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End Vertices of Graph Searches on Bipartite Graphs

Meibiao Zou* Zhifeng Wang® Jianxin Wang* Yixin Cao™'

Abstract

For a graph search algorithm, the end vertex problem is concerned with which vertices of a
graph can be the last visited by this algorithm. We show that for both lexicographic depth-first
search and maximum cardinality search, the end vertex problem is NP-complete on bipartite
graphs, even if the maximum degree of the graph is bounded.

1 Introduction

A graph search algorithm is a systematic way of exploring a graph and the core of such an algorithm
lies on the strategy of choosing the next vertex to visit. Breadth-first search (BFS) and depth-first
search (DFS) are the most fundamental graph algorithms and widely used, sometimes implicitly. Two
other search algorithms, lexicographic breadth-first search (LBFs) [10] and maximum cardinality
search (mcs) [11], were invented for the purpose of recognizing chordal graphs, and Lexicographic
depth-first search (LDFS) was proposed by Corneil and Krueger [6]. Corneil et al. [5] noticed that
the last vertex of a graph search is very important and they formulated the end vertex problem,
which asks whether a vertex of a graph can be the last visited vertex by a specific graph search
algorithm. It may sound a little surprising, but this ostensibly simple problem is NP-hard for all the
well-known graph searches; we refer the reader to Cao et al. [3] for the state of the art.

This paper is focused on the end vertex problem on bipartite graphs. Charbit et al. [4] proved
that the BFs end vertex problem is NP-complete on degree-bounded bipartite graphs. Gorzny and
Huang [7, 8] proved that the end vertex problems for LBFs and DFS are also NP-complete on bipartite
graphs. We show that this is also the case for two more graph searches.

Theorem 1.1. The LDFS end vertex problem is NP-complete on bipartite graphs, even when the maximum
degree of the input graph is seven.

Theorem 1.2. The McCS end vertex problem is NP-complete on bipartite graphs, even when the maximum
degree of the input graph is fifteen.
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Now for five of the six major graph searches that are well studied in this regard, the complexity
of their end vertex problems are known to be NP-complete on bipartite graphs. The only remaining
one is maximal neighborhood search (MNS), and we tend to believe it is also NP-complete. Let us
also mention that Gorzny and Huang [8, 9] have also studied the end vertex problems on asteroidal
triple—free bipartite graphs.

Notations. We denote the vertex set of a graph G by V(G). A graph is bipartite if its vertex set
can be partitioned into two disjoint independent sets. The two ends of an edge are neighbors of
each other, and they are adjacent. A set of vertices are false twins if all of them have the same set of
neighbors; note that by definition, there is no edge among false twins. An ordering o of vertices in
G is a bijection from V(G) — {1, 2,...,|V(G)|}. For two vertices u and v, we use u <y v to denote
o(u) < o(v). The last vertex of o, i.e., z with o(z) = |[V(G)|, is the end vertex of . Let S be a graph
search algorithm. The S end vertex problem is defined as follows.

S end vertex

Input: A graph G and a vertex z € V(G).
Output: Is there an S-ordering of G of which z is the end vertex.

We prove both theorems by reductions from the 3-satisfiability problem (3-SAT): Given a Boolean
formula in conjunctive normal form in which each clause comprises precisely three literals, we are
asked whether there is an assignment to the variables to make the formula evaluated to be true. To
have the stronger statements on degree-bounded graphs, we need the observation of Ahadi and
Dehghan [1], which states that 3-SAT remains NP-complete even if every literal occurs exactly twice.
The reductions are inspired by and adapted from Beisegel et al. [2].

2 Lexicographic depth-first search

Lexicographic depth-first search (LDFS) is a tie-breaking version of DFs [6]. Similar as DFS, LDFS
visits a neighbor of the most recent vertex, or backtracks if all its neighbors have been visited. The
difference between DFS and LDFS lies in the choice when the current vertex has more than one
unvisited neighbor. Each unvisited vertex is assigned a label, which is the set of numbers its visited
neighbors have received. When the most recent vertex has more than one unvisited neighbor, LDFS
picks one with the lexicographically largest label. The algorithm is described in Figure 1.

1. for each v € V(G) do label(v) « 0;
2. fori=1,...,ndo

2.1. v + an unvisited vertex with the lexicographically largest label;
2.2, o(v) « 1i;
2.3. for each unvisited neighbor x of v do add 1 to label(v);

3. return o.

Figure 1: The algorithm Lexicographic depth-first search.

Given an instance J of 3-sAT with p variables, x1,%2,...,%p, and q clauses, c1,ca,...,cq, We
construct a graph G as follows; an illustration of this construction can be found in Figure 2. For
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each variable x;,1 = 1,...,p, we introduce four vertices, xi{‘, x{U* for literal x4, and ii{‘, x9ut for
literal —x;, with edges xi{‘x‘i"1t and iii“igm. We call the vertex with superscript “in” the in-vertex, and
the other the out-vertex for a literal. As we will see, the two vertices for a literal are always visited
consecutively, with the in-vertex followed by the out-vertex. For each clause ¢; withj =1,...,q, we
introduce a vertex c; and add three edges to make the vertex c; adjacent to the in-vertices of the
negations of the three literals in cj; e.g., if ¢; = x1 V —x2 V x3, then the three neighbors of vertex c;
are X, xIn, and %

For eachi = 1,...,p — 1, and for each of the four literal pairs {xi, =xi} X {Xi+1, 7Xi+1}, we
introduce two adjacent vertices, and make one of them adjacent to the two in-vertices and the other
to the two out-vertices. They make the joint for this pair of literals. A joint between a literal with
index i and a literal with index i + 1 is a forward joint for the literal with index i, and a backward
joint for the other. We add adjacent vertices t; and ty, called turning points, and make them adjacent
to xp', Xp' and xi{}, 72?,‘ respectively.

The gadget starter comprises 4p + 8 vertices, ay,...,as and by, ..., bsp2, which are connected
as follows. First, all the edges between a3, a4, as and ay, by, by are present, and so are a;a; and
boby. Note that a3, a4, and as are pairwise false twins. For eachi =1,...,p — 1, we add seven
edges bai 3bsi 2, bai 2b4i 1, bai1b4i, baibait1, bai3bai, bai 2bsi 1, and bai 1b4i 2. For each
of the four joints between {xi, X} and {xi 1, Xi+1}, we make the neighbors of the out-vertices in
them adjacent to bs;. Moreover, we make by, adjacent to t;, make b4y, 1 adjacent to x{"* and X9,
and make byp 2 adjacent to xiln and )'ciln. Finally, we add the vertex z and make it adjacent to a; and
t1. This concludes the construction of the graph G. Let n = |V(G)| = 16p + q + 3.

It is quite obvious that the constructed graph is indeed bipartite. The vertices are depicted as
either solid or empty, and they form the two separate parts.

Proposition 2.1. The graph G constructed above is bipartite.

Proof. The first part consists of az, bo, by, bz, ..., bsp1, the in-vertices of all the literals, all the
neighbors of the out-vertices in joints, and t1, all denoted as solid nodes in Figure 2. All the other
vertices, denoted as empty nodes in Figure 2, belong to the other part. Since there is no edge
between two vertices in the same part, G is bipartite. O

One direction of the proof of the correctness of this reduction is straightforward. Suppose that
the 3-sAT instance J is satisfiable. We start from a1, visit all the vertices in the starter, and then go
through vertices for all true literals, followed by the turning points. We then turn back to visit all
vertices for the false literals, the remaining joint vertices, and all the clause vertices. Finally, we
backtrack to t; and visit z.

Lemma 2.2. If the 3-SAT instance J is satisfiable, then z is an LDFS end vertex of G.

Proof. We may assume without loss of generality that setting every variable to be true satisfies the
instance; otherwise we may negate all the occurrences of some variables, which does not change
the graph. We can construct a corresponding LDFS ordering that ends at z as follows. Starting from
ap, we visit a, as, b, as, by, as, and by, bz, ..., bapi1, bap42 in order. After the starter, we enter
the main box to visit xiln and x3",. Then fori =1,...,p — 1, we visit the vertices in the xj—xj 1
joint, and then xiﬂ1 and x{\'; in order. To see that this is a valid LDFS ordering, note that the two
neighbors of x{"* in the forward joints have the same label, and if i > 1, its unvisited neighbor in the
backward joints has a smaller label; moreover, after visiting the solid vertex in the joint, we must

visit the other vertex in the same joint immediately.
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Figure 2: Illustration of the reduction for the LDFS end vertex problem. In the main box are the 4p
literal vertices and their 8p — 8 joint vertices. At the top is the starter, the bottom the clause vertices,
and the right the turning points and the vertex z.

After visiting x}"*, we have to visit the turning points t; and t; in order because t; has a larger
label than the other unvisited neighbor of x%“t, which is in the —x,,_1—x,, joint. Then we turn back
to visit other literal vertices. Note that %g‘ is the only unvisited neighbor of t;, which is followed by
i]‘;‘“ because it is adjacent to t;. The only two unvisited neighbors of i%“t are in the backward joints
for —xp, and we should visit the one in the x,_;——x,, joint because it has another visited neighbor

x%lfl. After both vertices in this joint, we backtrack to i]‘;“t, and visit vertices in the —x,_1——xp

joint, followed by ig‘_l and 72%‘31 in order, and then the two vertices in the —x,, _1—x,, joint. We then
backtrack to i%‘ﬁl and proceed backward similarly. In this manner we visit all the remaining literal
vertices and joint vertices. Note that we never backtrack to an in-vertex during this stage, and thus
we will not visit any clause vertex.

After finishing all the literal vertices and vertices in the joints, we backtrack. Since each clause c;
is satisfied, it contains at least one true literal, and hence the vertex c; is adjacent to at least one
ii{‘ for some i = 1,...,p. If vertex c; has not been visited when backtracking to iiin, it has to be
visited now. Note that all the three neighbors of vertex c; are literal vertices, and hence have already
been visited, and thus we backtrack immediately after visiting vertex c;. In summary, all the clause
vertices are visited before we backtrack to t;. Then z is the only unvisited vertex of the graph, and

visited the last. O

For the other direction, we argue that the visiting order given above is essentially the only LDFS
of G if we want to keep z to the end.



Lemma 2.3. If z is an LDFS end vertex of the graph G, then J is satisfiable.

Proof. Let o be an LDFS ordering of G such that ¢(z) = n.

Our first claim is that o must start from one of ay, ..., as. If t; <5 ag, then the label of z is
always larger than a;, and z cannot be the end vertex of o. In the rest, we assume a; < t1, and
consider when a; is visited. Since as, a4, and as are false twins, we may assume without loss of
generality, a3 <, a4 <5 as; note that we can always switch their positions in o without changing
the validity of this ordering. Let A ={ay,..., as, bo}, whose neighbors include b;, bs, and z. First,
suppose that the first vertex of ¢ is not in A, then the last visited vertex before entering A is either
by or by. In either case, the vertices in A are visited consecutively, after which we need to visit
z immediately. Since ay < t1, the vertex t; has not been visited, contradicting that z is the end
vertex. Now suppose that o starts from by, then the next is either by or as. If o(by) = 2, then
the vertex we visit before coming back to A has to be by, (possibly after a long sequence of other
vertices,) followed by as, as, a4, as, and then a;, z or directly z. But t; has not been visited, a
contradiction to o(z) = n. If o(a3) = 2, then we must visit either by, a4, as, as, or as, as, by, as, by
in sequence. In the first case, we need to visit a; and z immediately, while in the second, we will
visit t; and z before backtracking to ay; in either case, z cannot be the end vertex. Therefore, the
first vertex of o has to be one of ay, ..., as, and it is easy to verify that the first two visited vertices
in V(G) \ A are b; and b, in order.

The second claim is that for i = 1,...,p, the four vertices bs; 1, bai, bsit1, and ba; o are visited
consecutively, and by; 2 is the last of them. After by;_» is visited, its unvisited neighbors are ba;_1
and byi, 1. Depending the choice on them, the next four vertices we visit in order are either by; 1,
bai, bair1, and bgiia, OF bgii1, byi, bai_1, and by p—note that by is adjacent to byi_3, while
both bsi_1 and byi1 are adjacent to bs;_o. The claim follows by an inductive application of this
argument. As a result, the last visited vertex in the starter has to be b4y 2, and before finishing all
vertices in the starter, we will not jump to a literal vertex from by;. After finishing all the vertices in
the starter, we visit either xiln or 7211“, followed by the out-vertex for the same literal, because it is an
unvisited neighbor of the last vertex and it is adjacent to by, 1.

We then argue that after visiting x{"* or X{"', i = 1,...,p — 1, we visit the vertices for literal x; 1
or —xi1, via a forward joint; in particular, the in-vertex and the out-vertex for the literal are visited
in order. We may consider x{", and the other is symmetric. All the unvisited neighbors of x{"* are in
joints. Those in forward joints are adjacent to by, and hence have larger labels than the one in the
backward joint. After visiting the solid vertex in a forward joint, we have to finish the other vertex
of the same joint because it is adjacent to xI". With an inductive application of this argument, we
reach xg‘“ or %g‘“. For the same reason, we continue to t;, which is adjacent to b4, and then t5.

We are now ready to construct the assignment for J. Leti =1, ..., p. If the vertices for literal
x; have been visited before t;, (or xiin <o t1,) then we set x; to be true; we set x; to be false
otherwise (if iii“ <o t1). Suppose for contradiction that clause cj,j = 1,..., q is not satisfied by this
assignment. For each literal { in c;, the in-vertex for the negation of ¢ has been visited before t;.
Thus, all the neighbors of vertex c; have been visited before t;, and to visit c; we have to backtrack
to one of these literal vertices, which can only happen after finishing all the neighbors of t;. But
then z <, ¢j, a contradiction to o(z) = n. This completes the proof. O

Proof of Theorem 1.1. Since the LDFS end vertex problem is clearly in NP, its NP-completeness follows
from Lemmas 2.2 and 2.3. If we start from a 3-SAT instance in which every literal occurs exactly
twice, then the maximum degree is seven, attained by by, bg, ..., bsp_4, and x3', X3, ..., xgl_l,
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3 Maximum cardinality search

Given an instance J of 3-SAT with p variables, x1,x2,...,xp, and q clauses, c1,ca,...,cq, We
construct a graph G as follows; an illustration of this construction can be found at Figure 3. For each
literal, we introduce two vertices; in particular, vertices x; and x/ for literal x;, and vertices X; and
x{ for literal —x;, where i = 1,...,p. For each clause ¢; with j = 1,..., q, we introduce a set C; of
three vertices. Since the vertices in C; are false twins, we are not going to distinguish them. The
literal vertex x; (resp., X{) is adjacent to all three vertices in Cj if ¢; contains literal —x; (resp., xi).
For example, if ¢; = x1 V —x2 V x3, then the three neighbors of each vertex in Cj are X1, x, and X3.

Foreachi=1,...,p—1, and for each of the four literal pairs {xi, =xi} X {xi+1, 7Xi+1}, we intro-
duce two vertices, and make each of them adjacent to all the four vertices for the two corresponding
literals. They are called the joint for this pair of literals, and a joint between a literal with index i
and a literal with index i + 1 is a forward joint for the literal with index i, and a backward joint for
the other. For each j = 1,...,q — 1, we introduce three vertices, forming the clause joint for C; and
Cj+1, and make each of them adjacent to all the six vertices in Cj U C;,.1. For each literal vertex and
each literal joint vertex, we introduce an image, and connect the vertex and its image. Let I\ denote
the set of 4p images of literal vertices, and Iy the set of 8(p — 1) images of literal joint vertices. Note
that Iy U I} is an independent set.

The starter comprises four vertices, aj, ..., a4, and the three edges among them are all incident
to ap. Both as and a4 are adjacent to all the literal vertices for literals x; and —x; as well as all the
3q — 3 clause joint vertices. There are three set of vertices: a pair F of flash points; a triple Ty of
transmitters to the images of literal vertices, and a triple T of transmitters to the images of literal
joint vertices. Every vertex in F is adjacent to all the literal vertices for literals x, and —x,,. Every
vertex in Ty is adjacent to all the vertices in I; and all the vertices in F . Every vertex in Tj is adjacent
to all the vertices in Ij and all the vertices in T;. Note that for each of the sets F, Tr, and Ty, vertices
in it are false twins, and so are as and a4. To finish the construction, we add a vertex z, and make it
adjacent to all the three vertices in Cq. Let n = [V(G)| = 24p + 6q — 6.

Proposition 3.1. The graph G constructed above is a bipartite graph.

Proof. We can partition V(G) into two parts. The first part comprises all the literal vertices, all the
clause joint vertices, all the images of literal joints, all the vertices in Ty, az, and z, while the other
comprises all the literal joint vertices, all the clause vertices, all the images of literal vertices, all the
vertices in F and Tj, ai, a3, and a4. Since there is no edge between two vertices in the same part, G
is bipartite. O

At each step, the maximum cardinality search (Mcs) algorithm picks an unvisited vertex that has
the largest number of visited neighbors. The basic idea of the construction is as follows. The clause
vertices have higher connectivity among each other, and z is connected to all the three vertices in
Cq. To make sure that z is visited last, we need to go through the main box without having to enter
the clause vertices. This can only be guaranteed by a satisfying assignment: We can reach the flash
point through only the vertices for true literals, and then reach I and I through transmitters in Ty
and Tj, which increases the visited neighbors for each literal vertex and each literal joint vertex by
one.
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Figure 3: Illustration of the reduction for the Mcs end vertex problem. In the main box are the 4p
literal vertices and their 8p — 8 joint vertices. At the top are the image vertices, the bottom the
clause vertices and z, the left the starter, and the right the flash points and transmitters. A thick line
means all the edges between the two ends are present.

Lemma 3.2. If the 3-SAT instance J is satisfiable, then z is an MCS end vertex of G.

Proof. We may assume without loss of generality that setting every variable to be true satisfies the
instance; otherwise we may negate all the occurrences of some variables, which does not change the
graph. We can construct a corresponding Mcs ordering of G that ends at z as follows.

Starting from a1, an MCS may Visit as, as, and a4 in order. After that each vertex has at most
two visited neighbors, and those having two are the four vertices for literals x; and X1, and all the
clause joint vertices. We choose the two vertices for x;. In the next, for i = 2,...,p, we visit the
two vertices in the x;_1—x; joint, and then the two vertices for x;. After finishing the two vertices
for literal x,, we visit the two flash points in F, followed by the three transmitters in T; . Note that
before visiting T, no unvisited vertex can have three or more visited neighbors. Since every clause
contains an unnegated literal, each clause vertex is adjacent to a literal vertex for a negated literal.
Thus, each clause vertex has at most two visited neighbors.

After all the three vertices in T, every vertex in Tj has three visited neighbors. Thus, we can
visit vertices in Ty next, followed by vertices in I; and Ij. As a result, for each literal vertex and each



literal joint vertex, the number of visited neighbors is increased by one. At this junction there is
no unvisited vertex with four or more visited neighbors. Since every literal joint vertex between a
positive literal and a negative literal has three visited neighbors, we can visit them, followed by the
literal vertices for all p negated literals, and the joint vertices among them. Now that all the literal
vertices have been visited, every clause vertex has three visited neighbors. We can visit the vertices
in Cq, and then fori =2,..., q, the vertices in the C;_;-C; clause joint, and then vertices in C;. We
visit z last. This completes the proof. O

For the other direction, we show that whether z can be the last hinges on whether we can reach
the flash points without visiting all the three literal vertices adjacent to any clause vertex.

Lemma 3.3. If z is an MCS end vertex of G, then J is satisfiable.

Proof. Let o be an McS ordering of G such that o(z) = n. Since a3 and a4 are false twins, we may
assume without loss of generality, as <, a4; note that we can always switch their positions in o
without changing the validity of this ordering.

We first argue that o starts from one of the vertices in the starter, and the four vertices in the
starter are among the first five vertices in o; or more specifically, {o(a;) | 1 <i< 3} ={1,2,3}, and
o(as) € {4, 5}. Suppose that we conduct an MCS on G starting from another vertex. To visit a;, we
have to visit one of a3 and a4, and then a,. By definition, before visiting as, at least one neighbor x
of a3 has been visited; note that x is adjacent to a4. On the other hand, a, has to be visited before
a;. Therefore, after visiting a,, if a4 has not been visited, then it has two visited neighbors, namely
ay and x, and should be visited before a;. However, once both a3 and a4 are visited, there is always
one vertex that has two or more visited neighbors before all the vertices in V(G) \ {a;1} are visited.
Therefore, a; has to be the last vertex of this Mcs, contradicting that o(z) = n. In the rest, we may
assume without loss of generality, o(a;) =i for i = 1, 2, 3. Note that if the fourth vertex of o is a
neighbor of as, then the next has to be a4, because it is the only vertex with two visited neighbors.

Let R =Ty UTj; U I UIj. Our second claim is that no vertex in R can be visited before both flash
points in F, and the first visited vertex in R is one of Ty, of which the visited neighbors are precisely
F. Suppose that a vertex x € R is visited before we finish both flash points. Then x needs to have two
visited neighbors. Thus, x ¢ I U I UT; because each vertex in Iy U I} UTj has at most one neighbor
out of R. On the other hand, the only neighbors of a vertex in Ty out of R are the flash points.

The third claim is that no clause vertex can be visited before R. After the starter, each vertex in a
clause joint has two visited neighbors, az and a4. Suppose that a vertex in Cj,j = 1,..., q is visited.
Then every vertex in the joint(s) for C; has three visited neighbors. Before all the clause vertices,
vertices in the clause joints, and z are visited, there is always a vertex with three visited neighbors.
By the second claim, no vertex in R has more than two visited neighbors. Therefore, z has to be
visited before all vertices in R, a contradiction.

Now we consider what happens between visiting the starter and the flash points. The fourth
claim is that foreachi =1, ...,p — 1, before both the vertices for literal x; or —x; have been visited,
no vertex to the right of them can be visited. If at least one vertex for literal x; and at least one
vertex for —x; have not been visited, then any vertex to the right of them has at most one visited
neighbor.

Therefore, for eachi=1,...,p — 1, both x;, x{ or both X1, X{ have been visited before visiting F.
The next claim is that before the second vertex of F is visited, both x,,, Xr,) or both Xy, 721’, have been
visited. When we visit the first vertex in F, at least two of its neighbors have been visited. We are
done if both are vertices for the same literal. Now suppose that one of them is for literal x,, and the
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other for its negation. After visiting a vertex in F, both unvisited vertices for literal x, and —x,, have
three visited neighbors, and thus should be visited before the unvisited vertex in F.

We are now ready to construct the assignment for J. Leti =1,...,p. We have seen that at the
conjunction when the second vertex in F is visited, both vertices for literal x; or —x; have been
visited. If both vertices for literal x; have been visited, then we set x; to be true, and false otherwise.
(It is possible that all the four vertices x;, x{ and x;, x{ have been visited, and in this case it does
not really matter what value variable x; receives). Suppose for contradiction that clause c; is not
satisfied by this assignment. For each literal { in c;, both vertices for the negation of ¢ have been
visited. But then each vertex in C; has three visited neighbors before visiting F, and they should be
visited before vertices in R, contradicting the third claim. This completes the proof. O

Proof of Theorem 1.2. Since the MCS end vertex problem is clearly in NP, its NP-completeness follows
from the construction (Proposition 3.1) and Lemmas 3.2 and 3.3. To have the stronger statement
in Theorem 1.2 on degree-bounded graphs, we need to modify the construction as follows. First,
we replace as, as by a 2q — 1 pairs of vertices, and for i = 1,...,2q — 2, make the ith pair and
(1 + 1)st pair completely adjacent; for i = 1,...,q — 1, we make the (2i — 1)st pair adjacent to the
clause C;—Cj, 1 joint; and the last pair (with index 2q — 1) are adjacent to all the literal vertices
for literals x; and —x;. Likewise, we replace Ty U Tj by a sequence of vertex triples, and make each
odd-indexed triple adjacent to one distinct pair of images of literal vertices, and each even-indexed
triple adjacent to one distinct pair of images of literal joint vertices. It is easy to verify that the new
graph remains bipartite. The maximum degree is then 15, attained by the literal vertices xs, X2,
..., Xp_1, Xp_1 (each adjacent to eight joint vertices, one image vertex, and two triples of clause
vertices). This concludes the proof. O
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