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We consider the optimal sourcing problem when the available suppliers are subject to ambiguously correlated
supply risks. This problem is motivated by the increasing severity of supply risks and difficulty evaluating
common sources of vulnerability in upstream supply chains, problems reported by many surveys of goods-
producing firms. We propose a distributionally robust model that accommodates i) multiple levels of supply
disruption, not just full delivery or no delivery, and ) can utilize data-driven estimates of the underlying
correlation to develop sourcing strategies in situations where the true correlation structure is ambiguous.
Using this framework, we provide analytical results regarding the form of a worst-case supply distribution
and show that taking such a worst-case perspective is appealing due to severe consequences associated with
supply chain risks. Moreover, we show how our distributionally robust model may be used to offer guidance
to firms considering whether to exert additional effort in attempt to better understanding the prevailing
correlation structure. Extensive computational experiments further demonstrate the performance of our
distributionally robust approach and show how supplier characteristics and the type of supply uncertainty

affect the optimal sourcing decision.
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1. Introduction
Several studies report an increase in the frequency and severity of disturbances affecting today’s
global supply chains. These disturbances stem from a wide range of causes including natural dis-

asters, labor protests, financial crises, political unrest, and cybersecurity threats. The apparent



fragility of today’s supply chains is largely a result of companies’ efforts to reduce assets and
improve financial performance via outsourcing (Tang 2006). Specifically, the increased use of out-
sourcing has caused supply chains to become long and complex, and companies have struggled to
maintain visibility into the operations of their supply chain partners. Interestingly, recent evidence
suggests that the source of disruptions in the supply chain is evolving. Specifically, the 2019 Supply
Chain Resilience Report published by the Business Continuity Institute, an organization of busi-
ness continuity and resilience professionals including members from over 100 countries, suggests
that firms are getting better at managing the “close-to-home” supply chain risks posed by their
tier-1 suppliers. However, disruptions occurring in deeper supply chain tiers, i.e., tiers 2 and above,
are increasing. In particular, out of 352 respondents, 24.9% reported experiencing disruptions of a
tier-2 supplier and 12.2% reported experiencing disruptions of a tier-3 or higher supplier. Both of
these figures represent increases in comparison to the previous year. Moreover, 32.6% of respon-
dents reported being unable to identify the original source of a disruption due to lack of analytical
capabilities (BCI 2019).

The difficulty of managing disruptions that occur at deep tiers of the supply chain is exacerbated
by data sharing restrictions (Ang et al. 2016). Although historical data allows a firm to estimate
the marginal supply distributions for their tier-1 suppliers, contractual obligations or other motives
may prevent tier-1 suppliers from sharing information about their suppliers. For example, both
Toyota and Boeing have reported that their tier-1 suppliers are reluctant or unwilling to disclose
details regarding their suppliers (Grimm 2013). This lack of visibility leaves companies susceptible
to concentrated sources of vulnerability deep in the upstream supply chain. A disruption of such a
common source can propagate downstream, potentially affecting all immediate suppliers of a buying
firm. Such propagation is noted in Chopra & Sodhi (2014), which states that “disruptive risks
tend to have a domino effect on the supply chain.” Without adequate visibility or time-invariant
data, it is all but impossible to account for such correlated risks accurately. Although researchers

and organizations recognize that understanding the entire supply network is necessary to build a



robust enterprise, attaining such understanding is a nearly insurmountable obstacle in many cases
(Tucker & Lynch 2012, Masui & Nishi 2012). Thus, there is a need for methods that allow firms
to accommodate interrelated supply uncertainties that arise in deep and complex supply chains,
without requiring perfect knowledge of the supply chain and the prevailing correlation structure.

Aside from the challenges associated with deep supply chain risks, most of the OR/MS research
on supply chain risk management (SCRM) focuses on the impact of major disruptions. In particular,
most studies concentrate on the case where available suppliers are either up or down. Suppliers in
an up state can handle all order requests and suppliers in a down state cannot fulfill any order
requests. Although understanding the described Bernoulli yield process offers valuable insights, the
ability to accommodate more general supply uncertainties is desirable since many of the day-to-day
disruptions affecting companies are not all-or-nothing.

Towards addressing the described issues, this research considers the optimal sourcing strategy for
a firm subject to general joint supply uncertainties when the immediate suppliers are ambiguously
correlated. We propose a novel approach for the described problem that is based on distributionally
robust (DR) optimization. Our DR model addresses the potential interrelatedness of suppliers by
utilizing a worst-case joint supply distribution that satisfies the available marginal supply distribu-
tions and an upper bound on the covariance matrix. Our approach is well-aligned with behavioral
tendencies observed in practice, where decision-makers are likely to exhibit risk-aversion (Snyder
et al. 2016) when making sourcing decisions due to the negative consequences associated with
supply disruptions. We show that the worst-case distribution has a simple and intuitive form that
mimics the propagation of adverse effects stemming from an interruption in the supply of a common
source of vulnerability in a supply chain. Ultimately, our DR model constitutes a robust approach
for supplier selection and order allocation that is suitable for managing risks with limited knowledge
of dependencies. Moreover, our DR model yields several insights regarding effective approaches for
incorporating partial information regarding supplier correlations and for prioritizing efforts aimed

at improving estimates of the true correlation structure.



1.1. Literature Review
The problem of sourcing under supply uncertainty has received substantial attention in the litera-
ture under the assumption that the prevailing joint supply distribution is known exactly. A large
proportion of this research assumes that suppliers face independent disruption risks. For this case,
many, including the seminal work of Anupindi & Akella (1993) and the highly-cited study of Dada
et al. (2007), have established that “cost is the order qualifier while reliability is the order win-
ner” when suppliers face independent disruption risk. Others, including Federgruen & Yang (2008,
2009), Tomlin (2009), Feng (2010), Feng & Shi (2012), Li et al. (2013), Hu & Kostamis (2015)
and Li et al. (2017) consider additional aspects such as endogenous prices, uncertain demand, and
inventory management, along with disruption risks. Although less common, several researchers,
e.g., Babich et al. (2007), Federgruen & Yang (2008), Tang & Kouvelis (2011), Li et al. (2013),
Sting & Huchzermeier (2014) and Feng et al. (2019), consider the effects of correlated supplier
disruptions on the optimal sourcing strategy. However, the cited studies all assume that the true
correlation structure is known. In practice, estimating the true correlation structure is difficult, if
not impossible. Thus, the assumption of perfect knowledge limits the empirical validity of the asso-
ciated insights. Our novel DR model constitutes a viable alternative for situations with ambiguous
correlations and offers several practical insights such as the potential value of an improved under-
standing of the prevailing correlation and a method for prioritizing efforts aimed at obtaining such
knowledge. Finally, we contribute to the described stream of literature by considering a more com-
prehensive set of disruption processes that include multiple levels of yield or capacity uncertainty.
This latter aspect allows us to observe changes in the optimal sourcing strategy due to the type of
supply uncertainty.

Our methodology is based on distributionally robust optimization (DRO), which identifies the
optimal solution that hedges against a worst-case distribution. Lu & Shen (2021) recently surveys
many applications of robust optimization in operations management. Scarf et al. (1958) provide the

foundation for DRO when considering a class of inventory control problems where future demand is



uncertain with known mean and standard deviation. DRO under moment uncertainty continues to
receive attention in the literature and has been applied to the problems of portfolio optimization,
lot-sizing, appointment scheduling, surgery planning, humanitarian logistics, redundancy alloca-
tion, targeted display advertising, and sharing economy (Zhang et al. 2016, Jiang et al. 2017,
Noyan et al. 2022b, Deng et al. 2019, He et al. 2020, Kong et al. 2020, Wang & Li 2020, Dhara
et al. 2021, Shen et al. 2021). Different ambiguity sets and solution approaches for DRO models
are presented in Wiesemann et al. (2014), Esfahani & Kuhn (2018), Bertsimas et al. (2018), Ji
& Lejeune (2021), Cheramin et al. (2022) and the references therein. Most relevant to this study
is the stream of research that considers DRO with known marginal distributions. Agrawal et al.
(2010, 2012) consider DRO with a submodular cost function and introduce the concept of the
price of correlation. Then, an upper bound is derived by comparing expected cost under different
underlying joint distribution. In the sourcing context, we consider submodular profit function and
are interested in comparing optimal profit under different underlying joint distribution with the
corresponding optimal solution. Mak & Shen (2014) study a DRO model in inventory risk pooling
with given marginal moment information. Chen et al. (2022) consider a DRO model with marginal
distribution and linear cost over a polytope but the covariance matrix is unknown. In contrast,
our DRO model considers second moment information of the joint distribution and offers insights
on the relationship between sourcing strategies and correlation structure among suppliers. Gao &
Kleywegt (2017) consider a dependence structure whose similarity with the nominal joint distri-
bution is measured by Wasserstein distance with the help of copula theory. Different from their
reformulation technique and numerical solution approach, we provide closed-form solutions for a
worst-case distribution, which allows us to derive several managerial insights regarding the best
approach to gather information regarding the correlation structure. Lu et al. (2015) and Zhao &
Freeman (2019) apply DRO in the context of facility location and sourcing, respectively, to manage
correlated, all-or-nothing disruption risks. Our results generalize the worst-case distribution they
present to accommodate multi-level disruption processes that follow discrete or continuous distri-
butions. Therefore, the DRO methodology we describe is suitable for a broader range of practical

applications.



In summary, to the best of our knowledge, our research is the first to propose sourcing models
for settings where suppliers are subject to multi-level disruption processes that may take the form
of both yield and capacity uncertainties, and the prevailing correlation structure is unavailable or

ambiguous.

2. Model

This section presents the DR model we consider and provides some preliminary insights into its
applicability and performance in a diverse group of settings. Section 2.1 begins by formally defin-
ing our problem and presenting the distributionally robust mathematical model. As mentioned
previously, we are primarily interested in studying cases where suppliers may experience corre-
lated disruption risks, but the true correlation structure is hard to know with certainty due to
issues such as incomplete knowledge of the dependencies beyond tier-1 in the upstream supply
chain. In Section 2.2, we first discuss the tractability of our model under very general assumptions
regarding the revenue function. We then explore the possibility of deriving analytical solutions
for the model under two commonly used revenue functions: 1) a simple quadratic form and 2) a
responsive quadratic form. Section 2.3 presents the results of two computational experiments that
demonstrate the efficacy of our approach using two key dependence structures as approximations
for the underlying disruption correlation. We present these results to demonstrate the efficacy of
our approach and motivate the more technical analyses that follow in subsequent sections.

2.1. Problem Definition

We consider a firm that sources a key component from n suppliers that compose a set N =
{1,...,n}. The procured component is used to produce products that are sold in a single market.
Let x = (x1,...,%,) € R} represent the vector of orders that the firm places with the available
suppliers. The suppliers are exposed to exogenous supply risks captured by random parameters
¢ €10,1]™. The delivery quantity from supplier s € N, dy(z,&;), is a random variable that depends
on the amount ordered from the supplier, x,, and the supplier’s supply, which is captured by &,. We

accommodate cases where each supplier is subject to either capacity or yield uncertainty and use



the notation N¢ and Ny to represent sets of suppliers that are subject to capacity and yield uncer-
tainty, respectively, where No C N and Ny C N. In the case of capacity uncertainty, we assume
that each unit of capacity represents the amount needed to deliver a single unit of the component
and that the supplier s has a constant capacity of D,. However, due to the supply uncertainty,
the amount of capacity that may be used is D,&, < D, in which case the quantity delivered is
ds(xs,&s) = min(z,, D), i.e., the minimum of the order quantity and the available capacity. In
the case of yield uncertainty, we assume that the buying firm receives d,(z,, ;) = {25 < T, units
when placing an order of size x, with supplier s. Because correlated supply risks can arise in both
cases (e.g., correlated capacity and yield uncertainty are considered in Li et al. (2013) and Feder-
gruen & Yang (2009), respectively), we let F'(£) denote the joint cumulative distribution function
that defines the supply risk among the suppliers. Assuming that the firm spends ¢, for each unit

delivered by supplier s, the firm’s problem is:

maxEp[V(x,&)] s.t. V(x,€) = ZCS (5,85), (P)

x>0
sEN

where V(x,&) represents the firm’s profit function given x and £, R(x,§) represents the firm’s
revenue function given x and £, and c,d,(z,&,) represents the amount that the buying firm spends
with supplier s.

As noted in Section 1, a common problem faced by buying firms is a lack of visibility into the
operations of their upstream suppliers, especially those at higher echelons. Thus, it will often be
the case that the joint distribution F'(£) is unknown. As an approximation of F(&), firms may
use estimates deduced from historical data regarding the delivery performance of their suppliers.
For example, given a set of historical observations {£!,..., &M}, we may set F(£) to the empirical

distribution F'(&) = M~* > icq1... mei<ey Oci, where 6, is the Dirac measure on a single point. This

empirical distribution can be used to approximate the sourcing problem via a stochastic program-
ming technique such as sample average approximation (SAA). However, SAA only evaluates the

profit function at points derived from observations in the historical data. Thus, the approach will

perform best when a large amount of accurate time-invariant statistical information is available



(Delage & Ye 2010, Agrawal et al. 2012). In practice, because disruptions do not occur regularly,
the samples available to firms will typically fall short of the time-invariant samples needed for an
accurate approximation of F'(§) (Lim et al. 2013, Snyder et al. 2016). If the amount of available
data is limited, then future realizations that substantially differ from the data used in SAA can
occur and have significant negative consequences (Kuhn et al. 2019), a situation referred to as the
optimizer’s curse (Smith & Winkler 2006).

We propose a data-driven approach for approximating F'(£) that is based on ) estimates of the
marginal cumulative distribution (probability density) functions F;(&,) (fs(&s)), for each supplier
s € N, and i7) an estimated covariance matrix, ¥, which corresponds to the random vector £. For
example, with historical data {¢!,... €M}, we may set F,(&,) to the empirical marginal distribution
E(&)=M"" Dictr,. anci<es Oci- Let p=(ps:s € N) and 0 = (0, : s € N) where p1, and o, denote
the expected value and standard deviation of the random variable &,, respectively. Using this nota-

tion, a firm may account for the supply uncertainty using a joint distribution in the distributional

set

F = {F ‘(la), (1b), /[071]71 dF (&) =1, F(§) >0, Y¢€|0, 1]"} £,

a subset of all the possible distributions in [0,1]", where

/ I(6, < w,)dF(€) = Fy(w,), Voo, €[0,1], s € N, (1a)
[0,1]"

[, (e mie—nrarg = (1b)

Constraint set (la) indicates that the buying firm is confident in their estimates of the marginal
distributions, possibly resulting from guarantees stipulated in performance-based procurement con-
tracts (Bernstein & De Véricourt 2008). However, since the suppliers may be linked to a common
source of vulnerability further upstream in the supply chain, the firm is not confident in the esti-
mated covariance matrix. In such a case, an upper bound enforced by constraint (1b) with a

semidefinite inequality on the second-moment matrix of £ provides a natural means of quantifying



the firm’s confidence. We assume % has a strictly feasible solution. Distinct from the traditional
approach that constructs an estimate of F'(§) and then a risk managing decision in two separated
steps, we propose a distributionally robust (DR) model that transforms historical samples directly

to a decision with a given choice of 3 as follows,

Y (X) =maxmin Ex[V(x,£)]. (DR)

x>0 FeF

The DR model seeks to maximize the expected profit with respect to the worst-case joint supply
distribution that is consistent with available information. If historical data on the supply process
is adequate, the decision maker may specify ¥ based on the empirical estimate M ! Zi]\il(fi —
w)(E8—p)T, where {&', ... €M} represents M historical data points for the uncertain supply process.
If information is available supporting supplier independence, the firm may simply assume ¥ is
a diagonal matrix, which implies an optimistic viewpoint that the disruption likelihoods of all
available suppliers are independent of one another. On the other hand, if data is scarce or difficult
to analyze, the firm may ignore constraint (1b) and take a more conservative approach. In the
following subsections, we consider each of the described vantage points and show how a reasonably
conservative approximation can be employed with good results.

2.2. Model Tractability

As alluded to previously, our DR model may be used effectively when the amount of historical data
that is available to the firm is not sufficient to fit an empirical joint supply distribution accurately.
Proposition 1 addresses the tractability of the DR model under such a setting, i.e., where finite

historical data is available.

PROPOSITION 1. Let Q={&',... M} denote the set of historical data regarding the supply pro-
cess and Q, ={&L,..., M} denote the finite support of the marginal distribution F,(&,), Vs € N. If
the revenue function, R(x,§), is concave with respect to the total delivery amount, i.e., R(x,§) =
R(Y,.nds(zs,&)) and R is concave, then the DR model is polynomially solvable and can be

reformulated as follows:

max )\—G—Z Z Ve fs(&s) + Q@ (up™ —X)

s=1 £s €05
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s.t. R <Z tS&) — Z Cstse, — A — Z%Ss +ETQE—-2TQu >0, VE€Q
s=1

seN s=1

ts,fs :$s§sa Vs € NY7 gs € Qs (2)
tsfs st? t5§s SDSEM stNO) 55 6525

x>0, @>=0, tye, >0, X and 7., are free,

where o refers to the Frobenius inner product.

Note that the DR model’s reformulation considered in Proposition 1 is able to handle both yield and
capacity uncertainties simultaneously. Moreover, since revenue functions are commonly modeled
as concave functions, the assumptions required by the proposition are not overly restrictive. For
example, a firm may approximate its revenue function using a simple piecewise-linear function
R(x,¢) = zEgl,jl.I.l,L}{aZ > sen ds(s,&s) + B} with some scalars o, and B, (V£ € {1,...,L}). We will
also investigate the impact of specific forms for the revenue function.

Although Proposition 1 shows that the DR model is computationally tractable for concave rev-
enue functions, in general, obtaining an analytic solution to the problem is challenging. To better
understand how the ambigous correlation affects sourcing strategies, we will consider two specific
forms of the revenue functions that are commonly used in the literature: 1) a simple quadratic
revenue function R(x,§) = {(a — bq)q’q =D sen ds(ats,ﬁs)} and 2) a responsive quadratic revenue
function R(x,&) = {(a — bq)q‘q <Y een ds(Ts, 53)}, where a > ¢, Vs € N, denotes the market poten-
tial and b > 0 represents the sensitivity of the market to the output quantity ¢g. Note that the
primary difference between the two revenue function forms is that output ¢ is not a decision in the
simple quadratic form whereas the firm can limit output ¢ under the responsive quadratic form.

The following proposition demonstrates insights that can be derived regarding the simple quadratic

revenue function, which often appears in the sourcing literature (Tang & Kouvelis 2011).
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PROPOSITION 2. If all suppliers are subject to yield uncertainty, then the DR model with the
simple quadratic revenue function can be reformulated as the following convex quadratic program-
ming

x>0
s=1

max (Z(a — o) sy — DXT (X4 pp') x) .

Using the result of Proposition 2, we can show that if the firm sources from all suppliers s € S C N,

the order quantities are

1 _
(xs:seS)T:%(ZSXs—i-,us/ﬂS) 1((a—cs),us:s€5’)T
1 Y5 shs s g
- 271 _ ~ZSxS S—SxS — ) s EST
25( S pl Nk s (a=cuus s €5,

where Y55 is the submatrix of ¥ with row and column indices in S and ps = (s : s € S). Note
that prescribed order quantities depend on the precision matrix, i.e., the inverse of the covariance
matrix. Thus, in the considered scenario, the partial correlation among suppliers determines the
firms ordering strategy. We refer readers to Online Supplement A for a more detailed discussion on
the simpler case where all suppliers are subject to Bernoulli disruptions, where £, € {0,1}, Vs € N.

We now turn our attention to the responsive quadratic revenue function, which also has received
significant attention in the OR/MS literature. We study this form extensively in Section 4, thus,
for now we only discuss its applicability in practice. This responsive quadratic revenue function is
also referred to as a responsive pricing model since it allows the decision to effectively determine
the price, a — bq, via the output quantity ¢q. An example of such a responsive pricing situation
in practice is the recent microchip shortage, where disrupted supplies have resulted in a surge in
vehicle prices. Recently, the CEO of Ford Motor promised investors that the company will run its
business with a lower days’ supply in the future, resulting in leaner inventories and higher profit
(Wayland 2021). This revenue function form, due to its quadratic nature, can also capture non-
financial aspects of supply chain disruptions such as humanitarian considerations. In particular,

an important optimization criteria in humanitarian aid is the degree to which goods or services
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provided in a disaster relief context, e.g., medical services, are provided to the affected population
(Gutjahr & Nolz 2016, Noyan et al. 2022a). If we let & represent the demand for such goods and
services, and p represent a penalty that is applied to units of demand that is not satisfied by the
total delivery, the objective function max, {—p(@ — q)2|q <D en ds(azs,fs)} in quadratic penalty
form can be applied in such a context. Note that this objective is technically equivalent to the
responsive revenue function, R(x,£) with a =2p% and b= p, minus a constant term pZ?.

2.3. Computational Experiments on Multiechelon Supply Chain

In this section, we present the results of two computational experiments on multiechelon supply
chain. The experimental designs demonstrate the situations that tier-1 suppliers are ambiguously
correlated through higher tier suppliers at which the disruptions may occur. To demonstrate the
efficacy of our approach in such situations compared to the SAA approach, we assume that the
firm can use historical data to construct an empirical estimate on ¥ in constraint (1b) and two
approximations for the joint supply distribution of suppliers. Specifically, the firm may construct
the following two approximations:

e an independent approximation with X being a diagonal matrix, which assumes that the supply
disruption process for each supplier is independent from the supply disruption processes of all
other suppliers, and

e a conservative approximation with constraint (1b) being ignored, which assumes that the
supply disruption process for each supplier is dependent on the supply disruption processes
of all other suppliers.

Note that the independent approximation is rather optimistic in the sense that it assumes an
interruption in the supply process for any supplier is isolated. On the other hand, the conservative
approximation essentially represents a worst-case scenario where an interruption in the supply
process for any supplier is highly likely to correspond to an interruption in the supply processes
for other suppliers.

We consider two cases of a multi-echelon supply chain network (see Figure 1). Our studied buying

firm purchases components from the tier-1 suppliers, which further source materials from the tier-2
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suppliers (i.e., Suppliers X, A and B). We consider Suppliers X, A and B are subject to Bernoulli
disruptions. In Case 1, we assume that the buying firm adopts a simple quadratic revenue function
(see Section 2.2) for its objective, where the parameters a —¢;, Vi € {1,2,3}, and b are specified in
Table 1. In this case, all tier-1 suppliers source from Supplier X, while possibly on different order
schedules. Available data allows the buying firm to estimate each supplier’s marginal disruption

probability, denoted by p1,p. and ps for suppliers 1, 2 and 3, respectively.

Tier-2 Supplier X Tier-2 (Supplier A) (Supplier B)
0.8| 0. 0.3 0.7
A \,
Tier-1 (Supplier 1) (Supplier 2) (Supplier 3) Tier-1 (Supplier 1) (Supplier 2) (Supplier 3) (Supplier 4)
(a) Case 1 (b) Case 2

Figure 1 Multiechelon Supply Chain

In Case 2, we assume that the buying firm adopts a responsive quadratic revenue function
(see Section 2.2). The corresponding general concave profit function V(x,&) is approximated by
piecewise linear functions with four segments; that is, V' (x,&) = eefg{i..lr}74}{a4 Y osen ds(Ts,&s) + B},
where the parameters («y, 3,) for any ¢ € {1,...,4} are specified in Table 1. In this case, four tier-1
suppliers are available and they use different tier-2 supplier bases with potentially different ordering
composition. Specifically, Supplier 1 sole sources from Supplier A, Supplier 2 sources 80% of their
needs from Supplier A and the remaining 20% from Supplier B, Supplier 3 sources 30% of their
needs from Supplier A and the remaining 70% from Supplier B, and Supplier 4 sole sources from
Supplier B. For simplicity, we assume that suppliers A and B are subject to Bernoulli disruptions
with disruptive probabilities p, and pp, respectively. However, from the perspective of our buying
firm, suppliers 2 and 3 are subject to multi-level disruptions because they employ dual sourcing
strategies. In both Case 1 and Case 2, assuming that the buying firm does not have complete
visibility into the tier-2 suppliers, the tier-1 suppliers would be ambiguously correlated due to the
lack on information regarding the disruption sources.

We generate random instances for each case depicted in Figure 1. Each instance consists of a time

series of 400 data points, and each data point represents a specific disruption scenario for all tier-1
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suppliers. For example, an observation in a time series generated for Case 1 is a 3-dimensional binary
array (&1,&2,&3), where the values of &, & and &; represent the delivery status of suppliers 1, 2
and 3, respectively. When the observation (£, &, &3) = (0,1,0), only supplier 2 delivers components
to fulfill the order and the others do not. Such an observation could happen because the tier-1
suppliers source from the common tier-2 supplier, i.e., Supplier X, on a different schedule. Similarly,
an observation for Case 2 is represented as a 4-dimensional array (&;,&2,&3,&4). Specifically, we
have & =&a, £, =0.864 +0.265, &3 =0.364 +0.7¢p, and & = &g, where (£4,&p) is a 2-dimensional
binary array indicating the delivery status of the tier-2 suppliers A and B. When (£4,£5) = (1,0),
i.e., Supplier A is available but supplier B is disrupted, we have (£, &,,&3,&4) = (1,0.8,0.3,0), which
denotes the portion of any order amounts that can be fulfilled by each tier-1 supplier. All the

instance data used in this section are publicly available in Zhao et al. (2022).

Table 1 Parameters

Used in Case Parameter Value(s)

1 and 2 0 {-1,0,1}

1 and 2 I, {[-0.2,0],[0,0.25],[0.25,0.5] }

1 (a—c1,a—ca,a—c3) (2.1,1.8,1.5)

1 b 0.2

1 (P1, P2, P3) (0.3 4 0.050,0.2 + 0.056, 0.1 + 0.056)
2 (a1, qa, a3, 04) (2,0.4,-0.4,-1)

2 (81, B2, B3, P4) (0,0.5,1.5,3)

2 (pa,pB) (0.25+0.056,0.15 4 0.050)

Each instance corresponds to a time series with 400 data points that are governed by a value of 6
and a choice of the interval I, (see Table 1). Given 6 and I,, we follow Algorithms 1 and 2, which are
given in Appendix B of the Online Supplement, to generate instances for Cases 1 and 2, respectively.
For both Case 1 and Case 2, we consider three possible values of 6 and three choices of the interval
I, leading to 9 different numerical settings. The intuition behind the selected 6 and I, settings is as
follows. Based on the definition of the marginal probabilities in Table 1, the three values of 6 (i.e.,

—1, 0 and 1) indicate low, moderate and high marginal disruption probabilities among the suppliers,
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respectively. The pairwise correlation coefficients between any two tier-1 suppliers are controlled
by the interval I,,. The three possible settings for I, (i.e., [—0.2,0],[0,0.25] and [0.25,0.5]) represent
negative, weakly positive and strongly positive supplier correlations, respectively. For example,
when 6 =0 and I, =[0,0.2], we have (p1,p2,ps3) = (0.3,0.2,0.1) for Case 1, (pa,pp) = (0.25,0.15)
for Case 2, and the pairwise correlation coefficients between any two tier-1 suppliers are within
the interval [0,0.2]. That is, suppliers are subject to moderate marginal disruptive probabilities
and weakly positive correlations. Based on this setting, we can generate an instance with 400 data
points for each of Case 1 and Case 2.

For each numerical setting of ¢ and I,, we randomly generate 100 instances. For each instance,
we assume that the buying firm observes the first 20 time series observations and uses these obser-
vations to estimate the marginal disruption probabilities for all tier-1 suppliers and the supplier
correlations. Of course, the estimates for these statistics that are derived using the first 20 obser-
vations are likely to deviate from the true values obtained by considering all 400 observations.
However, the 20 observations are more likely to give more accurate estimates for the marginal dis-
ruption probabilities than the supplier correlations. For each case (Case 1 or Case 2), we consider
three scenarios where the firm employs the DR model to optimize the objective function under
different choices of ¥ using different estimates. (i) The first scenario uses an empirical estimate of
the supplier correlations based on the initial 20 time series observations (Empr.). (ii) The second
scenario uses an approximation of supplier correlations that assumes all suppliers face independent
disruption likelihoods (Indp.). (iii) The third scenario uses an conservative approximation of sup-
plier correlations that assumes suppliers are maximally correlated (Cons.). For each of these three
scenarios, the buying firm first determines its optimal sourcing strategy using the initial 20 time
series observations, and then simulate the out-of-sample performance of the prescribed strategy
using the remaining 380 time series observations. Tables 2 and 3 summarize the results of this

experiment for Cases 1 and 2, respectively. Specifically, we compare the above obtained solutions
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with a benchmark obtained using the SAA approach, and present the corresponding relative gap,

which is defined as

(the expected profit of the DR model) — (the expected profit of the SAA model)

1 .
(the expected profit of the SAA model) X 100%

Table 2 Objective Improvement Compared to SAA in Case 1

, (0.2, 0] [0,0.25] 0.25,0.5]

6 | Indp. Cons.| Indp. Cons. Indp. Cons.
-1 [1.42% -6.60% | 6.71% 4.35% | -4.90% 7.82%
0 |4.90% -3.63% |10.86% 21.09% |-13.64% 16.48%
1 15.43% -2.37%|10.93% 21.81% |-22.69% 22.06%

Our computational results offer several interesting insights. First, consider the results for Case
1 (see Table 2). Note that since the simple quadratic revenue function is uniquely determined by
the first and second moments of the disruption distributions, the DR model with an empirically
estimated correlation structure is equivalent to SAA, hence, there is no column for the empirical
estimate scenario in Table 2. We observe that, when compared to SAA, the most extreme positive
correlation is better managed by assuming a conservative correlation structure (see column Cons.
where I, =[0.25,0.5]), and the negative correlation is better managed by assuming an independent
correlation structure (see column Indp. where I, =[—0.2,0]). Another interesting observation is
related to the consequences of incorrect correlation estimates. In particular, note that the firm may
construct 7) an independent approximation when the true disruptions are positively correlated,
where the objective improvements compared to SAA are shown in column Indp. with I, = [0.25,0.5];
or ii) a conservative approximation when the true disruptions are negatively correlated, where
the objective improvements compared to SAA are shown in column Cons. with I, =[—0.2,0]. By
comparing the objective improvement values in the previously mentioned columns, we find that
for a given value of 6, the absolute value in column Indp. with I, =[0.25,0.5] is larger than the
absolute value in column Cons. with I, =[—0.2,0] (e.g., | —22.69%| > | —2.37%| when 6 =1). This

observation indicates that incorrectly assuming that disruptions are independent when they are
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Table 3 Objective Improvement Compared to SAA in Case 2

, [—0.2,0] [0,0.25] 0.25,0.5]

0 | Empr. Indp. Cons.|Empr. Indp. Cons. | Empr. Indp. Cons.
-110.38% -1.37% 0.18% | 0.35% -2.76% 0.08% | 0.18% -2.43% 0.33%
01]0.36% 0.12% 0.23% | 1.06% 0.04% 0.81% | 0.97% -0.41% 0.91%
11038% 0.19% 0.12% | 0.29% -0.02% 0.23% | 0.79% -0.84% 0.60%

actually positively correlated is much more detrimental than incorrectly assuming that disruptions
are conservative when they are actually negatively correlated.

Next, we consider the results for Case 2 (see Table 3). Before discussing the results it is important
to recall that the correlations between any two tier-1 suppliers for this case are dictated by both
the correlation among tier-2 suppliers, i.e., Suppliers A and B, and the ordering pattern that the
tier-1 suppliers employ, as indicated in Figure 1b. For example, the correlation between suppliers 2
and 3 can be positive even if the correlation between suppliers A and B is negative. This is possible
because suppliers 2 and 3 share the same supplier base. Table 3 shows that the DR model with
both empirical and conservative correlation estimates outperforms the SAA approach, on average.
Moreover, the DR model with an empirical correlation approximation generally outperforms the
DR model using a conservative approximation. The only exception is the setting in which sup-
pliers A and B are more reliable and highly correlated (0.33% versus 0.18% when # = —1 and
I,=10.25,0.5]). In such a setting, the high degree of reliability amongst the tier-2 suppliers may
lead to an underestimation of the supplier correlations when using an empirical estimate, while a
conservative approximation will perform better.

Our computational experiments have shown that the DR model we propose offers a tractable
method that can be used to understand how ambiguity regarding disruption correlations can affect a
sourcing strategy. Moreover, the results demonstrate that employing a conservative approximation
for the prevailing correlation structure can be an effective strategy for mitigating correlated supply
risks. From a practical perspective, obtaining an accurate estimate for ¥ requires a time-invariant
joint sample for disruptions. There are many cases in which such a sample may not be available in

practice, e.g., if the firm has ordered from the available suppliers independently in the past. Hence,
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a conservative approximation is an attractive alternative when deriving an estimate for X is not
easy, and as we will show later, it provides an important benchmark that offers several insights into
the sourcing process. In Section 3, we study important disruption dependence structures under
the assumption of a general revenue function. In particular, we discuss exactly how a conservative
approximation of ¥ can be derived and how conservatism can be reduced when information is
available. Section 4 presents an extensive study for the DR model when a responsive quadratic
revenue function is employed. For this case, the specific form of the objective function allows us to
demonstrate how the sourcing decision changes as the estimate on ¥ and the type of disruption

uncertainty, i.e., yield or capacity uncertainty, vary in greater detail.

3. Dependence Structures for Sourcing under Ambiguous Correlation

Regarding the dependence structure emerging from the application of the DR model, in probability
theory and statistics, copula theory is used to describe the dependence between random variables.
The set of all n-dimensional joint distributions that have the same marginals is referred to as a
Fréchet class (Mak & Shen 2014) in copula theory and are comparable according to the supermod-
ular ordering (Shaked & Shanthikumar 1997, 2007). It is well-known that F™(§) = miney F; (&)
represents a Fréchet upper bound that specifies a co-monotonic dependence structure. We refer
to the distribution F™ (&) as the mazximally dependent distribution because it defines the maximal
correlation between suppliers in our problem setting. In Appendix C of the Online Supplement, we
discuss the closed-form of the distribution F™ () further. As shown in Section 2.3, using a conserva-
tive approximation for disruption likelihoods in our DR model, such as that given by the worst-case
distribution F™(€), is an effective approach for mitigating the negative consequences associated
with supply disruptions when the true correlation is ambiguous and difficult to estimate. Thus, we
also discuss sourcing strategies that arise when employing the maximally dependent distribution
in Appendix C of the Online Supplement. There are other extremes in terms of dependence struc-
ture. We introduce the independent distribution F'(£) to represent the case where suppliers are
completely independent with respect to their likelihood for supply disruptions. We introduce two

assumptions as follows:
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ASSUMPTION 1. For a given order vector X,
(a) the revenue function R(x,&) is non-decreasing on &,

(b) the profit function V (x,€) is submodular on & and bounded.

Our assumption of monotonicity of the revenue function holds when i) R(x,§) < R(x,&') if £ <¢',
i.e., the firm’s revenue increases as supplier reliability improves, and 4i) all costs to the firm can be
captured by ¢, (Vs € N). The assumption of submodularity is justified in practice where increasing
the delivered proportion of a fixed set of order quantities offers diminishing marginal returns.

Proposition 3 characterizes the retailer’s profit under ambiguously correlated supply distributions.

ProrosiTION 3. We have
(1) if ;5 =0,04, Vi,j € N and Assumption 1(b) holds, then F™ (&) is a worst-case joint distribu-
tion for any given order vector x.
(2) ¥ (%) is nonincreasing, i.e., ¥ (X') > ¥ (X") if ¥ = X'. This monotonicity also holds if the
order decision X is fixed.
(3) 7 (X) > ¥ =maxx>o Em [V (x,€)], and if all correlations between suppliers are positive, then

Y =max,so Ep[V(x,£)] > 7 (2).

Because constraint (1b) is relaxed when ¥;; = 0,0, Vi,j € N, Proposition 3 part (1) shows that
F™(&) defines the worst-case, i.e., maximally dependent, distribution that may be derived without
utilizing any information regarding supplier correlations. This result is similar to one given in Mak
& Shen (2014) and extends similar findings for Bernoulli disruption processes (Lu et al. 2015,
Zhao & Freeman 2019), where £ € {0,1}", to more general supply uncertainties. Proposition 3 part
(2) provides insight regarding a progressive strategy for managing supply uncertainty that can be
employed using the DR model. In particular, we conducted computational experiments, see Section
2.3, showing that the DR model is able to manage the spectrum of risks that are possible given
historical information on marginal disruption likelihoods effectively. Thus, as long as some data

exists, the DR model can be employed using a conservative estimate for % to help a buying firm
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make sourcing decisions. As additional information becomes available over time, the estimate of X
can be refined, allowing a firm to further improve the outcomes of their sourcing efforts.

In the rest of this section, we discuss several insights that the DR model provides regarding
approaches for managing correlated supply uncertainty. A primary concern for a firm sourcing from
unreliable suppliers is determining the potential benefit of efforts aiming to improve the current
understanding of the supplier dependence structure. If an estimate of such benefits can be obtained,
it can be compared to the associated costs to decide whether or not exploration efforts should be
taken. Section 3.1 presents a profit decomposition that can be used to determine such an estimate.
If this information suggests that exploration costs are not worthwhile or if better information
is unattainable, the independent and maximally dependent distributions (F' and F™) offer two
options that may be used to determine a sourcing strategy without additional data requirements. In
Section 3.2, we compare the sourcing strategies suggested by these two approaches. We show that
in terms of regret, which we define as the worst case potential profit loss, an assumption of maximal
dependence is advantageous. Even though we demonstrate that assuming maximal dependence
among suppliers offers significant benefits with respect to regret, this vantage point can be rather
conservative. Moreover, it is often possible to identify obvious factors that would increase or reduce
the potential for co-dependence among subsets of supplier. For example, it is reasonable to assume
that suppliers located in the same (distant) geographic location will be more (less) susceptible
to supply risks stemming from natural disasters, political uncertainty, or diseases. In Section 3.3,
we show how such partial information can be incorporated using our independent and maximally
dependent distributions. Finally, if it is possible and cost-effective to exert additional effort on
better understanding the prevailing correlation structure, the next question to address is how to
proceed with such information gathering. In Section 3.4, we study the shadow price associated with
constraint (1b) in the DR model. This investigation provides insight regarding the order in which
exploration activities should be conducted in order to maximize the cumulative increase in profit

as exploration efforts are carried out.
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3.1. Profit Decomposition

The efficacy of multi-sourcing as a strategy for mitigating supply risks when the joint supply
distributions for available supplier are known is well established in the literature (Tomlin 2009,
Wang et al. 2010). However, when the joint supply distribution is unknown, the potential profit gain
associated with multi-sourcing can be decomposed into two parts: the value of diversification (i.e.,
spreading the risk) and the value of understanding supplier correlations (i.e., understanding the
best way to spread the risk). Suppose ¥™* is the optimal expected profit that may be obtained with
exact knowledge of the underlying joint distribution and ¥; is the maximal profit of sole sourcing
from supplier s € N. Using these parameters, the potential profit gain due to multi-sourcing can

be decomposed as follows

Value of multi-sourcing = %" —max ¥, = (¥ —¥) + (Z — max 7/S>
seEN seN

= Value of correlation information + Value of diversification

In all practical cases, the value of correlation information will be positive because of Proposition 3

part (3). Moreover, Corollary 1 shows that the value of diversification is positive.
COROLLARY 1. ¥ > max,cn ¥,.

Identifying and maximizing the value of correlation information can be very complicated in
practice. However, since the value of diversification is fixed, the decomposition provides important
insights for decision-makers who want to reach a certain profit goal. For example, selecting a
supplier base yielding a large amount of value due to diversification is attractive. However, if the
value of diversification is small, a firm that pursues a multi-sourcing strategy will need reliable
correlation information to realize substantial gains as a result of the endeavor. Although the value

of correlation information cannot be measured accurately, it can be bounded as follows

¥ (%,) — ¥ < value of correlation information < ¥ (%,) =¥ <7 — ¥, (3)

where Y, and X, are lower and upper bounds of a suitable confidence region for covariance matrix,

respectively. In general, it is hard to know in advance if efforts aimed at improving estimates of
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supply correlation will yield meaningful insights. However, since the bounds in (3) can be estimated
without implementing any ordering decisions, they can be used for budgeting purposes because
they provide an estimate of potential benefits before allocating resources to such efforts. It is
worth noting that Corollary 1 does not suggest that multi-sourcing dominates sole-sourcing because
the inequality is not strict. However, if ¥ > max,cy ¥;, then a multi-sourcing strategy should be
pursued, regardless of the true underlying correlation structure.
3.2. The Danger of Optimism
When the task of improving correlation estimates is too costly or impractical, the independent
and maximally dependent distributions (F" and F™) offer alternative descriptions of the supply
risks that can be used to develop sourcing strategies. Let x' = argmax, Epi [V (x,£)] and x™ =
arg max, Epm [V (x,&)] denote the optimal order quantities under joint distributions F' and F™
respectively, where

e X' is an optimistic strategy that assumes independent supply risks by setting 3 as the diagonal

matrix in the DR model; and

e xX™ is a conservative strategy that assumes maximal dependency among suppliers.
Intuitively, it is in the best interest of a firm to apply the optimistic strategy when they are confident
that the degree of correlation among available suppliers is low and the conservative strategy when
they are confident that the degree of correlation among available suppliers is high. However, it is
not clear which strategy should be selected when the firm is not as confident regarding the degree of
supplier correlations. In such a case, the firm should consider basing their strategy decision not on
the benefits that can be realized if they correctly estimate the degree of supplier interrelatedness,
but instead on the negative consequences that can arise if their estimate is incorrect.

We compare these two strategies by considering the regret that is associated with the firm making
an incorrect assumption regarding supplier dependencies. If the firm utilizes the optimistic strategy,
x!, then they experience maximal regret if the supply distribution that is realized is maximally

dependent. In this case, the firm’s expected profit is Epm [V (x},£)], whereas it would have been
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Epm [V (x™,&)] if the firm implemented the conservative strategy. Following this argument, we define
regret, = Epm [V (x™,&)] — Epm [V (x},€)] as the potential regret due to optimism. Now consider
the case where the firm employs the conservative strategy x™. In this case, the firm experiences
maximal regret when the true supply distribution is independent. If this occurs, the firm’s expected
profit is Epi [V (x™,€)] but it would have been Epi [V (x',£)] if the optimistic strategy were used
instead. Thus, we define regret, = Epi [V (x},&)] — Epi [V (x™,€)] to represent the potential regret

due to conservatism. Using these defined expressions, we have

COROLLARY 2. Suppose Assumption 1 holds. The potential regret due to conservatism, regret, <
1 n
<n -n (1 — ) — 1> ¥, isin O(n)-¥ . However, the potential regret due to optimism regret, can
n

be exponentially large in O(2"1)- ¥ .

Corollary 2 suggests that a firm applying an optimistic strategy, i.e., assuming independence
among suppliers, should be confident that the correlation among suppliers will stay low. Other-
wise, the firm should apply the conservative strategy since the potential regret is lower. However,
it is easy to argue that simply applying assumption of maximal dependence to all suppliers is
overly conservative. In the following sections, we explore two strategies that a firm may employ
to avoid over-conservatism: i) utilizing partial information regarding supplier correlations and %)
using shadow price information to prioritize efforts aimed at improving understanding of the true

correlation structure.

3.3. A Partially Dependent Distribution

We have shown that the maximally dependent distribution offers high-quality solutions in compar-
ison to the independent distribution when the underlying joint distribution is unknown (Lu et al.
2015, Zhao & Freeman 2019). However, it is a rather conservative approximation of the prevailing
supply distribution due to the fact that it utilizes no information regarding supplier correlations.
In many cases, the firm may have information suggesting that certain groups of suppliers face

mutually independent supply risks. For example, suppliers in different geographic locations can
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be considered independent with respect to disturbances resulting from extreme weather condi-
tions. We can use such “partial” information to reduce the conservatism associated with maximally

dependent distribution.

THEOREM 1. Suppose the suppliers can be partitioned into r groups, where two suppliers that
belong to different groups are independent with respect to supply uncertainty. Let Ny,..., N, denote

such a partition of the suppliers comprising the set N. If Assumption 1 holds, then we have

T

(1) the partially dependent distribution FP(§) = HFm(le) as a worst-case distribution, where
i=1

Evy = (&5 €Ny) for any i€{1,2,....r}, and

(2) ¥ <9(m) I)I(lzaé(EFp [V (x,€)], where ¥(k) =k (1 - <1 - li) ) and m= max |N;|.

i€{l,...,r}

Theorem 1 shows that the independent and maximally dependent distributions provide funda-
mental building blocks that allow a buying firm to incorporate “partial information” regarding
supply correlations. If the estimated covariance matrix Y, demonstrates weak correlation among
groups of suppliers, Theorem 1 provides a closed-form worst-case distribution FP that utilizes such
information. This insight provides a useful scenario analysis tool, especially for firms in the initial
phases of supplier selection. In particular, the firm can construct partitioning scenarios based on
reasonable beliefs regarding supplier independence and apply the insights of Theorem 1 to identify
the potential impact on profitability for each partition. As was true for the value of correlation
information, these projections can be made without implementing any new strategy since F® does
not rely on ordering decisions.

If evaluating the potential profit for the previously described partitioning scenarios is difficult,
then the bound in Theorem 1 part (2) admits a simple heuristic approach for constructing a supplier
base that is composed of independent supplier groups with an equal number of suppliers in each
group. As an example, consider a firm that currently transacts with 3 suppliers. Assume that the
only available information regarding supplier correlations is that supplier 1’s supply distribution
is independent of the other two suppliers, 2 and 3. Thus, we have two groups, the first composed

of supplier 1 and the second composed of suppliers 2 and 3. Suppose that the firm is considering
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adding one new supplier from a set of two candidates, a and b, and knows that supplier a faces
supply risks that are independent of those faced by supplier 1, and supplier b faces supply risks
that are independent of those faced by suppliers 2 and 3. With only this information, the firm
should select supplier b because having 7 =2 lowers the value of ¥(%) in Theorem 1 part (2).

3.4. Shadow Price of Correlation Constraints

In practice, it is unreasonable to expect that accurate information regarding all supplier correlations
will be available at the time when a sourcing decision needs to be made. Thus, a buying firm may
need to further explore dependencies among suppliers based on current information. In the process
of deciding where to focus investigation efforts aimed at improving the firm’s understanding of
prevailing correlations, the shadow price of constraint (1b) offers important insights. Let @ be the
dual variable for constraint (1b), where @);; corresponds to the shadow price of correlation between
suppliers ¢ and j for any 4,7 € N and i # j. We characterize the structural property of the shadow

price as follows.

THEOREM 2. Given any order quantities x, let F*(§;x) with support supp(F*) be an optimizer
of minper E[V(x,€)] and Q* be the value of the dual optimizer. For any i,j € N, i # j, if there
exist & € supp(F™), scalar 6;, and scalar 6; such that {&+ 0,e;,& + 0;e;,€ + 0;e; + 0je;} C supp(F*),

where e; and e; are unit vectors, then we have

(R(X,er djej+d;e;) — R(x, &+ 5jej)) — (R(X,§+ oe;) — R(x,f))

Qij = 251’6]' . (4)

Moreover, if R(x,§) is twice-differentiable on & and d(z,, &) is differentiable on &, ¥s € N, for

any & € supp(F™), then we have

OR(x,§) . .,
Q;:—/ ———22dF" (&%), Vi,j e N,i#j.
y ey DEDE, (&%), Vi, j # 3

REMARK 1. Note that F*(£;x) is an optimizer of mingcz E[V (x,)]. For any choice of £, d;, and
d; such that {&,&+ d;e;,& + d;e;,& + d;e;+ 0e;} Csupp(F*), the constraints (EC.23) with respect

to {&, &+ e, + 055,64+ 0,6, +0je;} in the dual formulation hold at equality for the optimal dual
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solution because of the complementarity conditions. The resulting four equations allow us to obtain
Qj; (Vi,j € N,i# j) as in (4), and this result applies when F* has discrete support (see Example
EC.3 in Appendix D of the Online Supplement).

Theorem 2 shows that the shadow price of the correlation constraints depends on revenue func-
tion, optimal order quantities, and the worst-case distribution. However, the shadow price does not
depend on the supplier’s unit costs, i.e., expenditure. This is reminiscent of the analysis presented
in Simchi-Levi et al. (2015) that finds Ford’s expenditure with a supplier is uncorrelated to the
profit loss they would incur if the supplier were suddenly interrupted. Theorem 2 offers a possible
explanation to their findings by demonstrating that a firm’s expenditure with suppliers does not
affect the shadow price associated with the supply correlation structure. Moreover, Theorem 2 sug-
gests that suppliers’ unit costs should not factor into decisions on how to prioritize efforts towards
exploring the prevailing correlation structure. However, we must point out that Theorem 2 does
not suggest the unit costs are irrelevant to the correlation structure because the shadow prices
depend on the ordering quantities. For example, if a supplier changes its unit cost, then it may
affect the firm’s optimal order quantities. As the shadow price relates to the order quantities, the
change of unit cost may have impact on the firms’ priority on exploring correlations. Therefore, the
priority ordering related to discovering suppliers’ correlation is determined by the shadow prices,

not unit costs, after the firm has the optimal sourcing decision given by the DR model.

4. Sourcing Strategy with Quadratic Revenue Functions
Distinct from the existing literature, we focus on robust sourcing under multi-level disruptive
processes where the prevailing correlation structure is unavailable or ambiguous. Based on the

responsive quadratic revenue function, a DR equivalent is

x>0 FeZF

max min Ex [max { (a—bq)q

q<Zd (24,&s), V§GOI} Zcé a:é“] (5)

s=1
Considering the DR model with a specific revenue function allows us to investigate how the optimal

supplier base is affected by the correlation structure and to demonstrate how we may use the
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insights of Section 3.4 to define a best sequence for exploring supplier correlations. We also present
the results of a comprehensive numerical study that allows us to investigate the performance of
the DR model.

4.1. Yield Uncertainty

Although the profit function is concave under yield uncertainty, developing a full characterization
of the optimal solution for the setting is cumbersome even for all-or-nothing disruptions (Hu &
Kostamis 2015). In order to develop analytical solutions, we define a supplier s as being stable if
o, =0. For example, a reliable supplier is obviously stable. Because of its zero variance, the unit
cost of a stable supplier can be used as a price “anchor” to measure other suppliers’ performance
and derive order quantities in closed form. Proposition 4 considers a distributional set % where
3 is determined by a single parameter 0 < p <1 and the case with p=1 is discussed in Remark

EC.2.

PROPOSITION 4. Consider yield uncertainty. Suppose supplier 1 is stable, i.e., 01 =0, and ¥;; =
poio; Vi#j€N. We have two cases':
i) The firm orders from supplier 1. Let the suppliers in N\ {1} be ordered to satisfy (c1 —ca)pa/02 >

> (1 —ep)pin/on and

Sp:max{k‘

(cl—ck)uk > i Cl_cl Hi )
2boy, - )+ 1 2bo;

If the firm outputs all available supply, in particular, if (¢ +a(p —1))(1—p) > D0 (e1 —cs)ps(1—

ws) /o2, then the optimal order quantities are 3 =0,Vs=S,+1,...,n,

Sp 2 Sp
_a—c (1 — ci)p; p (c1 — cw )i 1
T S z_; 2b(1 = p)ofin " p(S,—2)+1 Z 2b(1 = p)oin (Z o; ©)
S
_ 1 (Cl — CS)MS p . (Cl — G )
T (1—p)os ( 2bo p(S,—2)+1 ; 2bo; ) 5=20 5.

! The conditions that the buyer sources (or not) from the reliable supplier and outputs all available supply can be

stated explicitly by considering z1 >0 (or z1 <0) in (6) and Y ", s < a/2b, respectively.
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it) The firm does not order from supplier 1. Suppose suppliers in the set J C N\ {1} receive orders.
If the firm outputs all available supply, in particular, if a(1—p) > > ", (c1 — ¢s)ps /02, then there

exists Ay such that the optimal order quantities are

1 (€1 —Cs)phafhs — A1 fhs p (c1 —¢i)papo; — A
Ts = — ,VS S j,
(1—-p)os ( 2bp 0 P(‘~7|—1)+1; 2bp10;

and s =0, Vs ¢ J. If p=0 and suppliers are ordered to satisfy co <---<c,, then J ={2,...,5*}

and A\ = ay» where j* =max{j|ui(c1 —¢;) > o} and

oo (e ) ) 1 5).

Proposition 4 provides several interesting insights that relate to observations made in the liter-
ature. First, when suppliers are independent, i.e., p =0, Proposition 4 supports the conventional
wisdom that “cost is an order qualifier and reliability is an order winner,” and similar to the findings
presented in Li et al. (2013), it also suggests that procurement cost is not a sufficient qualifier when
suppliers are correlated. Moreover, the sequence (¢; — o)1 /o1 > -+ > (¢1 — ¢,) pin /0, provides an
explicit ratio to select suppliers under certain conditions. Second, when the buying firm sources
from the stable supplier, the size of the order placed with the stable supplier is coupled with the
market size whereas the amounts ordered from other suppliers are not. This finding, first noted
by Hu & Kostamis (2015) when considering the problem of sourcing from a set of reliable and
unreliable suppliers where the likelihood of simultaneous disruption of more than one supplier is
negligible, suggests that a cost-effective and reliable supplier provides an effective counter against
disruptions as the market size varies. Our result generalizes the insight of Hu & Kostamis (2015)
to a setting with generally correlated supply risks.

A more interesting insight of Proposition 4 is that the size of the optimal supplier base decreases

in a nested fashion as the degree of correlation among the suppliers increases.

COROLLARY 3. Let S(p) ={1,...,S,} be the optimal supplier base in the case of Proposition 4

part ©). We have S(p) is nested decreasing with p.
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Consider the case where the firm orders from the stable supplier. When p = 0, the firm sources
from all suppliers s € N with unit cost ¢, < ¢;. However, as the correlation coefficient increases,
the set of suppliers that receive an order shrinks, i.e., S, decreases. Thus, the optimal degree of
supplier diversification decreases as suppliers become increasingly interrelated. Moreover, if the
firm were able to determine a maximal threshold for p, then the optimal supplier base associated
with this threshold will represent a set of “core” suppliers with whom it is advantageous for the
firm to pursue strategic alliances, a valuable insight regardless of the true correlation structure.
4.2. Capacity Uncertainty

The model (5) becomes non-concave under capacity uncertainty and the model does not admit
a closed-form solution, even if the supply distribution is given (Li et al. 2013). However, it is
interesting to note that structurally the optimal supplier base under capacity uncertainty is different

from what we observed for the case of yield uncertainty in Corollary 3.

THEOREM 3. Consider a case where no supplier experiences a complete disruption, i.e., F,(0) =
0, Vs € N. Let S(X) denote the optimal supplier base given upper bound ¥ in constraint (1b). Then,

S(X) CS(E") if ¥ =%, i.e., S(X) is nested increasing in 3.

The difference between the structural properties of the optimal supplier base is a result of the
risk preferences implied by the associated supply distributions and uncertainty types. Regardless of
the estimated correlation level between suppliers, the fact that yield is uncertain allows the buyer
to increase the supply of goods by inflating order quantities, i.e., increasing the amount ordered
from members of the supplier base to increase the expected delivery amount. Such shortage gaming
is not practical when capacity is random. In particular, when capacity is random, increasing the
amount ordered from a fixed set of suppliers is not beneficial when a disruption occurs since the
total capacity of the selected suppliers limits the amount delivered. Thus, in the case of yield
uncertainty, weak supplier dependencies make it attractive to spread the total order amount among
a relatively large number of suppliers. As supplier dependencies increase, it becomes attractive to

concentrate the order among a smaller set of more reliable suppliers. On the other hand, under



30

capacity uncertainty, increasing supplier dependencies requires the firm to prepare for potential
supply risks by increasing the total capacity that is available in the supply base through increased
diversification.

4.3. Sequence for Exploring Supplier Correlations

It can be computationally challenging to find the shadow prices through the equations given in
Theorem 2. However, considering the model (5) under yield uncertainty gives a simple expression

for the shadow prices.

COROLLARY 4. When yield is uncertain, if the firm outputs all available supply, then Q;; =

brjx}, Vi,j € N,i# j, where x* is the optimal order quantities.

Following conventional wisdom, it would seem that we should first identify the correlation among
“bad” suppliers who are more expensive and less reliable. Such suppliers typically send up red
flags, even though they may typically receive smaller orders from the firm. In contrast, Corollary
4 suggests that the firm should prioritize investigating the correlation between “good” suppliers,
i.e., suppliers that are less expensive and/or more reliable, because they are more likely to receive
larger orders. Since the DR model is rather conservative and may assume a high degree correlation
among suppliers based on given information in the distribution set .%, the possible correlations
between those “bad” suppliers are already considered in the model via the order quantities under
a worst-case distribution. In order to improve profitability, the firm needs to reduce unnecessary
conservatism by uncovering the true correlation between “good” suppliers. Therefore, Corollary
4 is consistent with our DR approach and offers an effective strategy for prioritizing efforts on
exploring correlation information in a supply chain.

4.4. Computational Experiments

This section presents two sets of computational experiments that demonstrate the performance
of our proposed models when applied to the model (5) with @ =20 and b = 1. Throughout our
experiments, we assume that there are three suppliers, each experiencing four possible disruption

levels, and we consider both cases of yield and capacity uncertainty. In particular, when yield is
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uncertain, we assume that each supplier may experience disruption levels at 0, 0.2, 0.4, and 1,
representing cases where the supplier delivers 0%, 20%, 40%, and 100% of the requested quantity,
respectively. When capacity is uncertain, we assume that each supplier may experience disruption
levels at 0, 0.1, 0.3, and 1, representing cases where the suppliers capacity is 0, 1, 3, or 10 units,
respectively (i.e., Dy =10). We use a parameter 6 to vary the mean likelihood of disruption levels
that are associated with reduced yield or capacity. For each supplier s € N, we have F (1) =1
by its definition. Recall that we have four possible disruption levels for both cases. Thus, we
generate three random numbers uniformly in range [10% + 5%80,40% + 5%60] and use them to
specify the cumulative probability for each disruption level F,(&,), & € [0,1), in nondecreasing
order. For the upper bound of constraint (1b), we generate a sequence of random matrices %,
with € {0.00,0.05,...,0.95,1.00} such that all non-diagonal entries of ¥,; are random numbers in
[k —0.05,k] if K > 0 and 0 otherwise. Table 4 summarizes the parameter settings we use throughout

the numerical study. For each combination of # and x values that are included in Table 4, we

Table 4 Experimental Parameters

Parameter Values
n 3
Cs uniform(1, 3]
¢ {0,0.2,0.4,1}™ under yield uncertainty, and

{0,0.1,0.3,1}™ under capacity uncertainty, with D, =10, Vs € N
) ~1,0,1
F, (&) selected from a uniform[10% + 5%6, 40% + 5%0) if &, <1
Y. where & € {0.00,0.05,...,0.95,1.00}

randomly generate 100 instances. For the sake of space, all graphical presentations for the results of
our numerical experiments are based on the case where 6 = 0. Although this excludes some settings
of our experimental design, we did verify that all of the reported insights are consistent across the
excluded @ levels. All the instance data used in this section are publicly available in Zhao et al.

(2022).
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Table 5 Summary of the experiment with independent and maximally dependent distributions

Uncertainty | 0 | Az'% | Az™% x!'/x x™ /x oMoy | A¥ g

Type So 81 Sg S0 s1 8o | AV T
-1 1.95| 2.85 |3.04 216 1.68|0.41 0.57 0.61| 1.85 8.98
Yield 0 271 3.75 |3.14 264 2.04|0.35 051 0.69| 1.38 | 11.91
1 3.62 | 5.26 |2.97 243 2.25(0.30 0.70 0.61| 0.85 | 16.18
-1 1.78) 0.86 |3.25 2.47 1.80(0.74 0.84 0.89| 52.37 8.08
Capacity 0 284 | 1.39 |3.20 250 2.15|0.68 0.81 0.82| 31.96 | 11.12
1 3.83| 1.66 |2.71 2.80 1.90|0.78 0.78 0.90 | 28.61 | 15.18

4.4.1. Fully Correlated Case In the first experiment, we assume all suppliers are positively
correlated to some degree, i.e., that X, > 0 for all K > 0. We define A¥ =% — ¥, an upper bound
for the value of correlation information (see (3)). Table 5 summarizes the experimental results.

We discuss three insights based on the results given in Table 5. First, the column %% sug-
gests that the value of information regarding the underlying correlation structure increases as the
likelihood of supplier disruptions increases, which is captured by increasing value of 8. This trend

is consistent for both yield and capacity uncertainties and results in corresponding decreases in

the ratio of the value of multisourcing (VoM) to A%, which is given in column \g’},\f%. Ultimately,
this suggests that a firm experiencing an increase in the frequency of supply disturbances is bet-
ter served by investigating and understanding the relationship among these risks than by simply
increasing redundancy. This observation makes sense in the considered setting because any newly
acquired sources may share commonalities with the existing supplier base, making the marginal
benefit of the increased diversification small.

Second, we note that there are substantial differences in the ratio of the value of multisourcing
to AY under the two types of supply uncertainties in Table 5. In particular, we observe that
the values of multisourcing, relative to A¥’, are much lower under yield uncertainty than under
capacity uncertainty, even though the value of multisourcing decreases for both as the mean disrup-
tion likelihood increases. The difference is related to our observations in Section 4. In particular,
when yield is uncertain and the available suppliers are maximally correlated, the optimal sourcing

strategy will use a more reliable supplier as an anchor supplier that receives the lion’s share of

the total order allotment, with the remaining suppliers receiving orders based on their relative
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competitiveness with respect to both cost and reliability. Thus, the benefit of multi-sourcing is
dampened because any additional suppliers included in the supply base may only receive smaller
orders, which limits their ability to impact profitability. In such a setting, a better understanding
of the correlation structure offers the most substantial improvements in the expected profit. When
capacity is uncertain, it may not be possible to simply increase the amount ordered from a more
reliable supplier due to capacity constraints and diversification takes on a more important role in
the buying firm’s risk mitigation strategy. This more prominent role of multisourcing is reflected
Ve

A’"},\f% that we observe in Table 5 when capacity is uncertain.

in the higher values of

Finally, Table 5 compares the optimal solutions x' and x™ under both independent and maximally
dependent distributions, respectively. The column “x'(x™)/x” captures x'(x™) divided by x, the
average order quantity across all values of k for each supplier. Following intuition, we observe
that the firm tends to order more than the average under the assumption of independent supply
risks and less than the average under the assumption of maximally dependent supply risks. The
column “Az'%” (“Az™%”) provides the expected profit loss, expressed as a percentage, that occurs
if the solution x' (x™) is employed regardless of the underlying correlation estimate defined by
Y., where the loss percentages are averaged over all values of k. Figure 2 compares the profit

loss percentages for each value of kK when 6 = 0. We observe in Figure 2 that the performance

wf 1 e 2% ]
9 | N _Azm% 5 [ B
8 - -
X7t . 4 .
2 6l |
= 5| | 30 :
=
8 4 N 9l i
a sl |
20 : L |
1 - -
0 0
K K
(a) Yield Uncertainty (b) Capacity Uncertainty

Figure 2 Profit loss by applying x' and x™
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of solution x™ (x') improves (deteriorates) as the correlation increases. The plots also provide
compelling evidence to suggest that regardless of the type of uncertainty and characteristics of the
available suppliers, at least one of the solutions is able to offer a sourcing strategy with a relatively
low degree of profit loss, i.e., less than 3%. Thus, before exerting any effort on investigating the
prevailing correlation structure, our DR models allow the firm to determine 7) budget limits related
to potential investigations into supplier correlations; i) a maximum expected profit loss if the
measure of correlation is incorrect or missing; and i) bounds on the supplier order quantities given
by the solutions x! and x™. The latter can be particulary useful for firms considering suppliers that

require quantity commitment contracts.

4.4.2. Partially Correlated Case In our second experiment, we partition the available sup-
pliers into two groups where supplier 1 composes the first group and suppliers 2 and 3 compose the
second group. We assume that the suppliers in each group are mutually independent from those
in the other group with respect to supply risks. Let xP denote the optimal solution based on the
partially dependent distribution given in Theorem 1. Figure 3 plots the profit loss associated with
implementing solutions x' and xP, respectively, regardless of the underlying correlation estimate

defined by X,. Figure 3 shows that the solution x' may result in a profit loss exceeding 1.5% if

3.0 S —— A% 3.0
x0 2.5 5 2.5 .l
f 201 2 2.0
= '.
E 150 ] L5 &
2 »,
& 10t . 1.0 0‘.
,-‘6;.
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0.0 004 _°%000000000
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Figure 3 Compare profit loss between uncorrelated and DR models

supplier 2 and 3 are highly correlated (i.e., K > 0.5). However, the solution xP results in profit loss
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values below 1.0% if suppliers 2 and 3 are moderately or highly correlated, i.e., x > 0.3. Ultimately,
these results show that our partial information can substantially improve the profitability of a
firm facing correlated supply risks when they are able to use available information or judgment to

partition suppliers into mutually independent groups.

5. Conclusion

Although the existing OR/MS literature on SCRM offers useful insights, an overwhelming majority
of this research is based on the assumption of perfect knowledge regarding supply risk correlations
that may limit empirical validity and practical utility. The overarching goal of this research is to
propose and explore viable sourcing techniques for the less stylized settings that may be encoun-
tered in practice. First, our DR model constitutes a risk-averse approach for accommodating the
interrelated risks that arise due to the depth and complexity of today’s global supply chains. Sec-
ond, instead of limiting our study to one uncertainty type, we consider both the cases of yield and
capacity uncertainties. Third, our model accommodates multiple levels of supply risks, allowing
us to determine sourcing strategies that account for less severe, day-to-day issues that arise in a
supply chain in addition to major, all-or-nothing disruptions. Finally, when applied to problems
in the area of sourcing, our model suggests an efficient approach for prioritizing efforts aimed at
better understanding the correlation among suppliers.

Our numerical experiments offer many additional insights. First, we show that our DR models
can outperform models based on erroneous estimates of the prevailing correlation. This insight
suggests that firms’ SCRM efforts can be simplified and may require no effort be expended to better
understand the true correlation that prevails. Such a decision can be made by using the solutions
to the independent and maximally dependent distributions to estimate the maximal return on such
efforts, via the value of correlation information, and comparing this maximal return to expected
costs of data collection. Second, we identify several fundamental differences between the optimal
sourcing strategies under conditions of random yield and random capacity. In general, the setting

of random capacity is more difficult to analyze and the resulting solutions are starkly different to
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those for the case of random yield since increasing the amount ordered from more reliable suppliers
is not sufficient to offset the detrimental effects of disruptions.

Research on supply chain risk management when information regarding the prevailing correlation
is unavailable or ambiguous is in a nascent stage. Thus, there are several promising avenues for
future research for this application area. For example, we can consider multiple buyers that compete
and utilize a common set of ambiguously correlated suppliers. We may also consider the case where
supplier ordering costs are endogenous and suppliers compete on pricing. In this study, we consider
cases where 1) the correlation structure is specific and the objective function is general and i7) the
correlation structure is general and the objective function is specific. Given this, future research
is needed to better understand the cases where both the correlation structure and objective are
general. Finally, in Section 2, we discuss how quadratic objective functions can be used to model
a variety of problems that fall outside of those traditionally covered in the sourcing literature. For
example, quadratic objectives can be used to model problems such as the allocation of supplies
during a humanitarian emergency or the allocation of emergency medical resources. Thus, future

research could investigate how the proposed DR framework can be applied to these new contexts.
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Appendix A: Quadratic Revenue Function under Bernoulli Disruptions

In this appendix, we assume that all suppliers experience Bernoulli disruptions with &, € {0,1} Vs € N,
and the buying firm adopts the simple quadratic revenue function R(x,&) ={(a—bq)qlg=>_ .\ d.(z,, &)}

sEN 78

Hence, the DR model is a quadratic programming as follows:

x>0

max (Z(a — o) sy — bXT (X4 ppT) X> . (EC.1)

s=1

Although the model is computationally tractable, it is cumbersome to derive analytical solutions (see Section
2.2). In order to understand how the correlation structure affects sourcing strategies, we will study the

optimal sourcing strategies under several key correlation structures. We assume that 1> pu; >--- > pu,, >0.

LEMmMA EC.1. For given order quantities x; Yi € N, the firm achieves

e the highest profit if the correlation p;; between firm i and j with i # j attains its lower bound P, =

— /(1= ps) (1 = ;)] /pape; - This optimistic correlation structure reflects a situation where the likelihood that

multiple suppliers experience simultaneous disruptions is negligible.

e the lowest profit if the correlation p;; between firm i and j with i # j altains its upper bound p,; =

V(1= )] /[ (1 = pi)]. This conservative correlation structure reflects a situation where supply disrup-
tions exhibit a domino effect. In other words, when a supplier experiences a disruption, all suppliers with

higher marginal disruptive probabilities also experience disruptions.



ec2

For notational simplicity, for any i € N, we let r; = (@ — ¢;)i;/2b > 0 denote the expected profit margin,

scaled by 2b, if the firm sources from supplier i.

ProrosiTiON EC.1. Optimal solutions under different correlation structures are characterized as follows:

e under the overly optimistic correlation structure with p;; =P, the firm sources from all firms and the

order quantities © =r;/(1 — w;), Vi € N, where r;/(1 — p;) also represents the return—risk ratio of

supplier 1.

under the independent correlation structure with p;; =0, the firm sources only from suppliers whose
return-risk ratios are greater than a scalar® X and the order quantities ' = max(r;/(1 — p;) — X, 0)/ s,

VieN.

under the conservative correlation structure with p;; =p,;, the firm sources only with suppliers that are
on an efficiency frontier defined by return r; and risk 1 — p;, Vi € N. Suppose all suppliers are on the
efficiency frontier and p; # p; Vi # j € N, then the order quantities

T —Ti-1 Tit1 —T; 3 Thn —Th-1
$f=——1 “,Vie N\ {n}, and 25 = ">—"—
Mi—1 — i s — 41 Hn—1 — Un

where ro =1 — o =0 for notational convenience.

Proposition EC.1 demonstrates the sourcing strategies under different correlation structures. Under the

overly optimistic correlation structure, the firm employs a high degree of diversification, sourcing from

all suppliers since it assumes a negligible probability of simultaneous disruptions. Under the independent

correlation structure, which also implies an optimistic view of the supply risk, the firm sources from suppliers

based on a return-risk ratio threshold, A\. Under the conservative correlation structure, the firm compares

the return-risk ratio between suppliers and sources from suppliers lying on the described efficient frontier.

A.l.

Technical Proofs for Appendix A

Proof of Lemma EC.1 With a given marginal distribution that Pr(§; =1) = p; € (0,1), Vi € N, we can

attain the lower and upper bounds of the correlation coefficient p;; for any i, j € N and i # j as follows (note

that p;; =1 for any i € N). First, we have

E[éi -¢;] — E[GIE]
V(E[EF] - EL&]?) (E[E] - E[E;]?)

Pij =

2 The definition of X is presented in the proof.
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Pr({ =1 fg = 1) i g
Vi (U= ) (1= 1)
_ (1-Pr(& = Oaﬁj =0)—Pr(§; = 0,§;= 1) —Pr(§ = 1,§ = 0)) — Hill;
\/ﬂiﬂj(l = pi) (1= py)
>0—Pd€—® Pr(§; =0)) — papy
- Vit (1= ) (1= )
Ml(l—m) Hifk; :_>(1—mxl—m):p
V(U= pa) (1= 1) Pt -

where the first equality follows from the definition of the correlation coefficient, the second and third equalities
hold because &; follows a Bernoulli distribution for any ¢ € N, the first inequality holds because Pr(§; =
0,§=0)+Pr(§=0,§=1)=Pr(§=0) and Pr(§; =1, =0) <Pr(§; =0).

Second, we have

o Pr(&=1,§=1) — pipy < Pr(&=1) — pipy;
oV a (U= ) (T =)~ g (U= ) (T = py)
_ fi = fLift; (1 — py)
\/Miﬂj(l—ﬂi)(l—ﬂj) #5 (1= pua)

= Pij>

where the inequality holds because Pr(§; =1,¢;, =1) < Pr(§ =1). When the order quantities z; Vi € N are
given, the optimal profit in (EC.1) is a linear function of ¥ and accordingly a linear function of p,; for any
i,j € N and i # j. Hence, the firm obtains its maximal (resp. minimal) profit if p;; attains its lower (rep.

upper) bound. a

Proof of Proposition EC.1 Suppose p;; =P, for any ,j € N and ¢ # j. By Lemma EC.1, Problem (EC.1)

becomes
1$%<§:ha—Qﬂhz b(1 — ;) ]—2b E: T, vamz — pi) (1 Mﬁ+%1—u0ﬂ—uﬂ>>
- i=1 i,j=1;i<j

=max {(a — )iy —b(1— ul)xf] .
i=1

x>0 —
The first order condition gives the optimal solution

. (a—c;)ps T;
C2b(l ) T 1 p

>0, Vi€ N.

Now, suppose p;; = p,; for any i,j € N and i # j. By Lemma EC.1, Problem (EC.1) becomes

m%((i(a—c —2b Z (1—p)xx )

i=1 i,j=1;1<j
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The first order conditions are

i—1 n
_\a—¢G)pi .
ri:%:Z(l—ﬂj)xj—l—(l—ui)z:xj, Vie N.
j=1 Jj=1

Then, we have

Tit1 —T; Zn: .
—_— = x;, Yie N\ {n}.
M — Hi+1 it

Hence,

Tn —Tn-1

xi:ﬁ*ﬁq7T¢+1*7’¢’W6N\{n}’ and x, = ,
Hi—1 — i M — i1 Hn—1— Hn

where rg =1— g =0. Then, z; >0 Vie N\ {n} if and only if

Ti—Tic1 Tigr =T

>0, Vie N\ {n}.
Hi—1 — My Hi — i1 \{}

The condition implies that connecting all the points {(0,0),(1 — p;,7;) : 4 € N} on a plane forms a convex
efficiency frontier.

Last, suppose p;; =0 for any ¢,j € N and i # j. By Lemma EC.1, Problem (EC.1) becomes

ng{(Z{(a—cl)ulajl—b(l—u, }—Qb Z (1— ) 1—uj)xxj>,

i=1 1,7=1;1<j

and the first order condition gives

1_% = ;T +Z — i)z, Yi€ N.

Let J be the set of suppliers with positive order quantities. The first order condition gives

Z Zl_ulx—'—z (Zl—ﬂi)l’z)
16.7 ISve i€J Hi i€dJ
Ve = Zz‘eyri/ﬂi
- Z(l ) T+, (U =)/ s

€T

Hence, the optimal solution is

1 .
x,:< “M —)\>, VieJ, and 2, =0, Vie N\ J,

where

Ziej ri//‘z‘
1+ Ziej(l — i)/ i .

We reorder the indices in N such that /(1 —pq) >--->r,/(1 — p,,). Hence, 7 ={1,...,J} where

A=

r J

j =y i/ 1
(1*%) T+ (=) |

The proposition is proved. O

J—argmax{]
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Appendix B: Instance Generation Procedures

For Case 1, given a 3-dimensional array (p,pa,ps) = (0.3+0.050,0.2+0.056,0.1 4 0.05¢) and an interval I,

let X' be a 3 x 3 correlation matrix where all the off-diagonal elements are —0.3, 0.2, or 0.7 if I, is [-0.2, 0],

[0,0.25], or [0.25,0.5], respectively. We then follow Algorithm 1 to generate an instance.

Algorithm 1 Generate an instance for Case 1, given (p,p2,ps), I, and ¥’

1:

2:

Generate a sample {(£] ;,&5,,85,):i=1,...,400} that follows a multivariate normal (0, %’).

Let r, be the p, x 100th percentile of the data set {£,,:i=1,...,400}, Vs € {1,2,3}.

Get a sample {(£1,i,82,4,83,:) 19 =1,...,400}, such that &, ; =1,if £, ; > ;& ; =0, otherwise, Vs = 1,2, 3.
Note that E;ﬁ? &..:/400= (1 —p,), Vs =1,2,3. Since &, =0 indicates supplier s is disrupted and &, =1
represents no disruption, each supplier s has marginal disruptive probability p,, Vs =1,2, 3.

Calculate the pairwise correlation coefficients p,;, Vs #t € {1,2,3}, of the sample {(&14,82.4,83) 14 =
1,...,400}.

Return sample {(§14,82,:,83) 1i=1,...,400} if p, € I,, Vs #t € {1,2,3}, otherwise go to Step 1.

For Case 2, given a 2-dimensional array (pa,pgs) = (0.25+0.056,0.15+ 0.050) and an interval I,, let ¥’ be a

2 x 2 correlation matrix where all the off-diagonal elements are 0.05, 0.25, or 0.5 if I, is [—0.2,0], [0, 0.25], or

[0.25,0.5], respectively. We then follow Algorithm 2 to generate an instance.

Algorithm 2 Generate an instance for Case 2, given ', (p4,pp) and I,

1:

Generate a sample {(¢, ;,£5,;):i=1,...,400} that follows a multivariate normal (0,%’).

: Let r, be the p, x 100th percentile of the data set {¢,,:i=1,...,400}, Vs € {4, B}.

Get a sample {(§4,:,¢p,:) 11 =1,...,400}, such that & ; =1, if £, > r,; & ; =0, otherwise, Vs = A, B.
Note that ngi &,.:/400=(1—p,), Vs = A, B. Since &, = 0 indicates the supplier s is disrupted and &, =1
represents no disruption, each supplier s has marginal disruptive probability p,, Vs = A, B.

Derive a sample {(£1,:,62,i,83.6,8a.0) = (§asi, 864+ 2654, .38a.:+.7€B.4,&p,:) 1= 1,...,400} for the tier-1
suppliers.

Calculate the pairwise correlation coefficients pg,, Vs #t € {1,2,3,4} of the sample {(&1.4,82.4,83,:,84.4)
i=1,...,400}.

Return sample {(&1,:,82,,85,,64,0) s 0 =1,...,400}, if p,, € I, Vs #t € {1,2,3,4}, otherwise go to Step 1.
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Appendix C: Distribution F™({) and Associated Sourcing Strategies

We use f™(€) to denote the probability distribution function of the maximally dependent distribution F™ (&),
which denotes a cumulative distribution function. In this appendix, we first demonstrate the support of the
distribution f™(£) as shown in Corollary EC.1. Then, we study the sourcing strategies under the supply
distribution F™(&). As shown in Section 2.3, the sourcing strategies associated with the worst-case distri-
bution F™ (&) can effectively mitigate supply disruptions when the correlation is ambiguous and difficult to
estimate.

Recall that F™ (&) = min,ey F, (&) for any & = (&1,8a,...,&,) €[0,1]™. We define ((t) = (¢1(2),...,¢. (1)) €
[0,1]™ with ¢ € [0,1] where (,(t) = min{¢, €[0,1]: F,(§;) > t}, Vs € N. For an arbitrarily given £ € [0,1]", we

claim that

F(¢(r)) = min F (¢, (7)) = 7 (€), (EC.2)
where 7 =min;ey F;(&;). Let ¢* € argmin,_ F;(;). First, we have

min F, (C,(7)) = min F, (¢, (Fix (§+))) < Fis (Gx (Fix (§5+))) = Fi (&) = min Fy(&;) = F™ (), (EC.3)

sEN sEN iEN

where the second equality holds because (;«(Fi«(&;+)) = &.. Second, we have

min F,((,(7)) > 7 =min F;(&;) = F™(§), (EC.4)

sEN iEN
where the inequality holds because of the definition of (,(t) for any s € N. Combining (EC.3) and (EC.4) gives
equation (EC.2). The equation (EC.2) suggests that we can focus on the domain I' = {{(¢) = (¢1(¢), ..., (. (1)) :

t €10,1]} for the distribution F™(§).

CoOROLLARY EC.1. If the available marginal disruption distributions are discrete, then f™ is defined on
a finite support T ={¢®=0,--- ,¢* =1} for an integer L, where (T € [0,1]" is different from ¢* € [0,1]" by

only one element and ¢t > (' for any i €{0,1,...,L —1}.

The support of f™(&) described in Corollary EC.1 mimics a domino effect where increasingly higher
degrees of supply disruption propagate through a supply chain. To illustrate this more concretely, we provide
Example EC.1 as follows.

ExaMPLE EC.1. Consider a set of three suppliers, i.e., N ={1,2,3}, which are subject to supply risks

captured by £ € {0,.3,1}3. Assume that the marginal cumulative supply distributions for the suppliers are
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Table EC.1 Supplier Information Table EC.2 Supply Uncertainty Scenarios

Supplier (s) F,(0) F,(.3) ¢ 1 Scenario Supplier 1 Supplier 2 Supplier 3 f™
1 0.25 0.70 20 0 ¢ 0 0 0 0.25

2 0.45 0.60 21 1 ¢t 3 0 0 0.05

3 0.30 0.40 22 2 ¢? 3 0 .3 0.10

3 ¢ 3 0 1 0.05

4 3 3 1 0.15

5 (O 3 1 1 0.10

6 (° 1 1 1 0.30

as given in Table EC.1, along with the unit costs in column c,. The support of f™ includes 7 scenarios,
ie., (°,...,(8. Scenario (% corresponds to a case where all suppliers deliver everything that is ordered and
¢° corresponds to a scenario where none of the suppliers delivers. The maximally dependent distribution
attributes the supply risk expressed by the marginals to a common source that affects all suppliers progres-
sively. To see this, note that the probability of supplier 1 experiencing a supply disturbance is the largest
in Table EC.1 with F;(0.3) =0.7. Thus, the maximally dependent distribution implicitly assumes that sup-
plier 1 is most sensitive to disruptions of the common source with a 70% likelihood of delivering less than
the ordered amount. As a result, we determine the likelihood that supplier 1 experiences no supply distur-
bance by considering the probability of scenario ¢® and the scenario that only supplier 1 experiences supply
disruption as scenario ¢°. The resulting probability is 1 — F}(0.3) = 0.3. Referring back to Table EC.1, we
observe that F5(0.3) = 0.6 is the second largest cumulative disruption probability in the table. Under the
assumption of maximal dependence, supplier 2 experiences a supply disturbance at level 0.3 only if supplier
1 is also at level 0.3. This situation is represented by scenario ¢* and the probability of scenario ¢® is given
by F1(0.3) — F»(0.3) =0.1. Continuing this logic, we arrive at the supply distribution shown in Table EC.2.

The definition of F™ implies that the support of f™(&) is {¢(¢t) = (¢1(t),...,Ca(t)) : t €]0,1]} where (,(t) =
min{&, € [0,1] : F(§;) >t} Vs € N. Since £ follows a discrete distribution, {(¢) has the same value when ¢ is
within a defined interval. For example, when t € (.25,.30], ¢(t) = (0.3,0,0), which is ¢* defined in Table EC.2,
because F;(0) =0.25, 0 = argmin{&, : F5(&) > 0.25} and 0 = argmin{s : F3(&5) > 0.25}. The cumulative
probability F™(t) in Table EC.3 can be calculated from column f™ in Table EC.2. That is, F™(t) = f™(¢°) +
/™(¢*) =0.30 for ¢ € (.25,.30]. Figure EC.1 plots F™(¢) over the domain ¢ € [0,1] and shows that F™(t) is
a step function sitting on the dashed line that corresponds to the cumulative probability function for the

uniform distribution on the same support. O
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Table EC.3 Supply Uncertainty Scenarios Figure EC.1 F™(t) on its support
¢ Scenario 11 (t) na2(t) ns(t) F™(t) 10l
[0.00,0.25] ¢° 0 0 0 025 09l
(0.25,0.30] ¢t 3 0 0  0.30 08| P
(0.30,0.40] ¢? 3 0 3040 07| -
(0.40,0.45) ¢ 3 0 1 0.45 < 06/ —
(0.45,0.60] ¢t 3 3 1 0.60 B 05| 7
(0.60,0.70] ¢t 3 1 1 070 0.4 —
(0.70,1.00] ¢s 1 1 1 1.00 0.3 | xadl
0.2 1
0.1+

The above example shows that if the available marginal distributions are continuous, then f™ is a uniform
distribution defined on its support. It is true because equation (EC.2) implies (F™ o ()(7) = F™(¢(7)) =

F™(&) =min;en Fi(&;) = 7. That is, F™ is equivalent to a uniform distribution on domain T".

In the rest of this appendix, we assume that the available marginal disruption distributions are discrete.
This assumption is not overly limiting since continuous marginal distributions can be accurately approx-
imated by discrete distributions. In order to derive clear insights on sourcing strategies, we consider the
responsive quadratic revenue function R(x,£) = max, {(a - bq)q’q <D sen ds(mg, 53)}. Using the notations
and the worst-case distribution given in Corollary EC.1, the DR model with the maximally dependent supply
distribution is

max > (¢ [(a—ba)a— Y eCfr.— > comin(D.CEx,) (EC.5)

s€ENy s€ENc

st g < Z CFa,+ Z min (D,(F,z,), Vk€{0,1,...,L}; and z, >0, Vs € N.

s€ENy sENc

Let x = (z;,Vi € N) and q = (qi,Vk € {0,1,...,L}) represent the vectors of the optimal order and output

quantities of Problem (EC.5), respectively. We describe an important property in the following lemma.

LeEmMA EC.2. For the optimal solution of (EC.5), we have

Qe :min{a/Qb, Z CFo,+ Z min (DS(f,xs)}, Vke{0,1,...,L}, (EC.6)

sENy sEN¢

and 0=¢qo<q; <---<qy.

Although it is easy for commercial solvers to obtain a numeric solution for (EC.5), it is cumbersome to

derive an analytic solution, even for the case of two suppliers, because of the disjunctive output decisions



ec9

qr (Vk€{0,1,...,L}) (e.g. see details in Hu & Kostamis 2015). To provide some insights on the relationship
between supplier reliability and supplier selection, we consider random yields and capacities in Sections C.1

and C.2, respectively. The technical proofs are presented in Section C.3.

C.1. Random Yields

In this section, we consider that all suppliers are subject to yield uncertainties that Ny = N. Suppose a
supplier s’ is less reliable than another supplier s. Specifically, we use the description less reliable to indicate
that a particular supplier s’ is more susceptible to disruptions at all levels when compared to another supplier
s, i.e., where F,(t) < F.(t), Vt €[0,1]. In the optimal solution, the output level in any disruption scenario
will be less than or equal to the revenue maximizing quantity a/2b because of Lemma EC.2. However, the
total order quantities may exceed a/2b to account for the possibility of supplier disruptions. Recall that the
support of f™ contains L + 1 scenarios ¢°,...,¢*. Let k* € {0,1,...,L} denote the superscript (i.e, index)
of a scenario in I' such that the optimal solution q satisfies g+ < a/2b < g+11, where k* = L if g, < a/2b
Vk € {0,1,...,L}. Using this definition, we may derive the relationship between supplier reliability and

supplier selection in the following proposition.

ProrosiTioN EC.2. Suppose a supplier s’ is less reliable than another supplier s and all the suppliers

are ambiguously correlated. If the firm orders from supplier s, then cy < c¢,/(1+n) where
argmax{k:¢¥, =0} «
O D T / STk ().
k=0 k=0
If the total order quantity increases in the optimal solution (e.g., when the market size increases), then
k* decreases and 7 increases because of its denominator. Proposition EC.2 shows that ¢, <¢./(1+1n) is a
necessary condition on ordering from supplier s’. When 7 increases, the buying firm expects lower unit cost
from the less reliable supplier s’. Thus, the supplier s’ becomes less attractive as the total order quantity
increases. The finding, the reliability trumps cost in the worst-case distribution, is the opposite of the
conventional wisdom developed under the uncorrelated assumption, which indicates that reliability weighs
in more as correlation increases.
With respect to the terms composing 7, the numerator captures the expected proportion delivered by
supplier s when supplier s’ is down because (% =0 for any k € {0,1,...,argmax{j : ¢/, = 0}}. And the

denominator captures the expected proportion that supplier s’ delivers in the scenarios where all procured
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goods are output to the market because qp < -+ < g+ < a/2b in the optimal solution. Thus, the ratio n
essentially provides a measure of the incremental reliability of supplier s in comparison to supplier s’ and
the inequality (¢ < ¢,/(1+n)) translates this measure into a cost reduction required for supplier s’ to
be attractive. From a managerial perspective, Proposition EC.2 provides a means to eliminate unreliable
suppliers on the basis of 1. Moreover, it provides a concrete reduction in cost that a less reliable supplier

must offer in order to be competitive, a potentially useful piece of information for negotiation purposes.

C.2. Random Capacities

In this section, we consider that all suppliers are subject to capacity uncertainties that No = N. Although
many researchers have shown that the notion that “cost is an order qualifier” does not hold in general when
suppliers face correlated disruption risks, the supplier with the lowest ordering cost plays a major role in

defining the optimal order quantities for the case of random capacity.

ProrosiTION EC.3. Let s represent the supplier with lowest ordering cost. Under the maximally depen-
dent distribution, when s receives no order, the quantity ordered from any other supplier s, with ¢, > c,, will

be less than or equal to D,C*, where k = argmax {k" : C;’ = O}.

Proposition EC.3 describes an interesting relationship between the order quantities and the scenarios
composing the worst-case distribution for the case of uncertain capacity. In particular, when no order is
placed with the cheapest supplier, the amount ordered from any other supplier will be bounded by its
capacity level in the scenario where the cheapest supplier first becomes completely unavailable. Thus, the
cheapest supplier is increasingly likely to receive an order as its probability of being fully down, i.e., f,(0),
decreases. Because supplier s is most attractive from the perspective of cost, this insight can be described

by the following corollary.
COROLLARY EC.2. The firm always orders from the supplier s with the lowest ordering cost if f,(0) =
min,cy f,(0).

C.3. Technical Proofs for Appendix C

Proof of Corollary EC.1 Suppose the marginal distributions f,(&,), Vs € N, are discrete on support {2,
and {0,1} € Q, for any s € N. Because the marginal distributions are discrete, I' = {{(¢) = (¢1(t), ..., . (1)) :

t e {F,(&),Vs € N,& € Q,}}. Note that I' depends only on the different values in the set {F,(&,),Vs €
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N, &, € Q,}. We introduce a set £L=1{0,1,...,L} such that {(s;,k;):Vie L} ={(s,&):Vs€ N, €Q,} and

F,, (k) <F.

Sit1

(kig1) for any i € £\ {L}. Basically, we reorder the set {(s,&,):Vs € N,&, € Q,} based on their
marginal distributions. Hence, I' = {((F, (k;)) : Vi € L}, which can be simply denoted by {¢°,¢*,..., ("}
Because F, (ko) is the smallest marginal probability, we have F,(£,) > F,, (ko), Vs € N, &, € Q. Hence, (? =
C(Fyy (ko)) = min{&, € [0,1]: F.(&,) > F. (ko) } =0 Vs € N, i.e., ¢° =0. For any i € L, the definition of ((t)
implies F, (¢ (Fs, (k;))) > Fs,(k;) Vs € N. Because {(s;,k;) : i € L} includes all different values of the marginal
probabilities F., (k;), we have F,(((Fy,(k:))) > Fy,(k;) Vs € N\ {s;}. Hence, F,(C(F,(k:))) > Fi,,, (kiv1),
Vs € N\ {s;}. Then, following the definition of ((¢), ¢\ = (,(F\, (k) =i, Vs € N\ {s;},i € L\ {L}, and
=, (F, ., (kip1)) =min{&,, € Q,, : &, > k;}. That is, ¢*** is different from ¢’ by only one element and
¢t > ¢ for any i € L\ {L}. Because Fy, (ki) = max{F,(,),Vs € N,& € Q,} =1, we have (¥ = ((F,, (k1)) =

¢(1)=1. O

Proof of Lemma EC.2 For any given order quantity x; (Vi € N), equation (EC.6) holds for the optimal
output quantity ¢, (Vk €{0,1,...,L}). Hence, equation (EC.6) is necessary for the optimal solution. Because
CF < ¢k for any k€ {0,1,...,L —1} and s € N by its definition, it follows that gy < ¢; <--- < ¢ due to

equation (EC.6). O

Proof of Proposition EC.2 The Lagrangian function of Problem (EC.5) is

L(z,q,),0) me a—ka Qk—zcx +Z5k (ZCZE %)'FZ)\M},
i=1

where 0, >0, Yk €{0,1,...,L}, and \; >0, Vi € N, are Lagrangian multipliers corresponding to the upper
bound and non-negativity constraints, respectively. The associated KKT conditions, which guarantee the

optimality and characterize an optimal solution, are:

oc

9z, —c;+ X\ —|—;}C 0, =0, Vi€ N; (EC.7a)
oL X

= £ (C*) (a— 2bgi) — b =0, Vke{0,1,...,L}. (EC.7b)
dk

We have ¢, =min(a/2b,% " (Fx;) for any ke {0,1,...,L} and g0 < ¢ <--- < ¢r by Lemma EC.2. Thus,
(EC.7b) implies dg > 6; > -+ > 8, > 0 because f™(¢*) >0 for any k € {0,1,...,L}. Let K =L if 6, >0,
otherwise there exists a K € {0,1,..., L} such that dx > 0 and dx41 = 0. We denote k' = argmax {k: ¥ =0},
ie, ¢4 =--=¢¥ =0 but ¢¥*' =1. Then, the output level ¢, (Vk < k') does not depend on the order

quantity x,/, because supplier s’ cannot deliver under scenarios Y, ..., Cf/l. We show that K >k’ as follows.
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Suppose, on the contrary, that K 4+ 1 < k’. Then the output level ¢, (Vk > k') does not depend on the
order quantity x/, because dx11=0= gx1+1=0a/2b= q, =a/2b Vk > k’. That is, the order quantity z., has
no effect on the output level. It follows that z,, = 0 would be the optimal solution to minimize the ordering
cost. This contradicts our assumption that the buying firm orders from supplier s’. Therefore, we conclude
that K > k'

Next, we first prove the following claim and then apply it to finish proving Proposition EC.2.

Craim EC.1. We have

Zcffm@k) > (14m) Y Chf™(C), and (EC.8)
Z (Z F) ¢k (¢t )) ;> (1+77)Z (Z (¢ =¢h) cf,fm(m) ;. (EC.9)

Proof of Claim EC.1 Note that supplier s stochastically dominates s’ with F,(t) < F.(¢),Vt € [0,1].

Hence, ¢* > (%, Yk €{0,1,...,L}. Tt follows that

K

Zc ™ chfm +Z CE=CEm(E =D )+ D (=)
k=0 k=0
:Zcf,fm<<’“>+2<ffm<c’“>
E:k OCkfm Ck k m — 1 = k rm k
( PSR e >Z< (e = +n);<s/f (&)

where the inequality holds because K >k’ and ¢* > (%, Vk € {0,1,..., L}. Therefore, (EC.8) holds. Before

showing (EC.9), we show that for any ¢ € N, we have

T e ) PCENALIAS
(ZZ o f: Ci;) (G =GN ™) (EC.10)
k=0 k=0

Zkk/Cf ) _K__k/k/kmk
(Z’;’Ockfm C,€)><<Z ¢! )kZZOCSf (@)

I (G (e IeF A (SO (EC.11)

K’ k=k'

Il
Mw

k

where the strictly inequality (EC.10) holds because ¢* > --- > ¢°. Thus, we have
n K
jz: (jg: Ck Ckfn] > Z; "ZE: (

>

M: i
7

(¢ —¢h) (¢t Z (R E

By ek Z (s ))

i=1 k

Il
=}
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= (Z (G5 =) ™€)+ (e = <) Cff‘“((k)> @

> Z(Z (CF=¢h) k¢t +nZ ¢hICE (¢ )
i=1 \k=0 P

= (Z (G5 =¢)carm(ct +nZ ¢HICE™ (¢ )

= (1+n) (Z ¢F) ¢l ek ))

i=1 0
where the first inequality holds because K >k’ and (¢X — ¢F) (¢¥ —¢%) f™(¢*) > 0, the second equality holds
because (¥ =0 for k=0,...,k', and the second inequality (i.e., the strict inequality) is due to (EC.11).
Therefore, (EC.9) holds. 0
Using (EC.7a) for supplier s, along with (EC.7b), we get

> (ZC?C?J”“(&)) x; =% <a2§§f‘“(c’“) —c, +As> . (EC.12)

i=1 \k=0
Similarly, using (EC.7a) for supplier s’, along with (EC.7b), we get

Z (ZC ¢Em(¢ ) @ =% (aZCS/fm(Ck) —cu +)\5/> . (EC.13)
k=0

i=1

The inequality dx > 0 implies that there exists € >0 such that > | (/x; + € =a/2b. Then, (EC.12) and

(EC.13) can be rewritten as:

Z <Z DESFAN(S )x +€ZC (¢ = ( —A.), and (EC.14)
Z <Z P ot )xﬁeZCﬁfm(C’“):;b(cs/—/\s/). (EC.15)

Because of Claim EC.1, we have (¢, — A;) > (1 +n)(csr — Ay). When ¢, < (14 )y, Ay > A /(1+n) >0
implies z,» = 0. It contradicts the assumption that the firm orders from supplier s’. Hence, we must have

> (141n)c,. The proposition is proved by showing a contradiction. O

LEMMA EC.3. Suppose x, > 0 in the optimal solution x for a supplier s € N. Let k be an index in

{1,...,L} such that D,CF >z, > D51, We have a — 2bq;, > ¢,, Vk € {0,1,...,k—1}.

Proof Note that k exists because ¢? =0 and ¢* = 1. Because g; = min(a/2b, Y. min(D,C¥,z,)) and
q1 <---<gqr by Lemma EC.6, we have a —2bgq; > - -+ > a — 2bqr. Thus, the lemma is proved if we can show

a — 2bq;, > ¢, for some k > k. We will prove the lemma by introducing a contradiction. Suppose a — 2bq, <
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¢, Vk > k. We construct (i) x’ = (2,Vi € N) such that z/, = x, — € for some arbitrarily small scalar ¢ >0 and
@ =, for any i € N \ {s}, where ¢ <min{3 " min(D;C¥,z,) —a/2b:Vk > k,> " min(D,C¥,x;) > a/2b}
and € < g, for any k >k, and (i) q' = (g}, Yk € {0,1,..., L}) such that g, = min(a/2b, >, min(D;C*,z})),
Vk €{0,1,...,L}. It is easy to check that the constructed solution (x’,q’) is feasible to Problem (EC.5).
Then, for all k <k, min(D,¢*, ") = min(D,(*, z, — €) = D,¢¥ = min(D,¢*, ), hence ¢, = q,. And, for all

s

k> k, min(D,C*, x)) = min(D,(*, x, — €) = 2, — e = min(D,C*, x,) — e. The profit difference with respect to

B

the two solutions (i.e., (x,q) and (x’,q’)) can be expressed as follows:

> () [(a—bgi)gs — > e;min(D; i’%:ci)] D A% l(a —bgp)g, — > cimin(DiC, )
k=0 k=0 i=1

i=1

= Z fm(Ck) ([(CL - bq}c)qk —Cs min(DsCf,xs)} - [(a - bq;)q; —Cs mln(DSCichls)})

k>k

=Y (") ((a—bgx)qe — (a—bgy)q, —ec.) . (EC.16)

k>k

For any k >k, if >or omin(D;(F, x;) > a/2b, then we have g, = g because a/2b < Y7  min(D;(f,z}) =
Yoromin(D;(f, x;) — € otherwise, Y °" min(D;(F, z;) < a/2b, we have g}, = g, —e. When g}, = g;, for some
k> k, the kth term in (EC.16) follows f™(¢*) ((a—bgy,)qi — (a — b} )q} — ec,) = —ec, < 0; when ¢, = g, — €

for some k > k, the kth term in (EC.16) follows

(a—bgr)qx — (@ — bqy,)q), — ec; = (a — bgy.)qx — (a — by + €b) (g — €) — ec,
= e(a — 2bqy) + €*b—ec, = e(a — bq, — c.) — eb(qx —€) < 0.

The last inequality holds because of our assumption that a — bg, < ¢, Vk > IA@ and that € is a very small
scalar. Moreover, the inequality implies that (EC.16) is strictly less than 0 and that x’ gives a higher profit

than x. This implication contradicts our assumption that x is optimal. Thus, the lemma is proved. O

Proof of Proposition EC.8 We prove this proposition by introducing a contradiction. Consider suppliers
s and s defined in the proposition. Suppose x, = 0 and z, > D,¢* with k' = argmax{k : (¥ = 0}. Then,
there exists a k > k' such that DSCf >z, > Dséffl. We construct another solution x’ = (zf,Vi € N) and
q' = (q;, Yk €{0,1,...,L}) as follows. First, we let 2/ =2, — € and 2/, = x, + € = ¢ for some arbitrarily small
scalar € >0 and 2] =z, for any i € N\ {s, s}, where € is chosen to satisfy z, > D,¢*~!. Also, note that

Zmin(Di * x;)+e when k=k +1,....k—1;

> min(Dict, ) =4
i=1 Zmin(Di ko), otherwise.
i=1
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Second, we let ¢, = ¢, +e Vk € {k'+1,..., k— 1} and g;, = g;, otherwise. It is easy to check that the constructed
solution (x’,q’) is feasible to Problem (EC.5). The profit difference with respect to the two solutions (i.e.,

(x,q) and (x’,q’)) can be expressed as follows,

L n

D) [(a—ba)ar — Y esmin(Dy(f, ] me labq;)q;Zciminwig‘f,z;)
k=0

i=1 i=1

= Y () (@ baa — (a—be)dl]

k=k/+1
_ me(gk) [CS min(D.CF, x,) —cémin(Dicg,x’) cemin(D.CF x S)]
k=0
= Z (") [(a—bqr)qr — (a — bgy, — €b)(qx + €)] + €cs Z (¢ —ecstm((k)
k=k'+1 k=k'+1 ot
= Z (") | —e(a—2bgy) + € b]+ec Z (¢ —GCSme(Ck
k=K' +1 k=K' +1 ot

IN

—ec, Z_: f™(CF) + €% Z_: F™(¢F) +ecs Z fm(Ck)—ecstm(Ck) (because of Lemma EC.3)

k=k'+41 k=k'+1 k=k’+41

() S s Y et

k=k+1 k=k'+1

The last inequality holds because ¢, — ¢, <0 and € is very small. Thus, the solution x’ gives a higher profit

than x, which contradicts the optimality of x. O

Proof of Corollary EC.2 Following the proof of Corollary EC.1, we have so = s and hence §§1 > 0. Since
¢ > (' Vie £\{L}, 0=argmax{k’: (*" =0}. Since (? =0 for all s € N, Proposition EC.3 indicates that if
supplier s receives no order, then no supplier receives order and the profit is 0. However, the firm can have
nonzero profit by ordering a small amount from supplier s becasue a > ¢;. Hence, the corollary is proved by

showing the contradition and the firm always orders from the supplier s. O
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Appendix D: Technical Proofs

This appendix contains all technical proofs for the results in the main body of the paper.
DEeFINITION EC.1. A function f : [0,1]™ — R is submodular if for all ¢* < &2 € [0,1]™, f(&Y)+ f(£%) > f(&V
E2) + f(E1 A E?), where A and V are the coordinate-wise minimum and maximum operations, respectively.

The inner optimization problem of the DR model is a conic linear problem:

min B[V (x,6)] = min /[ B0
.. / 1(6; < w)dF(€) = Fy(w:), Vi €[0,1], i€ N
[0,1]
ARG ACER
| ar@=1. P =0, vee 0.1
[0,1]

It follows that the corresponding Lagrangian function can be described as (see also (5.10) in Shapiro 2001):

LA = |

[0’1]71,

V(x,)AP(€) + A (1 - /[0 . dF(&)) +Qe ( /[071]" (6= 1) (€ — p)TdF(E) - E)
+Z / ( JRCE Fi)) du)

noop1
A=Y [ Fwddn(o) + Qe T -3
i=170
n 1
+ (V(x@) A+ 3 [ 16 <o) +EQe - 2€TQu> 4 (e)
[0,1]" = Jo
=A- Z/ wi)di(w:) + Qe (up” —X)
+/ (V(Xﬁ)—/\+Z%(Ei)+§TQ§—2€TQM> dF (&), (EC.17)
[0,1]» i=1
where e refers to the Frobenius inner product and ~, € C[0,1]* is the set of right continuous functions with
bounded variation on [0, 1] normalized by «,(1) =0, and the corresponding integrals are Lebesgue-Stieltjes

integrals. By making use of the duality theorem (see Section 5 in Shapiro 2001, Delage & Ye 2010, and Chen

et al. 2022), we have the dual formulation for the inner optimization as follows.
noo1
max /\+Z/ Vs(ws)dFs(ws)_FQ.(,uuT_Z)
st V(x,€)—A— Z% )+ ETQE—26TQu >0, Ve €0,1]" (EC.18)

Q =0, v,€C[0,1]", Vs€ N.
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The strong duality holds because .% is assumed to having a strictly feasible solution and the Slater condition

holds (see Proposition 5.2 in Shapiro 2001). Therefore, the DR model is equivalent to

n 1
max )‘+Z/ Ws(ws)dFs(ws)—i_Q.(/J'/J'T _Z)
s=1"0
5.0 V(06 = A= D 7(6) +ETQE-26TQu =0, ¥E€[0,1]" (DR-D)
s=1

x>0, @>0, v, €C[0,1]*, Vs € N.

Proof of Proposition 1 Because F, are discrete with finite supports Q, = {&!,..., M}, Vs € N, the dual
variable 7v,(§,) defined in infinite dimension can be redefined as a set of finite dual variables vy.e1,. .., Vserm -

Hence, the DR-D model becomes a convex program as follows:

max )\-I-Z Z Voeo fo(€s) + Q@ (up™ —X)

s=1¢&5€05
st. R <Z t5§3> =D eitie, = A=Y Yee, TETQE-2TQu>0, VEEQ (EC.19)
sEN s=1 s=1

ts&.g :xsgm stNY? ESGQS
tsES §x57t565 SDS&S; VSENC% gs EQS

x>0, Q=0, ty, >0, X and v, are free, Vs € NV,

where e refers to the Frobenius inner product, suppliers in set Ny are subject to yield uncertainty, and

suppliers in set N are subject to capacity uncertainty. (|

Proof of Proposition 2 Consider the simple quadratic revenue function and yield uncertainties. We have

R(X7§) = {(CL - bQ)Q|q = ZseN dS(xm 59)} = (CL - bzseN gsmS) ZseN €sx8' Hence,

min Ex[V(x,6)] = minEr [(a—b)_&a) Y &a,— Y cboa,

sEN seN sEN
_ _ i T T
S;v(a Co) sy I{%lgbx Er(&€7)x
= Z(a - Cs),usxs —bxT (Z + MMT) X
sEN

The DR model by setting ¥ as its empirical estimation is equivalent to the SAA approach. O
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Proof of Proposition 3 First, we prove part (1). Note that the constraint (1b) is redundant if ¥,; = 0;0;.

So, we can set () = 0. The dual of the inner problem of model (DR) with given x becomes
noo1
max )\—i—Z/ Yo(ws)dF, (w
s.t. V(x,€) — Z'y ) >0, V¢e[0,1]"
v, € C[0,1]*, Vs € N.
We partition the interval [0,1] into n mutually disjoint Borel sets .#,, Vs € N, such that
e ={te[0,1]: F;(¢;(t) > Fo(C(t)) Vi < s and Fj((;(t)) 2 Fo(C(t) Vj > s}
By the definition of F™, it is clear that F™({(t)) = F;({i(¢)) if t € .7 for some i € N. Let A=V (x,((1)) and
1) == [ 160 2w)dV (x,((0), VsEN.
‘ys
The solution is feasible because
A+ S (e) =V Z/ > €)dV (%, (1))
s=1
- Z / dV(Xa C(t) \ Sses)
s=1 Fs
-3 [ avecomve
s=17s
1
—Vxg0) - [ avi gl ve)
0

The inequality holds because V(x,£) is submodular. The solution is also optimal because the duality gap is

zero, as demonstrated below:
JIRGCOICE / WV L)aFm D)
Viee.c() - | )V (e, C(6)
Z/ F™(C(t)dV (x,C(t))
Z / DAV (x, C(E(C (1)
A~ Z/ / )V (x,G(1)
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A g;//’ £) > w.)dV (x,(1))dF. (w.)
:ﬂ+;A%WMMM-

Because, given the primal solution F™, we had found a feasible dual solution with zero duality gap. Hence,
F™ is the primal optimal, i.e., F* = F™.
Next, we prove Part (2). Let (x*,\*,v7,Q*) be the optimal solution of the DR-D model when ¥ = 3"

The solution is certainly feasible for the DR-D model with any other choices of ¥. We have

Y =7

<X‘+i/o Ve(wo)dF, (w,) + Q" @ (up” =3 ) ()\*-FZ//% )aF. (w )+Q*o(uuT—E”)>

_ Q*.(Z”*E/) 20

Y

The last term is positive because @* > 0 and ¥ > 3. Since the ordering decision x is not involved, the
monotonicity of the profit also holds when x is given and fixed.

Finally, we prove Part (3). The covariance between suppliers ¢ and j is Cov(¢;,§;) = E[{;£;] where —&&;
is submodular. So, the previous proof shows that Covpem(€;,€;) gives the maximal covariance with supply
distribution F™, and hence Corrpm(;,€;) is the maximal correlation. Therefore, Part (3) holds because of

the monotonicity. O
Proof of Corollary 1 When the firm sources from a single supplier s, the profit is
V=i [ V(.,0,6,00dF (€.).
For any ¥, we have
e [ V(20,6 0)dF.(€) = max [ V(2,,0.a7(€) <max [ Vix Qarm(€) < 7(3).
Therefore, the DR model always gives a higher profit than sole sourcing does. (I
Proof of Corollary 2 We have ¥ < n(l —(1-1/n)" )Z by Theorem 1 part (2) with » =1. Thus,

regret, = Epi [V(x,8)] —Epm [V(x™, 8] <7V - ¥ < (n— 1— ﬁ) e

e)
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Next, we demonstrate that the potential regret due to optimism can be exponentially large. The exponential
gap is also demonstrated in Lemma 4 in Agrawal et al. (2012) with submodular cost function. Consider
¢£€{0,1}™ with f,(1)=1/2 and ¢, =0 Vs € N. Let the profit function be

V(x,6) =4 2.6 —2"max (0, > al—(n— 1))

sEN seN

with x € [0,1]", where the firm has a fixed selling price of 4 and a salvage cost of 2™ per unit if the total
delivery is larger than the demand n — 1. It is easy to check that the profit function is submodular. The
joint distribution f™(¢) is defined with non-zero values on only two vectors 0 and 1, where f™(1) =1/2 and
f™(0) =1/2. For any joint distribution F' € %, we have

max (O, szfs —(n— 1))] .

sEN

Er[V(x,6)]=2) x,—2"Ep

seEN

Under the independent distribution I, the salvage cost occurs with probability 1/2". So, x! = (1,...,1) and
Epi [V (x!,€)] = 2n — 1. However, if the underlying joint distribution is F™, then employing strategy x' may
result in a large loss of Epm [V (x},£)] =2n —2"~1. On the other hand, when supply uncertainty follows the
maximally dependent distribution F™, we have x™ = (1,...,1,0) in order to avoid the high salvage cost and
Epm [V(x™,8)] =2n—2=Epm [V (x™,§)]. Therefore, the potential regret due to conservatism is only 1, but

the potential regret due to optimism is 277! — 1. O

Proof of Theorem 1 If Theorem 1 holds when r = 2, then the procedure can be applied repetitively in
order to prove the case with general r. So, we only prove the theorem for the case with r» = 2. Since £,, and
&, are independent for any s; € N7 and sp € Na, the joint distribution can be denoted as G1(€n,) X G2(én,)
for some joint supply distributions G; and Gz where &y, = (§,:s € N;) for i =1,2. For any i # j € {1,2},

given G, the inner problem of the DR model is

e /[o,l]m,w </[o,1]Nj V(X’fNi’gNj)de(gNj)> 4G Ew) = iy /[o,l]zvu V(& )dGilEm),

Gief}’i Gi€37¢
where .%; is the distributional set # projected to random parameter £y,. Since V'(x,{y,) is submodular

following the submodularity of V(x,&), we have

GZ(SNq): lnFs(fs):Fm(le), VZ:1,27

SEN;

because of Proposition 3 part (1).
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Suppose r = 1. We first show that, if £ € {0,1}", then Theorem 1 part (2) holds for some simplified instances
which are called “nice” instances in Agrawal et al. (2012). The definition of “nice” instances in Agrawal
et al. (2012) is: (a) f,(1)=1/K, Vs € N, for some finite integer K > 0, and (b) the worst-case distribution
f™is a “K-partition-type” distribution. That is, f™ has support on K disjoint sets {Ay,..., Ak} that form
a partition of N and each A, occurs with probability 1/K. So, the expected revenue on the F™ is given
by (1/K) Ef;l R(x',14,,0) where £ = (1,4,,0) with £4, =1 and &y, = 0. Because of submodularity and

R(x',0) =0, if K =2, then we have
2
R(x',1)=R(x',1) + R(x',0) = R(x',(14,,0) V (14,,0)) + R(x', (14,,0) A (1,4,,0)) < ZR(xi, 14,,0).
i=1
Continuing the process by increasing the value of K, we get
K
R(x',1) <) R(x',14,,0)
i=1
for any integer K > 2. Thus, for “nice” instances, we have
Epi[R(x',€)] < Em[R(x',€)|€ = 0] + Em[R(x', €)|¢ > 0]
1\* :
<0+ (1 (IK) ) R(x',1)
1\*) 1 &
< —(1-= — 11,
_K(l (1 K) ) K;R(x,lAl,O)
\" . .
< (1= (1-2) ) EonlR O = O(0Ew (RGO

Since R(x,&) is monotone and submodular (inherited from the submodularity of V(x,€)), the splitting
procedure in Agrawal et al. (2012) does not change Epm[R(x',£)] and can only decrease Epi[R(x',€)]. Thus,
following the same proofs in Section 2.3, Appendix C and D in Agrawal et al. (2012), the inequality derived

in the following (EC.20) holds for general £ € [0,1]™. That is,

<d(n) <IEFm [R(x',)] = > c.Er, [ds(o:s,és)]> <I(n)¥, (EC.20)

where the second inequality holds because ¥(n) > 1 for any integer n > 1.
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Now, we consider r > 1. By adding reliable suppliers with co unit cost, we can assume |N;| =---=|N,| =7.
Because of the minimization operators in the definition of FP, these reliable suppliers will not change the

value of FP. Let J ={.J1,...,Jn} be a partition of N such that |J;NN,;|=1,Vi=1,...,m,5=1,...,r. Let

Fi&) = min _(F (&) % X Fj (&)

Following (EC.20), we get

Epi [V(xi,g)]:EH(h ..... iyeor (Fiy xoox [V (x,8)] <IMEm [V (X, €)).

Im

Based on the definition of 7,

T

PO = min_(5,(6) % B(6)) = [T mp £.6) = 7O
Thus, FP? first-order stochastically dominates F’(£), which indicates that suppliers under distribution F(&)

are less reliable than under FP, and
BV, )] <O@En VX, )] <O@Er [V(x',)] < 0(7) max Epp [V (x, €)).
Therefore, Theorem 1 part (2) is proved. O

Before continuing, we make a remark regarding the relationship between Theorem 1 part (2) and a seem-
ingly related result given in Agrawal et al. (2012).

REMARK EC.1. When r =1, Theorem 1 part (2) gives

Y <n (1 — (1 — :L)n> v, (EC.21)

which is quite different from the upper bound of the price of correlation derived in Agrawal et al. (2012).
This difference occurs because they consider a submodular cost function. In particular, applying Theorem 4

in Agrawal et al. (2012) gives

sup Er[V(x, )] _ e

supp Ep[V(x™,&)] ~e—1"

In contrast, part (2) of our Proposition 3 yields

supp Er[V(x1,6)] _ En[V(X',9)]
Supg ]EF [V(Xma 5)] IF‘Fi [V(va 6)]

<

AN

It is easy to see that the upper bound derived in Agrawal et al. (2012) cannot describe the relationship

between ¥ and ¥ . Moreover, Example EC.2 indicates that the bound in (EC.21) is tight.
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ExaMPLE EC.2. Consider a setting with & € {0,1}" and f,(1) =1/n, Vs € N. Define the corresponding

profit function as

0, if szgs =0;

V(X, 6) = seN
n, otherwise.

It is easy to check that the profit function is submodular. The maximally dependent distribution f™ is
defined on two vectors, 0=(0,...,0) and 1 =(1,...,1), where f™(1)=1/n and f™(0)=1—1/n. Obviously,

the optimal order quantity x* # 0. Thus, we have

Y =maxEm[V(x,£)]=nf"(1)=1, and

vz);%mww] —n(1-ro)=n(1-(1-1) )z

Proof of Theorem 2 Given any order quantities x, the inner optimization problem of the DR model is
mingc r Er[V(x,£)]. Following the duality theorem in Shapiro (2001), we have derived its dual formulation

n (EC.18) and rewritten it here:

n 1
max A+Z / Ya(wo)dF,(w,) + Q @ (™ — X) (EC.22)
st V(x, &) —A— }:75 ) +ETQE —26TQu >0, Ve €0,1]", (EC.23)

Q=0, v, €C[0,1]", Vs € N.

Note that F'*(£;x) denotes an optimizer of ming¢ » Ex[V (x,£)] and supp(F*) denotes the support of F*. Since
Z is assumed to have a strictly feasible solution (see Section 2.1) and V' (£, x) is bounded (see Assumption
1 in Section 3), the primal problem is feasible and bounded. Hence, the above dual problem has optimal
solution (see Proposition 5.2 in Shapiro 2001). We use A\*, @*, and ~* to denote an optimal solution of the
above dual model. Recall that we use the last term of the Lagrangian function (EC.17) to derive constraints

(EC.23) of the above dual formulation, which is shown as follows:

/[ ] ( -2+ sz )+ETQE— 25T@u> F(€). (EC.24)
0,1]"

Because of the complementarity conditions of the infinite-dimensional optimization duality (see Equations
(5.18) and (5.21) in Section 5 of Shapiro 2001), the integrand in (EC.24) is 0 for any £ € supp(F™). In other

words, for all £ € supp(F*), constraints (EC.23) hold at equality, i.e.,

Q(¢) = A*+sz )+ETQE-2TQ u=0. (EC.25)
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If there exist & € supp(F*), scalar d;, and scalar §; such that {&,&+8,e,,& +0,¢;,& + 8¢, +0,¢;} C supp(F*),
where e, and e; are unit vectors, then we have
0= (QUE+d5e; +dies) —QE+0;€5)) — (UE+bies) — ()
= (V(x,E+8,e;+0ie) = V(X,E+0,e,) +77 (& +06:) =77 (&) +07e]Q e +20,(E + 6,¢;)TQ e; — 26,e] Q" )
— (V(x, 6 +0e) = V(x,6) +77 (& +8:) =7/ (&) +67e]Q e +20,67Q"e; — 26,e] Q" )
= (V(x,6+ 8¢, +0ie) = V(x,6+05e5)) — (V(x,£+be;) = V(x,8)) + 20;0,Q7;
= (R(x,£+0;e;+ 0,e;) — R(x, &+ 6€;) — c;di (2, & + 6;) + cidy (%, &;))
— (R(x,&+de;) — R(x,6) — cidi (w5, & + 0;) + codi (w4, &) +26:6,Q5;
= (R(x,£+0;e;+0,e;) — R(x,£ 4 6,¢;)) — (R(x,€+6e;) — R(x,€)) +20,6,Q7,.
Therefore, we get
(R(x,£+3,¢; +dies) — R(x, £+ d5¢;)) — (R(x,§ +de;) — R(x,€))

@i=- 20,6, '

Moreover, if R(x,§) is twice-differentiable on ¢ and d(z,,&,) is differentiable on &, Vs € N, for any £ €
supp(F*), then, for any ¢ € supp(F*), taking the second derivative of both the left- and right-hand sides of
(EC.25) yields

_ V(%9 | 6. _ORXE) 9 (X ey csds(@,)) L~ PR

0= g0, 9T aex, IE,0¢, = o806,

The third equality holds because d(z,,&,) only depends on a single component &, for each s € N, thus,

+Q:, Vi,jeN, i#j. (EC.26)

O (X ,cn Csds(xs,&,)) /0€:0¢; = 0. Since one may not obtain a specific value of £ € supp(F*), we resort to
derive a better presentation for obtaining the value of Qj;. We further take the integral of both sides of

(EC.26) with respect to the distribution F*(£;x) and obtain

* élz(liﬂg) *
Qi /Supp( ., 0€,0¢, Fr (&%)

This completes the proof. O

We introduce two examples to demonstrate Theorem 2 as follows.

ExampPLE EC.3. Consider two suppliers (i.e., N ={1,2}) with Bernoulli yield process such that &;,& €
{0,1}. We consider F;(0) = F5(0) =0.5, V(x,£) = R(x,§) = min{0.1(&121 + {a22) + 0.2, —0.1(&121 + Eax2) +
1.5}, and ¢; =0, Vi € N. Let

0.25 —0.05

3y =
—0.05 0.25
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By solving the DR model with the above setting, we obtain the primal and dual solutions as follows: (i)
the optimal order quantities are z* = (x3,23) = (6.5,6.5) and the cumulative distribution function F* has
F*({0,0})=0.2, F*({1,0})=0.5, F*({0,1}) =0.5, and F*({1,1}) =1, indicating that the probability mass
function f* has f*({0,0}) =0.2, f*({1,0})=0.3, f*({0,1}) =0.3, and f*({1,1}) =0.2; (ii) the dual solution
Q7s = Q3, = 0.65.

In addition, because {£,& + d1e1,€ + d2e2,& + d1e1 + d2e2} C supp(F*) with £ ={0,0} and §; =y =1,

Theorem 2 shows that

(R({la 1},$*) B R({LO},QJ*)) — (R({Oa 1}"7:*) B R({0,0},l‘*))
26102

Q12:Q§1:*

_ (0:2-0.85) ; (085-02) oo

which matches the obtained dual solution.
ExampLE EC.4. Consider V(x,€) = R(x,&) = —b(Y.", &) with b> 0 and ¢; =0, Vi € N. Given the

order quantities x; >0, Vi € N, the objective value of the inner (primal) problem of the DR model is

mln Er |- (Z&%) :—bZZmaXEF (€& iz = bzz X ity) T (EC.27)

=1 j=1 =1 j=1

The last equality holds because the optimal value is obtained when the constraint (1b) holds at equality.
Following Proposition 1, the DR model is tractable based on the above setting. Following Theorem 2, the

dual variable @ of the constraint (1b) has an optimal solution as follows:

QZJ_:_/ Mdf’*(f;x):—/ - (=030 Do Tl gt)dF*(ﬁ x)

upp(F™*) agzagj 8§ 86—]
= —/ (=bz;z;)dF*(&;x) =bxx; / dF*(§;x) =bx,x;, Vi,j € N. (EC.28)
supp(F*) supp(F*)

We now demonstrate that the above Qj,

Vi, j € N, together with specific values of A and =, is indeed dual
optimal. Specifically, we consider the dual formulation (EC.22) and construct a solution (A, Q,~) by letting
A==2037" wo Y e, Qi = Q) = by, Vi, j €N, and v,(&) = 2bx (1 — &) Y, xopre, Vs € N. This
solution is feasible for the formulation (EC.22) because (i) @ = bxxT > 0. (ii) v,(&,) is continuous on &, with

bounded variation, i.e., vy, € C[0,1]*, and ~,(1) =0, Vs € N. (iii) We have
—A- Z% ) +ETQE - 26T Qu

= - bZ szxtfsft + QbZ szgsxtut + bij ixsxtfsgt - 2b§nj Z w by, =0

s=1 t=1 s=1t=1 s=1t=1 s=1t=1
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That is, the constructed solution (\,Q,~) satisfies all the constraints in (EC.22). The objective value of

(EC.23) corresponding to this solution is
n el
A+ Z/ Yo (ws)dFs(ws) + Qe (up™ —X)
—1 /0

= —szﬂfs (thﬂt/ §.dF, ws>+b22x Ty :U/JJt et)

s=1 t=1

= - ZbZ Z T Toflefls + bz Z 2@y (spte — Sst)

s=1t=1 s=1t=1

=0 N (St papte) T (EC.29)

s=1 t=1
Because the primal objective (EC.27) and the dual objective (EC.29) are the same, the constructed solution

(A, Q,~) with Q@ =Q* in (EC.28) is dual optimal.

Proof of Proposition 4 We assume that the firm always outputs all available supply, i.e., >."_, z, < a/2b.

The required conditions for this assumption can be derived after we obtain the optimal solution. The firm’s

([

= 1338(;}1}21/)(; a—cg uszg—bz Z Pst0s0¢ + hsfly) T Ty — bZa +u )

s=1t=1+#s

= ng{(Z(a—c s s — bz Z PO+ [hefbs )T oLy — bZU +u?)z S).

s=1t=1#s

problem is

The objective function is jointly concave on x, Vs € N, and the KKT conditions are

A, =0, Vs €N, (a—cq)pu1 + A =2buy Zuixi,
=1

(a—cs)ps +As=2b (Z(pams + i) + (1 — p)afazs> , Vse{2,...,n}.

i=1
Then, we have

n

— A —c, . )\S Y . n
(acgbzll—i_l_zluzx and Cl C)/ﬂ;b’u‘l‘g 1251 1M :ZPUi$i+(1_p)sts> (EC.30)

Vs € {2,...,n}. Suppose the buyer sources from the stable supplier. We demonstrate the primal and dual
feasibility of the solution given in (6). It is clear that the primal feasibility is ensured by the definition of S,,

which implies that the complementarity constraints give A, =0, Vs=1,...,5,. From (EC.30), we have
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s s
1 2 (61 — o) s - =
_ —N o =S o, EC.31
p(Spr)qusz:; 2bo, ;‘” ;‘m (EC.31)
p (e —e)ps (a—e)p
A= L V>0, V=S, +1,...,n.
- N p(sp—2)+1; %0, o, = T oe T
So, the dual feasibility, A; >0, Vi=S5,41,...,n, follows the definition of S,. Note that z,, Vs=1,...,5,, is
derived from (EC.30) and (EC.31). Then, we have
S, Sp
ZI _a-a 2(01761)%(1*#1/#1) _ (c1— Zlfuj/ul
2o = 2b(1 —p)o? 2)+14 2b(1 ploi = o, ’
The condition ) "_, z, <a/2b holds if
> cu — p1a) a—c1 (o —c)m(l—p/m) _ a <
i Q Q < 1 = — C1 1— & i - M4 1 <2 . < 2b
Z —9) 3 satabn b= 50 +§ 2(1—p)o? 2 g”” <af

When the buyer does not source from the stable supplier, the complementarity constraints give A\, = 0,

Vs € J. From (EC.30), we have

(c1 —c)paps — Mps
St NS 41 T

seJ seJ seJ
= 1 Z(Cl—cs)lhus—)\lﬂs ng _Zax
AIT-D+15 2o, =
1 (€1 —ci)pa s — Afhs p (€1 —co)papts — A pts .
:> xi — — VZ 6 j.
(1—p)o; ( 2bpyo; p(I7]-1)+1 SZ: 2buy 0,
Then \; satisfies
(@—ci)pr + M\ -
2b/ll _Zuzx - Zuz Z;
ieJ
N P M Z K =
R P PEEST < a.
M1 (cl - Cs)/’(‘2 14 Cl - cs Ms Hs
(1 —a)ps + = —
i-7) Z R ERE P 25|

The condition that the buyer outputs all available supply can be stated explicitly by considering °"_,

a/2b which holds if

" (e —cps o a | s (01— cg) s
G TGS
<> a

T s S o <
— 2b(1 —p)o? ~ 2b —p)o?

S S=

When p =0, it is clear that x, > 0 if and only if 1 (¢; —¢,) > . Then J can be ordered by suppliers’ costs

and A\; = oy~

]
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REMARK EC.2. When p =1, (EC.30) becomes

— )‘ - — Cs s )\s _)\ s -
%_Zulm and (17° ngbl; bl VIR o (EC.32)

Vs €{2,...,n}. First, suppose the firm orders from supplier 1. Hence, A; = 0. If the firm sources from both

suppliers j and j’ with j # 7' € N\ {1}, then A\; = A;; =0 and

(c1 Mlﬂj —Cr )y
iy = . EC.33
2b,U/10' ZU 2b,U/10'j/ ( )

The equation implies that the firm will only source from suppliers in the set argmax {(c; —¢s)ps/0s: s € N}.

Let j € argmax, {(c1 — ¢s)ps/0s : s € N}. The optimal solution is

- (a—c1) (e —¢)u] - (1 =¢)ny
) 2002 2007

Now, suppose the firm does not order from supplier 1. Combining two equations in (EC.32), we have

n

% :Z(MiﬂerUias)xi, Vse{2,...,n}. (EC.34)
s i=1

If the firm sources from all suppliers in S C N\ {1}, then the optimal solution is

1 — - Cs s
(mS:SGS):—b(uSuE—FO’SUTg) 1<(ac‘)u:565>

2 Os

where pus = (u,:s€S5) and o5 = (0,:s€9).

Proof of Theorem 8 Suppose ¢; < --- < ¢,. We will show that our model with a given joint supply dis-
tribution F' is equivalent to the model in Li et al. (2013). Thus, our theorem can be proved by applying
Theorem 3 and Theorem 4 in Li et al. (2013). Similar to Li et al. (2013), we introduce salvage price v < ¢,
Vs € N, costs ¢, = ¢, — 7, the cost of lost goodwill ¢, and a demand function D(p) = (a—~)/b—p/b=a’ —b'p

with price p. We denote

n

Q(x,8) = Qu(w.,).

s=1

With given order quantity x, our profit function is

max {(a —bg)q | ¢ < Qla Z +(2,6)

= m{?X{(a—bQ)q—W(Q(%ﬁ)—@ |qgQ('rag)}_Z(Cs_'Y)QS(xsags)

= max{(a—bg)g—7(Q®:) —0) | 1< Qw:E)} =Y c\Qu(w.,£.).
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Now, the revenue function is

mqax{(afvf bq)g — v (Q(z,€) —q) | ¢<Q(z,)}

= max {(a=7—bDE)a—7(Q(z, &) ~ DB)* — . (D) Q)" | 4 < 5(.),a=D(p) |

q,p>0

= max {pg+7(Q(x.&) ~ D))" ~ e (D(p) - $(2.)"| 1< Q. ).9 < D)} (EC.35)

= max {pmin{D(p),Q(@.)} +7(Q(w,6) = D(p)) " —eu (D) — Q(,6)" |

q,p>

where the last equality holds obviously because the maximal revenue is obtained when ¢ =
min {D(p), Q(x,&)}. The equation (EC.35) holds because the maximization problem in (EC.35) satisfies
g = D(p) in the optimal solution. If D(p) < Q(x,&) and g < D(p), then the revenue is pq+v(Q(z,§) — D(p))
and increasing ¢ such that ¢ = D(p) results in higher revenue. On the other hand, if D(p) > Q(x,£) and
g < D(p), then the revenue is pq — ¢, (D(p) — Q(z,£)) and increasing price p obtains a better revenue. Since
we have the same form of the revenue and cost functions, the model (P) is equivalent to the one in Li et al.
(2013). Note that Li et al. (2013) assume the marginal probability density function is defined on &, > 0 for
each supplier s € N. The assumption requires the probability of shutdown is zero for any supplier.
Following (12) in Li et al. (2013), the effective cost of supplier base S under joint supply distribution F:

EF [CI,I — 2Q§]

b it Y al < (0 —a)/2
Cs(F) = N
Er [max{a’ — 2Qs,v}] otherwise
1 7

where ) sz} and Qs are the total order quantity and total delivery quantity, respectively, after the firm
makes the optimal sourcing decisions by only considering suppliers in set S. Since Qs is supermodular on
¢ given x, Cs(F) is submodular on ¢ given x. Let F’ (resp. F”) and S’ (resp. S”) be the optimal supply
distribution and supplier base of the DR model with ¥’ (resp. X”). Theorem 4.(44) in Li et al. (2013)
suggests that Cs (F") < ¢, Vi e N\ S since S” is the optimal supplier base with supply distribution F”. If
we only consider the suppliers in §”, Theorem 3 in Li et al. (2013) indicates Cs (F') < Cs (F"') because the
correlation between each pair of suppliers decreases when the supply distribution changes from F” to F'.
Then, Theorem 4.(7) in Li et al. (2013) implies that the optimal supplier base with supply distribution F” is

a subset of S”. That is, S’ CS”. O
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Proof of Corollary 4 In the case of the model (5) with yield uncertainty and the firm outputs all supply,

we have

R(x,§) = (a —b (Zn: fsv)) <Zn:§x> = ?;(;’f = —bx;x;, Vi,j € N,i#j.
s=1 s=1 v J

It follows that Q,; = bz;z; for any 4,j € N and i # j. Since it is a quadratic program and b > 0, the optimal

solution x exists and is unique. O





