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Anomalous Floquet non-Hermitian skin effect in a ring resonator lattice
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We present a one-dimensional coupled ring resonator lattice exhibiting a variant of the non-Hermitian skin
effect (NHSE) that we call the anomalous Floquet NHSE. Unlike existing approaches to achieving the NHSE by
engineering gain and loss on different ring segments, our design uses fixed on-site gain or loss in each ring. The
anomalous Floquet NHSE is marked by the existence of skin modes at every value of the Floquet quasienergy,
allowing for broadband asymmetric transmission. Varying the gain or loss induces a non-Hermitian topological
phase transition, reversing the localization direction of the skin modes. An experimental implementation in an
acoustic lattice yields good agreement with theoretical predictions, with a very broad relative bandwidth of
around 40%.

DOI: 10.1103/PhysRevB.106.134112

I. INTRODUCTION

Non-Hermitian systems can exhibit a range of striking
phenomena with no counterparts in the Hermitian regime
[1–5]. The one that has perhaps attracted the most interest
over the past two decades is parity-time (PT ) symmetry,
which allows a non-Hermitian system to host real eigenval-
ues and non-Hermitian phase transitions [6]; this has been
realized and extensively investigated in photonics, and other
platforms such as acoustics, using classical gain and loss to
implement non-Hermiticity [7–10]. Recently, much attention
has been drawn to another non-Hermitian phenomenon called
the non-Hermitian skin effect (NHSE) [11–15], whereby a
non-Hermitian lattice hosts an extensive number of boundary-
localized eigenmodes called skin modes. The NHSE is
theoretically intriguing as it signifies a breakdown of Bloch’s
theorem for non-Hermitian systems [11–18] and is associated
with exotic non-Hermitian bulk-boundary correspondences
based on the windings of complex energy spectra [13,19–
21]; moreover, it may have application possibilities in sensing
[22,23] and lasing [24,25]. Over the past two years, exper-
imental realizations of the NHSE have rapidly emerged in
electric circuits [26–28], quantum walks [29,30], phononic
metamaterials [31–35], optical-fiber-based synthetic lattices
[36,37], and active particle systems [38]. A notable obstacle to
such experimental studies is the fact that the simplest theories
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of the NHSE (though not all of them [39,40]) involve tight-
binding models with nonreciprocal intersite couplings, which
tend to be difficult to implement.

In this paper, we study an interesting form of the NHSE
that arises in lattices of coupled ring resonators. We theoreti-
cally analyze and experimentally implement one-dimensional
lattices of coupled ring resonators with on-site gain and loss,
in a configuration that does not require placing gain or loss
on different segments of some rings (which had been the
approach adopted in earlier works to induce nonreciprocal
intersite couplings [34,41–44]). Coupled-ring lattices have
two key features relevant to the NHSE: (i) If waves expe-
rience negligible back reflection while propagating in the
lattice (a standard assumption), certain lattice configurations
allow the eigenmodes to split into two circulation sectors that
are each effectively nonreciprocal [45–48]; (ii) in the strong-
coupling regime, eigenmodes are solutions to a Floquet, rather
than Hamiltonian, eigenproblem, and can deviate qualitatively
from tight-binding models [49].

We show that our coupled-ring lattice exhibits an “anoma-
lous Floquet NHSE” whereby the real part of the Floquet
quasienergy winds through its entire 2π range—something
that cannot occur in Hamiltonian models [11–18]. The skin
modes manifest in the entire range of Floquet quasienergies,
rather than a small interval corresponding to the bulk en-
ergy band. This behavior can potentially be used to achieve
asymmetric transmission over a much larger bandwidth than
in non-Floquet systems. As a proof of principle, we con-
struct an acoustic lattice exhibiting the anomalous Floquet
NHSE and demonstrate experimental results that are consis-
tent with the theoretical model, and in quantitative agreement
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FIG. 1. (a) Schematic of a finite lattice of coupled ring resonators (top) and a close-up view (bottom). One round trip in each ring multiplies
the wave amplitude by exp[i(φ − iγA,B,C )]. The phase shift φ is interpreted as a Floquet quasienergy. The wave coefficients at six points in
the unit cell are denoted by (a1, b1, b2, c1, c2, c3). (b) Complex quasienergy spectrum under PBCs (colored dots) and OBCs with a lattice of
ten unit cells (black pluses) for θ ∈ {0.44π, 0.47π, 0.5π}. (c) Intensity profiles, summed over all eigenmodes, for the lattices with OBCs and
θ ∈ {0.44π, 0.47π}. Both of these cases host skin modes, despite the qualitative differences in the PBC spectra. (d) Wave propagation patterns
under perfect coupling, θ = 0.5π . The gray rectangle marks one unit cell. If an OBC mode’s right-moving path (orange) is damped, then its
left-moving path (green) is amplified and the mode profile is exponentially localized to the left, as indicated by the sizes of the arrows. In
(b) and (c), the gain or loss parameters are γA = −0.6 and γB = γC = 0.3.

with full-wave simulations, over a ∼40% relative frequency
bandwidth. This design may also be useful for achieving
broadband NHSE, and related phenomena, in platforms such
as microwave photonics [50,51] and nanophotonics [45,52–
54].

II. THEORY

Consider the one-dimensional lattice shown in Fig. 1(a),
with each unit cell consisting of three distinct coupled ring
resonators. Waves propagating in each ring acquire phase
shifts as well as experiencing amplitude growth (decay) due
to gain (loss). For the rings drawn in red, blue, and gray
in Fig. 1(a), and labeled {A, B,C}, one round trip multiplies
the complex wave amplitude by exp[i(φ − iγA,B,C )]. If φ is
real, it corresponds to the round-trip phase shift in each ring,
while positive (negative) values of γA,B,C correspond to gain
(loss) in the respective rings. We consider only one of the
two choices of circulation directions in the lattice—say, coun-
terclockwise in the A and B rings and clockwise in the C
rings—with no “spin flipping” [45]. This restriction to one
circulation sector effectively breaks reciprocity [45–48]. For
simplicity, we let all rings share the same φ parameter, which
is interpreted as a Floquet quasienergy [46,47]. However, the
behaviors discussed below generalize to rings of different φ;
as an example, in the Supplemental Material we describe the
case where the A and B rings are antiresonant with the C rings
[55]. Note also that each ring is assumed to have uniform gain
or loss (or neither), unlike previously studied non-Hermitian
coupled-ring models that have gain or loss on different parts
of each ring [34,41–43].

Wave propagation within the lattice can be modeled with
the transfer matrix method [45–48]. As shown in Fig. 1(a), we
let {a1, b1, b2, c1, c2, c3} denote the complex wave amplitudes
at six points in the unit cell, just before the coupling regions
between adjacent rings. The coupling is described by a scatter-
ing matrix Ŝ = cos(θ ) − iσ̂1 sin θ , where σ̂1 is a Pauli matrix

and the angle θ describes the coupling strength, with θ = π/2
corresponding to perfect coupling.

For a given set of source-free boundary conditions, such as
periodic boundary conditions (PBCs) or open boundary con-
ditions (OBCs), the scattering and coupling equations can be
cast as a Floquet eigenproblem of the form Û |�〉 = e−iφ |�〉,
where Û is an evolution operator and |�〉 is a vector of
complex wave amplitudes [45–47,55]. Physically, Re[φ] de-
scribes the round-trip phase shifts in each ring, and Im[φ] is an
additional gain or loss applied to each ring (on top of γA,B,C) to
produce a self-consistent wave pattern in the lattice. In a real
system, φ is typically proportional to the operating frequency,
though the other parameters γA,B,C and θ may also vary with
frequency.

Figure 1(b) shows the complex quasienergy spectra for
γA = −0.6, γB = γC = 0.3, and different values of θ . In each
plot, the colored markers correspond to PBCs, and the black
crosses correspond to OBCs for a lattice of ten unit cells
with the same termination conditions as in Fig. 1(a). For
θ = 0.44π [upper panel of Fig. 1(b)], the behavior is similar
to previous non-Hermitian Hamiltonian models exhibiting the
NHSE [11–18]: The quasienergies for PBCs form a loop with
nonzero point gap winding, while the quasienergies for OBCs
form an arc enclosed by and connecting to the loop. The OBC
eigenmodes exhibit the NHSE, as shown in the upper panel of
Fig. 1(c).

With a larger coupling angle, θ = 0.47π , the complex
quasienergy spectrum is qualitatively different. As shown in
the middle panel of Fig. 1(b), under both PBCs and OBCs,
the quasienergies wrap across the entire range of Re[φ] ∈
[−π, π ], and the arc of OBC quasienergies never meets the
PBC quasienergies. Nonetheless, in this regime there exists
a macroscopic number of skin modes, as shown in the lower
panel of Fig. 1(c).

This type of complex spectrum is made possible by the
fact that the present model is a Floquet system—i.e., it is
governed by a (nonunitary) evolution operator Û rather than a
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(non-Hermitian) Hamiltonian, so that Re[φ] is an angle vari-
able [47,49]. In other Floquet models, similar quasienergy
wrappings have been shown to give rise to so-called anoma-
lous Floquet insulators [49–51,56] and other anomalous
Floquet phases [57,58]. Similarly, we call the present behavior
the “anomalous Floquet NHSE.”

Because the skin modes have quasienergies spanning the
entire range of Re[φ] ∈ [−π, π ], the anomalous Floquet
NHSE is a broadband phenomenon. Instead of using the stan-
dard definition of point gap winding [13,19–21], it can be
characterized by [55]

ν(φr ) =
∫

BZ

dkx

2π

d

dkx
arg det[Û − e−iφr ], (1)

which describes the winding of e−iφ (not φ) around a reference
point e−iφr (BZ refers to the Brillouin zone). All three cases in
Fig. 1(b) have ν(0) = 1, consistent with the occurrence of skin
modes.

The physical origin of the anomalous Floquet NHSE can
be understood using the extremal case of θ = 0.5π , or perfect
inter-ring coupling. As shown in the bottom plot of Fig. 1(b),
under PBCs there are two quasienergy bands with constant
Im[φ], whereas all the OBC modes have the same Im[φ]. Per-
fect inter-ring coupling causes wave trajectories to form two
distinct paths in the bulk, as shown in Fig. 1(d). Under PBCs,
the paths are completely decoupled; for the right-moving
path, the wave amplitudes are multiplied by exp[i(2φ − i	R)]
per unit cell, where 	R = γA + (γB + γC )/2, and applying
the Bloch condition yields the dispersion relation φ = k/2 +
i	R/2, where k is the Bloch wave number with the lattice pe-
riod normalized to unity. The left-moving wave amplitudes are
multiplied by exp[i(φ − i	L )] per unit cell, where 	L = (γB +
γC )/2, so their dispersion relation is φ = −k + i	L. Under
OBCs, the two paths meet at the ends of the lattice, as seen
in Fig. 1(d). A self-consistent wave pattern must have no net
gain or loss after each round trip, so Im[φ] = (	L + 	R)/3 =
(γA + γB + γC )/3, consistent with the complex quasienergy
spectrum shown in Fig. 1(b). If the left-moving (right-moving
path) in an OBC mode is amplified (damped), the mode profile
grows exponentially to the left, as indicated by the arrow
sizes in Fig. 1(d). Such a formation picture of the skin modes
under OBCs applies to all φ in the perfect coupling case, thus
leading to the anomalous Floquet NHSE.

We have chosen a coupling strength and gain or loss
configuration that is feasible for experiments (e.g., rings in
the same row have the same gain or loss). For other pa-
rameter choices, we observe similar behaviors, including
other instances of the anomalous Floquet NHSE. The PBC
spectrum can even exhibit multiple loops with different wind-
ing directions, resulting in skin modes localized at different
boundaries, consistent with the above bulk-boundary corre-
spondence principle [55].

Moreover, gain and loss can induce a topological transition
whereby the Floquet point gap windings reverse direction,
and the skin modes correspondingly switch boundaries. To
demonstrate this, consider a lattice with the following param-
eters: γB = γC = 0 and θ = 0.5π . In addition, we introduce
a variable γA that can be tuned to achieve the topological
transition. Figure 2(a) shows the spectra under PBCs as γA is

( 0.2i) = 1 (0.2i) = 1

T
L

R
/T

R
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FIG. 2. (a) Spectra for a lattice under PBCs with gain and loss
parameters: γB = γC = 0, γA = −0.6, 0, 0.6 (left to right). (b) and
(c) Profile of a typical skin mode in a lattice under OBCs, with
γB = γC = 0, and (b) γA = −0.6, (c) γA = 0.6. (d) and (e) Field
distributions when exciting the lattice from the left and the right,
respectively. (f) and (g) Plots of transmission ratio TLR/TRL against
φ for θ = 0.5π and θ = 0.2π , respectively. Here, TLR (TRL) denotes
transmission from right to left (left to right). In (d) and (e), the gain
or loss parameters are the same as in (a), and the input and output
couplings are θin = θout = 0.5π .

increased from −0.6 to 0.6. For γA = −0.6, the PBC spec-
trum consists of two branches, as shown in the left panel
of Fig. 2(a). We find ν = 1 (for φr = −0.2i), and the skin
modes are localized to the left boundary as shown in Fig. 2(b).
Upon increasing γA, the two branches of PBC quasienergies
approach each other, meeting at γA = 0 as shown in the mid-
dle panel of Fig. 2(a). This is the phase transition point. As
γA is further increased, the PBC spectrum again splits into
two branches with ν = −1 (for φr = 0.2i), as shown in the
right panel of Fig. 2(a). The OBC modes are now skin modes
localized on the right boundary, as shown in Fig. 2(c). Thus
our Floquet model enables the active control of the NHSE,
which may be useful for reconfigurable devices based on
optical platforms where gain and loss can be tuned by external
pumping [52].

Thus far, we have investigated how the model behaves un-
der source-free conditions. In Figs. 2(d) and 2(e), we study the
transmission properties when inputs and outputs are attached
to the ends of the lattice. The lattice parameters are the same
as in the left panel of Fig. 2(a); the couplings between the
couplers and the lattice are set to 0.5π (i.e., perfect coupling).
As shown in Figs. 2(d) and 2(e), the wave is continuously
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FIG. 3. (a) Photograph of one unit cell in the experimental sample. (b) Plot of effective coupling angle θ against frequency, extracted
from full-wave numerical simulations as described in the Supplemental Material [55]. (c)–(f) Full-wave acoustic simulations and experimental
measurements of the acoustic intensity under (c) and (d) left incidence and (e) and (f) right incidence. The excitation frequency is 8000 Hz.
In (d) and (f), we multiply the measurement results by a factor of exp(αl ), where α is a decay factor and l is the path length, to compensate
for background losses [55]. In the full-wave simulations, intrinsic losses are absent, and the additional loss in the A ring is implemented as a
nonzero imaginary part in the sound speed. The experiment and simulations can be described by the Floquet model with γA = −0.35, γB = 0,
and γC = 0.

attenuated (unattenuated) when transmitted left to right (right
to left). This is consistent with the localization of the skin
modes and with the previously discussed differences in rel-
ative gain between left- and right-moving paths. Furthermore,
such an asymmetric transmission behavior is broadband in the
anomalous Floquet NHSE case [Fig. 2(f)]. When the coupling
is decreased and the skin modes only exist for a small range
of φ, the broadband property no longer holds [Fig. 2(g)].

III. EXPERIMENT

We performed a proof-of-principle experimental demon-
stration using an acoustic lattice. As shown in Fig. 3(a), the
lattice unit cell consists of three coupled rings with the same
dimensions. Each ring is filled with air and surrounded by
rigid walls, with adjacent rings connected by small channels
(see Supplemental Material for detailed structural parameters
[55]). The couplings are optimized so that the effective θ , de-
rived from full-wave simulations [55], is approximately 0.5π

over a wide range of frequencies, as shown in Fig. 3(b).
Unlike the previously discussed theoretical models, the

experimental sample is purely lossy. There are two sources
of loss: The first is intrinsic loss due to material absorption,
which is the same for all rings. The second type of loss comes
from the intentional introduction of absorbing materials to a
segment of each A ring, indicated by the blue box in Fig. 3(a).

The lattice is excited by a monochromatic signal with a
frequency of 8000 Hz incident from the left or right end, as
indicated by the blue arrows in Figs. 3(c)–3(f). We probe the
acoustic intensities at various positions by inserting micro-
phones into the rings, with a step of 28 mm (see Supplemental
Material for more details on the measurement [55]). For ease

of visualization, the measured intensities in Figs. 3(d) and
3(f) are compensated by multiplying the measured intensity
by a factor eαl , where α is a decay factor induced by the
background loss and l is the propagation length [55]. The
uncompensated intensity fields are shown in the Supplemental
Material [55].

When the signal is injected from the left, the acoustic
intensity attenuates rapidly, as demonstrated in Figs. 3(c) and
3(d). By contrast, if the signal is injected from the right, the
attenuation is negligible, as seen in Figs. 3(e) and 3(f). This is
consistent with the behavior discussed in Figs. 2(d) and 2(e).
The asymmetric transmission is experimentally observed in a
frequency window ranging from 6500 to 10 000 Hz (i.e., a
relative bandwidth of ∼40%), consistent with the theoretical
expectations that the anomalous Floquet NHSE should be
broadband (experimental results at other frequencies are given
in the Supplemental Material [55]).

IV. DISCUSSION

We have shown theoretically and experimentally that the
NHSE can occur in a lattice of coupled ring resonators. By
analyzing lattice modes as Floquet eigenstates [45–47], we
found a variant of the NHSE, the anomalous Floquet NHSE,
in which skin modes exist at every quasienergy. This phe-
nomenon arises from the special features of Floquet band
structures, which had previously been exploited in anomalous
Floquet insulators to produce broadband and extraordinarily
robust topological states [56]. Similarly, the anomalous Flo-
quet NHSE allows for broadband asymmetric transmission
enabled by skin modes.

We note that there have been previous proposals to re-
alize the nonanomalous NHSE in coupled-ring lattices, by
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(a)

(b)

(c)

FIG. 4. PBC and OBC spectra for the lattice with the round
trip phases being (a) εA = εB = φ, (b) εA = εB = φ + π/2 and
εA = εB = φ + π , respectively. The coupling strengths are θ =
0.1π, 0.3π, 0.45π from the left column to the right column. The gain
and loss parameters are γA = 0.6, γB = γC = −0.3.

designating certain rings as “coupling rings” with varying
gain or loss on different arms [34,41–43]. By comparison, our
design assigns to each ring a certain level of gain or loss, and
does not require gain or loss engineering on ring segments.
It may thus be easier to implement, especially on other plat-
forms such as photonics. There, our model may be helpful
for realizing NHSE-aided lasing [24,25] and for studying the
interplay of the NHSE with other non-Hermitian effects [4]
or nonlinearities [59–61]. The coupled-ring model can also
be mapped to helical waveguide arrays [62] or temporally
modulated Floquet systems [49]. Finally, it would be inter-
esting to generalize the lattice to two or higher dimensions
[55], in order to investigate higher-dimensional versions of the
anomalous Floquet NHSE.
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APPENDIX A: MORE NUMERICAL RESULTS

As shown in Fig. 4, the PBC and OBC spectra always
differ significantly from each other, indicating the existence
of the NHSE. In Fig. 4, the round-trip phases are set to be
εA = εB = φ, εA = εB = φ + π/2, and εA = εB = φ + π for
Figs. 4(a), 4(b), and 4(c), respectively. The coupling strengths
are θ = 0.1π, 0.3π, 0.45π from the left column to the right
column. The gain or loss parameters are γA = 0.6, γB = γC =
−0.3. Moreover, under certain parameters, the PBC spectrum
can form loops associated with opposite windings, thus giving
rising to skin modes localized at opposite boundaries. An
example of this is given in Fig. 5.

APPENDIX B: DETAILS OF FULL-WAVE SIMULATIONS

Figure 6(a) illustrates two coupled U-shaped waveguides,
which act as the basic element of the coupled-ring lattice in
the simulations. Their structural parameters are L = 96 mm,
r = 56 mm, and H = 14 mm. Each ring consists of two sym-
metrical U-shaped waveguides. The rings are coupled with a
grating [Fig. 6(b)], which is composed of 16 thin channels
with the height h, width, and period being 7, 3.5, and 4.9 mm,
respectively. The coupling strength profile and simulated field

Sample

PC

Lock-in amplifier

Microphone Speaker

FIG. 7. Photo of the printed sample. It is composed of seven unit
cells. The left and right sides of the sample are coupled with a U-
shaped waveguide for external excitation. The inset is an illustration
of the experimental setup.
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(b)

(a)
7500 Hz

8500 Hz

FIG. 8. Experimental measurements of the acoustic intensity
under left and right incidence at (a) 7500 Hz and (b) 8500 Hz, respec-
tively. We multiply the measurement results by a factor of exp(αl ),
where α is a decay factor and l is the path length, to compensate for
background losses.

distributions in Fig. 3 are numerically calculated with the
pressure-acoustics module of COMSOL MULTIPHYSICS. The
density and real part of the sound speed of the background
medium are set to be 1.21 kg/m3 and 343 m/s, respectively.
In the simulation of Fig. 3(c), we also add a nonzero number to
the imaginary part of the sound speed in the A ring to account
for the additional loss.

The numerical procedures to extract the coupling angle
θ are as follows. Consider the structure shown in Fig. 6(b),
where the acoustic pressure at the four ports is denoted by
(p1, p2, p3, p4). Supposing the sound wave to be incident
on this structure from port 1 with pressure pi, we have
|θ | = atan(p4/p3). When p3/pi > 0 (p3/pi < 0), the cou-
pling strength θ = |θ | (θ = π − |θ |) [58]. Based on this, the
evolution of coupling strength versus frequency is numerically
obtained, as presented in Fig. 3(b).

APPENDIX C: DETAILS OF THE EXPERIMENTS AND
DATA PROCESSING

The experimental sample is fabricated via three-
dimensional (3D) printing, as shown in Fig. 7. It is composed
of seven unit cells, each of which has two site rings and one
linking ring. A U-shaped waveguide is respectively coupled
to the two ends of the structure for inputting the sound signal.
An array of small holes are drilled on one side of the sample
for detecting the sound signal inside the sample. During the
measurements, only one hole is left open for placing the
microphone, and plugs are inserted in the rest of the holes.

0 1
Intensity

(a)

(b)

FIG. 9. Measured acoustic intensity fields without the compen-
sation under (a) left incidence and (b) right incidence.

The excitation signal is generated by a loudspeaker con-
trolled by the lock-in amplifier. For different excitation
directions, the speaker is accordingly placed on one of the
four ports on the two ends. The acoustic signal within the
sample is measured by a 1/4-in. microphone (Brüel & Kjær,
type 4935) that was placed in the small holes and then was
transferred to the lock-in amplifier connected to a computer
through a conditioning amplifier (Brüel & Kjær, 64 NEXUS
type 2693A). This experimental setup is illustrated in the inset
of Fig. 7.

We first measured the acoustic intensity profile for the ring
lattice without any additional loss. The effective loss factor of
the intrinsic background dissipation can be extracted by fitting
the measured intensity to the curve I0e−αl , where I0 is the
input intensity, l is the propagation length, and α is the decay
factor. α is estimated to be 0.0081 cm−1. To compensate the
background loss, we multiply the experimental data by eαl ,
which yields the results shown in Figs. 3(d) and 3(f).

APPENDIX D: MORE EXPERIMENTAL RESULTS

Here we display more experimental results at differ-
ent frequencies to demonstrate the broadband nature of the
anomalous Floquet NHSE. Figures 8(a) and 8(b) show the
measured acoustic intensity fields with the excitation fre-
quency at 7500 and 8500 Hz, respectively. As can be seen,
the propagation distance for the wave incident from the left
side is much shorter (counting the number of units) than that
for the wave incident from the right side, which is similar to
what is observed at 8000 Hz [see Figs. 3(c)–3(f)]. In fact,
the asymmetric transmission feature can be observed in the
entire frequency window from 6800 to 10 000 Hz, in which
the coupling strength θ is around 0.5π .

The measured acoustic intensity fields without the com-
pensation are plotted in Fig. 9. We can still see that the
propagation distance for the wave incident from the left side
is much shorter (counting the number of units) than that for
the wave incident from the right side, which demonstrates the
asymmetric transmission of our design, consistent with the
results in Fig. 3 (though less clear).
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