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5 Abstract. In this paper, we study a stochastic linear-quadratic control problem with random coefficients

s and regime switching on a random horizon [0, T'A 7], where 7 is a given random jump time for the underlying
7 state process and T a constant. We obtain the explicit optimal feedback control and explicit optimal value of
¢ the problem by solving a system of stochastic Riccati equations (SREs) with jumps on the random horizon
o [0,7 A 7]. By the decomposition approach stemming from filtration enlargement theory, we express the
10 solution to the system of SREs with jumps in terms of another system of SREs involving only Brownian
u filtration on the deterministic horizon [0,7]. Solving the latter system is the key theoretical contribution
12 of this paper and we accomplish this under three different conditions, one of which seems to be new in
13 the literature. The above results are then applied to study a mean-variance hedging problem with random
1 parameters that depend on both Brownian motion and Markov chain. The optimal portfolio and optimal
15 value are presented in closed forms with the aid of a system of linear backward stochastic differential equations
16 with jumps and unbounded coefficients in addition to the SREs with jumps.
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1 Introduction

The stochastic linear-quadratic (LQ, for short) optimal control has made important developments since the
pioneering works of Wonham [20] and Bismut [2], who studied stochastic LQ problem with deterministic and
random coefficients, respectively. Kohlmann and Zhou [14] established the relationship between stochastic
LQ problems and backward stochastic differential equations (BSDEs). Chen, Li and Zhou [3] studied the
indefinite stochastic LQ problem which is different significantly from its deterministic counterpart. Mean-
while, it has wide applications in many fields, such as risk management, optimal investment or mean-variance
portfolio selection; see, e.g., [9, 13, 15, 16, 22, 23].

All the aforementioned literature focused on deterministic time horizon. The controller in reality, however,
may only access the model before the realization of some random event, such as before the default time in
credit risk theory and death time in actuarial science. Therefore, it is of great theoretical importance to
study control problems with random time of eventual exit. Pham [17] investigated a general stochastic
control problem under a progressive enlargement of filtration and proved a decomposition of the original
stochastic control problem under the global filtration into classical stochastic control problems under a
reference filtration. Kharroubi, Lim and Ngoupeyou [11] studied a mean-variance hedging problem with
jumps on random horizon. The main idea used in [11] is reducing their problem to the analysis of the
solvability of some BSDEs with jumps. On the other hand, a Markov chain is usually adopted to reflect the
model status or the random market environment in financial engineering. For instance, Zhou and Yin [23]
studied a mean-variance portfolio selection problem, where the coefficients are assumed to be deterministic
functions of time for each given regime.

In this paper, we generalize Kharroubi, Lim and Ngoupeyou’s [11] model to one with regime switching.
To better reflect the randomness of the market environment, all the coefficients in our model are assumed
to be stochastic processes for each given regime. The coefficients and the control variable (portfolio) in
[11] are all one dimensional; by contrast, both the control variable and the Brownian motion in our model
are multi-dimensional. Moreover, we solve the stochastic LQ problems and the associate stochastic Riccati
equations (SREs) with jumps under three different cases: one standard case and two singular cases, whereas
only one singular case was considered in [11].

As is well known, the SREs play a crucial role in representing the optimal controls for stochastic LQ
control problems. It is Tang [19] who established the existence and uniqueness results for SREs with uni-
formly definite coefficients. As for the solvability of indefinite SREs, please see e.g., [8], [18]. Zhang, Dong
and Meng [21] made a great progress in solving stochastic LQ control and the related SREs with jumps with
uniformly definite control weight by inverse flow technique.

The main theoretical contribution of this paper is resolving the solvability of the associated system of
SREs with jumps. Due to the presence of regime switching, the SREs with jumps in our model are actually
a system of BSDEs coupled through the generator of the Markov chain. Different from the inverse flow
method used in [21], we establish the solvability of our SREs with jumps by pure BSDE method under
one standard case and two singular cases respectively, which has its own interest and potential applications
from the point of view of BSDE theory. The solutions of the SREs are nonnegative, uniformly positive and

positive (see Definition 3.2) under the three cases respectively, which is a new phenomenon, to the best of



20

21

our knowledge, in the literature. Actually, the solutions to the SREs on random horizon with jumps are
constructed from another SREs on deterministic finite horizon without jumps inspired by [11]. It should be
noted that any BSDEs (even without jumps) studied in this paper are not directly covered by the result
of Fan, Hu and Tang [4]. Fortunately, the method of our previous paper [6], after some modification, still
works here, although new terms emerge in the present SREs. After establishing nonnegative or uniformly
positive lower bounds for their solution, by means of some operations of matrices, we obtain the solvability
of the latter SREs.

The rest part of this paper is organized as follows. Section 2 presents the general framework and assump-
tions of stochastic LQ problem on random horizon. In Section 3, we establish the solvability of the system of
SREs with jumps. The optimal feedback control and optimal value are presented in Section 4 with the aid

of SREs with jumps. In Section 5, the general results are applied to solve a mean-variance hedging problem.

2 Problem formulation

Let (Q,H,P) be a fixed complete probability space on which is defined a standard n-dimensional Brownian
motion {W;}>o. Define F = (Fy)>0, Fr = o{Ws : 0 < s <t} \/ N, where NV is the totality of all the P-null
sets of H. In this probability space, a random time 7 is given, which represents, for example, the default
time in credit or counterparty risk models, or the death time of an insured in actuarial models. The random
time 7 is not assumed to be an F-stopping time. We therefore use in the sequel the standard approach of
progressive enlargement of filtrations. Let G be the smallest right continuous extension of F that turns 7

into a G-stopping time. More precisely, G := (G;)¢>0 is defined by

Gi =) Gese, forall t >0,
e>0

where st =FsVo(lr<y;0<u <s), forall s > 0.

On (Q,#,P), there is a continuous-time stationary Markov chain {a;};>¢ valued in a finite state space
M = {1,2,...,¢} such that {a;};>0 is independent of {W,};>0 and 7. The Markov chain {a;};>¢ has a
generator @ = (¢i;)exe With g;; > 0 for ¢ # j and Zle ¢i; = 0 for every i,j € M. Denote by F* = (F)¢>0
the natural filtration generated by «, and H := (H;)¢>0, where H; := G, V F7.

We denote by P(FF) the o-algebra of F-predictable subsets of 2 x RT, i.e. the o-algebra generated by the
left-continuous F-adapted processes. Define P(G) and P(H) in a similar way.

We introduce the following notation:

LE () = {§ Q2 —R ‘ ¢ is Fpr-measurable, and essentially bounded},

L2(0,T;R) = {¢ :[0,T]x Q=R ‘ (¢1)o<i<t is P(IF)-measurable such that EfOT |e|?dt < oo},
L (0,T;R) = {qb [0,T]x Q=R ‘ (¢1)o<i<r is P(F)-measurable essentially bounded},
S2°(0,T; R) = {¢ 0,7 xQ =R ‘ ()o<i<r is chd-lag F-adapted essentially bounded}.

These definitions are generalized in an obvious way to the cases that F is replaced by G or H, and R by

R™ R™ ™ or §", where S™ is the set of symmetric n x n real matrices. If M € S™ is positive definite (resp.



positive semidefinite), we write M > 0 (resp. M > 0). In our argument, ¢, w, “almost surely” and “almost
everywhere”, may be suppressed for simplicity in many circumstances if no confusion occurs.

The following assumption is classical in the filtration enlargement theory.
Assumption 1 Any F-martingale is a G-martingale.

Remark 2.1 Assumption 1 is known as immersion property between F and G in the filtration enlargement
theory. Under Assumption 1, the o-field Fso and G; are conditionally independent given F3, and the process
{Wi}i>0 remains a G-Brownian motion. Please see Theorem 3.2 in Aksamit and Jeanblanc [1] and Remark
4.1 in Kharroubi and Lim [10]. Since F* is independent of G, we further conclude that {W;}>0 remains an

H-Brownian motion.

Since Ff* is independent of G;, under Assumption 1, the stochastic integral fg XdWy is well defined for
all P(H)-measurable process X such that fot | Xs|%ds < oo.

Assumption 2 The process N. := 1,<. admits an F-compensator of the form fdAT Asds, i.e.
AT
M. :=N. — / Asds
0

is a G-martingale, where X is a bounded nonnegative P(F)-measurable process.

We remark that
t t
M, = N, f/ Asls<rds = N 7/ ACds, t>0,
0 0

where
A= M\l =N (1-N,) >0, s5>0,

is a P(G)-measurable process.

We now introduce the following scalar-valued linear stochastic differential equation (SDE):

dXy = [AM X, +u,BXdt + [CF* Xi— + DM uy) dWy + (B X +u,F*)dM;, t € [0,T A7, 2.1)

Xo =z, ag = 1o,

where T is a positive constant, A?, BY, C*, D', E! F' are all P(F)-measurable processes of suitable sizes

for all i € M, z € R and ig € M are known constants.

Remark 2.2 In this paper the integral f: stands for f(s % Note that, for any P(H)-measurable u with

fOT lus|?ds < oo, we have

tAT t
/ [Engs— +ungag]dMs = / [E?SXS— +u;FSa§}ISSTdMS
0 0

And the integrand [ES*Xs_ + u,F&)I<, is P(H)-measurable, therefore the last integral in (2.1) is well
defined.



The class of admissible controls is defined as the set

U= {u :[0,T] x @ - R™ ‘ (ut)o<t<r is P(H)-measurable such that

TNAT T
IE/ ug|?dt = E/ lug|* I < dt < oo}. (2.2)
0 0

If w € Y and X is the associated solution to (2.1), then we refer to (X, u) as an admissible pair.

Let us now state our stochastic LQ problem as follows:

Minimize  J(z,10, u())

(2.3)
subject to (X, u) is an admissible pair for (2.1),
where the cost functional is given as the following quadratic form
TAT
J(z,i0,u(-)) == E { / (Qf‘fo + u;Rgtut)dt + Gawx%M} . (2.4)
0

For (z,ip) € R x M, the problem (2.3) is said to be well-posed if
N inf , _
V(I710) ’irelu J(I710au) > —00,

where V' (z,149) is called its optimal value; and the problem is said to be solvable if there exists a control
u* € U such that

J(x,ig,u*) =V (x,ig) > —o0,

in which case, u* is called an optimal control for the problem (2.3).
We introduce a decomposition result for P(G)-measurable processes. Please refer to Proposition 2.1 in
[11].

Lemma 2.3 Any P(G)-measurable process Y = (Y;)1>0 can be represented as
Y, =Y Licr + Y (M) L5y, 20,
where Y is P(F)-measurable and Y is P(F) @ B(RT)-measurable.

Remark 2.4 By Lemma 2.5, it is reasonable to assume that the coefficients A*, B*, C*, D, E*, F', Q°, R}
are P(F)-measurable, because the LQ problem (2.3) depends only on their values in the interval [0,T A 7).

Assumption 3 For everyi € M,
Al € Lg°(0,T;R), Bi € L¥(0,T;R™), Ct € Lg(0,T;R™),
D € L(0, T;R™*™), Ei € L(0, T;R), Fi € L(0,T;R™),
Q' € L (0,T;R), Rt € L(0,T;S™),

and G* is a bounded G a,-measurable random variable of the form
G'=G"" 1oy + G2 1>,

where G € LE (Q) and G** € L (0, T;R).
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Here the superscript “b” (resp. “a”) stands for “before the jump” (resp. “after the jump”).

Throughout the paper, the above Assumptions 1, 2 and 3 are always, implicitly or explicitly, put in force.

Remark 2.5 There are three kinds of uncertainties in the problem (2.3). The first one stems from the
randomness of the Brownian motion, the second one comes from the random time, and the last one comes

from the Markov chain.

This paper assumes the coefficients in the cost functional (2.4) fulfill at least one of the following condi-

tions, so that the problem (2.3) is well-posed with a nonnegative optimal value.

Assumption 4 (Standard Case) Q' > 0, G' > 0 and there exists a constant § > 0 such that R* > 61,,,

for alli € M, where I, denotes the m-dimensional identity matriz.

Assumption 5 (Singular Case I) Q° > 0, R* > 0, and there exists a constant § > 0 such that G* > §
and (D%) D > 61,,, for alli € M.

Assumption 6 (Singular Case II) m =1, Q' >0, R >0, G% > 0 and there exists a constant § > 0
such that G%* > § and \(F*)? > 6, for all i € M.

Here “singular” means that the control weight matrix R’ in the cost functional (2.4) could be possibly a

singular matrix.

3 Solvability of stochastic Riccati equations

In order to solve the problem (2.3), we introduce the following system of (¢-dimensional) BSDEs with jumps:

Pl = Gt [0 |(2AL + (CLYCHPL + M (B (P + U} +2(CLY AL+ 0SBV + Qi+ 3 4, PL
=1

tAT
J

(ALY dW, — [MNT UidM,,

tAT

TAT
tAT

N (s, P, AL UL i)Y R(s, P, Ul i)W (s, Piz, AL U )| ds —
R(s,Pi_,Ut i) >0, for s <T A7 and all i € M,

(3.1)
where, for any (s, P,A,U,i) € [0,T AT] x Rx R" x R x M,
N(s,P,A,U,i) := P((D})C' + B%) + (D}YA + \°E'FI(P + U) + A\°FiU,
R(s,P,U,i) :== R. + P(DY) D! + \S(P + U)Fi(F!Y'. (3.2)

The system of BSDEs (3.1) is referred as the system of stochastic Riccati equations with jumps. Please note
that the ¢ equations in (3.1) are coupled through Zle qij P’

Remark 3.1 The state process (2.1) is one-dimensional, so the stochastic Riccati equation (3.1) is a system
of R-valued BSDFEs. With multi-dimensional state process, the corresponding Riccati equation will become a
system of matriz-valued BSDEs whose solvability is difficult to establish. We will conduct this problem in

our future works.



Definition 3.2 A vector process (P!, A*,U%);crq is called a solution to the system of BSDEs (3.1), if it
satisfies (3.1), and (P',A*,U") € S(0,T;R) x LZ(0,T;R™) x LX(0,T;R) for all i € M. Furthermore, it
is called nonnegative if P} >0, t € [0,T], a.s.; called uniformly positive if P} > ¢, t € [0,T), a.s.; and called

positive if P} >0, Pi_+ U} > ¢, t € [0,T), a.s. where ¢ > 0 is some deterministic constant.

We will construct a solution to (3.1) through another BSDE driven only by W, brought the idea from
[11]. We briefly recall the idea for the reader’s convenience.

For any Gr--measurable random variables &¢ of the form
§=E"rer + & s,

where £% € L (Q) and %% € Lg°(0,T;R), and any P(G) ® B(R") ® B(R) @ B(R)-measurable function
F:Qx[0,T] xR xR x R — R, consider the following BSDE driven by W and N (given in Assumption 2)

on horizon [0,T A 7]:

TAT

PtiAT:§i+/ FS(PS—vAivUé)dS_/
tAT

tAT

TNAT

TNAT
(ALY AW, — / ULdNy, for all i € M, (3.3)
tAT

where P = (P!, ..., P%)". Similar to [11], we will construct a solution to (3.3) from BSDEs without jumps in
the Brownian filtration.
By Lemma 2.3, there exists a P(F) ® B(R?) ® B(R) ® B(R)-measurable function F such that

Ft('a Yy ')ltST = Ftb(') %y ')1t§7'7 t Z O

The following lemma is a generalization of Theorem 4.1 in [11] to systems of BSDEs, but the proof follows

the same lines as in [11], so we omit it.
Lemma 3.3 Assume that (P%', A%%);crq is a solution to the following BSDE:
T T
PP =¢" / FO(P AL, Gt — PY)ds — / (AT AW, i€ M,
t t
where P? = (P%1, ..., P%*)'. Then BSDE (3.3) admits a solution (P*, A", U%);cpm given by
P} =P\ Licr + &8 Lis,
Ai = Ag’iltST,
Ul = (&' — P y<r, t€[0,T], i € M.
Inspired by Lemma 3.3, we introduce the following system of BSDEs without jumps on the deterministic
horizon [0, T':
PP = GV [T AL+ (CIY CPY 4 A (EL)*Gat + 2(Ciy AL
F2AELGYT = PY) + QL+ (G — PY) + 3 qi P2
j=1
N (s, P, AL, ) R(s, PU4, 1) MW (s, P24 AL ) ds = [[F (ALY aw,
=G+ [ {(2,4@ + (CL)CL = 20 EL = X\ )PP+ 2(CL/ AL + \GH(EL 4+ 1) + Q)
¢

Y i PP = N(s, P AL i)Y R(s, P2, i) N (s, PP, MY, )| ds — [T (ALY aw,
j=1

R(s, PP ,i) > 0, for s < T and all i € M,



where
N(s, P,A,i) : = P(D})CL + BY) + (DY) A + A\ GYELF! 4 )\ (G — P)F!
= P((D,)'C; + By = A\sFy) + (DY) A+ \Go By + 1),
R(s, P,i): = R\ + P(D') D! + \,G»'F!(F!).

Definition 3.4 A vector process (P, A");cnq is called a solution to the system of BSDEs (3.4), if it satisfies
(3.4), and (P',A") € LL(0,T;R) x Li(0,T;R") for all i € M. Furthermore, it is called nonnegative if
Pt >0, t €0,T], a.s.; and called uniformly positive if Pt > ¢, t € [0,T], a.s. with some deterministic

constant ¢ > 0.
Let
Al = AT — \E' — %A, B = B' — AF!, Q' = Q'+ A\G“'(E" + 1),
R' = R+ A\G¥'FI(F'), 8" = A\G“'(E" + 1)F".
Then (3.4) can be written as
PP =Grit [T {(2@; +(CIYCHPY +2(CH A + QF + il ai; P
=
—J\A/'(s,PS”’i,Agvi,i)’ﬁ(s,PS”’i,z’)_lj\A/(&vai,A’;’i,i)}ds — [T (v aw,
R(s, P,i) > 0, for s < T and all i € M,
where
N(s, P,A,i) = P((D})'C + BY) + (DL)'A + ¢,
R(s, P,i) = R\ + P(D})'D.

And it is associated with the following LQ stochastic control problem on [0, T:

Minimize  J(x,ig,u)

subject to (X, u) is an admissible pair for (3.5),
where the state process is

ax, = [ﬁff«xt n uggf"} dt + [C Xy + D wy) dWy, t € [0, T),

(3.5)
XO =T, &g = 7:07
and the cost functional is given as the following quadratic form
~ T ~ ~
J(z,ig,u(-)) =K / (Qf‘tXf + uy R uy + QuQSf‘tXOdt + Gher X2 4 (3.6)
0

Compared with the stochastic LQ problem studied in our previous work [6], the cross term 2u}S;t X

involves in (3.6). The existence and uniqueness of solution to (3.4) are proved in Theorems 3.5 and 3.6 of



[6] when S® = 0. Please note that S* = A\G**(E" 4+ 1)F' is endogenous from Problem (2.3). Hence we could
not impose additional assumptions when solving (3.4). And it is very difficult to verify that, at least for
us, whether the BSDE (3.4) satisfy the assumptions in Fan, Hu and Tang [4] or not. Moreover, (3.4) is a
system of BSDEs (or ¢ dimensional) while the indefinite SRE studied in Hu and Zhou [9] is one dimensional.
Even the approximation method could be applied here, however we need to carefully, by means of some basis

operations of matrices, show that the solution is nonnegative or uniformly positive in different cases.

Theorem 3.5 (Standard Case) Under Assumption /4, the system of BSDEs (3.4) admits a unique non-

negative solution (P%%, A%");crq.
Proof: Fori € M, t € [0,T], P € RY, and A € R"*¢, set
F(t, P i) = A7+ (C)'Cl + qi) PP+ 2(CY N + Q4+ aig PP
J#i

From Theorem 3.5 of [6], there exists a unique solution (Fi, Ki)ie M to the corresponding ¢-dimensional linear
BSDE with the generator f and terminal value G®, and there exists a constant ¢ > 0 such that P <ec
Hereafter, we shall use ¢ to represent a generic positive constant independent of i, n and ¢, which can be
different from line to line.
Denote
H(t,P,A,i) = —N(t, P\, i) R(t, P,i)N(t, P, A,i).

For k > 1, (t, P,A,i) € [0,T] x R x R™ x M, define

H*(t,P,A,i) =  sup {H(t, P.Ai) — k|P— P| — k|A — 7\\}.
PeR, AcRn

Then it is non-positive and uniformly Lipschitz in (P, A), and decreases to H(t, P, A, %) as k goes to infinity.
The following BSDE
AP = —|F(t, PF, Ak, i)+ H*(t, PP A 6) |dt + (A7) AW,
Pyt =G for all i € M,

is an (-dimensional BSDE with a Lipschitz generator, so it admits a unique solution, denoted by (P*%, A7) _ .
Notice that

H*(t,0,0,i) > H(t,0,0,9),

and thanks to Lemma A.1 and Assumption 4,

det(RY)

1= NGy (B[R + MGy Fi(F) | F) = - Fi(F
tGy ( t)[ t ¢ t( t)] ¢ det(Ri%-)\tG?’lF;(Fg)/)

> 0.




Hence, we have the following estimate

F(,0,0,4) + H"(,0,0,4)
> Q! — N (£,0,0,i)R(t,0,4) " N(t,0,0,4)
= Q!+ NG (B +1)% — [NGYUE 4+ 1) FY [R + MGE FHFD | NG (B 4 1)FY
= QI + MGY (B! +1)% — (NGB 4+ 1)2(F)) [RE + MGE FH(FD 7 F}
= Qi+ NGB+ 1?1 = NGEEY [R] + NG ()] F|
det(RY)
det(R! + MG Fi(F}Y)

= Qi + MGP(E} +1)?
> 0.
Now we have f(t,0,0,4) + H*(¢,0,0,i) > 0, G > 0, and
F(t, P A i)+ H*(t, P, A% 4) < f(t, P, A, i),

so by the comparison theorem for multidimensional BSDEs (see Lemma 3.4 of [6] or Lemma 2.2 of [5]), we

have
0< P g?

and also Ptk’i is decreasing in k, for each i € M.

Let P} = hm PM' i e M. It is important to note that we can regard (P*%, A™%) as the solution to a
scalar-valued quadratlc BSDE for each fixed ¢ € M. Thus by Proposition 2.4 in [12], there exists a process
A € LE(0,T;R™ %) such that (P,A) is a solution to the system of BSDEs (3.4). We have now established
the existence of the solution.

The uniqueness part is similar to Theorem 3.5 of [6], so we omit it. O

Theorem 3.6 (Singular Case I) Under Assumption 5, the system of BSDEs (3.4) admits a unique uni-
formly positive solution (P%%, A®");cq.

Proof: Consider the following ¢-dimensional decoupled BSDEs:

de,i — |:(2;4V1 + (Cz)lcz + qii)Pb,i + 2(01)/Ab,i + éi + H(Pb’i7Ab’i, Z):| dt + (Ab,i)/dVV7
Pl — G, (3.7)
P >0, forall i e M.
If we can show that (3.7) admits a uniformly positive solution (P*, A*);c(, then a solution to (3.4) can be
constructed following the procedure of Theorem 3.6 in [6]. So it remains to study the solvability of (3.7).

As the system of BSDEs (3.7) is decoupled, we would only consider the solvability of each fixed one of

the ¢ equations in (3.7) and may drop the superscript ¢ in the remaining proof for notation simplicity.
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Let us first consider the following BSDE:
P, = — [ —[P(D'C + B) + D'A + SY[AGFF' + PD'D|"}[P(D'C + B) + D'A + S
+(2A 4 C'C + q))P + 2C'A + Q|dt + A'dW, 59
Pr =G?,
P >0.

Under Assumption 5, D'D is invertible, so the generator f of (3.8) can be rewritten as
F(P,A) = (2A4C'C + qii)P+2C'A +Q
—[P(D'C+ B) 4+ D'A+ S/ [NG°FF' + PD'D]"'[P(D'C + B) + D'A + S|
= (2A+C'C+q)P+2C'A+Q — P(D'C + B)(D'D)""(D'C + B)
—2(D'C + B)'(D'D)~(S + D'A) + AG*|(D'C + B)'(D'D) ' F|?
—[S = AGFF'(D'D)"Y(D'C + B) + D'A)(PD'D 4+ \G*FF")™!
x [S — AG*FF'(D'D)""(D'C + B) + D'A],

by some basis operations of positive matrices.

Under Assumption 5, there is a deterministic constant co > 0 such that
24 —20AE — A+ C'C + ;i — (D'C + B - \F)(D'D)"(D'C + B — \F)| < cs.
Let € = de~T where § > 0 is the constant in Assumption 5. Then from Theorem 2.3 of [12], there is a
bounded maximal solution (see page 565 of [12] for its definition) (P¢, A®) to the BSDE with terminal value
G® and generator f¢(P,A), where
fE(P,A) = (24 + C'C + ¢i)P +2C'A + Q — P(D'C + B)(D'D)"Y(D'C + B)
—2(D'C + B)(D'D)"1(S + D'A) + A\G*|(D'C + B)'(D'D) ' F|?
—[S = AG*FF'(D'D)""(D'C + B) + D'A]'((P V &)D'D + A\G*FF')~*
X [S = AG*FF'(D'D)"Y(D'C + B) + D'A].
Notice that @ > 0, and
MG (E +1)2 —2X\G*(E 4+ 1)(D'C 4+ B — \F)'(D'D)™'F + A\G*|(D'C + B — AF)'(D'D)~'F|?
AN (G)[(E+1)F - FF'(D'D)"Y(D'C+ B - \F)|((PVe)D'D + \G*FF')™*
x[(E+1)F - FF'(D'D)"Y(D'C + B — \F)]
=AG/E+1—(D'C+ B—\F)(D'D)"'F|?
AN (G)VE+1-F/(D'D)""(D'C+ B - \F)F'(PVe)D'D+ \G*FF')"'F
x [E+1—F/(D'D)"Y(D'C+ B~ \F)]
=AGE+1—(D'C+ B —\F)(D'D)"'F|?(1 = AG*F'((PV e)D'D + \G*FF')"'F)

det((P Vv e)D'D)
det((PVe)D'D + ANG*FF")

=AG|E+1—(D'C+ B - \F)(D'D)"'F|?

>0

)
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where the last equality is due to Lemma A.1, so we have
fE(P,A) = (2A—2XE — A+ C'C + ¢;;)P +2C'A + Q + A\G*(E + 1)°
—~P(D'C+ B —\F)(D'D)"Y(D'C + B~ \F) —2\G*(E +1)(D'C + B — \F)(D'D)"'F
+AG*|(D'C + B — \F)(D'D)"'F|?
~A(G)VIE+1-F/(D'D)""(D'C+ B~ \F)|F'(PVe)D'D+ \G*FF')"'F
X [E+1—-F/(D'D)"Y(D'C + B — \F)]
—2(D'C+ B - \F)(D'D)"'D'A — N'D((PVe)D'D + \G*FF')"'D'A
—2)\G[E+ 1~ F'(D'D)"Y(D'C + B - AF)|F'((PVe)D'D+ \G*FF')"'D'A
> (2A —2A\E -~ A+ C'C + q;;)P — (D'C + B — AF)(D'D)"Y(D'C + B — AF)P +2C’'A
—2(D'C+ B~ AF)(D'D)"'D'A —AN'D((PV e)D'D + A\G*FF')"'D'A
—2\G[E+1—F'(D'D)"Y(D'C+ B - \F)|F'((PVe)D'D + \G*FF")"'D'A.
Obviously, the following BSDE

dP = — [ — aP+2C'A —2(D'C + B — AF)(D'D)"'D'A — N'D((P vV &)D'D + A\G*FF')~'D'A
—2\GU|E+1— F'(D'D)"Y(D'C + B — AF)|F'((PVe)D'D + AG@FF’)*D'A} dt + N'dw,
Pr=34

admits a solution (§e~2(T=*) 0). Hence the maximal solution argument in Theorem 2.3 of [12] gives
P> e 2Tt > gemeT — ¢, (3.9)

This implies that (P, A®) is actually a solution to (3.8).
On the other hand,

—[P(D'C + B) 4+ D'A + S)/[N\G*FF' + PD'D]~'[P(D'C + B) + D'A + 5] < 0
and the following linear BSDE

{dPt — [(221 +C'C + qis)P +2C"A + @] dt + N'dw, 10

Pr =G",

admits a unique solution (P, A) such that P < c3 for some constant c3 > 0. Then applying the comparison
theorem to BSDEs (3.8) and (3.10), we get

Pf <Py <cs.
This implies that (P¢, A®) is actually a solution to the following BSDE:

dP, = —| = [P(D'C + B) + D'A + S/[AG*FF’ + PD'D])"'[P(D'C + B) + D'A + S]g=(P)
+(2A+ C'C + qii) P + 20"\ + Q|dt + N'dW, (3.11)
Pr =GY,

12
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where ¢g=¢ : RT — [0,1] is a smooth truncation function satisfying ¢ (z) = 1 for z € [e,c3], and
9% (x) =0 for z € [0,£/2] U [2¢5, 00).

Finally, under Assumption 5, we have
[P(D'C + B) + D'A+ S/[R+ AG*FF' + PD'D]"'[P(D'C + B) 4+ D'A + S]g°*(P)
) ~
< —6IP(D’C + B) + D'A + S|?¢*(P)
€
<c(1+|A]?).
By Theorem 2.3 in [12], there exists a bounded, maximal solution (Ps, Ag) to the following quadratic BSDE:
dpP, = — [ — [P(D'C + B) + D'A + S)[R+ AG*FF' + PD'D]"'[P(D'C + B) + D'A + S]g°(P)
+(2A+ C'C + )P + 2C"A + é} dt + N dw,
Pr =G°.
(3.12)

Notice that under Assumption 5, R > 0. Applying the maximal solution argument in Theorem 2.3 of [12]
to BSDEs (3.11) and (3.12), we get

P < P, (3.13)
On the other hand,
—[P(D'C + B) + D'A+ S/'[R + AG*FF' + PD'D|"'[P(D'C + B) + D'A + S]g>%(P) < 0,
thus applying the comparison theorem to BSDEs (3.10) and (3.12), we have
P, < P, <cs. (3.14)

Combining (3.9), (3.13), (3.14), we obtain g=°(P,) = 1. Hence (P2, A2) is actually a solution to (3.7).

The uniqueness part is similar to Theorem 3.6 of [6], so we omit it. O

Theorem 3.7 (Singular Case II) Under Assumption 6, the system of BSDEs (3.4) admits a unique non-
negative solution (P%* A»%);crq.
Proof: Notice that under Assumption 6,

)\Ga,i(Fi)Q Rz
- — A — —(
Rt + AGa,z(Fi)Q Rt + )\Ga,l(Fz)Q -

then by Theorem 3.5, the system of BSDEs (3.4) admits a unique nonnegative solution. O

The following remark will be used in Section 5.

Remark 3.8 If Assumption 6 holds with G** > § > 0, then the solution (P, A%%);crq of the system of
BSDEs (3.4) is uniformly positive.
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The argument is similar to the proof of Theorem 3.6, so we will only give the sketch showing that solution
to (3.4) has a positive lower bound given by the following BSDE (the superscript i is suppressed):
P, = — [ — 55t [P(D'C + B — AF) + D'A + A\G*(E + 1) F]?
+(2A —2XAE — A+ |C|> 4 qis)P + 2C"A + Q + AG*(E + 1)?|dt + A'dW, (3.15)
Pr =G?,
P> 0.

By the proof of Theorem 3.5, the truncation method and Theorem 2.3 in [12], there exists a bounded, mazimal
solution (P, A) to (3.15), such that P < ¢ for some deterministic constant ¢ > 0.

Under Assumption 6, there exists a constant cq4 > 0 such that

2
|24 —2AE — A+ C? + ¢;; — FD'C+B-AF)(E+1)| <,

and .
! 2
)\G'IFQ(DCJFB A < ey
Hence, for P >0 and A € R™, we have the following estimate for the generator of (3.15):
R 1 / o / a 2
g(P,A): = 7/\G‘1F2[P(D C+ B—AF)+D'A+ MG (E+ 1)F)

+ (24 =2 E = A+ |CP + ¢;i) P+ 2C'A + Q + A\G*(E + 1)°

2 1
_ _ 2 L= / _ _ / _ 2 p2
(24 = 20E = A+ [C]” + gii = 5(D'C+ B~ AF)(E +1))P — 1 5wy (D'C + B~ AF)°P

v

2 1
A A / _ IA P
+2C'A— =(E+1)D'A 7)\GGF2P(DC+B AF)D'A )\GGF2|DA|
9 1
> _ 2 A _ A _ ’ _ A A2,
> —c4P — ey P2 +2C'A (E+1)D'A A;WP(DCJrB AF)D'A AGQFJDA‘

Obviously, the following BSDE
dP = — [ — P —cyP? +2C'A — 2(E+1)D'A — 5527 (DC + B — AF)PD'A — 55t |D’Aﬂ dt + Ndw,
Pr=9¢

admits a solution (W,O), Hence the maximal solution argument in Theorem 2.3 of [12] gives
B}
1 1

> > 0.
(1+ Heaa(T=8 —1 = (1 + $)esT — 1

P>

Combining Lemma 3.3, Theorems 3.5, 3.6 and 3.7, we have the following solvability of the system of
+ BSDEs (3.1).
Theorem 3.9 Under Assumption J (resp. 5, 6), let (P%% A%");crq be the unique mnonnegative (resp. uni-
formly positive, positive) solution to (3.4) and define

Pti = Ptb’i1t<'r + Gz’iltzr,

Al =AY,

Ul = (G¥ — PP 1y<r, t€[0,T), i € M.

s Then (P!, A", U%);cr is a nonnegative (resp. uniformly positive, positive) solution to (3.1).

14
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Proof: It is obvious (P%, A", U%) € Sg°(0,T;R) x LZ(0,T;R™) x L¥(0,T;R)), for all i € M. By Lemma 3.3,
(P, A%, U%);e pm satisfies the first equality of (3.1). It remains to show R(t, Pf_,U},i) > 0, for t <T,i € M.
By the definition of R(t, Pj_,Uf,i), and Pi_ + Uf = G¥' 1<y + G 15, = G%Y,, we have

R(t, P, Ujsi) = By + P_(Dy)' Dy + A (P + U (F)(FYY
= Ri + P (D})' Dy + N G (F)(F)'.
In Standard Case, we have R! > 61,,, Gi > 0 and P} > 0, thus R(¢, P{_,U},i) > 0, i € M. In Singular Case
I, we have R: > 0, G* > § , (D})'Di > 61, and Pf > ¢ > 0, thus R(t, P}_,U},i) > 0, i € M. In Singular

Case II, we have R! > 0, Gi* > 6, A6(F/)2 = \(Fj)2 >0, Pl >0 ,and P + Ui = G4l > 6 for t < T,
thus R(t, P{_,U},i) >0, for t <T,i € M. O

Remark 3.10 A matriz-valued SRE with Poisson jumps was solved in Zhang, Dong and Meng [21] with
uniformly positive control weight (corresponding to our Standard Case), while a scalar-valued SRE with
ajump and m =n =1, C =0, E = Q =0, R =0 was studied in Kharroubi, Lim and Ngoupeyou
[11] (corresponding to our Singular Case I). Up to our knowledge, no existing literature has concerned the
solvability of SRE or stochastic LQ problem with jumps corresponding to our Singular Case II.

Recall the definition of R(t, P,U, i) in (3.2),

R(t,P,U,i) = R' + P(D")' D' + \®(P + U)F'(F")'.

There are three components R', P(D%)' D' and \(P + U)F*(F') on the right hand side. By Theorem
3.9, Assumptions 4, 5 and 6 will result in the uniformly positivity of one of these three components, while

nonnegativity of the other two terms, hence the second constraint R(t, P,U,i) > 0 in (3.1) is fulfilled.

4 Solution to the stochastic LQ problem (2.3)

We slightly strengthen Assumption 6 to the following;:

Assumption 7 (Singular Case II’) m =1, Q° > 0, R* > 0, and there exists a constant § > 0 such that
G' > 6 and \(F)? > 6, for alli € M.

Theorem 4.1 Under Assumption 4 (resp. 5 and 7), let (P*, A", U%);erm be nonnegative (resp. uniformly
positive, positive) solution to (3.1). Then the problem (2.3) has an optimal control, as a feedback function

of the time t, the state X and the market regime 1,
u*(t, X i) = —R(t, PL_, UL ) N (t, P, AL UL i) X (4.1)
Moreover, the corresponding optimal value is
V(z,ip) = Lnel{ll J(x,i0,u) = Ploa?. (4.2)
Proof: In light of the length of many equations, “t, X;_, o, P2, A%, U*” will be suppressed where no

confusion occurs in the sequel.
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Substituting (4.1) into the state process (2.1) (with “” replaced by “«;”), we have

dX; = [A% — (B&)YRN] X7_ds + [C* — D=RIN] Xz_dW,
+ [B2 — (FO)RIWN] X:_dM,, s €[0,T AT, (4.3)

Xg =T, :’io.

Since the coefficients of SDE (4.3) are square integrable w.r.t. ¢, it admits a unique strong solution X*.

Actually

X =a®, t€[0,TAT),
Xine =2®7lor + 2@ (1+ E7 — F-II—R_lN)lﬂ-gTa

is the solution to (4.3), where
t 1 t
&, = exp (/ (A ~A*E+ (\°F = BYR™'N = 5|C - DR—1N|2)ds + / (C - DR‘lN)’dWS).
0 0
Let uy = u*(t, X;_, oy). Define a sequence of stopping times {¢;},>1 as follows:
L= mf{t >0 X5 |+ |ull >j} AJ,

1 with the convention that inf() = co. It is obvious that ¢; T oo, a.s. as j T co. Applying It6’s formula to

> P2(X[)?, we have for any stopping time t < T AT,

LAL
%0 ,.2 __ XA * 2 ’ * 2 *\/ *
POO - E[PL/\Lj (XL/\Lj) + /0 (QS(XS—) + (us) Rsu’s)ds} . (44)
In Standard Case, Q' > 0, R’ > §1,,, it follows
TATAL; TATAL; )
§IE/ luf|?dt < IE/ (ul) Rguidt < Pla?.
0 0

5 Sending j 1 0o, by the monotone convergence theorem, we have u} € L%(0,7 A 7;R™).
In Singular Case I (resp. Singular Case IT’), there exists some constant ¢ > 0 such that P} > ¢, for all
i € M by Theorem 3.6 (resp. Theorem 3.7 and Remark 3.8). Then from (4.4), we have

C]E|:|XL*/\LJ 2} < Ploa?.
By Fatou’s lemma, we have
cE[| X} ") < Fya?,
for any stopping time ¢ < T'A 7. This further implies

TNAT TNAT
E/ | X |2dt < / E[|X;_|?]dt < cT. (4.5)
0 0
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Applying Ito’s formula to | X, |* and using the above two inequalities, we have

TATAL;
22+ E / [(u*)’(D’D T ACFF )] ds
0
TATAL;
= E|XFrrn,, > — E/ [(QA +C'C+ACE?)(X:_ )2 +2(B' +C'D + /\GEF’)u*X;*_} ds
0
TATAL;
< c—|—E/ 2clut X} |ds
0

By Assumption 5 or 7, the elementary inequality 2cab < %aQ + %bQ and (4.5), we have

TATNAL; 202 TNATAL; 5 TATNAL;
6IE/ |u*|?ds < ¢+ —IEI/ | X |%ds + 7]E/ |u*|?ds
0 g 0 2 Jo
5 TATAL;
<c+ fE/ |u*|?ds.
2 Jo

After rearrangement and sending j T oo, it follows from the monotone convergent theorem that u* €
LZ(0,T AT;R™).
The remaining proof is to verify the optimality of u* through completion of square technique, it is very

similar to Theorem 5.1 in [21] or Theorem 4.2 in [6], so we omit it. O

5 Mean-variance hedging problem

We consider a financial market consisting of m + 1 primitive assets: one risk-free asset with zero interest

rate and m risky assets (the stocks) whose price processes follow
dS, = diag(S;_) (M?t dt + % dW, + F* th), te 0,7 AT,

Assume that the appreciation process p! € Lg°(0,T;R™), the volatility o¢ € L°(0,T;R™*") and F' €
L (0, T;R™), F]z > —1foralli e M, j=1,...,m. Also there exists a constant § > 0 such that

(i) o¥(c?) > d1L,,; or
(i) m =1, and A(F%)? > §, for all i € M.

For any z € R and m € U (see (2.2) for the definition), the wealth process X for a self-financing investor

with initial capital x and with quantity 7 invested in the risky assets is described by

dX; = mpgtdt + ot dWy + m FftdMy, t € [0,T AT,

(5.1)
Xo =2z, ag = 1.
Assume that for each i € M, H? is a bounded Gra,-measurable random variable of the form
H'=H"" 17 + H' 175, (5.2)
where
H" e LE (), H*" € Lg*(0, T;R). (5.3)
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Consider the following mean-variance hedging problem

in B(X7,, — H*""7)? 5.4
min B(XT ., )%, (5.4)
1 where X7 is the solution to the wealth equation (5.1).

Now we apply the general results obtained in the previous section to the mean-variance hedging problem
(5.4), where

A=0,B=y, C=0,D=0¢, u=m, E=0, Q=0, R=0, G=1.

> Remark 5.1 If m = n = 1, and there is no regime switching, the problem (5.4) was solved in [11] under

s the condition (i), namely 0® > & > 0.

The associated system of BSDEs (3.1) for the problem (5.4) reduces to the following:

Piny =1+ [y [ = N5, PL AL UL R(s, P, UL i)~ W (s, Pi, AL U i) + 05y Pl | ds
— [OATALY aw, — [T UM, (5.5)
R(s, Pi_ UL i) >0, for s <T AT and all i € M,
where
N(s,P,A,U,i) = Pul + ol A, + N6 FIU,
R(s, P,U,i) = Pol(ol) + XS (P + U)Fi(F!).
4 From Theorems 3.6, 3.7 and Remark 3.8, we know that (5.5) admits a uniformly positive solution

s (P, A, U");cm, such that (P', A", U?) € S(0,T;R) x L&(0,T;R"™) x L (0,T;R)) for all i € M.

s Remark 5.2 For the solution (P',A",U%);crq of (5.5) constructed in Theorem 3.9, we know P{_ +Uf =1,
7 as the terminal value of (5.5) is identically equal to 1. But we will keep P} + U} in the sequel as it is the

s case for general terminal value of (5.5).

9 To construct a solution to the problem (5.4), we still need to consider the following system of linear
1w BSDEs with jumps:

TAT
hipr = H' = / S [N (5. P A U ) R(s, Po U i) ™ (PL bl + XS (PL + U FioL)
t s—

s—Ys
AT

4
— (AL)'m = XU = Y qiy P () — bi)]ds
j=1

TAT TAT

_ / miyaw, — [ AidM,, foralli € M. (5.6)
tAT tAT

1 Please note that the coefficients in (5.6) are unbounded as so are A%, i € M.

Theorem 5.3 The system of BSDEs (5.6) admits a solution (h',n%,~")iem such that

(%, n',7%) € S&(0,T;R) x LA(0,T;R™) x L (0,T;R), for alli € M.

18



Proof: Consider the following system of BSDEs without jumps:

de,z — [(Pb,zﬂz + a.zAb,z 4 )\Fl(l _ Pb,z)) (Pb K z( z) 1+ \G® ze Fz)/)
o o . ) . ) 4 ) )
X (KOt 4 g LD A — KO ) = \(H® = K*) = 3 g K*9|dt + (L¥)dW,  (5.7)

Jj=1

Ki = H" for all i € M.
By Theorem 3.6 of [7], the system (5.7) admits a unique solution (K% Lb%);c \( such that
(K% L2 € L0, T;R) x L2(0,T;R™), for all i € M.
Define

Ktl = Kf7i1t<7— + Hg’i1t277
Li=LM1,,
¢i= (H" — KV 1y<r, t€[0,T), i € M.

i+ By Lemma 3.3, (K% L%, (%) € S&(0,T;R) x L£(0,T;R™) x L¥(0,T;R) is a solution to the following system
> of BSDEs with jumps:

TNAT
Kip, = H' — / N (5, Poc A, U, i) R(s, Po Uy, 1) (KLt + 01 L+ ASFIC)
tAT
L ) TNAT ) TNAT )
- Zqing_}ds - / (L3Y dW, — CidM,, for all i € M.

tAT tAT

L _hiA i G Uy

Recall that P}_ + U} = 1, so we can define h{ = Pl, nt = T =N (il o e and

(', n",4") € S&(0,T;R) x L&(0,T;R™) x L (0,T;R), for all i € M.
s Applying It6’s formula to %, it is directly to see that (h%,n%,v%);ca is a solution to (5.6). O

Theorem 5.4 Let (P!, A*,U%);cr be the solution to (5.5) constructed in Theorem 3.9 and (h%, 1%, v*)iem be
the solution to (5.6) in Theorem 5.3, then the mean-variance hedging problem (5.4) has an optimal feedback

control
7 (1, X0 0) = ~R(t P UL i)™ [N P AL UL (X — he) = Poin = Xpi(PL + UDF]]. (53)

Moreover, the corresponding optimal value is

TAr ¢ ) ) TNAT
min B(X7,, — HOTrm)2 = Plo(g — hio)? + IEI/ > o, Pl (h]_ — i )?dt + IEI/ O(t,ay)dt, (5.9)
TE — 0
where

O(t,i) = P[_(n})'ni + (1)’ A7 (P + U}) — (P{_oini + Xivi (Pl + U} F}Y
x (P_oi(o}) + A (Pl_ + U)F{(F}) )" (Pl_oin; + \ivi (Pl + UDF{) >0

19



1

2

Proof: One can get (5.8) and(5.9) by applying Ito’s formula to P (X;—hs*)? with some tedious calculation.
We shall show O(t,¢) > 0. In light of the length of many equations, “t,t—,i” may be suppressed.

From the proof of Theorem 3.9, P} > ¢ >0, P} + U} = 1. If Ppy'n +~? \¢(P 4+ U) = 0, then n = 0 and
72A€ = 0, hence O(t,i) = 0.

Otherwise, Pn'n+v?A%(P +U) > 0. Then by Lemma A.1, we have

[pn'n +2AC(P + U) — (Pon + ASy(P + U)F) (Poo’ + (P + U)FF')~ (Pon + XS4 (P + U)F)]

x det(Poo’ + \6(P + U)FF')

= (P'n+*X6(P+U))
1
Pr/'n+~2X6(P+U)

% det (PJU’ + AP+ U)FF — (Pon + AS~(P + U)F)(Pon + ASy(P + U)F)').
As Poo’ + X\¢(P 4+ U)FF' > 0 and Pn'n+~2\¢(P + U) > 0, it suffices to show
(Pn'n 4+ *A6(P 4+ U))(Poo’ + \6(P 4+ U)FF') — (Pon + A6~(P + U)F)(Pon + \°~(P + U)F)' > 0.

Actually for any = € R",

(Py'n 4+ *A8(P +U))a' (Poo’ + \¥(P + U)FF')x
— 2/ (Pon + M6~(P + U)F)(Pon 4+ \°~(P + U)F) z
= P22’ o(n/'nl, — )0’z + PX¢(P 4+ U)2' (yo — Fn/)(yo' —nF")x >0,

where we used the fact that PA®(P + U) > 0 to get the last inequality. This completes the proof. (|

Remark 5.5 The existence of solutions to (3.1), (5.5) and (5.6) is proved by construction method (Theorems
3.9 and 5.3), unfortunately we cannot prove the uniqueness so far. We hope to address the uniqueness of

solutions to (3.1) and (5.6) in our future research.

Acknowledgments. The authors are grateful to the editor and anonymous referees for their helpful

suggestions that has improved the quality of the paper.

A APPENDIX
Lemma A.1 Ifa>0,ecR™, A€ S™ and A > 0, then
(a —e' A7 e) det(A) = a det(A — 1ee’).
a

Proof: By some calculation, we have
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19

20

21

22

23

24
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and

1 0 |a €] |1 —1¢ a 0
f%e I.| e Al |0 I, 0 A-— %ee'
Taking determinant on both sides of the two equations, the result follows. O
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