
1 

1 

Frequency-dependent Scattering of Wideband 2 

Laser-generated Rayleigh Waves for Vertical 3 

Surface Crack Characterization 4 

5 

Lei Xua,1, ∗, Yiyin Sub,1 , Jianwei Yanga and Zhongqing Suc6 

7 

8 
a Robotics and Artificial Intelligence Division, Hong Kong Productivity Council, Kowloon, 9 

Hong Kong SAR 10 
11 

b Research Center for Humanoid Sensing, Zhejiang Lab, Kechuang Avenue, Hangzhou, 12 

Zhejiang Province, China 13 
14 

c Department of Mechanical Engineering 15 

The Hong Kong Polytechnic University, Kowloon, Hong Kong SAR 16 

17 
18 
19 
20 

21 

submitted to Smart Materials and Structures 22 

(Submitted on 8th December 2022, revised and re-submitted on 14th January 2023) 23 

∗ To whom correspondence should be addressed. Tel.: +852-5939-8557. 
1 Lei Xu and Yiyin Su contributed equally to this work. 
Email: leixu@hkpc.org (Lei Xu, Ph.D) 
 

This is the Pre-Published Version.
This is the Accepted Manuscript version of an article accepted for publication in Smart Materials and Structures. IOP Publishing Ltd is 
not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is 
available online at https://dx.doi.org/10.1088/1361-665X/acbd00.

This manuscript version is made available under the CC-BY-NC-ND 4.0 license (https://creativecommons.org/licenses/by-nc-nd/4.0/). 

mailto:leixu@hkpc.org


2 

Abstract 24 

Wideband laser-generated Rayleigh waves have been extensively exploited for surface crack 25 

characterization, most of which, nonetheless, are of a nature of either numerical simulation or 26 

experimental observation. Earlier, an elastodynamic reciprocity theorem-based theoretical model 27 

was proposed by the authors [1, 2], aimed at scrutinizing the interaction of narrowband Rayleigh-28 

Lamb waves with a surface or subsurface crack. In this study, the model is expanded to a wideband 29 

scenario to analytically explore the interaction of a wideband laser-generated Rayleigh wave with 30 

a surface crack, as well as the resultant crack-scattered Rayleigh wavefield. First, under the 31 

narrowband scenario, a dimensionless parameter is formulated based on the closed-form solution 32 

to the magnitude of the narrowband scattered Rayleigh wavefield, revealing that the scattering 33 

effect of a surface crack on the Rayleigh waves is frequency-dependent and there exists a 34 

characteristic frequency, at which the crack-scattered Rayleigh wavefield manifests the strongest 35 

intensity. Similarly, under the wideband scenario, such dependence can be calibrated by a spectral 36 

damage indicator (SDI), which facilitates the evaluation of the severity of the surface crack using 37 

the wideband laser-generated Rayleigh wave. Proof-of-concept simulation is performed to verify 38 

the model. Quantitative agreement between the analytical and numerical results validates the 39 

accuracy of the proposed model and SDI. Experiment is also conducted to demonstrate the 40 

effectiveness of the frequency-dependent scattering of wideband laser-generated Rayleigh waves 41 

for vertical surface crack characterization. 42 

 43 

Keywords: Laser-generated Rayleigh wave; frequency-dependent scattering; spectral damage 44 

indicator; vertical surface crack; experimental validation 45 
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1. Introduction 46 

Surface crack is one of the typical types of defects in metallic structures which can grow subjected 47 

to cyclic loading, remarkably jeopardizing structural integrity and posing as a major cause of 48 

failures in different mechanical structures. Therefore, it is of great significance to identify and 49 

evaluate surface cracks before they develop to critical sizes. A number of nondestructive 50 

evaluation techniques have been developed for the detection and characterization of surface cracks, 51 

which broadly embrace those making use of bulk waves [3, 4], Rayleigh-Lamb waves [5-13], and 52 

acoustic emission [14] to name a few. With the wave energy dominance near to the waveguide 53 

surface, Rayleigh waves have been employed to identify structural damage near structural surface. 54 

Representatively, the amplitude of Rayleigh wave was utilized to characterize the depth of surface 55 

crack in concrete [15-17] and metallic materials [18], respectively. Ahmad et. al. [19] used the 56 

reflection and transmission coefficients of Rayleigh waves generated by  electromagnetic acoustic 57 

transducers (EMATs) to quantify the width of surface cracks. For identifying small-scale 58 

structural damage, nonlinear Rayleigh wave [20-22] is gaining more and more attention due to its 59 

superior sensitivity to microscopic damage. These techniques have to be applied by virtue of 60 

contact-type transducers that are mounted or placed on the sample surface, which greatly restricts 61 

the practical implementation of these techniques in some severe testing environments (i.e., 62 

irregular surface, high temperature and pressure). 63 

 64 

 Recently, the laser ultrasonic technique (LUT) has been widely exploited for the detection and 65 

evaluation of various types of structural damage [23-28], due to its superior merits such as the 66 

noncontact excitation and wideband reception of ultrasonic waves, high sensitivity to damage and 67 

spatial resolution, accessibility to harsh environments and complexed structures. According to 68 

numerical and experimental results, multiple types of ultrasonic waves can be generated by a 69 

pulsed laser beam, including the skimming longitudinal wave, body longitudinal wave, shear 70 

wave, and Rayleigh wave. Amongst these laser-generated ultrasonic waves, the Rayleigh wave 71 
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has the remarkably stronger magnitude compared with the other waves, resulting in extensive 72 

utilization of the laser-generated Rayleigh wave in LUT-based damage detection schemes. Dixon 73 

et. al. [29] found that the arrival time of crack-scattered laser-generated Rayleigh wave is related 74 

to crack depth, which can be used for quantitative evaluation of surface cracks. To identify fatigue 75 

cracks in aluminum and steel plates, Sohn et. al. [30] proposed a dual laser excitation technique 76 

to generate wideband and narrowband ultrasonic waves simultaneously, by adjusting the laser 77 

beam sizes of two pulsed excitation lasers. By counting the sideband peaks of acquired signals, 78 

fatigue cracks smaller than 0.1 mm can be detected. Zhou et. al. [31] investigated the interaction 79 

of laser-generated Rayleigh wave with a surface crack and adopted the reflection and transmission 80 

coefficients for crack depth gauging. It was found that the wave reflection is non-monotonically 81 

related to the frequency of probing Rayleigh waves and the transmission shows approximately 82 

linear decrease with respect to crack depth, which can be used for quantitative characterization of 83 

surface cracks. Chen et.al. [32] reported a phase evolution phenomenon of laser-generated 84 

Rayleigh wave upon interacting with a subsurface defect, which was observed in both numerical 85 

simulation and experiments. A dimensionless parameter, defined as the ratio of absolute negative 86 

peak to positive peak of Rayleigh wave, was proposed to evaluate subsurface defects. Zeng et. al. 87 

[33-36] performed systematic finite element (FE) simulation to examine the interaction of laser-88 

generated ultrasonic waves with different types of damage in both plates and cylinder pipes, 89 

including surface/subsurface cracks, angled cracks and branched-breaking defects. 90 

 91 

With that being said, most of the previous research exploring the interaction of a laser-generated 92 

Rayleigh wave with a surface crack for crack identification and characterization, are of a nature 93 

of either numerical simulation or experimental investigation, and there is obvious lack of 94 

theoretical interrogation to shed light on the interaction of a laser-generated Rayleigh wave with 95 

a surface crack, as well as the resultant crack-scattered Rayleigh wavefield. Earlier, the authors of 96 

this paper proposed a theoretical model based on elastodynamic reciprocity theorem, to interpret 97 



5 

the interaction of narrowband Rayleigh-Lamb waves with non-penetrating fatigue cracks and 98 

surface/subsurface cracks [1, 2, 37]. Closed-form solutions to the magnitude of crack-scattered 99 

waves were derived, based on which the severity of a crack can be evaluated quantitatively. The 100 

accuracy of the model and closed-form solution has been validated by both numerical simulation 101 

and experiments. Nevertheless, the model cannot be straightforward applied to explore the 102 

interaction of the laser-generated Rayleigh wave with a crack, owing to the laser-generated 103 

Rayleigh wave has a feature of wide frequency band and the scattering of Rayleigh wave of 104 

different frequencies by a crack is not identical [31].  105 

 106 

Motivated by this, the elastodynamic reciprocity theorem-based model is expanded to the 107 

wideband scenario, to investigate the scattering of the laser-generated Rayleigh wave by a surface 108 

crack. To this end, the narrowband Rayleigh waves of different frequencies scattered by a surface 109 

crack is first investigated, to obtain the dependence of wave scattering on the central frequency of 110 

the incident Rayleigh wave. The characteristic frequency, at which the scattered Rayleigh 111 

wavefield manifests the strongest intensity, is analytically derived. For the laser-generated 112 

Rayleigh wave which has a wide frequency band, wave components in different frequency ranges 113 

are distinctively scattered by the surface crack. To make use of the frequency-dependent scattering 114 

of Rayleigh wave for surface crack characterization, a spectral damage indicator (SDI), defined 115 

as the ratio of the spectral density of the crack-scattered Rayleigh wave to that of the incident 116 

Rayleigh wave, is proposed. By virtue of the SDI, the characteristic frequency can be determined, 117 

via which the severity of a surface crack can be quantitatively evaluated. Proof-of-concept FE 118 

simulation is conducted to explore the interaction of wideband laser-generated Rayleigh wave 119 

with a vertical surface crack. Experiment is subsequently performed to demonstrate the 120 

effectiveness of the frequency-dependent scattering of the wideband laser-generated Rayleigh 121 

wave for vertical surface crack characterization. 122 

 123 
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2. Scattering of Rayleigh Wavefield by a Surface Crack: A Theoretical Perspective 124 

To analytically scrutinize the interaction of a wideband laser-generated Rayleigh wave with a 125 

surface crack and the resultant crack-scattered wavefield, the elastodynamic reciprocity theorem-126 

based analytical model previously developed for investigating the scattering of narrowband 127 

Rayleigh wave by a surface crack, is recapitulated in Section 2.1. Subsequently, the model is 128 

extended to the wideband scenario to explore the scattering of a laser-generated Rayleigh wave 129 

by a surface crack, in Section 2.2. 130 

 131 

2.1 Elastodynamic Depiction of Crack-scattered Rayleigh Wavefield 132 

Elastodynamic reciprocity theorem has been widely adopted by a number of researchers to 133 

examine the scattering of ultrasonic waves by defects [38-41]. By jointly utilizing this theorem 134 

and a virtual wave method, the authors proposed a theoretical model to study the nonlinear 135 

interaction of a narrowband Rayleigh wave with a surface crack featuring opening-closing 136 

behavior during wave propagation and obtained a closed-form solution to the magnitude of crack-137 

scattered second harmonic of Rayleigh wave. In a 2D, half-space defined by x z−  coordinates, 138 

the displacements of a time-harmonic Rayleigh wave in an isotropic, homogenous, and linearly 139 

elastic waveguide can be defined, along the positive x  direction, as 140 

    ( , ) ( ) ,incident R ikx
x inu x z iA U z e±= ±               (1) 141 

     ( , ) ( ) .incident R ikx
z inu x z A W z e±=   (2) 142 

In the above, inA  signifies the magnitude of the incident Rayleigh wave and i  the imaginary 143 

unit, and k  is the wavenumber ( / Rk Cω= , where ω  and RC  denotes the circular frequency and 144 

the velocity of the Rayleigh wave, respectively). ( , )incident
xu x z  and ( , )incident

zu x z  represent the 145 

particulate displacement components of the Rayleigh wave in the x  direction and z  direction, 146 

respectively. The plus and minus signs in Eq. (1) indicate wave propagation in the positive and 147 
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negative x  direction, respectively. Functions ( )RU z  and ( )RW z  are related to the mechanical 148 

properties of the waveguide and the frequency of the Rayleigh wave. Complete definition of the 149 

two functions can be found in many textbooks [42] and papers [43] on ultrasonics. 150 

 151 

A propagating Rayleigh wave can be scattered if there exists a surface crack in the waveguide, as 152 

illustrated in Fig.1. If the sensing point locates between the wave excitation point and the crack, 153 

the crack-scattered wave is the back-scattered wave. Otherwise, if the crack is between excitation 154 

and sensing points, the crack-scattered wave should be the transmitted wave. By making use of 155 

the elastodynamic reciprocity theorem, in conjunction with a virtual wave method, the magnitude 156 

of the displacement of the narrowband Rayleigh wave backscattered by an open surface crack can 157 

be expressed in an explicit manner, as  158 

                          
2 2 2(1 ) {[ ( / 2)] [ ( / 2)] } ( ) ,

4
scattered R ikxin xx xz
x

L A T L T Lu U z e
I

π ν
µ

− −
=   (3) 159 

     
2 2 2(1 ) {[ ( / 2)] [ ( / 2)] } ( ) .

4
scattered R ikxin xx xz
z

i L A T L T Lu W z e
I

π ν
µ

− −
=   (4) 160 

In the above, υ  is the Poisson’s ratio, µ  is the second Lame constant, and L  is the depth of the 161 

surface crack. xxT  and xzT  are functions dependent on the mechanical properties of the 162 

waveguide, the frequency of the Rayleigh wave and the crack depth. I  is an integral of the 163 

product of stress and displacement of the Rayleigh wave along the depth direction of the 164 

waveguide. Interested readers are referred to for detailed modeling process and mathematical 165 

derivation of the above solution. It should be noted that in the mathematical derivation, the static 166 

crack opening displacement under a uniform load at the crack surface is used to define the crack 167 

opening displacement during wave propagation, which is tenable only when the crack depth is 168 

smaller than the wavelength of the incident Rayleigh wave. Therefore, Eqs. (3) and (4) are 169 

applicable for surface cracks with lengths smaller than the wavelength of the incident wave. Based 170 

on the explicit expression of the magnitude of crack-scattered Rayleigh wave, a dimensionless 171 
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parameter β , defined as the ratio of the magnitude of crack-scattered Rayleigh wave to that of 172 

the incident Rayleigh wave, is proposed to indicate the scattering effect of a surface crack on the 173 

propagating Rayleigh wave, as 174 

     
2 2 2(1 ) {[ ( / 2)] [ ( / 2)] }.

4
xx xzL T L T L

I
π νβ

µ
− −

=   (5) 175 

 176 

 177 

Figure 1. Illustration of a propagating Rayleigh wave scattered by a surface crack. 178 
 179 

According to Eq. (5), the dependence of the defined dimensionless parameter β  on the central 180 

frequency of the incident narrowband Rayleigh wave is illustrated in Fig. 2(a), from which it can 181 

be observed that for surface cracks with different severities (crack depth varies from 0.2 mm to 182 

0.6 mm with an interval of 0.1 mm), β  increases first and then decreases, showing a parabolic 183 

relationship against the incident frequency. There exists a characteristic frequency for each 184 

surface crack, at which the crack-scattered Rayleigh wavefield manifests the largest intensity, 185 

indicating that the scattering effect of the crack on a Rayleigh wave is stronger at the characteristic 186 

frequency, compared with other frequencies.  187 

 188 

 189 



9 

(a) 190 

 191 
(b) 192 

Figure 2. Normalized β  with respect to (a) the central frequency of the incident Rayleigh wave, and (b) the 193 

dimensionless frequency kL  for surface cracks of different depths. 194 

 195 

If β  is plotted with respect to a dimensionless frequency kL  ( / RkL L Cω= ), as shown in Fig. 196 

2(b), it can be found that distinct curves of the relationship between β  and the frequency of 197 

Rayleigh wave for surface cracks with various depths converge to a unified curve. For surface 198 

cracks with different depths, the scattering effect is the strongest when the dimensionless 199 

frequency equals to 0.846, which can be used for the calculation of the characteristic frequencies 200 

for surface cracks with different severities, as depicted in Fig. 3. It is noteworthy that the explicit 201 

expressions of the magnitudes of crack-scattered Rayleigh wave (Eqs. (3) and (4)) are applicable 202 

for small surface cracks with depths largely smaller than the wavelength of the incident wave, 203 

Fig. 2 illustrates the maximum value of β  in the low kL  range. The accuracy of the analytical 204 

result of the characteristic frequency for surface cracks with different depths is to be verified by 205 

FE simulation in Section 3. 206 

 207 
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 208 

Figure 3. Analytical result of the characteristic frequency for surface cracks with various depths. 209 
 210 

2.2 Scattering of Wideband Rayleigh Wave by A Surface Crack 211 

If the incident Rayleigh wave has a broad frequency range (i.e., the wideband laser-generated 212 

Rayleigh wave), the crack-scattered Rayleigh wave is also wideband. A representative wideband 213 

Rayleigh wave scattered by a surface crack is shown in Fig. 4, as well as the spectra of both the 214 

incident and crack-scattered Rayleigh waves. It can be easily observed from Fig. 4(b) that the 215 

central frequencies of the incident and crack-scattered Rayleigh waves are largely the same 216 

(around 1.2 MHz), and the wave energy is mainly concentrated in the range of 0-3 MHz for the 217 

two waves. Nonetheless, the distributions of the wave energy of the incident and crack-scattered 218 

Rayleigh wave are different, revealing that the scattering of the Rayleigh wave components in 219 

various frequency ranges by a surface crack is not identical, which is in accordance with the 220 

conclusion of the narrowband scenario in Section 2.1. 221 

 222 
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         223 
(a) 224 

 225 
                                                                            (b) 226 
Figure 4. (a) A representative wideband Rayleigh wave scattered by a surface crack, and (b) the spectra of the 227 

incident and back-scattered Rayleigh wave. 228 
 229 

To characterize the scattering effect of a surface crack on a wideband Rayleigh wave and make 230 

use of the frequency-dependent scattering of wideband Rayleigh wave for the evaluation of 231 

surface cracks, an SDI, ( )fχ , is defined based on the spectral density of the incident and the crack-232 

scattered Rayleigh waves (i.e., back-scattered wave or transmitted wave), as 233 

      
( )( ) ,
( )

scattered

incident

U ff
U f

χ =   (6) 234 

where ( )scatteredU f  and ( )incidentU f  are the power spectrum of fast Fourier transform (FFT) of the 235 

back-scattered/transmitted Rayleigh wave and incident Rayleigh wave ( scatteredu  and incidentu ), 236 
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respectively. Different from the parameter β  which is defined as the magnitudes of the 237 

narrowband time-domain incident and crack-scattered Rayleigh wave signals, the SDI is defined 238 

based on the frequency-domain spectral density functions of the wideband incident and crack-239 

scattered Rayleigh waves. Such definition makes the SDI capable of revealing the different 240 

scattering degrees of a wideband Rayleigh wave in distinct frequency ranges, which is different 241 

from the parameter β . 242 

 243 

According to the definition of the SDI, for the ( )fχ  determined by the back-scattered Rayleigh 244 

wave, the higher value of ( )fχ  indicates that the surface crack has a stronger scattering effect on 245 

the wave component at frequency f , and the SDI reaches its maximum at the characteristic 246 

frequency at which the scattering effect is the strongest compared with other frequencies in the 247 

broad frequency range of the incident wideband Rayleigh wave. On the contrary, for the ( )fχ  248 

determined by the transmitted Rayleigh wave, the lower value of ( )fχ  indicates that the surface 249 

crack has a stronger scattering effect on the wave component at frequency f , and the SDI 250 

reaches its minimum at the characteristic frequency at which the scattering effect is the strongest. 251 

Take the back-scattered Rayleigh wave shown in Fig. 4 as an example, the SDI is calculated and 252 

depicted in Fig. 5. It can be found that the SDI reaches its maximum at the characteristic frequency 253 

(around 1.221 MHz), indicating that the scattering effect is stronger at this frequency than other 254 

frequency ranges. 255 

 256 
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 257 

Figure 5. The SDI of the crack-scattered Rayleigh wave.  258 

 259 

By finding the maximum value of the SDI determined by the back-scattered wave or the minimum 260 

value of the SDI determined by the transmitted wave, the characteristic frequency of the surface 261 

crack can be identified, via which the depth of the surface crack can be evaluated according to the 262 

relationship between the characteristic frequency and the depth of the surface crack. It is 263 

noteworthy that the explicit expressions of the magnitude of crack-scattered Rayleigh wave (Eqs. 264 

(3) and (4)) are applicable for a surface crack with its depth being smaller than the wavelength of 265 

the incident wave. For this sake, the defined SDI is useful for the characterization of small surface 266 

cracks. The effectiveness of the SDI for depth characterization of small surface cracks is to be 267 

verified by FE simulation in Section 3 and experiment in Section 4. 268 

 269 

3. Proof-of-concept Numerical Simulation 270 

Two-dimensional (2D) FE simulation is performed in this section to validate the frequency-271 

dependent scattering of a narrowband Rayleigh wave first and verify the accuracy of the analytical 272 

result of the characteristic frequency of a small surface crack. Subsequently, multi-physical FE 273 
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simulation is conducted to simulate the interaction of the wideband laser-generated Rayleigh wave 274 

with a vertical surface crack, to demonstrate the effectiveness of the frequency-dependent 275 

scattering of laser-generated Rayleigh wave for vertical surface crack characterization. 276 

 277 

3.1 Finite Element Model Set-up 278 

To verify the scattering of a narrowband Rayleigh wave by a surface crack and the analytical 279 

results of the characteristic frequency, a 2D, plate-like aluminum waveguide (Young’s modulus: 280 

73 GPa; Poisson’s ratio: 0.33; density: 2700 kg/m3) with a surface crack is considered, as shown 281 

in Fig. 6. The thickness of the waveguide is 20 mm, to ensure that the Rayleigh wave can be 282 

generated. A sensing point is set between the excitation point and the surface crack, to acquire the 283 

incident and back-scattered Rayleigh waves. To guarantee the simulation accuracy, the integral 284 

time is 0.2 ns and a fine FE mesh is applied in which the maximum mesh size is 0.1 mm – that is 285 

about 1/15 of the minimal wavelength of the incident Rayleigh waves. 286 

 287 

 288 
Figure. 6 FE model for validation of narrowband Rayleigh wave scattering by a surface crack. 289 

 290 

5-cycle Hanning-windowed sinusoidal tonebursts at different central frequencies are excited by 291 

applying a displacement for a point on the top surface of the waveguide, to generate narrowband 292 

Rayleigh waves. A typical narrowband excitation signal with a central frequency of 1 MHz and 293 

its spectrum are illustrated in Fig. 7(a-b), respectively. The propagating Rayleigh wave scattered 294 

by a surface crack is captured by the sensing point on the surface of the waveguide, as shown in 295 

Fig. 7(c). By comparing the magnitudes of the crack-scattered and the incident Rayleigh waves, 296 

the dimensionless parameter β  can be determined, which can be used to reveal the different 297 
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scattering effect of the surface crack on incident narrowband Rayleigh wave with various central 298 

frequencies. In the simulation, the depth of the vertical surface crack varies from 0.2 mm to 0.6 299 

mm, with an interval of 0.1 mm. 300 

 301 

         302 
                                        (a)                                                                          (b) 303 

 304 
(c) 305 

Figure 7. (a) A typical narrowband excitation signal with a central frequency of 1 MHz, (b) spectrum of the 306 
excitation signal, and (c) representative crack-scattered Rayleigh wave captured by a sensing point under the 307 

narrowband scenario. 308 
 309 

To validate the frequency-dependent scattering of wideband laser-generated Rayleigh wave by a 310 

vertical surface crack, FE simulation is performed using a commercial software COMSOL 311 

Multiphysics® 6.0, to explore the interaction of laser-generated Rayleigh wave with a surface 312 

crack and obtain the resultant crack-scattered Rayleigh wavefield. The solid mechanics module, 313 

heat transfer module and the thermal expansion coupling module of the software are adopted to 314 
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simulate the generation of Rayleigh wave by a pulsed laser within the thermoelastic regime (in 315 

contrast to ablation regime, which can cause damage to the waveguide). The governing equation 316 

of the coupled temperature and displacement fields can be expressed as 317 

      2
2

1 1 ,qT T T
c kκ

∇ − − = −
 

  (7) 318 

      2 ( ) ( ) .u u u Tµ λ µ ρ ζ∇ + + ∇ ∇⋅ = + ∇


  (8) 319 

In the above, T  and u  are the temperature and displacement fields, respectively. κ  is the thermal 320 

diffusivity, c  the heat propagation velocity which is taken to be equal to the velocity of the 321 

longitudinal wave, and k  the thermal conductivity. λ  and µ  are the Lame constants, ρ  is the 322 

density and ζ  represents the thermoelastic coupling coefficient: (3 2 ) Tζ λ µ α= + , where Tα  is 323 

the linear thermal expansion coefficient. q  is the heat source induced by the pulsed laser 324 

illumination.  325 

 326 

The schematic of the FE model is shown in Fig.8. The length and depth of the model are 40 mm 327 

and 10 mm, respectively. The surface crack is located in the center of the top surface of the 328 

waveguide. The pulse duration and the radius of the laser beam is 12 ns and 0.1 mm, respectively. 329 

It is assumed that the heat flux within the laser beam has a Gaussian distribution, and the 330 

magnitude of the power intensity is 31.25 10×  MW/m2. To warranty the calculation accuracy of 331 

the heat flow in the vicinity of the pulsed laser, a very fine FE mesh in which the maximum grid 332 

size is 0.01 mm is adopted. For the outside of the vicinity of the laser beam where the heat flow 333 

attenuates greatly and the laser-generated ultrasonic waves dominate, the triangle mesh with a 334 

maximum size of 0.1 mm is used. Surface cracks with the depths varying from 0.2 mm to 0.6 mm 335 

are modeled, to investigate the scattering of wideband laser-generated Rayleigh wave by surface 336 

cracks with different severities. Two sensing points, locating at left and right side of the surface 337 

crack, are set to capture the back-scattered and transmitted waves, respectively. 338 

 339 
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 340 
Figure 8. The schematic of the FE model for the simulation of laser-generated Rayleigh wave and the FE 341 

meshes around the laser beam. 342 
 343 

3.2 Simulation Results and Discussions 344 

For characterizing the scattering effect of a surface crack on a propagating narrowband Rayleigh 345 

wave, the dimensionless parameter β  is calculated according to Eq. (5), based on the magnitudes 346 

of the crack-scattered and incident Rayleigh waves, as shown in Fig. 7(c). Results of β  of surface 347 

cracks with various depths versus the central frequency of the incident narrowband Rayleigh wave 348 

are depicted in Fig. 9(a), from which it can be observed that the results of surface cracks with 349 

different depths share the same trend: β  increases against the central frequency of the incident 350 

Rayleigh wave, reaches its maximum and then decreases, which agrees well with the theoretical 351 

results shown in Fig. 2.  352 

 353 
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         354 

                                           (a)                                                                                       (b) 355 

Figure 9. (a) The dimensionless parameter of surface cracks with different depths with respect to the central 356 
frequency of the incident narrowband Rayleigh wave, and (b) the numerical results of characteristic frequency 357 

extracted from narrowband scenario as well as the comparison with the analytical results. 358 
 359 

The characteristic frequency of each crack at which β  reaches its maximum is extracted and 360 

compared with the analytical results (Fig. 3), as illustrated in Fig. 9(b). Good agreement between 361 

the analytical and numerical results of the characteristic frequency of surface cracks verify the 362 

accuracy of the analytical modeling for the Rayleigh wave scattering in narrowband scenario in 363 

Section 2.1, which serves as the foundation for the investigation on the scattering of wideband 364 

laser-generated Rayleigh wave by a surface crack.  365 

 366 

The wideband Rayleigh wave, as well as other types of ultrasonic waves, is generated by the 367 

pulsed laser beam in the multi-physical simulation. Fig. 10 shows the displacement fields of the 368 

waveguide at different time (i.e., 1.0 sµ , 2.0 sµ , 4.0 sµ  and 7.3 sµ  after the laser 369 

illumination). It can be observed that four kinds of ultrasonic waves are generated by the pulsed 370 

laser beam, including the Rayleigh wave (R), shear wave (S), body longitudinal wave (L), and 371 

skimming longitudinal wave (SL). As identified in Fig. 10(d), after traversing the surface crack, 372 

the laser-generated Rayleigh wave is scattered by the crack, as a result of which the transmitted 373 

Rayleigh wave (TR) and the reflected Rayleigh wave (RR) propagates along and against the 374 

propagation direction of the incident laser-generated Rayleigh wave. 375 



19 

 376 

 377 
Figure 10. The displacement fields in the waveguide at (a) 1.0 sµ , (b) 2.0 sµ , (c) 4.0 sµ , and 7.3 sµ . 378 

 379 

The displacement signals of the incident laser-generated Rayleigh wave and the back-scattered 380 

Rayleigh wave are captured by the sensing point at the left side of the surface crack. Fig. 11 381 

depicts the wave signals acquired from the waveguides that contain surface cracks with different 382 

depths (0.2 mm, 0.3 mm, 0.4 mm, 0.5 mm and 0.6 mm). It can be seen from the wave signals that 383 

the magnitude of the Rayleigh wave is remarkably larger than those of other types of waves, 384 

indicating that the Rayleigh wave dominates the laser-generated ultrasonic wavefields and the 385 

reflection and diffraction of other wave modes have weak influence on the scattered Rayleigh 386 

wave. 387 

 388 
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 389 
Figure 11. The incident laser-generated Rayleigh wave and its scattering by surface cracks with different 390 

depths. 391 
 392 

The incident laser-generated Rayleigh wave and the back-scattered Rayleigh wave are extracted, 393 

respectively, and the fast Fourier transform is applied to obtain the spectra of the two waves. Fig. 394 

12 shows the spectra of the incident Rayleigh wave and the Rayleigh wave backscattered by 395 

surface cracks with different depths. It can be found that under different crack depth scenarios, 396 

the spectrum of the incident laser-generated Rayleigh wave is the same: the laser-generated 397 

Rayleigh wave has a central frequency of around 1.4 MHz and a broad frequency range of 0.5 ~ 398 

3.5 MHz. 399 

 400 

      401 
                                (a)                                                                            (b) 402 
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     403 
                                (c)                                                                            (d) 404 

 405 
(e) 406 

Figure 12. The spectra of the incident laser-generated Rayleigh wave and crack-scattered Rayleigh wave 407 
under the scenarios that the crack depth is (a) 0.2 mm, (b) 0.3 mm, (c) 0.4 mm, (d) 0.5 mm, (e) 0.6 mm. 408 

 409 

The spectra of the Rayleigh wave backscattered by surface cracks with various depths are largely 410 

different from each other, revealing different scattering effect of surface cracks with various 411 

depths on a propagating Rayleigh wave. It can be observed that the central frequency of the 412 

scattered Rayleigh wave decreases with respect to the depth of the surface crack. According to 413 

Eq. (6), the SDI of different surface cracks can be calculated by comparing the spectra of incident 414 

and back-scattered Rayleigh waves, as shown in Fig. 13(a). It can be found that for surface cracks 415 

with different depths, the SDI increases with respect to the frequency, reaches its maximum at the 416 

characteristic frequency and then decrease, which is in accordance with the analytical modeling 417 

in Section 2. The characteristic frequency of each surface crack is extracted and compared with 418 

the analytical results, as depicted in Fig. 13(b), to observe good agreement between the two results, 419 
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which not only verify the accuracy of the analytical modeling of the scattering of Rayleigh wave 420 

by a surface crack, also demonstrate the effectiveness of the defined SDI and the characteristic 421 

frequency for quantitatively evaluating surface cracks using the wideband laser-generated 422 

Rayleigh wave.  423 

 424 

      425 

        (a)                                                                             (b) 426 

Figure 13. (a) Normalized SDI of surface cracks with various depths determined by the back-scattered 427 
Rayleigh wave, and (b) the numerical results of characteristic frequency extracted from SDI as well as the 428 

comparison with the analytical results. 429 
 430 

The SDI of different surface cracks determined by the spectra of incident and transmitted Rayleigh 431 

waves is depicted in Fig. 14(a). It can be found that the SDI determined by transmitted wave 432 

decreases first with respect to the frequency, reaches its minimum at the characteristic frequency 433 

and then increases, which is also in accordance with the conclusion of the analytical modeling in 434 

Section 2. Based on the SDI determined by the transmitted Rayleigh wave, the characteristic 435 

frequency of each surface crack can be extracted and compared with the analytical results, as 436 

shown in Fig. 14(b). Good agreement between the extracted characteristic frequency and the 437 

analytical results demonstrates that the transmitted Rayleigh wave can also be used to determine 438 

the characteristic frequency and subsequent surface crack evaluation. 439 

 440 
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      441 

        (a)                                                                             (b) 442 

Figure 14. (a) Normalized SDI of surface cracks with various depths determined by the transmitted Rayleigh 443 
wave, and (b) the numerical results of characteristic frequency extracted from SDI as well as the comparison 444 

with the analytical results. 445 
 446 

In summary, FE simulation is performed to validate the frequency-dependent scattering of 447 

Rayleigh wave by a surface crack under both narrowband and wideband scenarios. For the 448 

narrowband scenario, the dimensionless parameter β  is calculated based on the magnitudes of 449 

the incident and crack-scattered Rayleigh waves, via which the characteristic frequency can be 450 

determined. The numerical result of the characteristic frequency of a surface crack under the 451 

narrowband scenario is compared with the analytical results, and good agreement is achieved. For 452 

the wideband laser-generated Rayleigh wave, the SDI of surface cracks with various depths are 453 

calculated based on the spectra of the incident and crack-scattered (i.e., back-scattered wave and 454 

transmitted wave) Rayleigh waves, and the characteristic frequency can be extracted by finding 455 

the extremum of the SDI. The numerical results of the characteristic frequency of a surface crack 456 

under the wideband scenario also agrees well with the analytical results, which demonstrate the 457 

potential of the frequency-scattering of laser-generated Rayleigh wave for surface crack 458 

evaluation. 459 

 460 

4. Experimental Validation 461 
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Subsequent to FE validation, the effectiveness of the frequency-dependent scattering of a 462 

wideband Rayleigh wave for vertical surface crack characterization is verified experimentally. In 463 

the experiment, the wideband Rayleigh wave is generated by a pulsed laser, and vertical surface 464 

cracks in aluminum plates are evaluated by the frequency-dependent scattering effect of the 465 

surface crack on laser-generated Rayleigh wave. 466 

 467 

4.1 Specimen and Test Set-up 468 

Two plate-like aluminum specimens (measuring 300 mm long, 100 mm wide and 10 mm thick) 469 

are prepared, in each of which an artificial surface crack is fabricated using the high-speed electric 470 

discharge machine (EDM), as shown in Fig. 15(a). The depths of the surface cracks in the two 471 

specimens are 0.4 mm and 0.6 mm, respectively. A compact Nd: YAG pulsed laser (QUANTEL® 472 

Centurion+ 50 mJ) with the operating wavelength of 1,064 nm and pulse duration of 12 ns is used 473 

to generate ultrasonic waves in the specimens. The pulsed laser is focused with optical lens 474 

towards a line source, as shown in Fig. 15(b).  475 

 476 

To avoid mounting two lead zirconate titanate (PZT) wafers in the short distance between the laser 477 

beam and the crack, which would result in strong disturbance on the original laser-generated 478 

Rayleigh wave, the PZT wafers are mounted at two sensing points (labeled as SP1 and SP2, 479 

respectively) which locate at different sides of the surface crack, to capture the incident and 480 

transmitted laser-generated Rayleigh wave. The ultrasonic waves are generated by the pulsed laser 481 

at four representative locations (labeled as L1, L2, L3 and L4), via which various combinations 482 

of the incident and transmitted laser-generated Rayleigh waves captured at SP1 and SP2 can be 483 

achieved, as summarized in Table 1. 484 

 485 
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 486 
(a) 487 

 488 
(b) 489 

Figure 15. (a) Specimen used in the experiment, and (b) set-up of the experiment. 490 
 491 

Table 1 Different combinations of incident and transmitted laser-generated  492 
Rayleigh waves captured at SP1 and SP2. 493 

Excitation 
location 

Incident laser-generated 
Rayleigh wave captured by 

Transmitted Rayleigh 
wave captured by 

L1 SP1 SP2 

L2 SP1 SP2 

L3 SP2 SP1 

L4 SP2 SP1 

 494 

4.2 Experimental Results 495 

By way of illustration using the wave signals captured at SP1 and SP2 when the pulsed laser is 496 

located at L1, Fig. 16(a) depicts the time-domain signals of the incident laser-generated Rayleigh 497 

wave and the transmitted Rayleigh wave after passing the surface crack with the depth of 0.4 mm. 498 

It can be observed that the Rayleigh surface wave is generated by the pulsed laser and the Rayleigh 499 

wave dominates the wavefield of the laser-generated ultrasonic wave. The original wave signals 500 

are truncated quasi-empirically to extract the incident and transmitted Rayleigh waves. By 501 

performing frequency analysis with FFT, the spectra of the incident and transmitted Rayleigh 502 
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waves in frequency domain are obtained, as shown in Fig. 16(b). According to the spectrum of 503 

the incident wave, the central frequency of the undistorted laser-generated Rayleigh wave is found 504 

to be around 1 MHz, and the Rayleigh wave is wideband with the wave energy mainly 505 

concentrated in the range of 0.5 ~ 2 MHz. It can be observed from the spectrum of the transmitted 506 

Rayleigh wave that the wave energy at 1 MHz decreases largely, owing to the scattering effect of 507 

the surface crack on the incident Rayleigh wave.  508 

 509 

To characterize the vertical surface crack using the frequency-dependent scattering of laser-510 

generated Rayleigh wave, the SDI is calculated as the ratio of the spectrum of the transmitted 511 

Rayleigh wave to that of the incident Rayleigh wave and illustrated in Fig. 16(c). It can be found 512 

that the SDI reaches its minimum value at 0.952 MHz, revealing that the scattering effect of the 513 

surface crack on incident Rayleigh wave is the strongest at this frequency, which is defined as the 514 

characteristic frequency of a surface crack in analytical modeling of this study.  515 

 516 

       517 

             (a)                                                                            (b) 518 

Figure 16. (a) Time-domain signals and (b) frequency-domain spectra of the captured incident laser-generated 519 
Rayleigh wave and transmitted Rayleigh wave, and (c) transmission ratio calculated based on the frequency-520 

domain spectra. 521 
 522 
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 523 

(c) 524 
Figure 16. Cont. 525 

 526 
Table 2 Experimental results of the characteristic frequencies of the surface cracks  527 

with the depths of 0.4 mm and 0.6 mm. 528 
Crack depth 

(mm) 
Characteristic frequency when excitation 

location at 
Mean 
(MHz) 

Relative 
error (%) 

L1 L2 L3 L4 

0.4 0.952 0.986 0.913 1.086 0.984 10.42 

0.6 0.643 0.626 0.680 0.676 0.656 6.29 

 529 

The characteristic frequencies of the surface crack (0.4 mm in depth) calculated based on the 530 

captured wave signals when the pulsed laser is located at L2, L3 and L4, as well as the 531 

experimental results of the surface crack with the depth of 0.6 mm, are summarized in Table 2. It 532 

can be seen from Table 2 that the experimental results of the characteristic frequencies of the two 533 

surface cracks agree with the theoretical results, not only verifying the model, also demonstrating 534 

the effectiveness of the frequency-dependent scattering of laser-generated wideband Rayleigh 535 

wave in characterizing surface cracks.  536 

 537 

5. Concluding Remarks 538 

In this study, the frequency-dependent Rayleigh wave scattering phenomenon in both narrowband 539 

and wideband scenarios is found based on the analytical solution to the magnitude of the Rayleigh 540 
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wave scattered by a surface crack. Starting from the explicit expression of the magnitude of crack-541 

scattered narrowband Rayleigh wave, a dimensionless parameter β  is defined as the ratio of the 542 

magnitude of the crack-scattered Rayleigh wave to that of the incident Rayleigh wave, to 543 

characterize the scattering effect of the surface crack on a propagating Rayleigh wave. By plotting 544 

β  versus the frequency of the incident Rayleigh wave, it is observed that there exists a 545 

characteristic frequency for a surface crack, at which the scattering effect is the strongest. The 546 

frequency-dependent scattering of Rayleigh wave by a surface crack is further investigated in the 547 

wideband scenario (i.e., laser-generated Rayleigh wave), in which the incident and the crack-548 

scattered Rayleigh waves both have broad frequency ranges. An SDI is defined as the ratio of the 549 

spectrum of the crack-scattered Rayleigh wave to that of the incident Rayleigh wave, to 550 

characterize the scattering effect of a surface crack in the broad frequency range. It is found that 551 

the SDI of a surface crack also reaches its extremum at the characteristic frequency obtained from 552 

the narrowband scenario. FE simulation is performed to validate the frequency-dependent 553 

scattering of the Rayleigh wave by a vertical surface crack. The numerical results of the 554 

characteristic frequency in both scenarios quantitatively agree well with the analytical results. 555 

Experimental results demonstrate the effectiveness of the frequency-dependent scattering of the 556 

wideband laser-generated Rayleigh wave for vertical surface crack characterization. 557 

 558 

Note that the surface crack examined in this study is different from a real three-dimensional (3D) 559 

surface crack which is defined with length and depth. The displacement field around a 3D crack 560 

decreases to zero at the endpoints of the crack in both length direction, making the explicit 561 

expression of the magnitude of the crack-scattered Rayleigh wave (Eqs. (3) and (4)) not tenable. 562 

Therefore, the characteristic frequency of a 3D crack deviates from the theoretical results derived 563 

based on the 2D model presented in this study. The extension of the 2D model to the 3D scenario 564 

needs further investigation. 565 

 566 
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