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ACCELERATION OF PROPAGATION IN A CHEMOTAXIS-GROWTH
SYSTEM WITH SLOWLY DECAYING INITIAL DATA

ZHI-AN WANG! AND WEN-BING XU?*

ABSTRACT. In this paper, we study the spatial propagation dynamics of a parabolic-elliptic
chemotaxis system with logistic source which reduces to the well-known Fisher-KPP equation
without chemotaxis. It is known that for fast decaying initial functions, this system has a
finite spreading speed. For slowly decaying initial functions, we show that the accelerating
propagation will occur and chemotaxis does not affect the propagation mode determined by
slowly decaying initial functions if the logistic damping is strong, that is, the system has the
same upper and lower bounds of the accelerating propagation as for the classical Fisher-KPP
equation. The main new idea of proving our results is the construction of auxiliary equations
to overcome the lack of comparison principle due to chemotaxis.

KEYWORDS: Chemotaxis model, logistic source, acceleration propagation, slowly decaying initial
functions
MATHEMATICS SUBJECT CLASSIFICATION NUMBERS: 35B40, 35K57, 35Q92, 92C17.

1. INTRODUCTION

Chemotaxis, as a strategy of migration, describes the directional movement of cells along a
chemical concentration gradient. It was well-known that this process can promote the rapid
propagation of bacterial populations into previously unoccupied territories (cf. [1,2,8,36,50]).
The first mathematical model was attributed to Patlak [45]. The propagation of migrating bands
of bacterial chemotaxis was first observed in the experiment by Adler [1] and the following
mathematical model was proposed by Keller and Segel [25] to recover the migrating bands
of bacterial chemotaxis using a pair of reaction-diffusion-convection equations (nowadays well-
known as singular Keller-Segel system)

{ up = Au— xV - (%Vv),

v = eAv — uv™,

(1.1)

where u(z,t) denotes the bacterial density and v(z,t) the chemical (oxygen) concentration at
position x and at time ¢t > 0, respectively. x > 0 is the chemotactic coefficient and € > 0 denotes
the chemical diffusivity. We remark that m = 0 was assumed for analysis in [25] and m > 0
in [24]. The Keller-Segel system (1.1) has attracted extensive studies generating a large number
of beautiful mathematical results on the existence and stability of traveling wave solutions
(cf. [10,12,24,31,33,38,41]) as well as global solvability (cf. [21,22,32]). In order to generate
traveling bands, the Keller-Segel system (1.1) requires a singular chemotactic sensitivity for
sufficiently small chemical concentration, which is, however, unrealistic since cells cannot perform
chemotaxis when concentrations fall below detectable values (cf. [42]). Furthermore, this model
neglected cell growth, a substantial factor in the expansion process (cf. [42]). Subsequently
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various models including cell growth but without singular sensitivity have been proposed and
tested against numerical simulations (cf. [27,28,30,53]). In this paper we are concerned with the
spatial propagation dynamics of the following classical chemotaxis system with logistic growth

{ut:Au—XV-(uVU)—Fu(a—bu), xeQ, t>0,

1.2
Ty = Av — A\ + pu, e, t>0, (1.2)

where x, a,b, A and p are positive constants, 7 is a nonnegative constant, u(x,t) denotes the cell
density and v(z,t) the chemical concentration at position x and at time ¢ > 0. The system (1.2)
models the movement of cells directed by the higher concentration of chemoattractant emitted
from cells. The constant x is called the chemotactic coefficient, A\ is the degradation rate of
chemoattractant, u is the rate at which cells produce chemoattractant, the constant 1/7 in the
case 7 > 0 measures the diffusion rate of chemoattractant. It has been numerically demonstrated
in [44] that the model (1.2) can produce various intricate patterns including traveling waves.

For (1.2), the global solvability of solutions and traveling waves are two primary analytical
research topics. In the case 7 = 0, it was shown in [23,52] that in a bounded domain Q C RY
Neumann boundary conditions, (1.2) has a unique globally bounded classical solution for any
nonnegative initial data ug € C%%(Q) with o € (0,1) if either N < 2 or b > &2y, If
Q2 = RY, there exists a unique global classical solution of (1.2) for any nonnegative initial data
ug € LY RY) N LP(RN) with p > N and p > 2 (cf. [47]). Similar results were obtained the case
7 > 0in [43,55]. When N > 3 and b < =2y, to the best of our knowledge, whether (1.2)
admits globally bounded or blow-up solutions still remains open for both bounded and unbound
domain © C RY. For the results on traveling wave solutions, when a = b = A = . = 1 and
7 = 0, the existence of traveling wave solutions of (1.2) was obtained in [40] for 0 < x < 1 and
in [47] for 0 < x < % with the existence of a minimal wave speed. If A > a and b > 2ypu, (1.3)
has a traveling wave solution in R with a minimal speed ¢ > 2/a connecting (0,0) and (3, 35),
see [49] for 7 = 0 and [46,48] for 7 > 0. However, the question whether the traveling wave
solution is monotone or takes the values only in (0, ¢) x (0, ¥) remain open. When one of the
conditions A\ > a and b > 2y fails, the existence of traveling wave solutions of (1.2) is also an
open question.

Except the global solvability of solution and traveling waves, the spatial propagation dynamics
of (1.2) is another interesting research topic and not many results are available in the literature.
In this paper, we will investigate the spatial propagation dynamics of (1.2) in R with 7 = 0,

namely
Up = Ugy — X(U0z)r +ula—bu), z€R, t>0,
0 = vpr — A0+ pu, reR, t>0, (1.3)
u(z,0) = up(x), z € R.

Denote

Ct +(R) = {u € C(R) | u is uniformly continuous in z € R and sup |u(z)| < oo},
zeR

which is equipped with the norm ||u|s = sup,cr |u(x)|. Throughout the paper, we assume that
the initial function satisfies

ug € C8 +(R), ug(x) > 0 for z € R, ligl_inf up(x) >0, and up(z) - 0 as x — +oo.  (1.4)

When b > xpu, the global existence of solution of (1.3) with ug € C® .(R) was obtained in [47].
There are two classes of initial function ug that are commonly used in the literature as follows:

(a) fast decaying initial function, namely, there is 5 > 0 and C > 0 such that
up(x) < CeP* for large , (1.5)
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(b) slowly decaying initial function, namely, there is a large constant £y such that
ug € C%([€, +00)), up < 0 in [£, +00), and uf(z)/ug(x) — 0 as x — +oo. (1.6)

By Lemma 2.2 (ii) below, when ug satisfies (1.4) and (1.6), up decays more slowly than any
exponentially decaying function as x — —+o00, namely,

V Kk, 3z, st ug(x) = e " for all x € [, +00).

In the case x = 0, w in (1.3) is independent of v, and if we ignore the second equation, the
first equation of (1.3) with initial data ug(x) reduces to the following well-known Fisher-KPP
equation

Up = Ugy +ula —bu), z€R, t>0,
(1.7)

u(z,0) = up(z), r eR.

The spatial propagation dynamics of (1.7) with different initial functions has been extensively
studied as one of the prevailing research topics in the past few decades. For example, for
fast decaying initial functions, if ug(z) < coe™V® with ¢y > 0 for large x, then (1.7) has a
spreading speed 2+/a (see [5,6,26]), and if there are two constants ¢1,ca € (0,+00) such that
1 < ugp(x)e® < ey with k € (0,+/a) for large z, then (1.7) has a spreading speed k + a/k
(see [7,17,29,39,51]). Here a constant ¢* > 0 is called a spreading speed if u(x,t) satisfies that

lim sup |u(z,t)| =0 for any ¢ > ¢*,

t—o0 z>ct

liminf inf w(z,t) >0  for any ¢ < .

t—oo x<ct
We refer to [34, 35,37, 54] for more results on the spreading speed of discrete-time recursion
equations which can include (1.7) as a special example. On the other hand, for slowly decaying
initial functions, as shown in [18] by Hemal and Roques, (1.7) has a new spatial propagation
mode-acceleration propagation, which is quite different from the propagation mode of spreading
speed resulting from fast decaying initial functions. The acceleration propagation means that
the average moving speed of the level set E,(t) tends to infinity as ¢ — +o00, in the sense that

o inf{E,(t)}

t—+o00 t ’

where E,,(t) is the moving level set defined by E,,(t) = {z € R, u(z,t) = w}. The authors of [18§]
also showed that for any 71,72 > 0, € € (0,a), and w € (0,a/b), there exists 7" > 0 such that

E,(t) Cug? { hle*(a“)t,vge*(a*)t]} forallt > T, (1.8)

where ug ' {A} = {z € R,ug(z) € A} denotes the inverse image of uy from the set A. By (1.8),
the explicit upper and lower bounds locating E,,(t) were obtained in [18] for different forms of uy,
for example, if up(x) = Cx™P for large = with p, C' > 0, then In(min E,(t)) ~ In(max E,(t)) ~
ap~ 't as t — +oo. We refer to [3,19,20] for the acceleration propagation results recently
developed for more general reaction-diffusion equations. We also refer to [9, 11, 13] for the
acceleration propagation of fractional diffusion equations and [4, 14, 15] for nonlocal dispersal
equations.

Compared to the Fisher-KPP equation, the results on the spatial propagation dynamics of
(1.3) with x > 0 are much less. It was first shown in [40] that for any 0 < x < 1, there
is a wave speed ¢ € [2,2 + ﬁ] such that (1.3) with @ = b = A = g = 1 admits traveling
wave solutions connecting (1,1) to (0,0). Salako and Shen later showed in [47] that (1.3) with
a=b=X=pu =1 admits traveling wave solutions with a minimal wave speed. When ug is
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a fast decaying initial function, they further studied the existence of spreading speed of (1.3)
in [49]. To summarize their main results in [49], we introduce a set

z, when b < xpu,
2b — xp 3
— — VA h <b < =xi,
K = ( 00, 3x,u—2bf> , when xu < 2)(,u
3
R, when b > S XH-

We denote the spreading speed of (1.3) by a positive constant ¢*. When b > yxu and ug is a fast
decaying initial function, it was shown in [49] that ¢* = 2y/a if v/a € K and ug(z) = 0 for large x,
while ¢* = k+a/k if up(z) — e "* as x — +oo with k € (0,/a)NK. Compared to the results for
the Fisher-KPP equation (1.7), it was found that the chemotaxis neither asymptotically speeds
up nor slows down the spreading speed for fast decaying initial functions when the chemotactic
sensitivity is weak (i.e. x < %) However the case of strong chemotaxis (i.e. x > %) was left
open.

If we solve v in terms of u by the constant of variations, we can reformulate the system (1.3)
into a scalar Fisher-KPP type equation with non-local advection as follows

ur + [(K *u)uly = gy +u(l —u), (1.9)

where we have assumed a = b = 1 without loss of generality and

1
K(x) = —gXH sign(x)e*ﬁm, x €R. (1.10)

For more general kernel K, as stated in [16], the spatial propagation mode of (1.9) with non-zero
compactly supported initial function depends on the decaying property of K at z = +o0: (i)
when K € LP(R) with 1 < p < o0 and K(z) > (1 + 2)~* with a € (0, 1), the position of the
“front” is of order O(t?); (ii) when K € L*°(R) and K (4o00) > 0, the position of the “front” is of
order O(e™) for some 1 > 0; (iii) when K € L'(R) and K = K~! for some kernel K € WH1(R),
only explicit upper and lower bounds on the spreading speed were obtained. Hence in the special
case that K (z) satisfies (1.10), the results of [49] presented a more refined dynamics by finding
the precise spreading speed. Note that the spatial propagation mode in the cases (i) and (ii) is
acceleration propagation which is driven by the “heavy-tailed” kernel K. 7777

As recalled above, we find that if ug is a slowly decaying initial function, there is no result
about the spatial propagation dynamics of (1.3) with x # 0, and the question whether or not
the acceleration propagation occurs and how the chemotaxis affects (speeds up or slows down)
the spatial propagation dynamics of (1.3) is unknown. We explore these questions in this paper
and our main results are stated in the following theorem.

Theorem 1.1. Assume b > 2xu and ug satisfies (1.4) and (1.6). Then the following results
hold.
(i) The solution of (1.3) satisfies

Vit=0, (xz,t) =0, and liminfu(z,t) — a/b as t — +o0.
Tr——00

lim w
T——+00
For any w € (0,a/b), there exists T,, > 0 such that the set E,(t) with t > T, is compact
and nonempty, where E,(t) = {x € R,u(z,t) = w}.
(ii) For any € € (0,a), v1 >0, and y2 > 0, if ((t) and n(t) satisfy

up(¢(t)) = e~ (ot up(n(t)) = Noe @ for ¢ large enough,
then for any w € (0,a/b), there is a constant T > T,, such that
E,(t) C [n(t),((t)] for allt > T.
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(iii) For any w € (0,a/b), we have that

inf{ £, (¢
t—+00 t
Main proof ideas. The main difficulty of proving Theorem 1.1 lies in the failure of comparison
principle of (1.3) due to the presence of chemotaxis which generates a cross diffusion. To
overcome this obstacle, for any € € (0, a), we construct the following two auxiliary equations for

which the comparison principle holds (see Lemma 2.4)

L

wy :wm%—%\wxl%—w(a—(b—xu)w), (1.11)
L

W = Wy — &\wwl + (a—€/2)w — Mw'*?, (1.12)

VA

where L, M, and § are some appropriate positive constants. By some estimates, we find that
the solution of (1.3) is a lower solution of (1.11) but an upper solution of (1.12). Then by
constructing an upper solution w of (1.11) and a lower solution w of (1.12), we can employ
comparison principles to (1.11) and (1.12) and conclude that w < v < w. This is the primary
new idea of this paper to overcome the lack of comparison principle in (1.3) and hence to prove
Theorem 1.1.

Remark 1.2. For any € € (0,a), 71,72 > 0, and w € (0,a/b), it follows from Theorem 1.1 (ii)
that

E,(t) C (1), ¢(t)] Cug? { [716_(‘“'5)75, 'yze_(a_e)t]} for ¢ large enough. (1.13)

Theorem 1.1 (iii) shows that the average moving speed of the level set E,,(t) tends to infinity as
t — +o00, namely, the acceleration propagation occurs. Therefore, compared to [18], our results
show that if chemotaxis is not strong (i.e. x < %), then it does not affect the spatial propagation
dynamics of (1.3) with slowly decaying initial functions, in the sense that the estimates of upper
and lower bounds of the acceleration propagation are the same as those for the Fisher-KPP
equation (1.7) (see (1.8)). However, if chemotaxis strength is strong (i.e. y > %), it is unknown
whether it has any effect on the spatial propagation dynamics of (1.3).

The rest of this paper is organized as follows. In Section 2, we present some preliminary
results including the global existence of the classical solution of (1.3), some properties of initial
function, and the comparison principle of the auxiliary equations (1.11) and (1.12) . In Section
3, we prove Theorem 1.1 by estimating the upper bound and the lower bound of the moving
level set.

2. PREPARATORY RESULTS

In this section, we present some preliminary results. We first state the results about the global
existence and asymptotic behavior of classical solutions of (1.3).

Lemma 2.1 (Salako and Shen [47]). Ifb > xu, for any nonnegative initial value up € C?_(R),
(1.3) has a unique nonnegative global classical solution (u,v) which is uniformly bounded in
time and satisfies u € C([0,00), C® +(R)) N C1((0,00),CP .+(R)). Moreover, if b > 2xu and
infer uo(x) > 0, then

a

Hu(',t)—EHOO+HU(-,75)—%HOO 0 as t — +oo. (2.1)
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The results of Lemma 2.1 directly indicate that: when b > 2xu, (¢,v) = (%, §%) is the unique
solution of the following equations

{ ¢" —x(¢V') + ¢(a—bgp) =0, z€R,

" — \p + g = 0, s ER (2.2)

in C° (R) x C? .(R) satisfying inf,cg #(z) > 0, where prime means the differentiation with
respect to .
The following lemma states some properties of ug when it satisfies (1.4) and (1.6), which play
crucial roles in the study of acceleration of propagation in the paper.
Lemma 2.2. Assume that ug satisfies (1.4) and (1.6). We have the following statements:
(i) ug(z)/up(x) = 0 as © — 400;
(ii) wug decays more slowly than any exponentially decaying function as x — 400, namely,
V K, 3 xg st ug(x) = e for all x € [z, +00);
(iii) for any y1 >0, v2 > 0, and p1 > p2 > 0, if the functions y1(-) and y2(-) satisfy
uo(y1(t)) = y1e Pt and  wug(ya(t)) = y2e P2t fort > 0 large enough,

then we have that
lim (y1(t) — y2(t)) = +oo.

t—+o0
Proof. (i) Let g(z) = uf(x)/uo(x) € C1([£, +00)). Then we obtain ¢'(z) +g%(z) = uf(x)/uo(x),
which implies
lim (¢'(x) + g*(x)) = 0. (2.3)

r—r-+00

Note that g(z) < 0 for all z € [§,+00). In what follows, we prove that lirf g(x) exists
T—>+00

in (—o0,0] U {—o00}. Otherwise, there are two sequences {yn }neny and {z, }nen satisfying that
Yn — +00, 2, — +00 as n — 0o, and

lim g(y,) = A, lim g¢(z,) = B with A, B € (—00,0]U{—00} and A < B.
Let € be a negative constant in (A, B). Since there exists Ny > 0 such that g(y,) < ¢ and

g(zn) > € for any n > Ny, by the continuity of g and intermediate value theorem, there exits
Tp € (min{yn, 2, }, max{yn,zn}) with n > Ny such that x,, -+ +o00 as n — +o0, and

g(xy) = e for any n > Np. (2.4)
Then by (2.3), we have that lirf g (z,) = —€2 < 0, which implies there is N1 > Ny such that
n—-+0o0o

g (x,) < —52/2 < 0 for any n > Nj. (2.5)
Combining (2.4) with (2.5), by the continuity of g, we can find a sequence {a,,} with n > N;
satisfying that
T < ap < Tppt, glan) <e <0, ¢'(ay) >0 for any n > Ny.
Then we have that ¢'(ay,) + g?(aw,) > €2 for any n > Ny, which is a contradiction with (2.3).
Therefore, lim g¢(z) exists in (—oo, 0] U{—o0}.
r—r+00
To complete the proof of (i), we suppose by contradiction that lirf g(z) # 0. Then by (2.3)
T—r+00

we have that

lim (¢'(x) + g*(x))/g*(x) =

T—+00



ACCELERATIONS OF PROPAGATION IN A CHEMOTAXIS-GROWTH SYSTEM 7

Namely, lirf g (z)/g*(x) = —1. For any fixed constant y € [y, +-00), it holds that
T—>r+00

_OO:/+00 g/(x)dx: 1 B 1
v  9(x) g(y)  g(+00)

This is a contradiction since we suppose g(+00) # 0. Therefore, we have that lim g(x) = 0.

a:llH—oo

(ii) By Lemma 2.2 (i), we have that uj(z)/uo(z) — 0 as © — +oo. For any x > 0, we can
choose a constant 7 in (0,x). Then there exists x,, > 0 such that uy(z)/ug(xz) > —n for = €
[2,, +00). By integrating this inequality from z,, to , we can get that ug(z)/ug(x,) > e~ "=~
for any x € [z,,+00). Hence, there exists C;, = ug(z,)e™? > 0 such that

ug(z) = Cye™ ™ for all x € [z,), +00).
For any k, we choose z,, = max{zy, (n — k)" InC,}. It follows that
uo(x) = Cn«e’("_")g”e_m > e " for all x € [z, +00).
(iii) It suffices to prove that for any M > 0, there exists tj; > 0 such that
y1(t) —ya(t) = M for all t > ty.

By (1.4), (1.6), and p; > p2 > 0, we can find a large constant ¢y > 0 such that the function
t — y;(t) with ¢ € {1,2} is nondecreasing on [tg, +00) and

y1(t) > ya(t) for t = tg, y2(t) — +00 as t — +oo.

By p1 > p2 > 0 and Lemma 2.2 (i), for any M > 0, there is a large constant ¢; > ¢y such that
1
ﬂe(m_pl)t < = for all t > tyy, (2.6)
72 2
and yo(tpr) is large enough such that

1
yo(tar) = &o, and uj(z) = ———wug(z) for all & > yo(ty).

2M
When t > t)y, it follow from ya(t) > y2(tasr) that
1
o) > ——= > :
ug(x) = 2Mu0(x) for all x > ya(t)

Let tpr be larger (if necessary) such that
uo(y1(t)) = y1e P and ug(y2(t)) = yoe P2 for all t > tyy.

Then some calculations show that

o o n) 1 [u®
yie Pt — yae P2t = ug(y1(t)) — uo(y2(t)) —/ ug(x)dx > —/ uo(x)dx, t > ty.
v (t) 2M Jys (1)

Since wy is nonincreasing on [y, +00) and ya2(t) = ya(tar) = &, we can get ug(z) < ug(y2(t)) for
x = ya(t), which implies that
1 1
T — e Pt > — (g1 (t) — yalt ) = —=—(y1(t) — y2(t))y2e ", t>ty.
M e P > o (8) — 0o (1)) = 52 (1 (1) — (D)o, by
By (2.6), we have that

yi(t) — ya(t) = —2M <%e(/’2—’31)t - 1) > M, t>t
72
This completes the proof. U

Remark 2.3. We remark that the proof of Lemma 2.2 (i) was given in [18] but hard to un-
derstand. Here we provide a different and easier proof. Lemma 2.2 (ii) was announced in [18]
without proof. Hence here we supplement a proof.
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Let L be a positive constant and assume that g : [0, L] — R is a Lipschitz continuous function.
For a € R, we consider the equation

Wy = Wey + a|wy| + g(w), z€R, t>0, @7)

w(z,0) = wo(x), z € R. .

The following lemma provides a comparison principle for (2.7), which is a crucial tool used in
the sequel.

Lemma 2.4 (Comparison principle). Suppose that the bounded nonnegative functions w and w
are the upper and lower solutions of (2.7), in the sense that

Wy — Wez — a’u_]l‘| - g(’LD) >02> Wy — Wy — a|w:c‘ - g(w)7 fO’I“LL‘ S Rv t>0.
If w(x,0) > w(x,0) for all x € R, then w(x,t) > w(x,t) for all (x,t) € R x [0, 400).

Proof. Let m(x,t) = w(z,t) — w(x,t) for (z,t) € R x [0,+00). We have that m(z,0) > 0 for
z € R and my(x,t) = wy(x,t) — w,(z,t). It follows that
—[ma(z, 1) < |[Wa(z, 1)] — |w, (7, 1) < |me(z,t)] for (z,t) € R x [0, +00).
Let G > 0 be a Lipschitz constant of g. It follows that
my(,t) 2 Mae (2, 1) + alg(z,1)] — alw, (2, 1) + g(w(z, 1) — g(w(z, ) 2.8)
> mygq(x,t) — lamg(z,t)| — Glm(z,t)| for (x,t) € R x [0,400) '
Then it remains to prove that m(x,t) > 0 for all (z,t) € Rx [0, +00). Suppose, by contradiction,
that there exists ¢y € (0, +00) such that
inf t .
inf {m(z,t0)} <0

Let p(-) : [0,1] — [1, 3] be a smooth increasing auxiliary function satisfying that

p(0) =1, p(1) = 3, and p/(0) = p"(0) = p/(1) = p"(1) = 0. (2.9)
We denote
Cr = max(lp/ (@)} and Oy = max(i ()]}, (2.10)
Let K be a large constant satisfying
2 2 8
K>- = -G. 2.11
> 3024-3’&’014-3(; ( )

Define
h(t) = —e K1 in}%{m(w,t)}, t € [0, to].
re

It follows that h(0) < 0 and h(tg) > 0. Let T} € (0, o] satisfy
h(Ty) = Hyp = max {h(t)} > 0.
te[0,to]

Then we get
inf {m(z,T))} = —HoeX™, (2.12)
zeR
and
m(z,t) > ;IGI]%{m(H?,t)} = —h(t)eft > —HpeX for all z € R, t € [0, to). (2.13)

Now we consider the following two cases
Case A There exists xg € R such that m(zg,T1) = in}%{m(ac, T1)}.
S

Case B lggig{m(a;,Tl)} = ;Iel]%{m(x,Tl)} or l;g_ng{w(a:,Tl)} = igﬂ{m(x,ﬂ)}.
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If case A holds, we can obtain that m(xg, T1) = —Hoe®™t, my (2, T1) = 0, and my(xo, T1) > 0.
By (2.12) and (2.13), we have that
m(xo,t) + Hoe' > 0 = m(zo, T1) + Hoe™" for t € [0, T1].
It follows that

d
0> 7 (m(zo,t) + HoeKt) = my (o, T1) + K HoeET1 (2.14)
t=T1,

Then we get by (2.11) that
mi(xo, T1) — Maz (o, T1) + |amy(zo, Th)| + GIm(xo, T1)| < (K + G)HOeKT1 <0,

which contradicts (2.8).
If case B holds, then there exists 21 € R (far away from 0) such that m(z1,T1) < —3 HoeXTh.
We define a function z(-) : R — [1, 3] as follows

1 for ] < fa1],
z(x) = ¢ plz| = |z1]) for |z1| < |z| < |z1| + 1,
3 for || = |z1] + 1.

It follows from (2.9) that z(-) € C?(R). For o > 0, we define

1
po(x,t) = — <2 + O'Z(.’E)) HoeX?
and
o* =inf{o > 0| po(x,t) < m(z,t) for all z € R, ¢t € [0,T1]}.
Then pi(z1,Th) = —3HoeX™ > m(21,T1). By (2.13), we have that p1(z,t) < —Hpel! <
4 2

1
5.

m(z,t) for all z € R and ¢ € [0,7;]. The monotonicity of ¢ — p, implies that + < o* <
When |z| > |z1]| + 1, by (2.13) we get that

1 )
por(x,t) = — (2 + 30*) Hyelt < —ZHOeKt < m(z,t) for all t € [0,Ty].

By the definition of o*, there exist T5 € (0,71] and z9 € [—|z1| — 1, |z1| 4+ 1] such that

m(z2, To) = po+(x2,T2), and m(x,t) = pe=(z,t) for all z € R, ¢ € [0,T71], (2.15)
From % <o* K % and 1 < z(x) < 3, it follows that
3
—2HyeX™2 < m(ae, Ts) = por (22, Th) < —ZHOeKTQ. (2.16)
We have from (2.15) that
0 0?
—(m(x,Tg) — Po* (w,T2)> =0, and —— (m(a:,Tg) — Po* (ac,Tg)) >0
Oz =2 0 T=x2

It follows from (2.10) and o* < % that

1
(l’g,Tg) = O'*|Z/(JZ2)‘H06KT2 < 501H06KT2,

‘mz(l'% T2)‘ = ’&Cpa*

2
1
mm(xg,Tg) 2 Wpa* (l‘Q,Tg) = —U*Z//(wg)HoeKTQ 2 —§CQH0€KT2.
X

Moreover, it follows from (2.15) that

O (s, t) — po (2. 1))

<
ot <O

t=T5




10 ZHI-AN WANG, WEN-BING XU
which along with (2.16) implies that
my(xe, To) < gpg (22, T2) = Kpg+(x2,T2) < —ZKH()@KTQ.
Therefore, we get from (2.11) that
mi(x2, To) — Mgz (2, T2) + |amy(z2, To)| + Glm(xe, To)|
< (—iK + %CQ + %\0401 + 20) HoelT2 <0,
which contradicts (2.8). Thus the proof is completed. O

3. ACCELERATION OF PROPAGATION

In this section, we are devoted to the proof of Theorem 1.1. By substituting the second
equation of (1.3) into the first one, we get
Up = Ugy — XUzVz + g(u,v), x €R, t >0, (3.1)
where
g(u,v) = ula — bu + xpu — xA\v]. (3.2)

The following lemma provides an upper bound of the moving level set E,,(t) for large t.

Lemma 3.1. Under the same assumptions as in Theorem 1.1, for any e > 0 and vy > 0, if (t)
satisfies that

up(C(t)) = e~ @I for ¢ large enough,
then for any w € (0,a/b), there is a constant Ty > 0 such that

Bu(t) C (—00, (1)) for any ¢ > Ti. (3.3)
Proof. By u € C([0,00),C? .+(R)) and (2.1), we can define
L= suwp [l < +o0, (3.4)
te[0,+00)
which implies that
0 < u(x,t) < L forall (z,t) € R x [0,400). (3.5)

Note that for any given function u, the second equation of (1.3) can be regarded as an ordinary
differential equation for v. As stated in [49, Lemma 2.1], its solution in C® .(R) is written as

v(z,t) = %J s u(z,t) = L / e_\mx_z‘u(z,t)dz with J(z) = \ge_ﬁxl.

It follows from (3.5) and [, J(z)dz = 1 that

L
ogv(:c,t)g”“T for all 7 € R, ¢ > 0.
By [49, Lemma 2.2], we have |v.(x,t)| < vAv(z,t), which along with the above inequality yields
uL
vp(x,t)| < — forallxz € R, t > 0. 3.6
nla0)] < 1% 36)

With (3.2), we have that g(u,v) < u(a — (b — xp)u). It follows from (3.1) and (3.6) that
L
Up = Ugy + XVzlUy + g(u, ) < Ugy + %]uﬂ +u(a—(b—xp)u) forallzeR, t>0.
Then u(x,t) is a lower solution of the following equation

Wy = Wey + (a—(b—xpw), zeR, t>0. (3.7)
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By (1.4), (1.6), and Lemma 2.2 (i), we have that
up(x) = 0, uj(w)/uo(z) — 0, and ug(x)/ug(xr) — 0 as x — +oo. (3.8)

Let & be the constant in (1.6). Then it follows from (1.4) that inf (o ¢o){uo(x)} > 0. Then
for any € > 0, we can choose a constant &; € [§p, +00) such that

@) < Swola). Lhio(a)] < Juole) foralla > (39)
and
0< uo(fl) < inf {UO(Z‘)} (310)
ZE(—OO,&)]

We define a function 6(-) : [0, +00) — (0, +00) satisfying

0(t) = 0(t)(a — (b—xw)o(t), >0,
6(0) = 6o,
where

a
o= sl 55
Note that 6(-) is nonincreasing, and if sup,cp{uo(z)} < a/(b — xp), then 6(t) = a/(b — xp).
Define
w(z,t) = min {Cug(z)e”,0(t)} forz € R, ¢t >0, (3.11)
where
b supenfuole)
uo(61) ~ uo(é1)

Now we show that w(x,t) is an upper solution of (3.7). When w(z,t) = 0(t), we easily check

X“fﬂwm—w(a—(b y)w) = 0/(t) — 6(t)(a — (b— xp)B(t)) = 0.

When w(z,t) = Cug(z)e’, we have that
Cug(r) < Cug(x)e”t < 0(t) < b,

which implies that ug(z) < 0p/C = uo(&1). By (3.10) and uf, < 0 on [§p, +00), we obtain = > ;.
From (3.9) and w(x,t) = Cug(z)e”, it follows that

o xpL
Wt — Wy — Wy a—(b—
¢ ﬁ' | —w(a— (b—xu)w)

p=a+e¢/2 and C = > 1.

wt - w:r:r -

>pCug(z)e” — Cuf(x)eft — f’quC] up(z)|e”t — aCug(z)e”

>Cug () el (p _Eof a) =0.
Therefore, w(x,t) is an upper solution of (3.7).
By C > 1 and 6y > sup,cp{uo(x)}, we get that
w(z,0) = min{Cup(z), 00} = up(z) for all x € R.
Applying Lemma 2.4 to (3.7), we have that
u(z,t) < w(x,t) forallx e R, ¢ > 0. (3.12)

For w € (0,a/b) and t > 0, when E,(t) is an empty set, (3.3) is obvious. When E,(t) is
nonempty, for any z,(t) € E,(t), we get from (3.12) that

w = u(,(t),t) < w(xy,(t),t) < Cug(wu(t))e. (3.13)
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Since ((-) satisfies
up(C(t)) = y1e~ @+ for ¢ large enough,

we can get from (1.4) and (1.6) that {(t) — 400 as t — +00. Let T} be a constant large enough
such that () > &, uo(C(t)) = y1e~ @9 for all t > T}, and T > max{0,2¢ ' In (y:C/w)}. By
(3.13) and p = a + €/2, we get that

up(2,(1)) = Cwe ™ = C lwe T2 (0 & (09 — 45 (¢ (1)) for all t > TY.

This implies z,,(t) < ((t) for all ¢ > T} from (1.6). Hence, we obtain (3.3) and complete the
proof. O

In the following lemma, we give the lower bound of the moving level set E,(t) for large ¢.

Lemma 3.2. Under the same assumptions as in Theorem 1.1, for any € € (0,a) and 2 > 0, if

n(t) satisfies

up(n(t)) = y2e~ @9 fort large enough,

then for any w € (0,a/b), there is a constant To > 0 such that
Eo(t) C [n(t), +00) for any t > T, (3.14)

Proof. By Lemma 2.5 and (2.21) in [49], for any r > 1 and p > 1, there exist C;, > 0 and
g, > 0 such that

(z,8) < Crplu(z, )7 +qer  forallz € R, t >0, (3.15)

where ¢ = max{||ug|ls,a/(b — xu)} and the constant e, satisfies lim, o &, = 0. Fix € € (0,a)
and choose r large enough such that

qer < €/2.
Denote
§=1/p and M =Cpp,+ (b—xpu)L*°,
where L is defined by (3.4). From (3.2), (3.5), and (3.15), it follows that

9(u,v) = ula = (b= xp)u — xAv]
> ufa — (b— xpu) L' 0u® — Cppu’ — ge]

> (a—€/2)u — Mu'*?.

We get from (3.1) and (3.6) that
B xpL 146
Ut = Ugy — XVzUg + G(U, V) = Upy — me‘ +(a—¢€/2)u — Mu forallz € R, t > 0.
Then u(z,t) is an upper solution of the following equation
L
wt:wm—%|wx\+(a—e/2)w—MwH5, reR, t>0. (3.16)

Choose a constant p > 0 satisfying that

a—e€/2
1+6

max{a—e, }<p<a—e/2.
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By (3.8) and (1.4), we can find a constant & € [£y, +00) large enough such that

Gi(z) 2 ’Zggg' + X“ﬁ% |Z§Eg <(a—e/2) —p, (3.17)

0 { pL |up ()]
G 2 (149 [ue($)|+5 o () ]+1+5
@) 2059 iy + @) | R O e
for all z > &9, and
0<up(§2) < inf {ug(x)}. (3.19)
*TE(_OOvEO]
We define a function
F(s)=s5—Bs'* s>0,
where . 011
B = max , 3.20
{um T ) 320
Denote sop 2 B9 < ug(&) and 51 2 (1 +6)"Y/9B~Y9 < 55. Then we have that
F(s) <0 for all s > s, (3.21)

and

sB~1/° < B«
(14 0)1+1/9 =
Next we prove that the function defined by

w(z,t) = max { F(ug(z)e’),0} = max {ug(x)e’)t - Bu(1)+6(x)ep(1+5)t,()} ,z€R, t>0

F(s)< Ry = gl;g({F(s)} =F(s1) = up(&2) for all s > 0. (3.22)

is a lower solution of (3.16). It suffices to check that w is a lower solution in the region where
w > 0. From (3.21), it follows that ug(z)e’* < so < up(&2), which implies ug(z) < ug(&2). By
(3.19) and ug(z) < 0 on [§p, +00), we have that

x > &, when w(z,t) > 0. (3.23)
Note that
(2, 1)] < Hy (1) 2 [u(@)]e” + B+ 8)ud(a)u(a) e+,
2,0 < Ha(1) 2 [uff()|e? + B +0) [ud @)l )| + 8ud ™ () ()] €00,

Some calculations show that

(. 8) = ) + 2 )] = (0 = /2l )+ M)
pt 146, N p(14+5)t xpL
<pup(z)e” — Bp(1 + 8)uy ™ (x)e + Hy(z,t) + ==Hi(z,t)

VA
— (a — €/2)ug(x)e’t + (a — 6/2)Bu(1)+6(a:)ep(1+5)t + Mu(1)+5(x)ep(1+5)t

=ug(z)e? [p+ Gi(x) — (a — €/2)] + But ™o (2)ePI 0 [~ p(1 4 6) + Ga(x) + (a — €/2) + M/B].
By (3.17), (3.18), and (3.20), we obtain that

p+Gi(x) —(a—€/2) <0, and — p(1+0)+ Ga(z)+ (a —€/2)+ M/B <0
Then we have that

wt(xat)_wxx(x? ) \f ”U)

Therefore, w(x,t) is a lower solution of (3.16).

(z,8)] — (a — €/2)w(x, t) + Mw'*(z,t) < 0.
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Note that sje " < 51 < up(&2) for all t > 0. By (1.4) and the nonincreasing property of ug(-)
on [£2,+00), there exists z(t) > & for any ¢ > 0 satisfying lim;_,o, 2(¢) = +00 and

uo(z(t)) = s1e™”, t > 0. (3.24)
It follows that
w(z(t),t) = max{F(s1),0} = Fp for all t > 0. (3.25)
Next we prove that
u(z,t) = Fy for all x < z(t), t > 0. (3.26)

Consider the following function

ug(&2), for z < &,
wo(x) =
ug(z), for z > &o.
Note that wg(-) is a nonincreasing function, namely wo(z +y) < wp(z) for any x € R and y > 0.

By (3.19) and the nonincreasing property of ug(-) on [p, +00), we get wo(x) < ug(x) for z € R.
With (3.22), we can easily check that

w(x,0) = max{ug(z) — Bu(1)+5(x), 0} < minf{ug(x), Fo} < min{up(z),uo(&2)} = wo(x), z € R.
Then for any constant y > 0, we have that
w(z+y,0) <wo(z+vy) <wo(x) < ug(x), z €R.

Since w(x,t) is a lower solution of (3.16), for any constant y > 0, w(z + y,t) is also a lower
solution of (3.16). Note that u(z,t) is an upper solution of (3.16). Applying Lemma 2.4 to
(3.16), we have that

u(z,t) Zw(x+y,t) forallz e R, t >0, y > 0.
For any ¢ > 0 and x < z(t), we can choose y = z(t) — x > 0, and it holds by (3.25) that
u(z,t) 2wz +y,t) =w(z(t),t) = Fyp.
Then we obtain (3.26), which implies that
liminf inf wu(x,t) > Fo. (3.27)

t—+00 z<2(t)

Recall that for any € € (0,a) and 72 > 0, the function 7(-) satisfies

up(n(t)) = 12~ @ 9 for ¢ large enough. (3.28)

Next we prove that

a
lim su ‘ux,t —f‘:(). 3.29
i )= 320

Suppose by contradiction that (3.29) does not hold. Then there exist two sequences (¢, )nen and
(Tn)nen satistying t, — +o0, z, < n(t,) for n large enough, and

lim inf |u(z, t,) - %‘ > 0. (3.30)
We consider the function sequence (u"(z,t),v"(x,t)) = (u(x + Tp,t + tn),v(x + T, t + t,)).
By some estimates similar to those in parabolic equations, we have that (u,(x,t),v,(z,t)) con-
verges, up to extraction of a subsequence, to some function (u*(z,t),v*(x,t)) locally uniformly
in 21 (R xR) x C*'(R xR). It follows that (u*(z,t),v*(x,t)) is an entire solution (which means
it is defined for all z € R and ¢ € R) of the following system

{ut = Uzy — X(ug)y +ula —bu), z€R, tER,

(3.31)
0 = vge — AU + pu, reR, teR.



ACCELERATIONS OF PROPAGATION IN A CHEMOTAXIS-GROWTH SYSTEM 15

We claim that
u*(x,t) > Fy forallz e R, t € R. (3.32)
By z, < n(t,) and u*(z,t) = limy, 00 u(x + p, t + t5,), it holds that

u*(z,t) = liminf inf w(x+y,t+7)=1lminf inf wu(y,7), x€R, teR. (3.33)

By (3.24) and (3.28), we have that
up(2(7)) = s1e7°7, and up(n(T — 1)) = 2@ V@) for T large enough.
For any fixed t € R, by p > a — € > 0 and Lemma 2.2 (iii), we can get that
lim z(7) —n(r —t) = +oo.

T—+00

Then for any fixed z € R and ¢ € R, we have that
2(t) 2z +n(r —t) for 7 large enough.
It follows from (3.27) and (3.33) that

u*(z,t) > liminf inf wu(y,7) > Fpforallz € R, t € R,

T—+00 ng(T)

which means (3.32) holds. Note that both (u*(z, —00), v*(x, —00)) and (u*(z, +00), v*(x, +00))
are the solution of (2.2) in C? (R) x C® ..(R) satisfying

inf u*(z, —o0) > Fy > 0, and inf u*(x,+o00) > Fy > 0.
zeR zeR

When b > 2y, Lemma 2.1 implies that (u*(-, £00),v*(-,200)) = (%, 75 ). Then by the stability
b

of the positive constant equilibrium (¢, ), it holds that u*(x,t) = a/b. In particular, we have

% =u"(0,0) = lim u(xy,ty),

n—oo
which contradicts (3.30). Therefore, we obtain (3.29).
Finally, we complete the proof of Lemma 3.2 by (3.29), which implies that for any w € (0, a/b),
there exists Ty > 0 such that
inf wu(x,t) >w for all t > Th. (3.34)
x<n(t)

For any w € (0,a/b), when E,(t) is an empty set, (3.14) is obvious. When E,(t) is nonempty,
for any z,,(t) € E,(t), we get from (3.34) that

xy(t) = n(t) for all t > Ty,
which implies (3.14) and completes the proof.

Proof of Theorem 1.1. For any fixed ¢ > 0, it follows from (3.11) and (3.12) that

lim wu(z,t) < lim w(z,t) < lim Cug(z)e” =0
r——+00 r——+00 T—+00

which implies (z,t) = 0 due to the nonnegativity of u. By (3.29) and n(t) — +o0 as

lim w
T—r+00
t — +o00, we have that
liminfu(x,t) = a/b as t — +o0.
Tr——00
Then for any w € (0,a/b), we can find T,
continuity of u(-,t), the set E,(t) with ¢
Theorem 1.1 (i) is proved.

The result asserted in Theorem 1.1 (ii) is directly obtained from Lemmas 3.1 and 3.2 by
denoting 7' = max{T}, T»}.

> 0 such that liminf u(x,t) > w for all t > T,,. By the
Tr——00
> T,, is compact and nonempty. Then the assertion of
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Next we prove Theorem 1.1 (iii) by Lemma 2.2 (ii) and Lemma 3.2. It suffices to show that
for any N > 0, there exists a constant T > 0 such that

inf{£,(t)}
t
Let 72 > 1 and choose Ty > 0 large enough such that

up(n(t)) = e~ @9 for all t > Ty.

> N forallt > Ty. (3.35)

For any N > 0, we define a constant x by
a—e— Rlnvy

N
where R > 0 is a constant small enough such that x > 0. Let z, denote the constant given
by Lemma 2.2 (ii). Recall that n(t) — 400 as t — 4o00. Then there exists a constant Ty >
max{Tp, T»,1/R} such that

R =

n(t) = max{x.,&} forallt>Tn.
When t > Ty > T, for any z,,(t) € E,(t), it follows from Lemma 3.2 that
max{zg, &} < n(t) < zy(t),
which, along with the nonincreasing property of ug on [fo, +00), implies that
ug(7(t)) < uo(n(t)
By z,(t) = n(t) > zy for t > T, Lemma 2.2

up (2 (t) = e "Wt > Ty,

) = q2e @t > Ty,

(ii) shows that

Thus we have e %%«() < 4pe=(@=9t which implies by Ty > 1/R that
To(t) _a—e—tllny _a—e— Rlny

t K K
Then we obtain (3.35), which completes the proof. O
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