and without defects at the chain
ends, and showed that the in-band topological edge modes
are sensitive to the boundary configurations. The boundary
defects can thus serve as a switch to tune the existence of
the edge states. Our findings not only provide a versatile
platform to experimentally produce and manipulate topolog-
ical states merely with non-Hermitian modulations, but also
offer a simple and flexible approach to realizing topologi-
cal BICs, which may stimulate more explorations about the
rich interplay between topology and BICs, such as higher-
order non-Hermitian topological states in the continuum.
Moreover, since the non-Hermiticity-induced in-band topo-
logical modes lifts the requirements of band gaps, the design

flexibility for topological materials is increased. The observed
non-Hermitian in-band topological modes are applicable and
can be extended to various platforms in different dimensions,
such as the electric circuit with negative and positive resistors
[22,47], weakly coupled arrays of optical waveguides [48—50]
and acoustic systems where the non-Hermitian tight binding
Hamiltonian can be satisfied [43,51,52].
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