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Abstract—The single-unit commitment (1UC) maximizes the
revenue within a time series of given electricity prices while
respecting generator-specific constraints, leading to a mixed-
integer program (MIP). To reduce the computational complexity
of the 1UC with a pump storage unit (PSU-1UC), we construct the
convex hull of PSU-1UC in this paper. Focusing on the possible
combination of alternating generation and pumping time
intervals, we first establish a dynamic programming (DP) model
that can be solved in polynomial time. Then, we reformulate the
DP model into a linear programming (LP) model in a higher-
dimensional space, which provides the convex hull of the PSU-
1UC. It helps to speed up the large-scale unit commitment
problems solved by decomposition algorithms from the
perspective  of formulation transformation. Numerical
experiments demonstrate the effectiveness and efficiency of the
proposed model.

Index Terms—Single Unit Commitment, Convex Hull, Pump
Storage Units, Lagrangian Relaxation

[. INTRODUCTION

Unit commitment (UC) is a fundamental problem in power
system operations [1-2]. The objective of UC is to
minimize the total system operating cost on the premise of
meeting both system-wide and generator-specific constraints
[3]. It is a mixed-integer optimization model with a large
number of binary decision variables, leading to an NP-hard
problem. How to solve UC efficiently is still a hard nut to crack.

Mixed-integer programming (MIP) is the most widely used
method to solve UC. The MIP-based security-constrained UC
solution method was first described in [3]. Many advanced MIP
algorithms have been gradually developed, such as branch-and-
cut, which combines branch-and-bound and cutting plane
methods in [4-6]. However, it is actually a systematic procedure
based on “enumeration”.

As the number of units increases in power systems, the “curse
of dimensionality” problem makes the UC harder to solve [7].
Thus, the decomposition algorithm has received much attention
[8-13]. Lagrangian Relaxation (LR) is a traditional parallel
method for large-scale instances when the computation time is
prioritized. Ref. [8] decomposed a UC problem into several
single-unit commitments (1UCs) by relaxing the coupling
constraints (i.e., power balance constraints), and the solutions
of all the 1UCs provided a lower bound of the optimal value. In
[9], the UC problem was solved distributedly by the Surrogate
Lagrangian relaxation (SLR) method [10], which overcame
vibration as well as convergence difficulties. Ref. [11] provided
an asynchronous decentralized solution framework for the unit
commitment problem, which was solved by a two-phase
algorithm according to the convex relaxation. By extending the
ADMM method, [12] studied the method of solving large-scale

distributed UC in a decentralized power network based on a
multi-agent system. A fully parallel UC method was set up in
[13] to obtain an efficient and fast solution for a large-scale
power system, which decomposed the UC into multiple 1UC
problems by the auxiliary problem principle.

According to the above decomposition methods, it can be
found that the computational efficiency of 1UC is crucial since
the 1UC serves as a subproblem of the original large-scale UC
problems and is widely used for single-unit self-scheduling/
bidding problems [14].

The 1UC maximizes the revenue within a time series of given
electricity prices while respecting generator-specific
constraints. Ref. [15] established a two-stage algorithm for the
1UC with a thermal unit (TU-1UC) which can be solved in
O(T?), where T is the number of dispatching periods. Its first
stage was to find all the possible “on” periods with an optimal
power output subsequence solved by dynamic programming.
The second stage was to represent the TU-1UC as a graph
whose nodes represent “on” periods weighted by corresponding
optimal economic dispatching costs, and paths correspond to
the binary decisions of the on/off state. Thus, TU-1UC was
transformed into a shortest path problem. Refs. [16-17] further
improved the method by reducing the computational time from
O(T?) to O(T?), and derived extended tight formulations in the
form of linear programming (LP) that can provide binary
solutions. That means, the convex hull of the TU-1UC with
binary variables was constructed, and the optimal solution can
be obtained by using LP methods without combinatorial
difficulties. Besides, Ref. [18] pointed out that the convex hull
formulation could be used to improve and tighten the MIP
formulation. Furthermore, the TU-1UC can be solved in
polynomial time as a subproblem in the decomposition methods,
and its convex hull formulation can be used to strengthen the
MIP formulations, improving the computational performance.

In the field of hydraulic generation, the pump storage unit
(PSU) is widely used in power systems as it improves the
system flexibility by mitigating the active power fluctuations
[19]. Thus, it is important to establish an appropriate
hydrothermal UC model with PSUs [20,21] and solve it
efficiently [22]. Ref. [20] proposed an MIP model for the
hydrothermal UC, which showed that implementing PSUs can
reduce operation costs. In [21], an interval hydrothermal UC
model co-optimizing PSUs and the thermal units was proposed,
which indicated that the PSU could significantly reduce
renewable energy curtailment. To solve such a hydrothermal
UC with PSUs efficiently, a decomposition algorithm was
proposed in [22], combining the LR and Benders
decomposition. The results showed that the reduced
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computational time becomes more evident as the number of
PSUs or thermal units increases.

However, the acceleration algorithms in [14-17] are only

designed for the TU-1UC, which cannot be applied to the 1UC
with a PSU (PSU-1UC). Moreover, few studies focus on the
acceleration algorithm for the PSU-1UC, which is important for
solving the large-scale hydrothermal UC in the decomposition
framework. To address the problem, this paper designs a
dynamic programming model (DP) and reformulates it into an
LP model, which provides the convex hull of the PSU-1UC.
The contributions are summarized as follows
i) Focusing on the possible combinations of alternating
generation and pumping time intervals, we establish a DP of the
PSU-1UC with a general convex cost function. The proposed
DP model can be solved in O(7°L), where L is the time
complexity of solving the convex economic dispatching (ED)
problem of PSU with fixed binary variables.
ii) We further reformulate the DP model into an LP model in a
higher-dimensional space, which can generate an optimal
binary solution in polynomial time. Moreover, we have strictly
proved that the optimal solution of the LP and the original MIP
is equivalent, and the corresponding convex hull of such an NP-
hard problem is constructed. Using the proposed convex hull
model could lead to improvement in solving PSU-1UC.

The remainder of the paper is organized as follows: Section
IT presents an MIP model of PSU-1UC. In Section III, we
design a DP model and construct the convex hull of the PSU-
1UC. Section IV provides the analysis of case studies, and
Section V concludes the paper.

II.MIP MODEL OF THE PSU-1UC MODEL

As shown in Fig.1, a PSU consists of an upstream reservoir,
a downstream reservoir, a turbine, and a pump, which can either
absorb or generate electricity. The PSU can undertake the tasks
of peak load shifting in the power systems, releasing water from
the upstream to downstream reservoirs to generate electricity
by the turbine during peak load (the turbining state), and
pumping water from the downstream to upstream reservoirs by
the pump to consume electricity during the valley loads (the
pumping state). The PSU can be operated in only one of the
above two states at any time.
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Fig.1 Schematic diagram of the pump storage station

For a PSU, both unit constraints and reservoir constraints
should be considered. The PSU-1UC can be formed as follows

min 3" (Cu, +C" (u, +x_, —x)+ f(B,0,x) (la)

The unit constraints include

X, —x,_,<u, te[l,T], (1b)
> <X, te[T7, T, (1c)
> Sl-x_te[T,T], (1d)
x,P™ <P <xP™,te[,T], (le)
—(1-x)0™ <Q <0,t€[1,T], (1f)
|B—P|<V'x  +V?(-x),te[2T],  (lg
0, -0, |<Vix  +Vi(1-x_) €[, T], (1h)
The reservoir constraints include
U' <U"<U",Vt (11)
U’ <U’ <U‘, vt (1j)
U'=Ul =n"F+n'Q,te[L,T-1], (1k)
UL =U! =n"B+n'Q,,te[,T -1, 1D
x,u, €{0,1},2 >0,0,<0,U">20,U’ 20  (Im)

where x; is the binary variable indicating the turbining or
pumping states at period ¢ (if the PSU is turbining at time ¢, x~1;
otherwise, x=0); u, is the binary variable to indicate whether the
turbine starts up at period ¢ P/Q; represents the
pumping/turbining power (P"*/P™" and Q"*/Q™" are
upper/lower bounds of P; and Q,); 7?/T" denotes the minimum-
turbining/-pumping periods; ¥ and V are the normal and startup
ramp rate limits; U /U is the reservoir volume of upstream/
downstream reservoirs ( U*/U" and U’/U’ are upper/lower
bounds of U; and U}); rP/77% denotes the conversion coefficient
of water-to-electricity/electricity-to-water. Usually, the pump
works in the interval of Q,e[-O™*, 0] [23]. Thus, the shut-down
state can be regarded as a special pumping state with Q, = 0.

Constraint (1b) limits the operation status of the PSU.
Constraints (1c)-(1d) restrict the minimum-puming/-turbining
periods. Constraints (le)-(1f) denote the limits on
pumping/turbining powers. Constraints (1g)-(1h) specify the
ramp-up/-down rate limits. Constraints (1i)-(1j) provide the
upper and lower bounds of the reservoir volume. Constraints
(1k)-(11) represent the reservoir volume balance.

III. CONVEX HULL OF THE PSU-1UC MODEL

In this section, we first divide the whole dispatching interval
[1,7] into all the possible combinations of several pumping and
turbining time intervals. Each time interval is represented as a
time-index pair (k). Then, taking all the possible pumping and
turbining time intervals as the state space, a dynamic
programming (DP) model is designed, which can be
reformulated to an equivalent LP model whose feasible region
is proved to be the convex hull of the PSU-1UC model.

A. Dynamic Programming of PSU-1UC Model

The PSU-1UC model aims to minimize operating costs. For
each period ¢, we use a double-valued cost function (Q*(¢) and
(7)) to represent the operating costs from period ¢ to the end.
Specifically, as shown in Fig.2, Q*(¢) represents the costs from
period ¢ to 7 when the PSU is pumping at period #-1 and is



turbining in period ¢. °(¢) represents the operating costs from
period ¢ to 7 when the PSU is turbining at period #-1 and is
pumping at period ¢. Thus, the Bellman equation of the dynamic
programming of the PSU-1UC model can be expressed as

Q' ()= min (C" + P(t,k)+Q (k)
ke[min{t+T" ~1,T—1},7-1] (2a)
P(t,T)+Q (T)},t [1,T]
Q@)= min {C”+0@¢+1Lk-1)+Q"(k),
ke[t+T7 +1,T] (2b)
O(t+1,T)},t [T, T-T" -1].
Q (1)=0(t+1,T),te[T-T*,T], (2¢)

where P(¢,k)/O(t,k) denotes the operating costs when the PSU is
turbining/pumping during the time interval (¢,k), which should
meet the minimum-up constraints of both turbine and pump.
P(t,k) and Q(t,k) are essentially the optimal values of the PSU-
ED model if x=-=x;=1 and x~=x;=0, respectively. For P(¢,k)
and Q(t,k), we define the set containing all the possible time
pairs (¢,k) as G and H, respectively, satisfying
G={tk)|te[,T], kemin{t+T" -1,T},T],}

H={(tk)|t=1ke[LT] } A3)
U{(t,k) |t €[T"+1,T],k e[min{t+T* —1,T},T]. }
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Fig.2 Optimal operation states of the PSU

Equation (2a) indicates that there are two operation modes
after the PSU switches to the turbining state at time #: 1) keeps
the turbining state until period &, and then switches to the
pumping state at period k+1; ii) keeps the turbining state to the
end. Equation (2b) describes that, if t[77, T-T7-1],, there are
two operation modes after the PSU switches to the pumping
state at period #+1: i) keeps the pumping state until period -1,
and then switches to the turbining state at period £; ii) keeps the
pumping state to the end. Equation (2c¢) indicates that if PSU
switches to the pumping state at period t+1(¢€[7-TY, T],), it can
only keep pumping due to the limits of minimum-up periods.

Suppose that the PSU has been offline for so(s0>7Y) periods,
the PSU-1UC model is equivalent to the following DP model

z=Q (0) =min{Q(1,t -1)+ C” + Q" (£),0(1,T)} 4
Proposition 1: The proposed DP model (4) can be solved in
O(T?L), while the PSU-1UC model (1) can be solved in O(227
L), where L is the time complexity of the PSU-ED model with
fixed binary variables x; and u,.

Proof: We use the branch and bound (B&B) algorithm to solve
the PSU-1UC model (1). The nodes of the complete binary tree
grow exponentially, which means that we need to solve the
PSU-ED for 2%Ttimes in the worst case. The time complexity of
the B&B algorithm is O(227 L).

In order to get the optimal value of the model (4), we should

solve all the value functions Q*(¢) and Q(¢), ¢te[1,T], which
takes O(T). When we solve a certain value function at period ¢,
we will calculate all the possible operating costs corresponding
to different k for k<<T. This means, at most 7 PSU-ED should be
solved, which takes O(7L) at most. Therefore, The DP model
(4) can be solved in O(T2L).
(Q.E.D.)
The proposed DP for the PSU-1UC model significantly
reduces the time complexity from O(2*’L) to O(T2L). More
importantly, the DP model can be reformulated as an LP model
whose feasible region is the convex hull of the PSU-1UC model.
The details can be formulated as follows.

B. Convex Hull Model of the PSU-1UC

Taking the Bellman equations (2) and (4) as constraints, the
model (4) can be reformulated as an LP model as

max z (5a)

s.t.

(@) z<O(,t=1)+C” +Q"(¢),Vt €[1,T] (5b)

($) z<0(L,T) (5¢)

@) Q (1) gc +P(t,k)+Q (k), 0
Vk e[min{t+T? -1,T—1},T 1] ,Vr [1,T],

(B) Q ()< P, T)+Q (T),t €[l T], (5¢)
Q (H)<C” +0(t+1Lk—-1)+ Q" (k),

(7“')ke[z+Tq+1,T],,te[T‘1,T—T‘f—1]T ©h

0) Q<O+ 1T),te[T-T",T], (52)

where a;, & [P, y, O are dual variables of corresponding
constraints. Constraints (5a)-(5c) are equivalent to (4),
constraints (5d)-(5e) correspond to (2a), and constraints (5f)-
(5g) correspond to (2b)-(2c). Since P(t,k) and Q(t,k) are
functions of state variables (Ps, O, xs), S€[t,k], the model (5)
cannot be solved directly. If both P(¢,k) and Q(¢,k) are expressed
as the corresponding ED models, and embedded into the model
(5) as the supplementary constraints, then the LP model (5) can
be solved.
The ED model corresponding to P(t,k) is written as

P(t,k)=minY" 47 (6a)
s.t.
(A )P™ <y < P™ Vs elt,k] (6b)
(el i, <V (60)
Wh vis <V” (6d)
(Jtii)V" S Vi~ Vi SV, Vs e[t+lk] (6e)
(Oi )i, —a) vy, 2 b, Vs e[t,k] (66)
(O U U =0y, Vs €[] k] (62)
(DT <UD <U™ Vs e[t k] (6h)
(0" UL —UR | =nxl Vs e[t+],k] (61)
gl <UL <U™ Vs e[t,k] (6))

The ED model corresponding to Q(¢,k) is written as



O(t,k)=miny." 47 (7a)
S.t.

(A)O™ <y, O™ Vs e[t,k] (7b)
(g )vh, <V (70)
(Vs <V (7d)
(Op ) =VI<yi =y SV Vs elttlk] (7e)
(Op i, 27 Vi, Vs €[t k] (79)
(@I UL ~US =nyt Vs elt+1,k] (72)
(e4U™ <UL <U™ Vs et,k] (7h)
(@i UL -UE _ =n'ys Vs e[tt]k] (71)
(L™ <UL <U™ Vs elt,k] (7)

where on the left side of each constraint is the dual variable, y
denotes the pumping/turbining powers, and U represents the
reservoir volume. For all the variables, the superscripts “u” and
“d” denote upstream and downstream reservoirs, respectively;
superscripts “p” and “q” indicate the turbining and pumping,
respectively; subscript “tk,s” indicates the s-th (1<s<k) period
during the time interval (¢,k). Constraints (6b) and (7b) limit the
outputs. Constraints (6¢)-(6e) and (7c)-(7¢) specify the ramp-
up/-down rate limits. Constraints (6g),(61),(7g), and (7i)
represent the reservoir volume balance. Constraints (6h), (6j),
(7h), and (7)) provide the upper/lower bounds of the reservoir
volume. The models (6) and (7) obviously meet the minimum-
up constraints with the given (¢,k). When k=T, (6d) and (7d) can
be omitted because the state at the 7+1 period is not considered.

Note that the model (5) is a maximization problem, while
P(tk) and QO(t,k) are minimization problems. To embed the
models (6) and (7) into the model (5), we leverage the dual
formulation of the models (6) and (7), which gives
maximization problems as follows

k k
P(t,k) =max ) (A7 P™ = AL P™ )+ Y "5
s=t s=t

th,s

_ k
V(g + )+ DV (O +0)

(8a)
s=t+1
k J—
Y[R s TR e Uil
s=t
S.t.
(p ) /’i'tf; _/1[5;; + ﬂ,]/:,; - UthHl + O-zII;:HI (8b)
tht "
- apé‘fg,t + ’7p (a)lic’jlﬂ + wzll:flwl ) =0
Ais =R ¥ Oy = O — O+ O —a" 6
(ptk,s) P pu pd (80)
+77 (a)tk,.H-l + a)rk,s+l) = O’ VS € [t+lsk - 1]
(ptk,k) ﬂ'lﬁ;c - j’ti:k + #zi,k _Uf/i;( + O-tijk - apdi,k =0 (8d)
(’(f/z,s )é;is = 1’ Vse [t’k] (86)
u pu+ pu- pu
(lgzk,r )gtk,t _gtk,z + Wy 141 = 0 (8f)
" _
(G e =€y = Oy + Oy =0,Vs €[t +1,k~1] (82)
u pu+t pu- pu
(Fi0)€ix —€is — Oy =0 (8h)

('%,x)gti[,if - ‘C"ti‘,it- - a’xiiﬂ =0 (Si)
(9 e —er + ot -l =0,Vs e[t+1,k—1] (8j)
(19;;,1( )gt:,kor - gzidk + wszu =0 (8k)
Ao i s O 60 16 <0, (81)

k .
Q(to k) = max Z (ﬂtZ;Qmax — ﬂtZ;len )

_ k
VI, + )+ D V(0 + o)

(%a)
s=t+1
- d
+ + - - d
F Q| (el e~ (e + iU |
s=t
s.t.
+ - + -
j’zZ,t - /LZ,; + :Ll;lict - O-:Ilc,wl + thk,ml
(qtk,t ) q q qu qd (9b)
- ﬂré‘tk‘r +n (a)tk‘t+l + a)tk,t+l) =0
l‘IIc; - l!‘llc; + Ut?:v - G:l]ctwl - 01‘11;9 + O-;/I(?Hl - ”sd‘/lc,.v
(py,) o e (%)
(g + @) =0,Vs e[+ k1]
q+ q- q q+ q- q
(Gui) Ak = Hiox T My = Oy + 0y — 05, =0 (9d)
(K404 =1, Vs €[t,k] (9¢)
u qu+ qu- qu —
(Ork,t)gtk,t _gtk,t +wtk,t+1 =0 (9f)
u qu+ qu- qu qu _
(Otk,s )gtk,s - gtk,s - wtk,s + wtk,sﬂ - 0’ VS € [t + 1’ k - 1] (9g)
u qu+ qu- qu - __
(otk,k )gtk,k “Ehg T Opp = 0 (9h)
d qd+ qd- gd .
(Otk,t)gtk,t “Chs O T 0 1)
d d d- d .
(Otk,s )g;lic,,: - 83(,5 + wg(,s - th,s+1 = O’ VS € [t + l’k - 1] (9.])
d qd+ qd- qd _
(Otk,s)gtk,k ~Eii + D1 = 0 (9k)
qt q qt qut _qdt
/11‘/{,5 s lutk,s s O-tk,s H gtk,.s H gtk,s S 0’ VS (91)

For PSU-1UC with energy coupling constraints (i.e., the
reservoir volume balance constraints (1i)-(1k)), the operation
state (P, Qs X1, uy) in any time interval (z,k) must be coupled
with the operation state in the previous possible time interval
(*, t-1) and the latter possible time interval (k+1, *). The symbol
“*” represents all the possible periods that satisfy the minimum-
up constraints. Taking P(z,k) as an example, in the model (8),
P(t,k) is independent and not affected by other P(¢,k") or
O(t'k". This is because that constraints (6g) and (6j) cannot
describe the coupling relationship between Uy, and Uy,
which belong to different time intervals. This leads to the lack
of coupling relationship between the last period k& and the
subsequent period £+1 in (8d), (8h), and (8k).

To describe the coupling relationship between different
consecutive time intervals, we define a set of public variables

AP AP TP, and T12, which should be embedded into (8d),
(81f), (8h), (81), and (8k) of all the P(* k) as follows
(Puk) Ak =i+ i =0 + 0l —a"SE 0" (A + A =0

(10a)
u pu+ pu- pu pu
(lgtk,t )gtk,t - grk,t - Ht + a)tk,Hl =0 (IOb)
u pu+ pu- pu pu
('9tk.k )gtk,k “Ehx ~ Dk +IL" =0 (10c)



d d
( kk)gtllz t+ _gtkt - tk t+1 +Hp =0 (1Od)
(]9(1 ) pd+_ pd- de_l_ pd 0 10
i Ik ~ Cnk Dy k41 (10e)

Similarly, we define a set of public variables A%, A%, TT%,
and T1% for all the O(*, k), and (9d), (9), (9h), (9i), and (9k)

can be reformulated as

(Qus) b =i+l =0 + 00, —m S, —n (Al = AL) =0
(11a)
(op)en, —&i, +ap, +111 =0 (11b)
(Otk k)gtk X g;;(u tk I =0 (11c)
(05 ei —eft — i, 11" =0 (11d)
(0F ey —enp + @, +11i =0 (11e)

It can be concluded that considering the energy coupling
relationship for all the possible turbining intervals and the
pumping intervals, (8) and (10) are the dual formulation of the
ED model (6) corresponding to P(z,k); (9) and (11) are the dual
formulation of the ED model (7) corresponding to QO(t.k).
Embedding P(t,k) and Q(t,k), i.e., (8)-(11), into (5), the PSU-
1UC is formulated as an LP, yielding

max z (12a)
S.t.
(5b)-(52) (12b)
P(t, k)<2(1,§t cr - -AL CP)+ZbP I
s=t s=t
(Czk) +V (/’ltkr+/’ltkk)+Y;1Vp(o-tk?+atks) (12C)
+Z[ e+ aR U (8 + 88U |
Vke[m1n{t+T" ~1,T-1},T-1],,Vt [1,T],
P(1,T) < Z(ﬂ,ft cr -l C”>+Zb" 5y,
v P -
A I +§1V Ok +oi) (12d)
DI CAT AR At
Vke[mln{t+T”—1 T-1,T-1] ,vte[l,T],
(82)-(8c),(8e),(82),(8)),(81),(10a)-(10¢) (12¢)
QLK) < Y (AL CY =28 CO+V (! + )
s=1
k
(wy) + Z[(eﬁ“* +el"U" (el + 6‘?"')U_"} (12)
X
+ Y Vie! +04),ke[l,T]
s=t+1
k R
O(t,k) <D (A C =28 CY)
= k
+V I +ul)+ ) Vi(e! +o!
W) (! + ) Zl (! +0!7) (12¢)

k

3 (AR e T e Uiy
s=t

kelt+T*,T-1], ,te[T*+1,T-T"],

0(.T) < 3 (A5 CT— A% CTY+ V7 ()

\ t

W) +Z[(eq”* U = (e +s"d‘)U"] (12h)
+ Z Vi(c! +0i),te[T-T* +1,T]
(9)-(90).(9€).92)(9)).0D.(11a)(1 1¢) (121)

The model (12) is the dual formulation of the model (1).
Although the optimal values of the two models are the same,
their optimal solutions are different because the decision
variables of the two models are different. We are concerned
about the solutions to decision variables (P;, O, x,, us, U, U')
in the original optimization model (5). However, the model (12)
does not directly reflect the information of (P, O, x,, us, U, U/
), while only giving the information of dual variables. To find
the optimal solution of the original optimization model (5), we
have to take the dual formulation of (12) as

T 1=T9-1
mmZC”‘”a +Z Z C"" By + Z Z C“”;/M+ZZ Ih-%—zz Kk s
=1 k=t+T7 -1 1=T? k=t+T%+1 tkeG s=t theH s=t
(13a)
s.t.
T
S+ a, =1 (13b)
t=1
T T-T9-1
a,— > Bt D r.=0Yre[lT] (13¢)
k=min{t+T" -1,T} k=T?
=T7+1 T
0, > Bu+ D v, =0Vte[T",T-T"-1] (13d)
k=1 k=t+T7+1
t=T7+1
6,- > B,=0Vte[T-T"T] (13¢)
k=1
B =6,,VtkeG (131)
Qo =Y, 6 =y,, VI €[2,T -1] (13g)
Vg = Vi kelt+T* +1L,T),te[T",T-T7 1] (13h)
Veur =0,1€[T",T] (13i)
CuP™ < py SCP™ Vs elt,k],VikeG (13j)
ptk,t < é/rkﬁﬂ prk,k < é/rkﬁﬂ Vtk € G (13k)
-G,V < Pis1 — Pus S ¢V, Vs e[ttlL k], Vitk e G (131)
Kp,2a’p, +b"¢, Vs e[t k],Vtke G (13m)
¢ U <8 <, U"VtkeG
= L (13n)
U< <C U VikeG
'9;1‘» s—1 lgt‘;( s npptk,sfl’vs € [t+1’ k]’Vtk € G 13
o
19; o ‘9tlk1's 7’ Py> Vs €[tk Vike G (130)
l//thmm < th,x < l//lemaX’vS € [t9 kLVtk € H (13p)
Qus S y/tkﬂ’ Quy < y/tkﬂ’ Vitke H (139)
WV S~ YV s €[tk Vtke H - (131)
Ky 2 7qy.,, Vs €[ttl,k],Vik e H (13s)



v, U' <oy <y, ?, Vtke H

_ (13t)
V/tkU_d < Oz‘/je,s < V/kud’VIk eH
o:;f,s—l - O:Ilc,s = nqqtk,s—l Vs e [t+1’k]’ vikeH (1311)
0:/1(,.;4 - szlf,s =n'q,.,.,,Vse[ttl,k],Vike H
=17 +1 T
(0, =n"qu, )= 2 S VrelLT-11 (13v)
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t+1,k,t+12
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(O/:,t +77qqkt,/ ) = Vie [LT_I] (13X)

k=min{r+T"",T}

(9, +n" P, )=

k=min{t+T% T}
o, & P> Yk O Sk, Wik> 0 (13z)
where constraints (13b)-(131) describe the logical relationship
among the binary variables o, & S, vk, O, i, and wi
constraints (13j)-(130) represent the physical constraints when
the PSU is turbining, while (13p)-(13u) describe the physical
constraints when the PSU is pumping; constraints (13v)-(13y)
indicate the reservoir volume balance between consecutive time
intervals, whose dual variables are the proposed public
variables corresponding to the reservoir volume balance

constraints between consecutive time intervals (A, A2, T1?
2, A® A, 12, and T1).

Therefore, we obtain a polyhedron restricted by linear

constraints. The extreme points of the polyhedron are binary for
the decision variables o, & S, v, 6, i, and wy. That is, for
any linear or piecewise-linear convex objective function, the
feasible region of the model (13) constructs the convex hull of
the model (1), which will be proved in the following.
Proposition 2: For any linear or piecewise-linear objective
function, the optimal solutions are binaries with respect to a;, &,
DBis vk O, Gk, and wi. The polyhedron provided by the model
(13) is the convex hull of the model (1).
Proof: We prove Proposition 2 from the two aspects: feasibility
and optimality. Specifically, with any linear or piecewise-
linear objective function, the optimal solution of the model (1)
is both the feasible and optimal solution of the model (13).

Suppose that the optimal solution of the model (1) is (P, ,
0., x,,u ,U", U"), which determines a specific turbining/
pumping power, turbining/pumping state, and reservoir volume
of the PSU at each period. Based on this optimal solution, we
construct an optimal solution (&, , £, B, % 6 5 Pics Qs S
3., Ok, O,) by the following rules in Table I.

O s> VEELT 1] (13y)

>
l

TABLE I. Construction rules of the variables in the model (13)
Var Constructing rules

at* =1 if the PSU keeps pumping from period 1 to the
o period #-1, and switches to the turbining state in period
t; o =0 otherwise
& =1 if the PSU keeps pumping from period 1 to the
end; & =0 otherwise

Bi(&i)=1 if the PSU keeps turbining during the time
interval (#,k), and is pumping in period #-1 and period
2 k+1; Bi(&:)=0 otherwise

. ya(wi)=1 if the PSU keeps pumping during time

7 interval (t+1,k-1), and is in the turbining state in period
YVirkt ¢ and period k; 7 W,.1,1)=0 otherwise
P 6/=1 if the PSU switches to the pumping state and keeps

pumping during time interval (¢+1,7), € =0 otherwise

Pr(Die20) takes the value of optimal generation amount
Pus for each s(t<s<k) when the PSU keeps turbining during

the time interval (z,k); pfk,S:O otherwise

gu(pi. <0) takes the value of optimal power
gu. consumption for each s(t<s<k) when the PSU keeps

pumping during the time interval (¢,k); ¢...=0 otherwise
g 4/ S, takes the value of down-/up-stream reservoir
lg':'s volume for each s(#<s<k) when the PSU keeps turbining

th,s

during the time interval (¢,k); 3./ %, =0 otherwise

0}/ O, takes the value of down-/up-stream reservoir
0,/ 0 ,volume for each s(t<s<k) when the PSU keeps pumping
during the time interval (¢,k); 0.,/ 0}, =0 otherwise

There are three operation modes of the PSU: i) only
containing pumping state (i.e., PSU is pumping for all the
periods); ii) only containing turbining state (i.e., PSU is
turbining for all the periods); iii) containing both pumping and
turbining states (i.e., PSU pumps at some periods while
turbining at the other periods, but pumping and turbining
shouldn’t work simultaneously).

Feasibility: A solution (¢, , &, B, Yis 6., Pucss Qs Py Fss Ol
Oy,) can always be constructed, which characterizes the same
dispatching scheme as (P, , O, , x, , u,, U,", U/ ) and meets (13b)-
(132).

1) The first mode:

For this mode, Ve, , By, 7u, 6, =0 except for £=1. Thus,
constraints (13b)-(13e) are satisfied.
2) The second mode

For this mode, V&, 7., 6 =0 except for a;, B.,~1. Thus,
constraints (13b)-(13e) are satisfied.
3) The third mode

The PSU switches to turbining state at a certain period ¢, thus
giving £&=0, ¥T_, o, =1, so (13b) is satisfied.

For (13c), there are two possible cases: i) the PSU switches
to the turbining state at period ¢ for the first time. We have a;=1,
i . Bi=1, and y, =0. ii) Otherwise, we have a; =0,
i . Bi=1,and %=1. Thus, (13c) is satisfied.

For (13d), after switching to the pumping state at period #+1,
there are two possible cases: i) the PSU keeps pumping from
period r+1 to the end. We have ¥1-T+1 g, =1, 6/ =1, and
Sh—tsras1 7=0. ii) the PSU switches to the turbining state at
period k (++T+1<k<T). We have ¥1=T"*1 g,=1, 6 =0, and
S iiras1 Ya=1. For both cases, (13d) is satisfied.

For (13e), if the PSU is turbining during the time interval (k,¢),
te[T-T%, T), it will keep pumping during (#+1,7) due to the
minimum-up constraints. Therefore, § =1 and ¥T=7"*1 g,=1.



(13e) is satisfied.

Constraints (13f)—(13z) and (le)-(Im) both limit the
continuous decision variables of PSU-1UC. Since P, , Q, , U,
U meet (1e)-(1m), and py., @u., Fiss Fis Okss Ors are determined
by P/, O;, U", U, constraints (13f)—(13z) are satisfied with
D Qo o S e

To sum up, under any linear or piecewise-linear objective
function, the optimal solution of the model (1) is a feasible
solution of the model (13).

Optimality: The constructed feasible solution of the model (13)
is also the following optimal solution

-T9-
USRS VD UNCV T VD WEAED DD W o

1= k=t+T" -1 t=T? k=t+T"+1 tkeG s=t thkeH s=t

(15)
K >a”p, +b"{, , and the model (13) is

a minimization problem, we have

3 qs s
Since x;; 2 7qy,

z Z th,s Z z a ptks bpéltk ZP(I k)
theG s=[t.k theG s=[t,k theG (16)
L= i, = Y 0wk
theG s=[t,k] theG s=[t,k] theG
1) The first mode

If the optimal states are pumping for all the periods, we have
(15)=0(1,1)=Q (0) =z (17)
2) The second mode

If the optimal states are turbining for all the periods, we have
(15)=C*+P(1,1)= C"+Q (1) =Q (0)=z (18)
3) The third mode

If the optimal states are to maintain the pumping state until
period #-1, and then switch to the turbining state at period #1,
we have

15=C"a,+ > ~C"+ > c”
()l By =13 (LRl 7y =1}

+ > P+ Y. 0@tk

(LK)l Ay =1) (LRl Ry =1}

=0(Lt, -D+C"+Q " t)=Q (0)=z

For both three operation modes, the optimal value of the LP
model (13) and MIP model (1) is equal. As shown in Fig.3, the
DP model (4) and the MIP model (1) both characterize the PSU-
1UC problem, so they are two formulations of the PSU-1UC
which are obviously equivalent. Moreover, the model (5) is the
reformulation of the DP model (4). Meanwhile, the LP model
(5) is equivalent to the model (13) based on the Strong Duality
Theorem. Therefore, the LP model (13) is equivalent to the
original MIP model (1), and the corresponding optimal value of
the model (13) equals that of the model (1).

PSU-1UC

0 formulatiG
ofithe PSU-1UE

(19)

(the model (1)) — (the model (€)))
Reformulation
(the model (13)) )NBERR  (the model (5))
Based on the Strong

Duality Theorem
Fig.3 Relationship among the model (1), (4), (5), and (13)

From the above analysis, the optimal solutions of the model
(1) and the model (13) are the same. Thus, the polyhedron
provided by the model (13) is the convex hull of the model (1).

(Q.E.D)

Next, we construct the optimal solution for the decision
variables (P;, O, ,x,,u,, U, U") of the model (1) according to
the optimal solution (o, , &, B, Vi O » Picos Qe Ficsr Fiss Osn
Oy) of the model (13).

Proposition 3: If («;, &, B, 7> O, Picss Qe Fiss Fisr Oiss O
is the optimal solution of the model (13), we have

Z ptks Vsel[l,T]

theG,t<s<k (203)
0 = s
rkel';.Kk - vse[l n (2Ob)
t_
= (; <kﬂtk Vse[l1,7] (20¢)
T
ul =a, +tk; /”‘ Vse[L.T] (20d)
ut _ u*
Us Z l9!/( s + z Olk s VSe[l T] (203)
theG,t<s<k tkeH ,t<s<k
Igtd*\ + ot s
tkeG;s<k g tkellZKs<k - vse[l n (2OD
where (P',01,x!, ul, U, U!") is the optimal solution of
the MIP model (1).

Proof: We prove Proposition 3 from the two aspects: feasibility
and optimality. Specifically, the variables P',Q,x,u!, U,
U f " constructed by (20) are both the feasible and optimal
solution of the model (1).
Feasibility:
4) For constraints (1b)-(1d)

Both x| u!are binaries and satisfy (1b) due to the definition

of &, B, 7. Constraints (1c)-(1d) hold because the time pair
(t,k) meet the minimum-up period limits.
5) For constraints (1e)-(1f)

Taking (20a)-(20c) into (le), we have

d>OBPT<S D pu < Y BP™ Vse[l,7](21)
theG t<s<k theG t<s<k theG,t<s<k

Suppose that the PSU keeps turbining during the time
interval (¢’, £’), (21) can be simplified to

ﬁ;k'Pmm < p:’k',x < :Bz*'k'PmaX Vse[L,T] (22)

Thus, (le) is satisfied since (22) is equivalent to (13j).

Similarly, (1f) is satisfied.

6) For constraints (1g)-(1h)
Taking (20a)-(20c) into (1g), we have

> b <V Y B

theG,t=s theG,s=t

z p:k,s - Z

theG,t+1<s<k theG,t+1<s<k
Z p;c,k <pr Z /B;c
theG,t=k tkeG,s=k
Suppose that the PSU keeps turbining during the time
interval (#°,k), (23) can be simplified to

Pl <V? Z B ,Vse[1,T](23)

theG,t+1<s<k




Piwy <V°
|pt*'k',x _pt*'k',xfl| VP vsell,T] (24)
p;‘k‘,k' v

Thus, (1g) is satisfied since (24) is equivalent to (13k) and
(131). Similarly, (1h) is satisfied.
7) For constraints (11)-(1j)
Taking (20e)-(20f) into (1i), we have
us<s > 9+ D op <U"sellT]
theG,t<s<k theH ,t<s<k
Suppose that the PSU keeps turbining or pumping during the
time interval (¢°,k”), (25) can be simplified to

Ut <, <U"sell,T]

(25)

— (26)
U' <o, <U"se[lT]
Thus, (1i) is satisfied since (26) is equivalent to (13n).
Similarly, (1j) is satisfied.
8) For constraints (1j)-(1k)
Taking (20a)-(20f) into (lk), we have

u* u*
Z ‘9rk s + Z rk s z l9tk s+l z otk s+l

theG,t1<s<k tkeH 1<s<k theG,t<s<k the H ,t<s<k

=n" Y e+’ g, .. Vse[L.,T-1]

theG,t<s<k theG,t<s<k

@7

There are four possible cases of the PSU for (27):
i) pumping during [¢’, k'] and se [t k- 1] we have

u* _
Ork,s - z tk s+ T z qtk s

theH ,t<s<k theG,t<s<k

(28a)

theH ,t<s<k
i) turbining during [z’, k'] and s [¢’, k’-1], we have
DI M AL D D
theG t<s<k theG t<s<k theG,t<s<k
iii) pumping during [¢’, k] and s=k’, we have
z Otlll:k - Z ‘9<uk*+1 ),k+1 =7’ z Q;,k
theH (k+1,1)eG theG
iv) turbining during [¢’, k] and s=k’, we have
z ‘9:;: Z O(k+1 Dk+1 =n’ Z p:k.k
thkeG thkeH t<s<k thkeG
where four constraints in (28) are equivalent to the constraints
(130), (13u), (13v), and (13w), respectively. Thus, (1j) is
satisfied. Similarly, (1k) is satisfied.
To sum up, the solution (20) is a feasible solution of the
original MIP model (1).
Optimality:
Taking (20) into (la) we have
1=T7-1

T
ZC"”a +Z Z C"Bi+ Y, D C

1= k=1+T? -1 t=T? k=t+T9+1

+Z Z ([1 prkc+b gtk)+z Z ”prkc

theG s=[t,k] theG s=[t,k)

Formula (28) is the same as the optimal value of the model
(13) (see formulas (15) and (16) in Proposition 2). Therefore,
the solution (20) is an optimal solution of the MIP model (1).

(Q.E.D.)
Finally, the convex hull model of PSU-1UC can be precisely

expressed as follows
min Y (€, +C* (u, +x,, —x)+ f(B,0,.%,) (292)

s.t. (13b)-(13z), (20) (29b)
It is found that the convex hull model (28) is a simple single-
level LP formulation, which can be easily solved by

(28b)

(28c¢)

(28d)

(28)

commercial solvers, such as CPLEX [24] and GUROBI [25].
Using the proposed convex hull model, the previous MIP model
will be equivalent to an LP model without binary variables. This
will significantly alleviate the computational burden and can be
easily used to solve single-unit self-scheduling/ bidding
problems or serve as a subproblem of the multi-unit
commitment in decomposition algorithms.

Discussions: The proposed LP model provides the convex hull
of the original MIP model for the PSU-1UC without any binary
variables, which may have the following potential applications:
i) PSU self-scheduling/bidding problems: Comparing the
original MIP model, the proposed LP model significantly
reduces the time complexity from O(2%7L) to O(T%L). Thus, it
can be used to solve single-generator self-scheduling/bidding
problems efficiently.

il) Decomposition algorithms for large-scale UC problems:
The decomposition algorithm for large-scale UC problems is a
kind of iterative method. It requires solving the subproblem
repeatedly until the optimal solution converges. Suppose that
the reduced time of a single iteration is T"¢, the total reduced
time is NxT"¢ where N represents the iteration number.
Taking the LR method as an example, N is usually more than
100, which is greater when the number of periods increases
[26]. Therefore, formulating the subproblem as an LP instead
of an MIP will significantly improve computational efficiency.
iii) Nonconvex pricing in the electricity market: Convex hull
price (CHP) has attracted a lot of attention [17], [27]. Compared
with the locational marginal price, CHP meets the incentive
compatibility principle, which can effectively minimize the
uplift payments. However, existing papers haven’t reported the
convex hull formulation for hydropower and energy storage
units, while only studying the convex hull model for thermal
power units. This paper first gives the convex hull formulation
of PSUs in a single-unit UC, and the corresponding proof for
the tightness. Thus, the CHP model can be easily extended to
PSUs and other energy storage units.

IV. CASE STUDY

In this section, we first analyze the compactness of the
convex hull provided by the LP model (29). Then, the
computational efficiency of both the original MIP model (1)
and the LP model (29) is tested. Numerical results are
conducted on a computer with 128 GB RAM and an Intel(R)
Xeon(R) CPU ES5-2650 processor, and all of the cases are
solved by the commercial solver GUROBI 8.1.0.

A. Data description

The parameters are extracted from an actual PSU (i.e., the
Siahbishe PSU in Iran) [28-29]. Specifically, the pumping
power interval [Q™" 0™*] is [0,130]MW; the turbining power
interval [P P"%] is [40,130]MW; the number of minimum-
turbining/-pumping periods 77/T7 is set to 6 hours (h); the ramp
rate limits for the pump/turbine V?/V? are both set to SOMW/h;
the conversion coefficient of water-to-electricity/electricity-to-
water 77/7%1s 0.75. In addition, a time series of electricity prices
(7=24h) is shown in TABLE II.

TABLE II A Time Series of Electricity Prices (¥MWh)
Period| 1 2 3 4 5 6 7 8 9 10 11 12
Price | 130 150 160 135 150 150 220 240 250 220 200 130



javascript:;

Period| 13 14 15 16 17 18 19 20 21 22 23 24
price | 120 125 130 160 260 280 250 220 200 160 130 130

B. Computational results of the day-ahead self-scheduling

Driven by the electricity prices in TABLE II, the optimal
outputs and the corresponding reservoir volumes of the
proposed LP model (29) are shown in Fig.4. It can be observed
that the PSU is turbining during the time interval (6,10) and
(16,20) under high electricity prices, and is pumping during the
time interval (1,5), (11,15), and (21,24) when the electricity
price is low. This verifies that the PSU can shift the net load by
responding to the market price.

[ Jupstream reservoir [___]downstream reservoir
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~ 100 C
< e
g- 8ot — 11500 &
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— “Pumpin, lﬂb ing|—Pumping urbin imping -
g 40 er r r e =
= 1500 £
o, 20 @
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Fig.4 Optimal solution of the PSU-1UC

Then, we generate 100 groups of parameters (i.e., 100
samples) by adjusting the values of Q™in, Qmax, pmin pmax v,
TY within a certain range, and compare the relative errors of the
LP model (29) and MIP model (1), where the relative error e is

defined as
LP MIP

=2 x100% (30)
z

where z'? denotes the optimal value of the LP model (29), and
M represents the optimal value of the MIP model (1). The
relative errors e of these 100 samples are shown in the
frequency histogram (see Fig. 5). The maximum, minimum,
and mean values of e are 1.49x107%, 0.71x10%, and 1.08x10"
4%, respectively. Each bar of the histogram represents the
counts of the e within the corresponding interval. For example,
there are 31 samples whose errors are within [0.85x107%,
0.96x10%%]. According to the histogram, the normal
distribution function of the relative error e is fitted as the red
line in the figure. Its expectation x and standard deviations o
are 1.077x10% and 2.048x107%, respectively. Based on the
3orule, 99.7% values of e are within [0.463x107%, 1.691x10
4%]. Therefore, the relative error e is small enough to be ignored,
and the convex hull provided by the LP model (29) is compact.
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Fig.5 The frequency histogram of the relative error e

C. Computational efficiency of PSU-1UC

Next, the number of dispatching periods 7 is set to 48h, and
the computational time of PSU-1UC with different 77 and 77 is
tested. Denote the computational time of the MIP model and LP
model by TM® and TP, respectively. We analyzed the
sensitivities of TM® and TP to 77/T¥. For the LP model, Fig.6
depicts that, with 77/T% increasing from 5h to 45h, the number
of constraints decreases from 21803 to 328, and TP decreases
from 137ms to 2ms. This is because the scalability of the LP
model depends on the cardinalities of the set G and H which are
inversely proportional to 77/7Y. While for the MIP model in
TABLE III, TM® is about 200ms and is hardly affected by 77
and 77. Therefore, the computational efficiency of the proposed
LP model is higher than that of the MIP model, especially when
77 and T are large.

140 T

s TLP

BEE The number of constraints |
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Computational time (ms)
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5 10 15 20 25 30 35 40 45
T /T (h)

Fig.6 The number of constraints and TP of the LP model

TABLE III The number of constraints and T-? of the MIP model
T¥/T(h) 5 10 15 20 | 25 30 35 40 | 45

Number of | 7161 700 | 690 | 680 | 670 | 660 | 650 | 640 | 630

constraints

TMP(ms) [220] 208 | 217 | 198 | 206 | 217 | 200 | 186 | 224
Furthermore, the relationship among the model scales,
computational time TM®/T'?| and the number of periods 7 is
analyzed. The model scales of the MIP model and the LP model
are shown in TABLE IV, where NV and NC denote the
numbers of variables and constraints, respectively; superscripts
“MIP” and “LP” represent the MIP model and the LP model;
subscripts “con” and “bin” denotes the number of continuous

variables and binary variables, respectively. The results show




that NV, is 2.1 to 9.4 times greater than NVy, . The number of
constraints NC™ is 4 to 18 times greater than NCM. Thus, the
scale of the LP model is larger than that of the MIP model.

TABLE IV Computational time of the convex hull model and MIP
model under different system scales

T(h The LP model The MIP model

NVa,  NCYP THP(s) | NVer  NVan  NCMIP TMIP(q)
96 809 2301  0.01 288 384 576 0.015
168 1697 4834 0.03 504 672 1008 0.06
720 12088 4322 0.56 | 2160 2880 4320 1.52
2160 45367 129592 1.02 | 6480 8640 12960 2.89
4380 129135 368917 5.09 | 13140 17520 26280 18.11
8760 331141 946066 16.6 | 26280 35040 52560 62.26

Fig.7 shows the increase of TM and TP with the increase of
T. Specifically, when T increases from 96h to 8760h, TP
increases from 0.01s to 16.63s, and TM® increases from 0.015s
to 62.26s. The proportion of TMP to TP decreases from 67% to
27%. It is suggested that TMP grows faster than T'P. This is
because the LP model does not contain integer variables. While
for the MIP model, the binary variables will make the feasible
region discrete, resulting in a significant increase in
computational time. Therefore, the computational efficiency of
the LP model is much higher (33% - 73% in this case) than that
of the MIP model, especially for the long-period UC problems.

70 T 100%
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P
601 MIP LP e
_ — =T T o’
S 180%
~ emiePropor tion of TV to T'F ,(2.26
< s50¢ yad
%) Ve
: 0.0% 7 160%
= | §50.0 /
= 40 ’ Ve o
= J S
= g S
E 30 40.8% // 140% 3
2 s
g 20r 16.63
=
S 120%
107 26.7%
152 __ 289 .09
Oé';m T r1.02 | b . . 0%
0 1000 2000 3000 4000 5000 6000 7000 8000
Dispatching periods (h)

Fig. 7 Computational time of the convex hull model and MIP model

V.CONCLUSION

This paper proposes an efficient polynomial-time DP model
for the PSU-1UC problem. Then, we construct an LP model of
the PSU-1UC based on the proposed DP model, which provides
the convex hull of the original MIP model. Simulation results
show that the MIP model and LP model are equivalent.
Moreover, the computational efficiency of the convex hull
model is 33%-73% higher than that of the MIP model. In future
work, the proposed convex hull model can be used to solve the
PSU self-scheduling /bidding problems. Also, it helps to speed
up the large-scale multi-UC problems solved by decomposed
algorithms. In addition, the proposed convex hull model of
PSU-1UC can be used to provide convex hull prices for
hydropower and energy storage units.
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